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A-neutron scattering lengths from radiative K~ capture
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Radiative capture of th& ™ by the deuteron is examined as a reaction for measurementregutron
scattering lengths. Using the final-state interaction, analogous to measurements of the radiative capture of pions
by deuterium, the scattering lengths of both the triplet and singletinteraction can be inferred. The problem
of the separation of these two fundamental parameters without and with spin information in the experiment is
addressed. It is shown that a measurement of the deviation of the vector deuteron polarization asymmetry from
—1 provides a direct determination of the difference of the singlet and triplet scattering lengths.

PACS numbds): 13.75.Ev, 25.80.Nv

I. INTRODUCTION the nn scattering lengthiand effective rangewhich were
considered to be the best obtained to date. Recently another
The interaction of the nucleon with the hyperon is of experiment was performed using this reaction at the Clinton
great theoretical interest. Since the one-pion-exchange inteP. Anderson Meson Physics Facility1]. Results from this
action is absenfexcept under broken isospif]), one is able ~ €xperiment appear to confirm the PSI results. The uncer-
to focus on the shorter-range contributions to the interactiontainty in the scattering length is of the order 0.5 fm for
The singlet and triplet scattering lengths are predicted to b@ value of—18.58 fm, about 2-3 %.
equal by SU6) symmetry. A determination of theAn_ scattering lengths from the
Unfortunately, experiments are difficult to perform for Photon spectrum of the reactiéh d—nA y, where the cap-
this system because of the short lifetime of theNeverthe-  ture takes place from an atomic state, was suggested by Gib-
less, some experimental results do ef&tand have been SO" et al.[12]. A study of this process performed by Work-

o man and Fearin¢13] concluded that the different hadronic
analyzed 3,4]. Rijkenet al.[3] have recently generated a set routes considered by Akhiezet al. [14] had a negligible

lengths obtained from this analysis is rather large, which igmpact on a possible measuremélmb\_/vever, see Ref$15]
o r comments on their representation of the amplitides
perhaps a natural consequence considering that the data 'fﬂey also concluded that the dominant operator for the con-

not extend to low energies. - version of a proton to a\ through radiative capture of a
Use of the radiative capture of @~ from answave | ,on was of the Kroll-Ruderman form

atomic state by deuterium to measure the neutron-neutron
(nn) scattering length, through the influence of the final state
interaction, was investigated in an experiment by Phillips
and Crowe[5] and soon after studied theoretically by
McVoy [6] and Bandef7]. The basic technique consists of wheree is the polarization of the outgoing photon aadis
comparing the shape of the of the photon spectrum withthe spin operator for the proton on which the capture takes
calculations. Because of the final-state interaction of the twelace.
neutrons, a peak results near the high-energy end of the spec- At the same time as this theoretical effort, a feasibility
trum corresponding to a maximum in teavave phase shifts study[16] demonstrated that the spectrum for this reaction
at low neutron-neutron energy. Since this phase shift risesould be separated from the background. Workman and
very quickly to a maximum, as a function of energy in the Fearing compared their analysis with these data to show that
neutron-neutron frame, the peak in the photon spectrum igeasonable values of the scattering lengths were consistent
very near the maximum energy. It is also possible to use th@ith the data.
neutron spectrum at low energies for the studies provided Two important issues were left unresolved by the work of
that the angle between the neutron and photon is known/Norkman and Fearing. They used only the asymptotic
Experiments have been performed in both geometries. A-neutron wave functions. In the work of R¢8] the lack of
These early exploratory efforts were followed by an ex-knowledge of the short-range final-state wave function was
periment detecting the neutrof8] which gave useful re- found to be the dominant theoretical uncertainty in the analy-
sults. Following a study of limits due to the theoretical un-sis of the scattering length, of the order ©0.3 fm. If the
certainties[9], experiments were carried out at the Pauluncertainty is of the same order in the caseAsheutron
Scherrer InstitutéPS|) detecting only the photon, as well as scattering the consequences are more serious since the scat-
experiments in which the photon and neutron were detectetéring length itself is thought to be an order of magnitude
in coincidencd 10]. These experiments resulted in values forsmaller.

O=o0-¢, 1
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A second problem, which may be more serious, is thatwhereE, is the total energy of the initial system akds the
while in the case of the neutron-neutron final state the spifinal photon momentunM , andM,, are the masses of the
state of the two neutrons is restricted to be singlet by theand neutron, respectively.

Pauli principle, theAn final state consists of a mixture of a  Since we shall assume that the final-state baryons are not
singlet and triplet states. One expects that the scattering iobserved, we must integrate over their directions, giving, for
these two states may be different, and indeed the dependentte differential rate of the observed photon,

of the scattering length on spin might provide some very

important clues as to the structure of the interaction. While it dr pkw , ®
has been suspected that polarization information may pro- *

; . : . . . dQdk (wpytw
vide a tool to obtain a singlet-triplet separati@ee Balewski
et al. [17] for example, we provide here the formalism and total . d | tant
expressions necessary to obtain such a separation for tt}Téﬁe otal enérgiés, andw, are very nearly constant over

; e energy range of interest.
reaction. It should be noted that a single factor of the photon mo-

We first give a brief heuristic description of the basic shouid be noted that 9 X € pr

mentumk appears. It is linear only with relativistic phase

physics underlying the development to follow. Consider a

deuteron target prepared in a configuration with only mag_space; it would appear to the second power in nonrelativistic

netic spin projection zero along maxis defined by the di- phase space. When this reaction was first proposed, the non-

rection of the photon. Assume also that the final state of théelat'v's.tIC version was usually usdth fact Williams [18]. -
A-n system is in a singlet state. Since #e is assumed to used this reaction as an example of the use of nonrelativistic

be captured from an atomgstate, there will be a total spin phase Spf?“)e Of course, either type of phase space can be
projection of zero in the initial state and zero—angular—used prowded that the proper corresponding operator is used.
momentum projection in the final state, other than that due t he difference between a first and second power of the pho-

; ; “ - . on momentum is relativistic in origin and the effect is very
the spin of they. Since the “transversality” relation small in many cases. In the analysis of RE0] only the

very end of the spectrum was used and the photon momen-
tum is sufficiently constant over this range that such a factor
is immaterial. For the analysis of Rdfl1] the larger range
requires that the spin projection of the photon must lie alongyf the spectrum used leads to a small sensitivity to the power
its direction of travel(i.e., there is no zero-spin projection  of k used in this expression. For the present reaction, since
thIS assumed transition to the Sil’lg|et final state must haVﬁ']e peak |ies farther from the end point Of the Spectrum than
zero amplitude due to the conservation of #ygrojection of  for the 7~ d—nnvy reaction, a larger range of photon mo-

angular momentum. Thus, for example, a spectrum takefenta may be included in the analysis and the correct factor
under these conditions could be analyzed to obtain the triplg more important.

scattering parameters alone.

The previous paragraph gives only an example of how
deuteron spin information can affect the analysis. A mea-
surement of the photon circular polarization can also help to The mathematical development of the expressions for the
separate the singlet and triplet scattering states. In the subs@atrix element used here follows a different procedure than
guent sections we develop the expressions necessary to cétat of Refs[9] and[13]. The previous methods have written
culate the photon spectrum and provide specific results.  the matrix element for the transition first as a plane-wave
transition and then corrected this expression by adding and
subtracting thes-wave contribution. The-wave contribution
with a final-state interaction is then substituted in the added

For comparison with the measurement we need the theeelement. For a matrix element with two particles detected in
retical prediction for the shape of the spectrum. The absolutéhe final state this is the appropriate method. However, for
rate is not usually measured in this type of experiment.  the case in which only the photon is detected, there is an
average over the unobserved baryon momenta which must be
made as outlined in the previous section. This integral was
carried out numerically in the previous developments.

The magnitude of the momentupnof each baryon in this In the method used in the present analysis the partial-
pair's center of mass is given by wave quantities are calculated in terms of the relative
A-neutron momentum. This technique requires several par-
tial waves to be computed for a handful of magnetic quan-
tum numbers. While it may seem priori less efficient, in
the end it has several advantages. The first is that the final
averaging over the direction of the unobserved momenta can
b be done analytically. Since the contributions from the higher

y partial waves depend only on the initial state wave functions
) (we assume no interaction in partial waves higher than
s=Ep—2kEo, (4) /=0), if one wishes to fit the data by varying the scattering

3J|MFde. (5)

e-k=0 (2

B. Matrix element

II. EXPRESSIONS FOR THE RATE

A. Kinematics and phase space

, (s+Mi=M3)?

s -M2, €)

p

with sthe center-of-mass energy of theneutron pair given
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length and effective range for the singlet and triplet states, We write the deuteron wave function as
these higher partial waves need be calculated only once.

A second advantage is that the degree of coherence or )
incoherence of the singlet and triplet states is manifest. For |\PSZ(r)> S(r)Y91S,)+D(r)>, YT (r)|1a)ci"”; ?Z
example, we will see that if all magnetic quantum numbers o )
of the initial deuteron are equally populated and the polar-
ization of the final photon is not observed, the transitions to
the singlet and triplet final states are incoherent. and theA-n relative motion wave function as

The matrix element for the reaction which proceeds from
an initial deuteron with spin projectio§, to a final state of .
the A-neutron system in a total spin stat®' (S,) is Ys(p.r) =42 iYI(DY™ (P @ (). 9

s'.s, .S, AW . . I .
M= SZ_J dr,dry(S'S;| ¢ (p.1) With these expansions we can writeith an arbitrary
_ _ overall normalization, omitting the delta function
Xe*IK-(rl+r2)|Oelk-r1|q,§z(r)>, (6)

where ¢ (p,r) is the final-state wave function of the MS"S; '52:477<S’S£|O|f dr 2 iL‘/Yr/"*(r)Y,’i"(r)
neutronA system and the variab® is 0 or 1 for the singlet /,mL.M

or triplet case.K is the center-of-mass momentum of the kr

baryon pair. The quantityW(r)) is the deuteron wave XYT(p)Yﬁ"*(kM?’(f)J’L(—)

function with an initial spin projectiors,. We obtain the 2

radial deuteron wave function from the solution of the

coupled Schrdinger equations for a pure one-pion-exchange
potential. It has been shown that this interaction reproduces
all of the low-ener roperties of the deuterpt®—21] , o’

(likely to be the m%)étpimgortant in this calculatjoriThe +D(N > Y5 (r)|10>cl,'r2,yﬂ' (10)
operatorO= o - €

Transforming to relative and center-of-mass coordinates
in the spatial variables we have With the photon directionk, along thez axis, one has

MS'S2 S:= (2)38(K —K) ) oL+ 1
. Y (K)=dm0 i (11

Xf0'r<S's;|w’;mp,r>|<9e'<k”’2|‘lf32<r>>-

(7) Performing the integral over the anglesrofwe obtain

X[ S(r)Ygl1S,)

! e U 1
MS'S 8= YT(p) (s's;|c9|1sz>5m0\/2/+1fo r2drgS (r)j/(gkr)S(r)
/,m

L—/ 5(2L+1) om 0,0,0 tTmSz ’ * 2 s’ : kr -
+§TI ) WCL CLZ/ 2L+ C <S S |O|10>f0r er(r)qS/(r)j,_ ? | (12)

or

MS"S; Se= E Y2(p)

S/(S)8mo(S' Sy Ol1S) +\B E Cy(s's] |<9|1«r>2 itCP, %D, (S|, (13)

with the definitions

o K
D?ﬂLz\/z/'+1f rzer(r)¢§’(r)jL(Er). (15)
0
% , kr
s/(s')z\/z/ﬂfo r2drgS (r)j/(?)S(r), (14)

If we define
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BI(S)=23 itCll;"C%8 (D u(S), (18 Lm0
Form=0,

we can write !
|\/|S S S =(S |(9|1SZ)E Y/(D)(S/JF\/_C?ZSZlB
(20)

MS'S S=> YN(p)| S, 8,,4(S' S, O|1S,
P Omd S| O11S) This term will contribute to the transitionsS{==*+1—S,

=0) and §,=0—S,=+1)
+\/—Z Cy(S'S||ol10)BM|,  (17)

” 1
MnZo'=—e 2 Y9(p)(5/+$39 =MnZo?,
where the explicit dependence 8h of S, andB"' has been (21)
suppressed.
We define the spherical components of the photon polar- * 1
ization vector as ME0i=e" > Yop)| S,+ —=B%|=-M%2%, (22
= 2
+1 ! i -1 ! ; 0 -
€ =— ﬁ(ex-i—ley), € =$(ex—ley), €=¢€,. I\/I,lﬁi'8= _EfZ:O Yc/’(p)(S/— \/EBS),
(18) (23
-10_ _+
The spin structure of the radiative capture operator is as- -€ z & AP)N(S~ \/—B

sumed to be of the form
giving a contribution to the total capture rate of
O=o0; €, (19 w

2
1
> (s/+—89) (24)
where particle 1 is the proton which is transformed inté.a /=0 \/E

The expectation values of this operator for the baryon Spiri!rom each of the initial magnetic states1 for either the

states are . ) .
singlet or triplet final state and
Triplet o
(1,90[1,2) < 2> (s,—2B%)? (25)
(1,0011,-1) —€ /=0
(190110 from the initial magnetic state O for the triplet final state.
0
(1,101, € . Since the singlet and triplet states add constructively for
(1,-1|0J1,-1) € S,=1 and destructively fo5,=—1, they are incoherent if
1.10|1.0 —€ and only if the populations of the these two initial states are
(110110
l.
(1,-1]0|1,0 € equa
(LY4o1,-1) 8 2. |m|=1
(1,-1]0|1,1) _
Singlet For|m|=1
(0,00|1,2) —€ ®
- s'.s;, ot -1,
(0,00[1.-1) » Mo ¥ =(S'S]|018,~ 1)V5C, 1> 3 Yi(p)B
(0,00/1,0 € 26
The transversality condition gived=0. contributes to §,=0-5,=0)
Because of the averaging over the direction of the unob- 3 -
served momenturp, each te_rm i’ and m will contribute M#gg: e Z Yi(p) B/—MOOO 27)
incoherently. We now consider each of the cases0, m 2 /=1

==+1, andm= =2 separately. In the square averaging over
the photon polarizations we omit the uniform factor of 1/2. and (S,=1—S,==*1)
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3 o0
:e—\[g 2 Yi(p)BY,
/=1
__ _+ EZ 1 1
Y, (p)B,,
2/=1

111
Mr=1

(28)

while

s'.s, o -1, _
MP % %= (S's]|0]1S,+ 1) V5CT,! 1131/21 Y;1(p)BL

(29
contributes to §,=0—S,=0)
1,0,0 + 3 - -1 1 0,0,0
M2 ,=€ > > Y M p)Br=—M32%, (30
/=1
and S,=—1-S,==*1)
3 ee]
Miti=e \/2 2 Y, X (p)B,
2/=1 '
(3D
3 oo
My tit=—e"\/= 2 Y, Y(p)BL,
2,=1 °

giving a contribution fromm|=1 to the capture rate of

o0

3>, (BY)? for each of S,=0,+1. (32
/=1

Only the S,=0 state contributes for the singlet final state.
Since the relative sign of the singlet and triplet is different
for m=1 andm=—1, the singlet and triplet states are al-
ways incoherent fofm| =

3.|m|=2
For|m|=

S S ’ s
S=(s's}|0|1S,~2)\/5C} 212 YiPIB?
(33
contributes to §,=1—S,=0)
Mi2b=—e V3 3 YAPBI=MR%, (34

while

S,+2,-2S,
1,21

> Y, 4pB?
/=2
(35)

S'8,.8_ jarar
M® % S= (58| 0|1S,+2)\5C

contributes to §,=

—l—>S£=O)
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M2 -M%27L . (36

:12=e+@;2 Y;2(p)B2=

giving a contribution to the capture rate for either initial spin
projection*t1 of

©

3> (BY)2

/=2

(37

Since the singlet and triplet states add constructively for
S,=1 and destructively forS,=—1, they are incoherent
only if the populations of the these two initial states are
equal.

C. Summary

Combining the expressions in the previous section we ob-
tain the following results for the capture rate for the various
initial and final states. The notation for quantities calculated
with the singlet or triplet final state on thle-n system is now
shown explicitly. For the amplitudes in the forlu’iSZ SZ

m=0, €

— > Y%p)| SA1)+ —=B%1)+S,(0)
/=0

%

1
+ —

V2

B2(0) (39)

—ZO Yo(p)[S,(1)— v2B%(1)

(39
m=0, e*
Mo't= 2 Y%(p)|S (1)+iB°<1>—s (0>—iB°(O>
0 = / Y/ \/E / Y/ \/E / ,
(40)
M&”EZO YUPISA1)—\2B%1)]; (41
m=1, e
0,0 3 1 1 1
M$O= — 52 Yi(p)[BL(1)+BL(0)], (42
3
Myt= 52 Yi(p)BL(1); (43)

m=1, €'
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3
My = \[5 > YAP)BA(L); (44)

m=-—1, €

3 oo
My t= \[5 2 Y APIBAL); (45

m=-1, e

MO9= \ﬁE Y, '(pIBU1)-BLO)], (46
~1 2 / p / / ’

3
MZi = \[5 2 Y APBH(L); (47)
m=2, €

MI=—\3 > YZ(p)[BL1)+BLO)]; (489

m=-2, e*

MO =3 3 Y 4p)[BL(1)-BLO0)]. (49

For the capture rates we have

1 0 1 0 i
SA(1)+—=BJ(1)~S,(0)~ —=BY(0)

V2 V2

[ ©

+32 [BL(1)]?+32 [B%(1)+B2(0)]%
/=1 /=2

S=1; 2>
/=0

(50

S,=0; 2/20 [S/(1)- ﬁ89<1>]2+3/21 [BL(1)]?

+32, [BX0)]%, (51)
/=1

ZO S,(1)+—=B%1)+S,(0)+ —B%(0)

V2 V2

+32 [BL(1)]2+3 [B%(1)—B2%(0)]%
/=1 /=2
(52)

Using plane waves for'=1,

PHYSICAL REVIEW 61 064003

2

1
S,=1: {Sy(1)—Sy(0)+—=[B3(1)—B3(0)]
2

+32 [BL]2+12) [B21% (53
/=1 /=2

S,=0: 2[so<1>—ﬁ88<1>12+221 [S/(1)

- ﬁ59(1>]2+e/§1 [BL]% (54)

1 2
S,=-1: [30(1)“‘30(0)"' —[88(1>+88<0)]]
N

2 o0

1

S, +-—B%| +3>, [BL]2
/=1

V2

+4>
/=1

(59

Adding and assuming all magnetic projections of the deu-

teron to be equally populated, we find

2
+2

2

1
2| So(1)+ —BY(1
{So() NG o(1)

+2[So(1)— ﬁ88<1>12+6/§l {[S,12+[B%]%}

1
So(0)+ EBg(O)

[ o)

+12> [BL]?2+122> [B2]A (56)
/=1 /=2

Also useful are the expressions for a given photon polar-

ization:

o

S,=1:. = X [B}?+122 [B%]% (57)
/=1 /=2

N W

S,=0: [S(1)- ﬁ88<1>|2+21 [S,(1)—\2B%(1)]2

+6>, [BL1% (58)
/=1
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L4 pr———rrr— g bution. Figure 1 shows a typical result for the pufe=0
[ a=-R& fm, r;=3.2 fm ] contribution calculated with an asymptotic-n wave func-
12 | ]
~ i =] tion.
= L0 F
= 08 i IIl. SOLUTIONS WITH EXPONENTIAL POTENTIALS
£ " F
3 I Rijken et al. [3] have recently fit potential models to the
" 0.6 I A-nucleon scattering data. We use the phase shifts fos the
T o4l wave determined by this group to define our potentials so
3 B that the asymptotic form which is singular at the origin can
0.2 | be replaced with a more realistic wave function.
0.0 S We will represent the effective interaction as a sum of
“os5 265 275 285 295 exponential potentials. To this end we write the true potential
k (McV/e) as a Laplace transform
FIG. 1. Comparison of the spectrum from tBg=0 state with o
that from the nonzero initial projections. The dashed curve is the V(r)= fo ANp)e “du. (63)

spectrum from theéS,=0 magnetic substate of the deuteron.

1 2

S,=—1: ‘so<1>+so<o>+ —[B3(1)+BJ(0)]
2

2 3

> [BYI%

1
S+ —p| +>
2,=1

+4
AR

(59

2

1
S,=1: ‘50(1)_50(0)"‘_[Bg(l)_Bg(O)]
2

+= > [BL% (60)
/=1

N w

S,=0: |Sy(1)- ﬁ88(1>|2+/§1 [S/(1)—2B%(1)]%
(61)

> [BL% (62)
/=1

N w

S=-1:

D. Discussion

The ratio of the triplet to singlet rates, in the limit of
s-wave contributions and aswave deuteron only, and as-
suming equal singlet and triplet scattering in theave, is 2.

Consider a calculation of this integral using a Gauss-
Laguerre integration scheme with a five-point approxima-
tion. The integral has maximum precision for only a single
value ofr, and the value that is chosen as typical faep-
resents the scale at which the integration is made. We choose
to work, primarily, at the scale of 1 fm, in which case the
points in the integration schem@ormally dimensionlegs
represent inverse ranges in units of fm The smallest of
these inverse ranges has a value of 0.263 56'fn$ince no
exchange with such a small mass is believed to take place in
this reaction, one expects to find zero for the coefficient of
this term. Indeed, fits to the phase shifts produce very small
numbers. We set these values to zero and consider fits with
only four parameters. Thus, the potential is parametrized
with the form

4
V(r)=>, \je A, (64)
i=1

In this case the longest range entering into the problem is
that of the second Gauss-Laguerre point, which has an in-
verse range of 1.413 40 fm and corresponds very well with
two pion masses. The other ranges are 3.59642%fm
7.08581 fmi!, and 12.64080 fm'. We have also consid-
ered the scale of 0.5 fitwhich means that the inverse ranges
are doubled in valueand 2 fm(which means that the inverse
ranges have been multiplied by L/2Vhile we work prima-

rily with the fits on the scale of 1 fm, the alternate fits pro-
vide estimates of the model dependence. It is the 2 fm range
fit which is more useful for reasons discussed in Sec. IV.

The introduction of the higher partial waves, and a difference A. Jost solutions

in the scattering lengths, modifies this ratio but it is still

roughly 2. Hence there is a greater sensitivity to the tripletS

scattering length than to the singlet.
The S and D states of the deuteron interfere coherently

Consider the solution of the Scltioger equation for a
um of exponential potentials:

N

with different coefficients depending on whether the initial V(r)= E Nje A (65)
j=1

state isS,=0 or S,==*1. For this reason the shape of the
spectrum is different for the transition from ti8&=0 sub-
state than from th&,= + 1 states due to thB-state contri-

Jost[22] writes the solution for the wave, f(p,r), as
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FIG. 3. Potentials obtained from the fits for the triplet case. The

FIG. 2. Comparison of the fits for trewave phase shifts with - ) i ) A
meaning of the solid and dashed lines is the same as in Fig. 2.

the results of Ref|3] for the triplet states. The results for the scale
of 1 fm are represented by the solid line and the scale of 2 fm by the

dashed line. ) ) .
The solution with the proper boundary condition at the
origin for an incoming spherical wave with unit amplitude at
_ infinity is
f(p,r)=e ">, C(p)e ™, (66)
Y f(p,r) =S(p)f(—p.r)
o _ _ y(p,r)=-— : : (72)
where the subscripy is a compound index representing a set 2ipr
of N integers. For example, for a three-term potential
where
y=[i.kll, j.klI=012,.... (67)
f(p,0)
The coefficients<C,(p) are given by the recursion relation S(p)= f(—p0) (72)
Criki(p) .
These expressions can be used to calculate the values of the
N Cri +2Cri 1 +NaCri 1 S matrix for any value ob.
BV 11 (P) rri ([rjﬁk Jrlgl(p)) Shd B3 1](p)' In order to calculate the overlap with the deuteron wave
vy P function, we require the wave function for reg@ositive
(689 ! )
values ofp. In this case we can writgfor real \ )
where _ _fx ; — @2i3(p)
f(=p,r)=f*(p,r) with S(p)=e . (73
M, =mgj kn=jum1tKuatlps. (69)

We can now write the wave functidieq. (71)] as
The recursion is started with

REON _
Cro00=1 Ci-1x1=Cj,-11=C(jk-11=0 (70 'ﬁ(p,f):—m e Plgmikr Y C/pe ™
Y
and is built up by first computing all coefficients with the
isnudn(;xof indices equal to 1, then 2, etc., with no negative —glop)gikr C,(—p)e ™. (74)
' Y
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TABLE I. Values of the parameters used in the
of 1 fm.

Case N Ao A3
Singlet
a —0.26431 —45.03399  304.25626
b —0.25513 —52.52803 352.90689
c —0.30427 —59.00891  396.75662
d —0.26357 —72.61646  499.84998
e —0.26643 —79.84088 561.22314
f —0.27467 —87.65697 643.43768
Triplet
a —0.43381 —35.94874 —0.17723
b —0.42795 —37.85583 9.45284
c —0.43581 —39.68054 32.58380
d —0.44061 —41.15301 52.91377
e —0.40514 —43.49734 77.60744
f —0.35775 —46.00097 104.79501

fit for the scale 3.0 e
E
24 F
W -
1.8 |
2327.48169 =
3036.24731 .t
3540.90601 i
5000.94873 i
5784.05615 06
6791.61670 .
00 | | | | |

00 05 1.0 15 2.0 25 3.0
r (fm)
2502.01367
2803.92017 FIG. 4. Wave function for the asymptotic wave functiglashed

2044.07300 curve compared with the Jost solutidsolid curve.

3138.80127

3344.70093 -
3541.92969 Were made to thé -proton phase shifts since they were more

Note that the lowest-order term is given by

e'%®) sifpr+8(p)]
pr '

which is identical to the asymptotic wave function. We shall

use these results to represent then wave functions. 25 | .
R0 I .
. . w 1
B. Fits to the phase shifts §15 ; ]
Potentials were fit to the phase shif&3] for each of the  .#

six cases of Ref.3], for both the singlet and trip

for each of the scales mentioned above. Even though the .
interaction of interest is forA-neutron scattering, the fits 5 .

TABLE Il. Values of the scattering lengtfa) and effective

closely related to data. The results are shown in Fig. 2 for the
triplet case. The potentials themselves are shown in Fig. 3.
Table 1 lists the strengths from the fit for the scale of 1 fm. It
is this fit which is used in the remainder of the paper unless
otherwise noted.

(75) Table 1l summarizes the scattering lengths and effective

0

singlet case ¢

let states and 10 |

0 L ]
255 260 265 270 2v5 280 285 290 295

range €o) from the fits described. k, (MeV/c)
Case a (Rijkenetal) a(1fm) ro (1 fm) a(2fm) rq (2 fm)
Singlet R A
30 triplet case c E
a -0.71 —-0.73 6.71 —-0.63 4.58 o ]
b —0.90 -092 557 -082  3.99 25 [ ]
c —-1.20 —-1.23 4.55 -1.11 3.52 —_ F ]
d -1.71 ~174 371 —159  2.99 $20F ]
e -2.10 -2.16 346 —197 257 15 F ]
f —251 —-259 329 -236 268 ° o ]
10 -
Triplet 5 F E
a -2.18 -2.21 2.99 -2.07 2.57 E
b TRI3 L 2Ib 305 203 271 G e
c —2.08 -210 315 —1.97 268 K (MeV/c)
d ~1.95 ~1.97 333 -184 284 7
e —1.86 —1.86 3.40 -1.74 2.94 FIG. 5. Phase shifts from the fitted potentié®lid) and from
f —-1.75 —-1.74 3.42 —-1.65 3.03 the effective range expansiddashegifor case c of Rijkeret al.for

the singlet and triplet cases.
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L0 ey fori=2, 3, 4. Herex=Xx, for the singlet case and=x; for
0.8 -3 Triplet Parameters the triplet case. The values of, d;, and\, are given in
0.6 F E Table lll. While this method allows a range of scattering
04 b E lengths to be produced with an appropriate short-range wave
02 & — 3 function, there are limitations. Since we would like to be
< —00 & ] able to study scattering lengths outside the range given in
oz b Ref. [3], we wish to consider values of outside the range
- (1-6). Indeed this does give an extension of the range of
—04 ¢ ] scattering lengths, but for the 1 fm scale the range is limited.
—0.6 E Outside this range the scattering lengths return to previous
-08 E values. This constraint dictates the limits of the analysis
—1.0 Benlonbn bbb b shown in the figures to follow. It was found for the fits on the

scale of 1/2 fm that the problem was greater, so that the
analysis would be restricted to an even smaller area. The 2
FIG. 6. Parameters from the fit to the phase shifts of Rijgen fm range fits were used for the model dependence estimates
al. showing the linear representation for the triplet case. because, in this case, a larger range of scattering lengths was
feasible. However, the scattering lengths do not reproduce

ranges corresponding to these fits. Also given are the sc b;;z (Ijlf Ref|3] as well as the 1 fm scale, as may be seen in

tering lengths found by Rijkent al. with the original poten- In performing the analysis one may use the asymptotic

tial. . :

In Fig. 4 are plotted the full wave function and the wave functl_ons or the full wave functions. The use of the_full
asymptotic wave function for the singlet “a” case of Ref. Wave functions §h(_)uld be prefer_able, but one can obtal_n an
[3]. idea of the sensitivity to the details of the full wave function

by comparing results with those for the asymptotic wave
functions. Figure 7 shows the sum of tBe=0 and S,=
IV. RESULTS +1swave cqntributions tq the spegtra as shown in Fig. 1 for
_ _ the asymptotic wave functior{solid lines and the full wave
~We now turn to problems in the analysis and some posfunctions(dashed linesfor the parameters of the singlet “a”
sible solutions. The first issue is the use of the effective ranggnd “f’ cases.
expansion(ERE). In the 7~ d—nny measurement the ERE  perhaps the largest problem in the measurement is the
is adequate to describe tisavave phase shift over the full geparation of the singlet and triplet scattering lengths in the
range of data being analyzed. As is shown in Fig. 5, this maing)| state. If no spin degrees of freedom are measured, then
not be the case for theA measurement. Certainly it is Not o ginglet and triplet states contribute incoherently to the
adequate over the full range, and it may be somewhat AU€P5te, and it might seem impossible to separate them. How-

tlongble feven i Onriy tEeREpper lIO Me\f/ ?f.fthﬁ spectrum '.Sever, because the interference between3bhedD states of
used. O course the Is only useful It the asyr_nptotlcthe deuteron differs, the shapes of the singlet and triplet
wave functions are used or if the short-range corrections are . . A
made with a technique similar to that employed in Rél. spectra.are different, as !Ilus.trated in Fig. _8. Because the
To find an alternative to the ERE we examined the paramtr'ple_t aives a Iarggr contnbutlc_)n than the ;mglet, a greater
eters which came from the fitting of the exponential poten_senS|t|V|ty to the trlple.t scattgrmg is seen in the fits of the
tials to the phase shifts of Rijkezt al. It was found that an data and pseudodata in the figures which follow.
acceptable fit could be obtained with the longest range pa- Figure 9 shows an analysis of the data of Glél. [16].
rameter held fixed. Plots of the other three paramefgzs  Since this experiment was only a feasibility study, one can-
Fig. 6 for the triplet cageshow a linear behavior with case NOt expect to obtain much information about the scattering
number. We therefore defined continuous variables, whichengths. It is interesting to see, however, that the values are
reproduce the phase shif® a good approximationat the  in the range expected. The open circle in the upper left hand

integers 1—6corresponding to cases a—&nd create an in- corner shows the point of minimury?.

terpolation and extrapolation procedure. Figure 10 shows a similar analysis of the data of Gall
We define strengths et al. data with the 2 fm scale fits. In this case a larger range
of scattering lengths can be studied so that an error estimate
Ni=Ci+xd; (76) can be given. One-standard-deviation limits can be read from

TABLE lll. Values of the parameters for the linear representation of the potentials.

N1 Cy d, C3 d; Ca dy4
Singlet —0.26431 —36.410 —8.624 235.36 68.90 1457.6 869.9
Triplet —0.43381 —34.576 —-1.373 —16.90 16.73 2321.4 180.6
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6 e e e e e —L7 e
[ a=-0.69 fm, r;=6.07 fm (singlet a) ]
5_ = L
- -1.9
A — A
:‘3;3:— ] i"E:—Zl
ot ] o
Sz | ]
% E E 2.3 Xoat1/2
Lt .
E ~ ] —on Lo he e NG T
Q e e e L ~3.1 26 -21 ~16 —1.1 -0.6
250 255 260 265 270 275 280 285 290 295 a (fm)

k, (MeV/c)
FIG. 9. Analysis of the data of Gadit al. using the 1 fm scale
fits. The contours are lines of constgyft. Points lying inside the

6 T )
[ a=-2.60 fm, r,=3.271 fm (singlet f) curve labeled+1 are within one standard deviation of the mini-
5 [ ° ] mum. The solid squares are the values taken for the six cases of
w f . Ref.[3] and the open circle is the value at the minimy@of the
g4l [ fit.
54 : o
St ]
S3F g
o ]
2o | 1 150 T
>t ] :
%1 : ] 175 |
[ ~ 1 -2.00 [
0 T T e b e L b e by b by e Ly —_ r
250 255 260 265 270 275 280 285 290 295 E L
k, (MeV/c) £ -225
&
FIG. 7. Comparison of the spectra expecte@=0 contribution —=50 E
only) with an asymptotic wave functiofsolid curve$ with that o5 i ]
using a solution to the Schidinger equatioridotted curvegfor the et
Jost parameters corresponding to cases “a” and “f” for the singlet 2300 Bt N N
final state. The lower curves are those resulting for the singlet spec- 82 —62 -42 -22 -02
trum and the upper ones are for the triplet spectrum. a_ (fm)

FIG. 10. Analysis of the data of Gadit al. with the 2 fm range
fits. The innermost curve corresponds to one standard deviation, the
next to two, etc.

~1

Ela‘si;glle‘t:‘_‘l‘-éé T ‘E
6 :— triplet:_2'06 fm —:
— ] 80 . —
2.1 : o == 296 fm
g r 70 F triplet:_l 7R f E
54 F 7 260 F -
ot r -
8 = ]
Za b E S50 H =
[Vl 3 1
Tor ] 540 l ]
— L ]
< 24730 =
1 E . & ]
r ] =20 E
) J S AN SR A o }
255 265 275 285 295 10 E
ky(MeV/c) 0 NS | N I
_ _ _ _ 255 265 275 285 295
FIG. 8. Comparison of singlgtdashed curjeand triplet(solid k, (MeV/c)

curve spectra for a full calculation with realistic wave functions.
The dash-dotted curve shows the singlet spectrum renormalized to FIG. 11. Comparison with the data of Gail al. with the best
the triplet at the lowest energy. fit using the 1 fm scale.
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-1.7 -1.7 ——— =
(a) NN \
L r \\ N
-1.9 -19 - \\\ )
B [ g \ .
_ N \\
] : D
- = -2 F -
£ -21 g N
< cu N
N
-2.3 -2.3 ]
Asymptotic Wave Functions, True §
_25 >1\II|I\\IIIII\‘III1\III _25 P P Y P S T I T S H S S N
231 —2.6 —2.1 —1.6 —1.1 —0.6 -3.1 -2.6 -2.1 -1.6 -1.1 -0.6
. . a. (fmj . . as (fm)

FIG. 12. Analysis with a full Jost model of a pseudodata set -17 —— N
generated with 3% errors. The 1 fm scale fit was used to generatt [ (b) \\\ N
the data and make the analysis. The solid circle is the input value [ ) - \} ]
chosen for the test and the open circle is the central value corre  -1.9 |- ) SO
sponding to the minimuny?. \ ]

£ ) \
e -21 .
-

the graph(the inner contoyrwith the triplet length lying I
between—1.3 and—2.6 fm and the singlet length between i .

—0.2 and—6.3 fm. -23 .
Figure 11 provides a comparison of the experimental and

theoretical spectra for the scattering lengths corresponding tc Asymptlotic Wave‘ Functionf’ ERE o |

the minimum? (=37.8 for 37 data poinjsat a;= —2.96 R T e o e o1 e

anda,=—1.72 for the 1 fm scale. a_ {fm)

Figure 12 presents a similar analysis of a pseudodata
spectrum. The pseudodata were generated from a selected FIG- 13. Analysis of the same pseudodata set as in Fig. 12 with
spectrum by including errors chosen from a Gaussian distri@Symptotic wave functions. In the upper part the correct phase shifts
bution such that they have a value of 3% of the rate at th@re used while in the lower portion the effective range expansion is
maximum and are proportional to the square root of the ratded-
at other points, as would be the case with errors dominated
by counting statistics. The analyses shown were made ovét the minimum are-1.613 and—1.884 fm to be compared
the full range of the data of Gall data from 255 to 293 MeV With the values found with thél fm scalg analysis above of
unless otherwise specified. The case chosen for presentationl-896 and—2.031 fm(the input values are-1.968 and
in Fig. 12 is a favorable one in the sense that the scattering 1.827 fm. Thus we find model errors of 0.28 fm for the
lengths used for generation of the pseudodatdid circle singlet and+0.15 fm for the triplet case. We will take these
fall near the center of the inner ellipse. As is necessary steas estimates of the modgheoretical errors.
tistically, most of the results do fall nearer the edge of this Figure 15 shows the same type of analysis but including
ellipse with about 1/3 falling outside. One can observe fromonly the upper 10 MeV of the spectrum in the comparison. It
this figure that the experimental uncertainty in such an exis seen that the results are very similar, due perhaps to the
periment would be- = 0.3 fm for the triplet scattering length
and ~ = 0.8 fm for the singlet.

It is possible to use such an analysis of pseudodata to
estimate errors due to model assumptions. For the following
we use the same pseudodata that were described above. Fig-
ure 13a) shows the results of an analysis using asymptotic
wave functions with phase shifts determined from the Jost
solutions. Figure 1®) shows an analysis with the additional
approximation that the phase shifts are taken from the ERE.
As can be seen a significant error results.

Use of the asymptotic wave functions is an extreme ap-
proximation. Although we do not know exactly which more
realistic wave function should be used, we can choose one
among the Jost models we have been considering. To this
end we analyze the spectrum created with the 1 fm scale
using the 2 fm scale spectra. The result can be seen in Fig. FIG. 14. Analysis of the same pseudodata set as in Fig. 12 with
14. The positions of the singlet and triplet scattering lengthsvave functions generated using the 2 fm range fit.

—-1.6

| 2 fm scale
_2.4\||\|\||||\

-3.4 -24 -14
a_ (fm)

-0.4
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1.6 ———— =084 ey
-0.86 £ sa=1.46 . 3
-1.8 -0.88 | .
= -0.90 F 3
E >, ; ;
& =20 < —0.92 E 3
“ -0.94 F ' :
-2.2 -096

[ 2 fm scale —0.98

24 o L b o -1.00 &
-34 -24 -14  -04 285 287 289 201 293 295

a_ (fm) k, (MeV/c)

FIG. 15. Analysis of the same pseudodata set as in Fig. 12 with FIG. 17. Vector polarization asymmetry for the deuteron initial
wave functions using the 2 fm range fit over only the upper 10 MeVspins.
of the spectrum.

o ) ) triplet states with the use of spin information from the deu-
fact that the main difference in shapes between singlet anghyon injtial state or the photon final state. Figure 16 shows
triplet occurs in this regiorisee Fig. 8 The analysis over he gpectra for the six possible combinations of these spin
this range may offer experimental advantages in addition,oiactions for four selected parameter sets. While the over-
since the background due to neutral pion decay is less severgy normalization of these curves is arbitrary, the relative

We have seen that it is difficult to determine the scattering, 5 rmalization among them is correct. The upper left hand
lengths individually. It is possible to separate the singlet ang, ;e (for S,=+1 and right circularly polarized photpn

0.06 . . —— 0.6 : ; . shows the maximum sensitivity since it corresponds to the
U case where the singlet and triplet final states are coherent in

0.05 4 0.05 -
2ok 12 ek 1 a destructive manner. The disadvantage is that this same can-
; ; cellation leads to a small rate if the singlet and triplet scat-
_§°‘°3 1 ] : ) 1 terings are not too dissimilar, as can be expected fror65U
S goer E symmetry. However, this small quantity is a direct measure
" 001 " oot f ] of thedifference between the singlet and triplet lengtiste

0.00 i 0.00 P that the spectra from an initial stafe=0 are independent of

255 285 275 285 285 255 265 275 285 295 .
k, (Mev) k, (MeV) the singlet parameters.
s . . . s . . . We can express the results in terms of more conventional

variables. Figure 17 illustrates the spectrum expected from a
pure vector-polarized deuteron target with the asymmetry de-

E) El
g 3 fined as
: : N(S,=+1)-T(S,=-1)
3 o5 X A= ) (77)
< [(S,=+1)+I(S,=—1)
90 s s zes = s 295 We see that a measurement with precision of the order of 2%
K, (e is needed near the peak of the spectrum or 10% at the upper
0.08 T T T 6 T T T
03 1T
_005 | i _5 [
§0.04- g Bl 34
Eo.oa E ] ga
§o.oz b E §z
EO.O! F Bl v.l. .
-«
0.00 L 1] L L L
255 2685 275 285 295 255 265 275 285 205
k, (MeV) k, (MeV)

FIG. 16. Spectra for the various spin combinations of the initial
deuteron and the final photon. The three figures to the left are for
right circular polarization and those to the right for left circular

polarization of the final photon. The three rows are$gr +1, 0, ’ 255 ' '565 o5 285' B '295

and —1 from the top down. The solid curve hag=—1.15, a;= k, (MeV/c)

—2.06; the dashed curve,=-1.96, a,=—2.06; the dash-dot

curve ag=—1.15, a,=—1.81; and the dotted curvas=—0.60, FIG. 18. Circular polarization of the photon under the same
a,=—2.06 fm. conditions as the previous figures.
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part of the spectrum. What is being searched for is a deviaence of the third strongly interacting particle in the final state

tion of the asymmetry from-1 or, in other words, a non- is difficult to estimate and the errors are experimental only.

null value of the rate from the initial sta®= +1. Such an In a three-body calculation for the hypertriton bound state

observation would prove that the two scattering lengths ardliyagawa conclude§25] that the best values of the singlet

unequal. The dashed curve corresponds to a difference of Ostattering length lie between2.7 fm and—2.4 fm and the

fm, the dash-dotted curve to 0.66 fm, the solid curve to 0.9%riplet between— 1.6 fm and— 1.3 fm, conforming to the

fm, and the dotted curve to 1.46 fm. This result is almost‘f” solution of Rijken et al.[3].

completely free from the model-dependent effects discussed An analysis of pseudodata forkai"d— An+y experiment

previously. The observation of a difference froal in the  with a cross comparison of models leads to an estimate of the

asymmetry would be a direct indication of a difference in themodel dependence of the order 0.2 fm. The same type

scattering lengths. of study gives an estimate of the error in such an experiment
Figure 18 shows the spectra expected from measurement$ +0.3 fm for the triplet scattering length and0.8 fm for

in which the circular polarization of the final photon is mea-the singlet. These estimates are for measurements without

sured. The asymmetry is defined as spin information and assume an uncertainty of 3% for the
_ B _ maximum rate in the spectrum.
A= Tle=+1)-T(e 1)_ (78) It was shown that spin information in either the initial or
¢ T'(e=+1)+T'(e=-1) final state would be valuable in separating the scattering

lengths. If it were possible to perform the capture experiment
Here again the same order of accuracy is needed to separgg a deuteron target of purely magnetic quantum number
the dotted and dashed curves. zero, the triplet scattering length alone would be measured.
V. CONCLUSIONS The use pf a polarized Qeuteron target would alsp allow
the separation since the singlet and triplet states interfere
A formalism has been presented with attention to the spirdestructively or constructively according to the relative
degrees of freedom. Because of the difference in shape of triignment of the deuteron spin along or against the direction
spectrum for the reaction proceeding from the zero magnetiof the photon.
guantum number projection of the deuteron from that with Since the previous feasibility study showed that the mea-
magnetic quantum numbers afl, the singlet-triplet sepa- surement was possible but very difficult, one might ask if the
ration can be made, although the difference is not large anthcreased difficulty due to the requirement of polarizing the
the triplet state tends to dominate. deuteron might not make it impossible. Certainly it adds an-
An analysis of the present data which exist for this reac-other constraint, especially if it is necessary to add tigh-
tion [16] has been made. Even though the uncertainties in thmaterial which would preferentially capture the kaons. In
data from this feasibility experiment are large, some infor-this regard we mention a possible polarized deuteron target
mation can be obtained; in particular, separate numbers camhich is made from a hydrogen-deuteron molecular system
be extracted for the singlet and triplet scattering length$26,27. It has a high density and contains no heavy materi-
(with large overlapping erroysWe find the singlet scattering als.
length in the range-0.15 to— 5.0 and the triplet value from For a measurement of the circular polarization of the pho-
—1.3 to —2.65(from the 2 fm range fjt ton, the spectra show a significant sensitivity of a similar
While this precision may seem rather modest, it is usefutype.
to compare with current values in the literature. Tad]
obtained a valuébelieved to be mostly the triplet scattering
length of —2.0=0.5 fm from an analysis of data on the  This work was supported by the U.S. Department of En-
reaction K" d— a7~ pA. Recent datd17] on the reaction ergy and the National Science Foundation. H.K.H. thanks the
pp—pK*A, in conjunction with previous elastic scattering Korean Scientific and Engineering Foundation for their sup-
data[2], lead to a value for the spin-averaged scatteringoort. The research of B.F.G. was supported by the Depart-
length of —2.0=0.2 fm [17]. The importance of the influ- ment of Energy(LA-UR-99-6261).
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