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Kaon electromagnetic form factor and QCD
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The experimental data on kaon electromagnetic form factor are analyzed both for the timelike and the
spacelike momentum by using the superconvergent dispersion relation, which we proposed to synthesize the
asymptotic property of QCD and the vector meson dominance model in the low momentum region. As in the
case of the pion electromagnetic form factor, the experimental data on the kaon form factor are realized by our
formula very well by using the three loop approximation for the effective coupling constant. The boson form
factor is sensitive to the approximation on the QCD term.

PACS numbeis): 11.55.Fv, 12.38.Aw, 13.40.Gp

I. INTRODUCTION in the high momentum region so that overlapping of the
QCD and the resonance contributions are negligibly small.

We have analyzed the electromagnetic form factors oiWe are thus able to evade the double counting by applying
hadrons with recourse to the superconvergent dispersion rée dispersion relation, which also works as an interpolation
lation, which was proposed to synthesize the low momentun®f the low and the high momentum regions for the real part
hadronic phenomena and the prediction of QCD in the higtof the form factor.
momentum regiofil,2]. We investigated the nucleon and the  According to the perturbative QCD the boson form factor,
pion electromagnetic form factors and obtained reasonableeing denoted as-, decreases asymptotically as(t)
agreement with the experimental d&2a3]. In this paper we —consttInft| for large [t| [7-9]. The asymptotic form of
recapitulate the kaon electromagnetic form factor by usind2CD is derived by utilizing the following property of the
the superconvergent dispersion relation to show that we ardispersion integral: Let IrR(t) approach In¥(t)
able to reproduce the experimental data of kaon electromag-c/[t[In(t/Q3)]” for t— +o with ¢, Qy, and y>1 being
netic form factor as in the case of pion form factor. Althoughconstants. Then
the data of kaon form factor are not so accurate as compared
with that of the pion form factor, the superconvergence dis- F() 1 fwdt’ ImF(t") clm
persion relation leads to a stringent constraint on the - F oy o 2y17-1°
asymptotic property of the form factor. % (t'=1) (y=DtlIn([tl/Qo)1

For the low momentum regiorif| <4 GeV?, t being the  for ¢, + o provided thaf (t) satisfies the superconvergence

squared momentum transfer, the absorptive part of the dissygition 1= dt’ Im F(t')=0, wheres, denotes the threshold
persion integral is taken so as to realize the vector meso %o

dominance modelVMD); it is approximated by the summa- . L it with
tion of the Breit-Wigner formulas of vector bosons with pos- 10 €NSUre our approximation as; we compare it wit

sible mixing among them. For the asymptotic region, wethe experimental data obtained bg collider experiments by

express the form factor as a power series expansion in tHgking the.QCD scale parametﬁras an adjustable_ param-
effective coupling constant of QCD. To calculate the QCDetef' We find that the coupling constant agrees wnh the_ ex-
contribution to the absorptive part, it is necessary to exten®€rimental data very well for the three loop approximation

to the timelike momentum of the effective coupling constantVith A=0.2~0.3GeV and the number of active flavog
a(Q?), being defined for the spacelike momentu@? =4 and 5. For the one loop approximation the experimental

=—t>0. We perform analytic continuation to the timelike 9at@ aré also reproduced very well, but the QCD scale pa-

region,t>0, by using the spectral representation of the QCD/@Meter is determined as=0.09-0.20 GeV forn;=4 and
coupling constanfi4—6]. Instead ofes the QCD contribution 5 to reproduce the results of goll|td_er experlments. The value
is expressed in terms of the coupling constant given by th@ A for the three loop approximation agrees with that which
spectral representation, being written @s, for which we Is obtained from the analysis of deep inelastic processes,
derived a simple approximate formula]. For the timelike A &=305* 2550 MeV [10], but A becomes a little small
momentumay becomes complex and the absorptive part offor the one loop approximation.

the form factor is obtained by taking the imaginary part of In this paper we analyze the experimental data on the
the power series. The absorptive part of the form factor ikaon electromagnetic form factor by applying the supercon-
constructed so that the QCD contribution dominates for the/ergent dispersion relation. We take on the three loop ap-
high momentum and becomes very small for the low mo-proximation for ag and keep the terms up to the order
mentumt<4 Ge\2. On the other hand, the Breit-Wigner O(a%) in the power series for the QCD part of form factor.
terms are dominant in the low momentum and are very smallThe number of active flavor is fixed at=3 and the QCD
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scale parameteh is taken as an adjustable parameter. It is c: M2

shown that, by using three loop approximation, we are able FR(t)=2 —2J—J (6)
to reproduce the experimental data very well. If one restricts T Mty

to the one loop approximation for the QCD effective cou-
pling constant and keeps only tigy ag) term for the QCD
part of the form factor, the calculated result does not agree
with experiment. Although the existing data of boson form
factor are limited to low momentum regions, they provide awhere M; is the mass of thgth resonance ang;=MT;
stringent constraint on the asymptotic property of the absorpwith I'; being the width. We neglect the kinematical factor of
tive part of the form factor because of the superconvergencge reduced widthy; and take them independent és the
condition to which there is large contribution from the inte- dependence ohis negl|g|b|y small. The mixing part is the

gration over high momentum region. It is, therefore, possiblesame as that dfL2]. The imaginary parts of these amplitudes
to get information on QCD by investigating the boson elec-are given as follows:
tromagnetic form factor.

Cik7j Yk
S (MP—t—iy)(ME—t—iv)’

Fmix(t)= (7)

The organization of this paper is given as follows: In Sec. |\/|2),J

Il we summarize the formulas that are used in this calcula- ImFg(t)= 2 2—'22 (8

h . : (M7=t)"+;

tion. In Sec. Il we discuss on property of the effective cou- ]

pling constant of QCD. We give the analytically regularized | ) R

effective coupling constant and its analytic continuation to mE.. (=" ¢ aj (My—=t) +ajy;

the timelike momentum. We comparg; with the experi- Mt & ik (M7 —t)%+ 5}

mental results of the collider experiments. Numerical results | 5 .

of our analysis are summarized in Sec. IV. The final section aj (M=) + aj vk

is devoted to general discussions. N (Mﬁ—t)2+ 7& ' ©
Il. DISPERSION RELATION where the suffices stand for the resonancesaaﬁgchnd a}k

FOR THE BOSON FORM FACTOR are

According to the perturbative QCD, the kaon electromag- V(M2—M2)
netic form factorF(t) approaches asymptotically—9,11 al=— 271 7k2 21 K 5, (10)
J (M7=Mi)"+(yj— )

Fr(t)— =327 21{ Bot IN([t|/A2)}  (t—o), (D)

wheret is the squared momentum of the virtual photbgis ajy=—"——> 7] 75(27‘ i 5. (11)
the kaon decay constant, is the QCD scale parameter, and (M{=Mi)“+(yj— 7
Bo is the one loop approximation of the function in the o )
renormalization group,8,=11—2n:/3 with n; being the For the QCD contribution we assume ttagcp is ex-
number of flavor. Therefore, the unsubtracted dispersion repressed in terms of a functidfycp(t), a power series in the
lation holds for the form factor regularized effective coupling constami(t) defined in the
next section
1 (= ImFg(t)
FK(t):_f dt'———, 2 . ,
T % Faco(t)= 2, cf™ar()}), (12

wheres, denotes the threshold. As is mentioned in the pre-
vious sectionF(t) realizes the QCD prediction provided multiplied by a functiorh(t) which is incorporated phenom-
that ImF(t) satisfies the asymptotic condition enologically to assure the threshold behavior and the conver-
gence of the integralg ImFqcp(t')dt’. ImFqcp is then
_ 3¢2 2 2 So
tIMFy(t)— =32 i/ {Bo In* (It/AD)} - (t—) (3) given in terms of the imaginary part of E(lL2),

and the superconvergence condition

IM F ool t) = IM[F geo() T(D). (13
1 o
P JS dt’ ImFy(t")=0. (4) In this calculation we take
0
We approximate the form factor by addition of resonance h(t) =[(t—so)/(t+1t1) %o/ (t+1o). (14)

contribution Fg with possible mixing among resonances )
Fmix and the QCD ternF ocp. The form factor is written as The functionh(t) corresponds to the cutoff and the conver-
gence factor for the QCD part of the nucleon form factors

Fr(t)=Fgr(t)+Fmix(t) +Focp(t). (5)  used by Mergelkt al.[13]. Here we avoid the discontinuity
due to the cutoff by taking it as a smooth functiontdbr
HereFg andF,;, are t>sg.
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The effective coupling constant becomes complex for the At T
timelike regiont>0, and ImIEQCD is obtained by taking the o(t)= Bo IN2(UAD+ 72 (21)
imaginary part ofag(t)", n=1,2,... . Wehave
ImE t) = {cQCD| t It must be noticed that substitution of Eq21) to (17) leads
M Focolt) ={er™" ML ()] to a different coupling constant from the original one for the
+2C§CD R ar(t)]Im[ ag(t)] spacelike momentum as is seen from the consequence that
b ) the function defined by the spectral representation has no
+c§P3(Re ar(t)]) singularity fort=—Q?<0, while as(Q?) given by Eq.(19)

has a pole aQ?=A?. Actually, for the one loop approxima-
tion ag becomes

— (Im[ (D) DML ar(t)]+---1h(1).

(15
. 4 A?
We analyze the experimental data for the kaon form factor ar(Q) = —| 1UINQYA?) — =, (22)
for the timelike and spacelike regions by using the dispersion Bo Q°—A

relation(2), where the absorptive parts of the form factor is

expressed in terms of the imaginary pa@s (9), and(15).  which is free from singularity a®?=A? [5]. Let us discuss
The parameters appearing in our formula are determined byhe higher order approximation for the effective coupling
analyzing the experimental data under the constraints of theonstant. For the spacelike region tigis obtained by solv-
normalizationF(0)=1 and the superconvergence conditioning the equation for the effective coupling constant in the
(4). The lowest order of the QCD term is given throu@, renormalization group through iteration with respect to
(13), (14) as follows: IN(Q¥A?). We have

c¥P=—8rfi/t,. (16) .
as(Q?)=—1In(Q¥A?) +a, In{In(Q¥ A2
Here use is made of the asymptotic form of dggt) s(Q%) Bo @ J+auiniin(Q )}

2122 -1

as is shown by Eq(25). (23

Ill. THE EFFECTIVE COUPLING CONSTANT OF QCD
N where a,=281/B% a,=4B3BY  as=(4p2AYH(
In order to perform the analytic continuation to the time- —,80,82/8,85), andB;(i=0,1,2) are
like region of the QCD effective coupling constan(Q?),

being defined for the spacelike moment@h>0, we define 2n; 19n;
ag through the spectral representatigh-6] Bo=11— 3 B1=51— =
1= o(th)
ag(t)= ;fo dt' 17 5033 3257
B,=2857- 9 + 57

where the spectral functiom is given in terms of the discon-

tinuity of as along the cut with n; being the number of active flavor. We express the

1 effective coupling constant by the Palike formula (23)
o(t)= —[age” ™) — ag(e™)]. (18  instead of the formula given in Reff10] for the following
2i reasons: Eq23) is directly derived from the equation farg

in renormalization group and we can evade the singularity

For the one loop approximation we have such as 1/IQ%A?) at Q*= A2 After the analytic continu-
Ao ation to the timelike region via@Q?—e™'"t, we haveag
2y =Rg agt)]+i Im[agt)] with
aS(Q ) ﬁO |n(Q2/A2) . (19)
; ; ; T P 4mu
The analytic continuation to the timelike region is effected R )= 24
by the replacemer®?—e*"t, namely, das(t)] BoD (1)’ 29
Simp) 4 In(t/A?) L T o
ag(e )= E |n2(t/A2)+ 2 =1 |n2(t/A2)+ 2| |m[as(t)]: BoD(1) ) (25
(20 0
ando is obtained to be where
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al az T T
u=In(t/A%)+ =In(INn¥(t/A?) + 7?)+ ——————
2 IN?(t/A?)+ 72 ;
1 .
X E|n(t/A2)|n(|n2(t/A2)+772)+77(9 ~ 1
agIn(t/A?) (26) 1
IN2(t/A?)+ 7%’ I ]
U=w+a10—% e 107 102 10°
IN“(t/A“)+ QGeV)
X zln(lnz(t/A2)+ w?)— 0In(t/A?) FIG. 1. The effective coupling constant of QCD foy=5. The
2 solid curve isag calculated by the formulé33) and the dashed one
denotesag the result with ghos{23). A =0.194 GeV forag and
. mag 27) A =0.085GeV forag. The closed circles are taken frdmd], the
IN2(t/A2?)+ 2 ’ black squar¢15,1€ and the cross denote the point determined from
the 7 decay[10].
and
D= U2+ p2 29) both for the timelike and spacelike momentum region for
U |t|=1 Ge\2. The termA*/(Q?—Q*?) works as elimination
Here of the ghost pole from the effective coupling constant in the

spacelike momentum region. We note that E83) is shown
o to be exact if the threshold of integral in Ed.7) is taken as
0:tan‘1[m] ) (299  t=— A2 By the direct computation afg by Eq.(17) with o
given by Eq.(30) we have the following result: Folt|
The spectral functio is obtained by taking the imaginary =3 GeV’ the difference of the approximate of&3) andag
part of as, that is, is less than 0.4%. The approximation becomes bettét] as
becomes larger. It must be remarked that we have multiplied
o(t)=4mv/ByD, (30) by the functionh(t) to define ImF9CP, therefore, the contri-
bution from lowt region is considerably suppressed in the
wherev and D are defined by Eqs27) and (28), respec- dispersion integral. Our approximate effective coupling con-
tively. stant(33) can be used for the analytically regularized one via
As a function oft, the effective coupling constant given the spectral representation. For the timelike region we per-
by Eqg.(23) has a pole in the spacelike momentum region aform the analytic continuation of the effective coupling con-
stant(33) by the replacemer®?—e'"t.
Q2=Q*2=A2"", (31) Let us compare the regularized effective coupling con-
stantag with the experimental data for the one lo@®2) and
with u* =0.7659596 for the number of flavar;=3. The the three loop approximatiof83) by taking A and n; as
residue aQ?=A2e"" is parameters. Fon;=4 we haveA =0.141+0.019 GeV with
x?=3.9 for the one loop approximation and=0.325
. a, Inu* a,—as +0.038 GeV withy?=6.1 for the three loop approximation.
A*=4mA%e" /:,30(1"' gt ] In the case ofn;=5 we obtain the following resultsA
(32 =0.087+0.013 GeV withy?=4.4 for the one loop approxi-
mation andA = 0.194+ 0.027 GeV withy?=4.0 for the three
It has branch cuts arising from the logarithmic function inloop approximation. Here we use the data giverlA-16
as; t<0 and 0<t<A? where the former comes from with the number of points 17. The datum obtained by the
In(/A?) and the latter from the term (m(t/A?)). Therefore, decay is omitted in the chi square analysis. The valud of
the threshold of the spectral representatibh) is — A2 ifthe ~ agrees with the world average for the three loop approxima-
effective coupling constant is calculated by two or three loogtion but for the one loop approximatioh becomes a little
approximation. small. We compare in Fig. 1 the calculated running coupling
It is shown by the direct computation of E¢l7), by  constantsyg (19) andag (33), respectively, for the spacelike
using the spectral functio(80) with the threshold kept @t  momentum for the three loop approximation fioy="5 to-
=0, that the effective coupling constaft?) is approxi- gether with the experimental data. The QCD paramatés

mately given by the following formula: 0.087 GeV forag and 0.194 GeV forer. The regularized
effective coupling constantg agrees with the experimental
ar(Q?)~ag(Q?) — A*/(Q%—Q*?), (33)  data very well. To calculate the QCD contribution to the

055207-4



KAON ELECTROMAGNETIC FORM FACTOR AND QCD PHYSICAL REVIEW &1 055207

TABLE I. The residues;, the mixing parametec,,_,», and 104 .
the QCD parameters©® (i =1,2,3), which are determined by our ]
analysis for the cases with and without mixing. Three loop approxi-
mation is used for the QCD effective coupling constant. Riie
values are given for the spacelike momentpgﬁr,;ace the timelike
momentumy?,., and the total valug = xZpacet Xime: The pa-
rameters appearing in the threshold functigit) (14) are fixed at o
to=t;=16 Ge\? [3]. The numbers of experimental data points are e 10%/
15 and 51 for the spacelike and the timelike momentum regions,
respectively. The QCD scale parameter is taker as0.6 GeV.
No mixing »(1420)— »(1600) mixing
o 0.062 0.113 .
C, 0.555 0.527 10905 11
Cy 0.3457 0.3450 2E(GeV)
Cyr —2.670 —0.055
C,r 0.147 —-0.107
Cpr 0.218 0.249 10’k
Cyr —0.09319 —0.06371
Cpr 0.029 0.0530
Col— o 0 —3.685
QcDa 10%
o —0.04011 —0.04011 o f
4
w
c3CP —-1.057 -1.211 =
ccP -0.603 0.469 107'F
Xme 65.8 62.5
2
Xspace 12.6 12.7 10—21 — 15 2
X2 78.4 75.2 2E(GeV)
Q¢ is calculated by Eq(16). FIG. 2. |F(t)|? for the timelike momentum, whereE2= \t

with t>0. The solid curve is the result with mixing betweeh and
" and the dotted one denotes the result for the simple VMD with
. p(770), w(782), and $(1020. The dashed curve itb) denotes the
' case without mixing among vector bosons. The experimental data is
taken from[17]. () 2E<1.2 GeV; (b) 2E=1.0 GeV.

form factor we shall usexg with three loop approximation
(33) which is extrapolated to the timelike momentum
Im[ag] is given by Eq.(25) and Réag] by Eq.(24) with the
addition of the termA*/(t+Q*?) to ag(Q?).

on kaon form factor for the timelike momenturh7] and in
IV. NUMERICAL RESULTS Fig. 3|t||F«(t)|? is compared with experiment for the space-
ON THE KAON FORM FACTOR like momentun{18]. We are ablg to _reahze the expenmen_tal
data for the three loop approximation both for the timelike
We determine the parameters appearing in our formulaand spacelike momentum. The value of the QCD scale pa-
by comparing with the experimental data. We are able tadameter is determined to be in the ranfje-0.3~2.0 GeV.
reproduce the experimental results both for the spacelike anthe best fit is attained fok ~0.6 GeV. The dashed curve in
the timelike regions. We summarize in Table | the param+ig. 2(a) stands for the case without mixing among particles.
eters determined by the analysis. We take the threshold dfhe theoretical curve seems to be a little smaller than the
the dispersion relation @=4m727, m,. being the pion mass experimental data around the energg-21.5GeV, where
and fix the kaon decay constantfat=0.1598 GeM[10]. The =~ 2E=/t. To investigate if we are able to improve the result
parameters appearing ih(t) (14) are taken asto=t;  we considered the particle mixing @’-w”. We did not
=16 GeV? [3]. We remark that the result is not sensitive to consider the mixing of the other resonances as the data for
the values of,, ty, andt;. The QCD scale parametdris  the kaon electromagnetic form factor are not sufficiently ac-
treated as an adjustable parameter, and the number of acticarate to determine more than two mixing parameters. We
flavor is fixed atn;=3. For the vector bosons we restrict find that the result is improved a little by the particle mixing
ourselves to the established onp&770), w(780), $(1060, o'-0". We enter the results for VMD with the(770),
' (1420), p(1450, »"(1600), ¢'(1680), p(1700 with the (780, and ¢(1060 [17] in Figs. 2 and 3 by the dotted
masses and widths kept at the experimental values given icurve. Taking the one loop approximation for the effective
Ref.[10]. coupling constant22) with O(ag) for ImF2°P, we do not
In Figs. 2a) and 2b) we compare our result with the data have a good result. In this case the QCD scale parameter is

055207-5



MASAMI NAKAGAWA AND KEIJI WATANABE PHYSICAL REVIEW C 61 055207

' 7] [19]. Imposing the superconvergence condition on the form
factor, we obtain qualitatively similar results for both mod-
0.2r T els. In this paper we take on the addition model because the
: physical meaning is clearer and the better result is obtained.
For the simple VMD withp(770), «(782), and ¢(1020),
the result is not good especially for the timelike region. If we
take account of higher resonances, we are able to improve
the result. However, the QCD constraint is not satisfied, as
the form factor decreases as a polynomig{(t) ~t~" with
n>0 being an integer.
. . . Klingl et al. investigated the boson electromagnetic form
D=2 107" factor based on the chiral $8) [20]. They examined the
—t(GeV?) pion and kaon form factors both for the timelike and space-
FIG. 3. [t||F«(t)|? for the spacelike momentum. The solid curve like momentum and thgy were ab_le to reproduce the expert-
is the result with mixing between’ and " and the dotted one mental data. For the timelike region, there are small devia-
denotes the result for the simple VMD wig(770), w(782), and tions from the data for the momentu.m around 1.1 Ge_V _and
#(1020. The experimental data are taken frong]. 1.4 GeV for the kaon electromagnetic form factor. This im-
plies that vector bosons with larger mass than ¢hmeson
are necessary for the electromagnetic form factor as we have
assumed in this paper.
In our analysis the QCD scale parameter is determined as
A ~0.6 GeV which is a little larger than that obtained by the
deep inelastic processes~ 0.3 GeV. We have analyzed the
kaon form factor so that the number of active flavomis

By using the unsubtracted dispersion relation with the su=3, while for the deep inelastic processes=4~5. The
perconvergence constraint we analyzed the experimental datgsult seems to support the implication that becomes
of the kaon electromagnetic form factor and obtained agreesmaller as the number of flavor increag@s].
ment with the experiments both for the spacelike and time- The experiments on the boson electromagnetic form fac-
like momenta. The absorptive part is given as the summatiofr are advantageous in investigating subhadronic interac-
of the Breit-Wigner formulas for the resonances and thdions at high energy in the following respects: First, we are
QCD term. The latter is expressed by the power series exable to study processes with small number of active flavor.
pansion in the effective coupling constant of QCD. For theSecondly, it is possible to estimate effects of resonances di-
absorptive part of the form factor the QCD contribution rectly, because they contribute to the form factor as real pro-
dominates in the high region and is negligibly small for ~ cesses in contrast to the nucleon form factor, in which con-
<10 Ge\?, while the resonance contribution is dominant in tribution of vector bosons is indirect as most of resonances
the low momentum region=<10Ge\? and becomes very are below theN\N threshold. Therefore, by the experimental
small above 10 Ge¥so that there is no danger of double data in the timelike region the low momentum part offiris
counting. The dispersion relation with the superconvergencaearly determined. As we have used the unsubtracted disper-
condition works as an interpolation of the high and low mo-sion relation with the superconvergence condition, for which
mentum regions for the real part of the form factor. there is large contribution from high momentum part of

To synthesize the VMD and QCD we have alternatives ofim F, we are able to study on the hadron interaction at very
the addition and the multiplication models. In the formerhigh energy. Precise measurement of the boson form factor
Im F is given as the summation of the Breit-Wigner formulasfor the large momentum transfer, especially for the spacelike
as we have done in this paper and in the lattefFlis ex-  momentum, is expected to give important data in exploring
pressed as a product of the Breit-Wigner and the QCD termmteractions of subhadronic system.

ItIFl®

o
—

determined as\ =10~ 20 GeV with the value of chi square
as large ag?~300. Even if the particle mixing ab’-w" is
considered, the situation is not improved appreciably.
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