
PHYSICAL REVIEW C, VOLUME 61, 055207
Kaon electromagnetic form factor and QCD
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The experimental data on kaon electromagnetic form factor are analyzed both for the timelike and the
spacelike momentum by using the superconvergent dispersion relation, which we proposed to synthesize the
asymptotic property of QCD and the vector meson dominance model in the low momentum region. As in the
case of the pion electromagnetic form factor, the experimental data on the kaon form factor are realized by our
formula very well by using the three loop approximation for the effective coupling constant. The boson form
factor is sensitive to the approximation on the QCD term.

PACS number~s!: 11.55.Fv, 12.38.Aw, 13.40.Gp
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I. INTRODUCTION

We have analyzed the electromagnetic form factors
hadrons with recourse to the superconvergent dispersion
lation, which was proposed to synthesize the low momen
hadronic phenomena and the prediction of QCD in the h
momentum region@1,2#. We investigated the nucleon and th
pion electromagnetic form factors and obtained reason
agreement with the experimental data@2,3#. In this paper we
recapitulate the kaon electromagnetic form factor by us
the superconvergent dispersion relation to show that we
able to reproduce the experimental data of kaon electrom
netic form factor as in the case of pion form factor. Althou
the data of kaon form factor are not so accurate as comp
with that of the pion form factor, the superconvergence d
persion relation leads to a stringent constraint on
asymptotic property of the form factor.

For the low momentum region,utu&4 GeV2, t being the
squared momentum transfer, the absorptive part of the
persion integral is taken so as to realize the vector me
dominance model~VMD !; it is approximated by the summa
tion of the Breit-Wigner formulas of vector bosons with po
sible mixing among them. For the asymptotic region,
express the form factor as a power series expansion in
effective coupling constant of QCD. To calculate the QC
contribution to the absorptive part, it is necessary to ext
to the timelike momentum of the effective coupling consta
aS(Q2), being defined for the spacelike momentumQ2

52t.0. We perform analytic continuation to the timelik
region,t.0, by using the spectral representation of the QC
coupling constant@4–6#. Instead ofaS the QCD contribution
is expressed in terms of the coupling constant given by
spectral representation, being written asaR , for which we
derived a simple approximate formula@3#. For the timelike
momentumaR becomes complex and the absorptive part
the form factor is obtained by taking the imaginary part
the power series. The absorptive part of the form facto
constructed so that the QCD contribution dominates for
high momentum and becomes very small for the low m
mentum t&4 GeV2. On the other hand, the Breit-Wigne
terms are dominant in the low momentum and are very sm
0556-2813/2000/61~5!/055207~7!/$15.00 61 0552
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in the high momentum region so that overlapping of t
QCD and the resonance contributions are negligibly sm
We are thus able to evade the double counting by apply
the dispersion relation, which also works as an interpolat
of the low and the high momentum regions for the real p
of the form factor.

According to the perturbative QCD the boson form fact
being denoted asF, decreases asymptotically asF(t)
→const/t lnutu for large utu @7–9#. The asymptotic form of
QCD is derived by utilizing the following property of th
dispersion integral: Let ImF(t) approach ImF(t)
→c/utu@ln(t/Q0

2)#g for t→6` with c, Q0 , and g.1 being
constants. Then

F~ t !5
1

p E
s0

`

dt8
Im F~ t8!

~ t82t !
→ c/p

~g21!t@ ln~ utu/Q0
2!#g21

,

for t→6` provided thatF(t) satisfies the superconvergen
condition*s0

` dt8 Im F(t8)50, wheres0 denotes the threshold

@3#.
To ensure our approximation onaR we compare it with

the experimental data obtained byeēcollider experiments by
taking the QCD scale parameterL as an adjustable param
eter. We find that the coupling constant agrees with the
perimental data very well for the three loop approximati
with L50.2;0.3 GeV and the number of active flavornf
54 and 5. For the one loop approximation the experimen
data are also reproduced very well, but the QCD scale
rameter is determined asL50.09;0.20 GeV fornf54 and
5 to reproduce the results of collider experiments. The va
of L for the three loop approximation agrees with that whi
is obtained from the analysis of deep inelastic proces

L ~4!
MS5305625650 MeV @10#, but L becomes a little smal

for the one loop approximation.
In this paper we analyze the experimental data on

kaon electromagnetic form factor by applying the superc
vergent dispersion relation. We take on the three loop
proximation for aR and keep the terms up to the ord
O(aR

3) in the power series for the QCD part of form facto
The number of active flavor is fixed atnf53 and the QCD
©2000 The American Physical Society07-1
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scale parameterL is taken as an adjustable parameter. It
shown that, by using three loop approximation, we are a
to reproduce the experimental data very well. If one restr
to the one loop approximation for the QCD effective co
pling constant and keeps only theO(aR) term for the QCD
part of the form factor, the calculated result does not ag
with experiment. Although the existing data of boson fo
factor are limited to low momentum regions, they provide
stringent constraint on the asymptotic property of the abso
tive part of the form factor because of the superconverge
condition to which there is large contribution from the int
gration over high momentum region. It is, therefore, possi
to get information on QCD by investigating the boson ele
tromagnetic form factor.

The organization of this paper is given as follows: In S
II we summarize the formulas that are used in this calcu
tion. In Sec. III we discuss on property of the effective co
pling constant of QCD. We give the analytically regulariz
effective coupling constant and its analytic continuation
the timelike momentum. We compareaR with the experi-
mental results of the collider experiments. Numerical res
of our analysis are summarized in Sec. IV. The final sect
is devoted to general discussions.

II. DISPERSION RELATION
FOR THE BOSON FORM FACTOR

According to the perturbative QCD, the kaon electroma
netic form factorFK(t) approaches asymptotically@7–9,11#

FK~ t !→232p2f K
2 /$b0t ln~ utu/L2!% ~ t→`!, ~1!

wheret is the squared momentum of the virtual photon,f K is
the kaon decay constant,L is the QCD scale parameter, an
b0 is the one loop approximation of theb function in the
renormalization group,b051122nf /3 with nf being the
number of flavor. Therefore, the unsubtracted dispersion
lation holds for the form factor

FK~ t !5
1

p E
s0

`

dt8
Im FK~ t8!

t82t
, ~2!

wheres0 denotes the threshold. As is mentioned in the p
vious sectionFK(t) realizes the QCD prediction provide
that ImFK(t) satisfies the asymptotic condition

t Im FK~ t !→232p3f K
2 /$b0 ln2 ~ utu/L2!% ~ t→`! ~3!

and the superconvergence condition

1

p E
s0

`

dt8 Im FK~ t8!50. ~4!

We approximate the form factor by addition of resonan
contribution FR with possible mixing among resonanc
Fmix and the QCD termFQCD. The form factor is written as

FK~ t !5FR~ t !1Fmix~ t !1FQCD~ t !. ~5!

HereFR andFmix are
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FR~ t !5(
j

cjM j
2

M j
22t2 ig j

, ~6!

Fmix~ t !5(
j ,k

cjkg jgk

~M j
22t2 ig j !~Mk

22t2 igk!
, ~7!

where M j is the mass of thej th resonance andg j5M jG j
with G j being the width. We neglect the kinematical factor
the reduced widthsg j and take them independent oft as the
dependence ont is negligibly small. The mixing part is the
same as that of@12#. The imaginary parts of these amplitude
are given as follows:

Im FR~ t !5(
j

cjM j
2g j

~M j
22t !21g j

2 , ~8!

Im Fmix~ t !5(
j ,k

cjkFa jk
I ~M j

22t !1a jk
R g j

~M j
22t !21g j

2

2
a jk

I ~Mk
22t !1a jk

R gk

~Mk
22t !21gk

2 G , ~9!

where the suffices stand for the resonances anda jk
R anda jk

I

are

a jk
R 52

g jgk~M j
22Mk

2!

~M j
22Mk

2!21~g j2gk!
2 , ~10!

a jk
I 52

g jgk~g j2gk!

~M j
22Mk

2!21~g j2gk!
2 . ~11!

For the QCD contribution we assume thatFQCD is ex-
pressed in terms of a functionF̂QCD(t), a power series in the
regularized effective coupling constantaR(t) defined in the
next section

F̂QCD~ t !5(
j >1

cj
QCD$aR~ t !% j , ~12!

multiplied by a functionh(t) which is incorporated phenom
enologically to assure the threshold behavior and the con
gence of the integral*s0

` Im FQCD(t8)dt8. Im FQCD is then

given in terms of the imaginary part of Eq.~12!,

Im FQCD~ t !5Im@ F̂QCD~ t !#h~ t !. ~13!

In this calculation we take

h~ t !5@~ t2s0!/~ t1t1!#3/2t0 /~ t1t0!. ~14!

The functionh(t) corresponds to the cutoff and the conve
gence factor for the QCD part of the nucleon form facto
used by Mergellet al. @13#. Here we avoid the discontinuity
due to the cutoff by taking it as a smooth function oft for
t.s0 .
7-2
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KAON ELECTROMAGNETIC FORM FACTOR AND QCD PHYSICAL REVIEW C61 055207
The effective coupling constant becomes complex for
timelike regiont.0, and ImF̂QCD is obtained by taking the
imaginary part ofaR(t)n, n51,2, . . . . Wehave

Im FQCD~ t !5$c1
QCDIm@aR~ t !#

12c2
QCDRe@aR~ t !#Im@aR~ t !#

1c3
QCD$3„Re@aR~ t !#…2

2„Im@aR~ t !#…2%Im@aR~ t !#1¯%h~ t !.

~15!

We analyze the experimental data for the kaon form fac
for the timelike and spacelike regions by using the dispers
relation ~2!, where the absorptive parts of the form factor
expressed in terms of the imaginary parts~8!, ~9!, and~15!.
The parameters appearing in our formula are determined
analyzing the experimental data under the constraints of
normalizationF(0)51 and the superconvergence conditi
~4!. The lowest order of the QCD term is given through~3!,
~13!, ~14! as follows:

c1
QCD528p f K

2 /t0 . ~16!

Here use is made of the asymptotic form of ImaR(t)

Im aR~ t !→4p2/b0 ln2~ t/L2!,

as is shown by Eq.~25!.

III. THE EFFECTIVE COUPLING CONSTANT OF QCD

In order to perform the analytic continuation to the tim
like region of the QCD effective coupling constantaS(Q2),
being defined for the spacelike momentumQ2.0, we define
aR through the spectral representation@4–6#

aR~ t !5
1

p E
0

`

dt8
s~ t8!

t82t
, ~17!

where the spectral functions is given in terms of the discon
tinuity of aS along the cut

s~ t !5
1

2i
@aS~e2 ipt !2aS~eipt !#. ~18!

For the one loop approximation we have

aS~Q2!5
4p

b0 ln~Q2/L2!
. ~19!

The analytic continuation to the timelike region is effect
by the replacementQ2→e7 ipt, namely,

aS~e7 ipt !5
4p

b0
F ln~ t/L2!

ln2~ t/L2!1p2 6 i
p

ln2~ t/L2!1p2G ,
~20!

ands is obtained to be
05520
e
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s~ t !5
4p

b0

p

ln2~ t/L2!1p2 . ~21!

It must be noticed that substitution of Eqs.~21! to ~17! leads
to a different coupling constant from the original one for t
spacelike momentum as is seen from the consequence
the function defined by the spectral representation has
singularity for t52Q2,0, while aS(Q2) given by Eq.~19!
has a pole atQ25L2. Actually, for the one loop approxima
tion aR becomes

aR~Q2!5
4p

b0
F1/ln~Q2/L2!2

L2

Q22L2G , ~22!

which is free from singularity atQ25L2 @5#. Let us discuss
the higher order approximation for the effective coupli
constant. For the spacelike region theaS is obtained by solv-
ing the equation for the effective coupling constant in t
renormalization group through iteration with respect
ln(Q2/L2). We have

aS~Q2!5
4p

b0
F ln~Q2/L2!1a1 ln$ ln~Q2/L2!%

1a2

ln$ ln~Q2/L2!%

ln~Q2/L2!
1

a3

ln~Q2/L2!
1¯G21

,

~23!

where a152b1 /b0
2, a254b1

2/b0
4, a35(4b1

2/b0
4)(1

2b0b2/8b1
2), andb i( i 50,1,2) are

b05112
2nf

3
, b15512

19nf

3
,

b2528572
5033nf

9
1

325nf
2

27
,

with nf being the number of active flavor. We express t
effective coupling constant by the Pade´-like formula ~23!
instead of the formula given in Ref.@10# for the following
reasons: Eq.~23! is directly derived from the equation foraS
in renormalization group and we can evade the singula
such as 1/ln3(Q2/L2) at Q25L2. After the analytic continu-
ation to the timelike region viaQ2→e2 ipt, we haveaS
5Re@aS(t)#1i Im@aS(t)# with

Re@aS~ t !#5
4pu

b0D~ t !
, ~24!

Im@aS~ t !#5
4pv

b0D~ t !
, ~25!

where
7-3
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u5 ln~ t/L2!1
a1

2
ln„ln2~ t/L2!1p2

…1
a2

ln2~ t/L2!1p2

3H 1

2
ln~ t/L2!ln„ln2~ t/L2!1p2

…1puJ
1

a3 ln~ t/L2!

ln2~ t/L2!1p2
, ~26!

v5p1a1u2
a2

ln2~ t/L2!1p2

3H p

2
ln„ln2~ t/L2!1p2

…2u ln~ t/L2!J
2

pa3

ln2~ t/L2!1p2
, ~27!

and

D5u21v2. ~28!

Here

u5tan21H p

ln~ t/L2!J . ~29!

The spectral functions is obtained by taking the imaginar
part of aS , that is,

s~ t !54pv/b0D, ~30!

wherev and D are defined by Eqs.~27! and ~28!, respec-
tively.

As a function oft, the effective coupling constant give
by Eq. ~23! has a pole in the spacelike momentum region

Q25Q* 25L2eu* , ~31!

with u* 50.7659596 for the number of flavornf53. The
residue atQ25L2eu* is

A* 54pL2eu* Y H b0S 11
a1

u*
2a2

ln u*

u* 2 1
a22a3

u* 2 D J .

~32!

It has branch cuts arising from the logarithmic function
aS ; t,0 and 0,t,L2 where the former comes from
ln(t/L2) and the latter from the term ln„ln(t/L2)…. Therefore,
the threshold of the spectral representation~17! is 2L2 if the
effective coupling constant is calculated by two or three lo
approximation.

It is shown by the direct computation of Eq.~17!, by
using the spectral function~30! with the threshold kept att
50, that the effective coupling constant~17! is approxi-
mately given by the following formula:

aR~Q2!'aS~Q2!2A* /~Q22Q* 2!, ~33!
05520
t

p

both for the timelike and spacelike momentum region
utu*1 GeV2. The termA* /(Q22Q* 2) works as elimination
of the ghost pole from the effective coupling constant in t
spacelike momentum region. We note that Eq.~33! is shown
to be exact if the threshold of integral in Eq.~17! is taken as
t52L2. By the direct computation ofaR by Eq.~17! with s
given by Eq. ~30! we have the following result: Forutu
*3 GeV2 the difference of the approximate one~33! andaR
is less than 0.4%. The approximation becomes better autu
becomes larger. It must be remarked that we have multip
by the functionh(t) to define ImFQCD, therefore, the contri-
bution from low t region is considerably suppressed in t
dispersion integral. Our approximate effective coupling co
stant~33! can be used for the analytically regularized one
the spectral representation. For the timelike region we p
form the analytic continuation of the effective coupling co
stant~33! by the replacementQ2→e2 ipt.

Let us compare the regularized effective coupling co
stantaR with the experimental data for the one loop~22! and
the three loop approximation~33! by taking L and nf as
parameters. Fornf54 we haveL50.14160.019 GeV with
x253.9 for the one loop approximation andL50.325
60.038 GeV withx256.1 for the three loop approximation
In the case ofnf55 we obtain the following results:L
50.08760.013 GeV withx254.4 for the one loop approxi-
mation andL50.19460.027 GeV withx254.0 for the three
loop approximation. Here we use the data given in@14–16#
with the number of points 17. The datum obtained by tht
decay is omitted in the chi square analysis. The value oL
agrees with the world average for the three loop approxim
tion but for the one loop approximationL becomes a little
small. We compare in Fig. 1 the calculated running coupl
constantsaS ~19! andaR ~33!, respectively, for the spacelik
momentum for the three loop approximation fornf55 to-
gether with the experimental data. The QCD parameterL is
0.087 GeV foraS and 0.194 GeV foraR . The regularized
effective coupling constantaR agrees with the experimenta
data very well. To calculate the QCD contribution to th

FIG. 1. The effective coupling constant of QCD fornf55. The
solid curve isaR calculated by the formula~33! and the dashed one
denotesaS the result with ghost~23!. L50.194 GeV foraR and
L50.085 GeV foraS . The closed circles are taken from@14#, the
black square@15,16# and the cross denote the point determined fro
the t decay@10#.
7-4
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KAON ELECTROMAGNETIC FORM FACTOR AND QCD PHYSICAL REVIEW C61 055207
form factor we shall useaR with three loop approximation
~33! which is extrapolated to the timelike momentum
Im@aR# is given by Eq.~25! and Re@aR# by Eq. ~24! with the
addition of the termA* /(t1Q* 2) to aS(Q2).

IV. NUMERICAL RESULTS
ON THE KAON FORM FACTOR

We determine the parameters appearing in our formu
by comparing with the experimental data. We are able
reproduce the experimental results both for the spacelike
the timelike regions. We summarize in Table I the para
eters determined by the analysis. We take the threshol
the dispersion relation ass054mp

2 , mp being the pion mass
and fix the kaon decay constant atf K50.1598 GeV@10#. The
parameters appearing inh(t) ~14! are taken ast05t1
516 GeV2 @3#. We remark that the result is not sensitive
the values ofs0 , t0 , andt1 . The QCD scale parameterL is
treated as an adjustable parameter, and the number of a
flavor is fixed atnf53. For the vector bosons we restri
ourselves to the established ones,r~770!, v~780!, f~1060!,
v8(1420), r~1450!, v9(1600), f8(1680), r~1700! with the
masses and widths kept at the experimental values give
Ref. @10#.

In Figs. 2~a! and 2~b! we compare our result with the da

TABLE I. The residuesci , the mixing parametercv82v9 , and
the QCD parametersci

QCD ( i 51,2,3), which are determined by ou
analysis for the cases with and without mixing. Three loop appro
mation is used for the QCD effective coupling constant. Thex2

values are given for the spacelike momentumxspace
2 , the timelike

momentumx t ime
2 , and the total valuex tot

2 5xspace
2 1x t ime

2 . The pa-
rameters appearing in the threshold functionh(t) ~14! are fixed at
t05t1516 GeV2 @3#. The numbers of experimental data points a
15 and 51 for the spacelike and the timelike momentum regio
respectively. The QCD scale parameter is taken asL50.6 GeV.

No mixing v(1420)2v(1600) mixing

cr 0.062 0.113
cv 0.555 0.527
cf 0.3457 0.3450
cv8 22.670 20.055
cv9 0.147 20.107
cr8 0.218 0.249
cf8 20.09319 20.06371
cr9 0.029 0.0530

cv82v9 0 23.685

c1
QCD a 20.04011 20.04011

c2
QCD 21.057 21.211

c3
QCD 20.603 0.469

x t ime
2 65.8 62.5

xspace
2 12.6 12.7

x tot
2 78.4 75.2

ac1
QCD is calculated by Eq.~16!.
05520
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on kaon form factor for the timelike momentum@17# and in
Fig. 3 utuuFK(t)u2 is compared with experiment for the spac
like momentum@18#. We are able to realize the experiment
data for the three loop approximation both for the timeli
and spacelike momentum. The value of the QCD scale
rameter is determined to be in the rangeL50.3;2.0 GeV.
The best fit is attained forL;0.6 GeV. The dashed curve i
Fig. 2~a! stands for the case without mixing among particle
The theoretical curve seems to be a little smaller than
experimental data around the energy 2E'1.5 GeV, where
2E5At. To investigate if we are able to improve the res
we considered the particle mixing ofv8-v9. We did not
consider the mixing of the other resonances as the data
the kaon electromagnetic form factor are not sufficiently
curate to determine more than two mixing parameters.
find that the result is improved a little by the particle mixin
v8-v9. We enter the results for VMD with ther~770!,
v~780!, and f~1060! @17# in Figs. 2 and 3 by the dotted
curve. Taking the one loop approximation for the effecti
coupling constant~22! with O(aR) for Im FQCD, we do not
have a good result. In this case the QCD scale paramet

i-

s,

FIG. 2. uFK(t)u2 for the timelike momentum, where 2E5At
with t.0. The solid curve is the result with mixing betweenv8 and
v9 and the dotted one denotes the result for the simple VMD w
r~770!, v~782!, andf~1020!. The dashed curve in~b! denotes the
case without mixing among vector bosons. The experimental da
taken from@17#. ~a! 2E<1.2 GeV; ~b! 2E>1.0 GeV.
7-5
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MASAMI NAKAGAWA AND KEIJI WATANABE PHYSICAL REVIEW C 61 055207
determined asL510;20 GeV with the value of chi squar
as large asx2'300. Even if the particle mixing ofv8-v9 is
considered, the situation is not improved appreciably.

V. DISCUSSIONS

By using the unsubtracted dispersion relation with the
perconvergence constraint we analyzed the experimental
of the kaon electromagnetic form factor and obtained ag
ment with the experiments both for the spacelike and tim
like momenta. The absorptive part is given as the summa
of the Breit-Wigner formulas for the resonances and
QCD term. The latter is expressed by the power series
pansion in the effective coupling constant of QCD. For t
absorptive part of the form factor the QCD contributio
dominates in the hight region and is negligibly small fort
&10 GeV2, while the resonance contribution is dominant
the low momentum regiont&10 GeV2 and becomes very
small above 10 GeV2 so that there is no danger of doub
counting. The dispersion relation with the superconverge
condition works as an interpolation of the high and low m
mentum regions for the real part of the form factor.

To synthesize the VMD and QCD we have alternatives
the addition and the multiplication models. In the form
Im F is given as the summation of the Breit-Wigner formul
as we have done in this paper and in the latter ImF is ex-
pressed as a product of the Breit-Wigner and the QCD te

FIG. 3. utuuFK(t)u2 for the spacelike momentum. The solid curv
is the result with mixing betweenv8 and v9 and the dotted one
denotes the result for the simple VMD withr~770!, v~782!, and
f~1020!. The experimental data are taken from@18#.
cl.
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@19#. Imposing the superconvergence condition on the fo
factor, we obtain qualitatively similar results for both mo
els. In this paper we take on the addition model because
physical meaning is clearer and the better result is obtain

For the simple VMD withr~770!, v~782!, andf~1020!,
the result is not good especially for the timelike region. If w
take account of higher resonances, we are able to impr
the result. However, the QCD constraint is not satisfied,
the form factor decreases as a polynomial,FK(t);t2n with
n.0 being an integer.

Klingl et al. investigated the boson electromagnetic fo
factor based on the chiral SU~3! @20#. They examined the
pion and kaon form factors both for the timelike and spa
like momentum and they were able to reproduce the exp
mental data. For the timelike region, there are small dev
tions from the data for the momentum around 1.1 GeV a
1.4 GeV for the kaon electromagnetic form factor. This im
plies that vector bosons with larger mass than thef meson
are necessary for the electromagnetic form factor as we h
assumed in this paper.

In our analysis the QCD scale parameter is determined
L;0.6 GeV which is a little larger than that obtained by t
deep inelastic processes,L;0.3 GeV. We have analyzed th
kaon form factor so that the number of active flavor isnf
53, while for the deep inelastic processesnf54;5. The
result seems to support the implication thatL becomes
smaller as the number of flavor increases@21#.

The experiments on the boson electromagnetic form f
tor are advantageous in investigating subhadronic inte
tions at high energy in the following respects: First, we a
able to study processes with small number of active flav
Secondly, it is possible to estimate effects of resonances
rectly, because they contribute to the form factor as real p
cesses in contrast to the nucleon form factor, in which c
tribution of vector bosons is indirect as most of resonan
are below theNN̄ threshold. Therefore, by the experiment
data in the timelike region the low momentum part of ImF is
nearly determined. As we have used the unsubtracted dis
sion relation with the superconvergence condition, for wh
there is large contribution from high momentum part
Im F, we are able to study on the hadron interaction at v
high energy. Precise measurement of the boson form fa
for the large momentum transfer, especially for the space
momentum, is expected to give important data in explor
interactions of subhadronic system.
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