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Shell model calculations for light supersymmetric particle scattering off light nuclei
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~Received 7 September 1999; published 12 April 2000!

We investigate the elastic scattering cross section of cold dark matter candidates, i.e., lightest supersymmet-
ric particles ~LSP!, with light nuclei (19F, 23Na, and 29Si). These nuclei are promising targets of direct
detection for such cold dark matter. We pay special attention to the spin dependence of the differential event
rate. Our calculations are performed in thes-d shell model space with the Wilthental interaction. We also
examine the momentum transfer dependence of the differential cross section.

PACS number~s!: 23.40.Hc, 23.40.Bw, 21.60.Cs, 21.60.Jz
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I. INTRODUCTION

It is known that dark matter is needed to close the U
verse@1,2#. It is customary to define the parameterV given
by

V5
r

rc
, rc5

3H2

8pGN
, ~1!

wherer is the density of the Universe,rc the critical density,
H the Hubble constant, andGN the Newton’s gravitationa
constant. Then, one theoretically expectsV>1, while the
usual ~baryonic! matter givesVB<0.1. In order to accom-
modateV>1, nonluminous~dark! matter is needed. Two
types of such matter have been considered. The first is c
posed of particles which were relativistic at the time of stru
ture formation and constitutes the hot dark matter compon
~HDM!. The other type is made up of particles which we
nonrelativistic at the time of freeze out and constitutes
cold dark matter component~CDM!. The COBE data@3#
suggest that CDM is at least 60%@4#. On the other hand
recent data from the Supernova Cosmology Project sug
@5,6# that there is no need for HDM and the situation can
adequately described byVCDM50.3 andVL50.6 (VL is
associated with the cosmological constant!. In any case the
presence of CDM seems unavoidable.

Since the nonexotic component cannot exceed 40% of
CDM @2,7#, there is room for the exotic weakly interactin
massive particles~WIMP’s!. The direct detection of such
particles is thus of profound importance. Recently,
DAMA experiment @8# has claimed the observation of on
signal in direct detection of a WIMP, which with better st
tistics has subsequently been interpreted as a modulation
nal @9#.

In the currently favored supersymmetric~SUSY! exten-
sions of the standard model the most natural WIMP can
date is the LSP, i.e., the lightest supersymmetric part
whose nature can be described in most SUSY models to
Majorana fermion, a linear combination of the neutral co
ponents of the gauginos and Higgsinos@10–12# with mass
greater than 30 GeV/c2. It is nonrelativistic with an average
0556-2813/2000/61~5!/054612~12!/$15.00 61 0546
-

m-
-
nt

e

st
e

e

e

ig-

i-
le

a
-

energy less than 100 keV. In practice, however, one exp
the LSP to have a velocity distribution which is supposed
be Maxwellian@2#.

The detection of the LSP, which in the following is de
noted byx, is quite difficult, since this particle interacts ex
tremely weakly with matter. The most interesting possibil
for a direct detection of the LSP is via the recoiling of th
nucleus (A,Z) in the process

x1~A,Z!→x1~A,Z!* .

In the above process only the elastic channel is of pract
interest, since either the energy of LSP is too low to exc
the nucleus or the cross section is too low to be measu
Among the most popular detector nuclei (Z

AX) are the follow-
ing isotopes:2

3He, 9
19F, 11

23Na, 13
27Al, 14

29Si, 20
40Ca, 32

73Ge, 33
75As,

53
127I, 54

134Xe, and 82
208Pb.

The theoretical expression for the LSP-nucleus cross
tion includes basically two parts: the coherent part, com
mainly from the scalar interaction, and the spin contributi
coming from the axial current. The coherent contribution
expected to dominate in the case of heavy targets, but
spin matrix element~ME! may be more important in the cas
of light nuclear systems.

The coherent matrix elements can easily be describe
terms of the nuclear form factor and computed appro
mately throughout the periodic table@13#, but the evaluation
of the spin matrix elements is more complicated. The cr
sections at zero momentum transfer (q[uqu50) show a
strong dependence on the nuclear structure of the gro
state.

It is the purpose of this paper to present results of cal
lations for the static spin matrix elements and at the sa
time to explore their momentum transfer dependence.

Initial investigations into the spin-dependentx-nucleus
scattering made use of the independent single particle s
model ~ISPSM! @14–17#. Engel and Vogel@18#, employing
the extended odd group model~EOGM!, evaluated the spin
ME using data from magnetic moments and mirror pairb
decays. They showed that the ISPSM was inadequate, w
nuclei are far from the closed shells~see also Ref.@19#!.
Pacheco and Strottman@20# reached the same conclu
©2000 The American Physical Society12-1
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sion by performing detailed nuclear shell model calculatio
for several light nuclei. The odd group model~OGM! and
shell model treatments obtain good agreement for light
clei but as the atomic mass increases, there is a signifi
amount of configuration mixing which is not considered
the OGM. The authors of Ref.@21# employed the interaction
boson fermion model~IBFM!, in order to evaluate the spi
matrix elements. While the IBFM can incorporate the dom
nant collective effects, it has some difficulty in including th
spin polarization which plays a crucial role in axial vect
scattering. In addition it cannot be readily applied at nonz
momentum transfer.

It is evident from the above discussion that there is n
for more detailed calculations going beyond the IPSM, es
cially for the spin component of the cross section. The m
aim of the present paper is to evaluate the spin response
the cross section inx-nucleus scattering making a she
model calculation restricted to the light nuclei19F, 23Na, and
29Si, which are among the popular nuclei as detector ca
dates. A similar calculation for29Si and 73Ge was performed
by Ressellet al. @22#. The advantages of our approach w
be exhibited in Secs. II B and IV B.

While phenomenological models, like the OGM an
IBFM which have been used in theq50 limit, cannot be
easily extended to finite momentum transfer, in a nucl
shell model calculation the incorporation of finite momentu
transfer is straightforward. In fact it can be described a
low degree polynomial inq2 times a Gaussian~see Sec. II!.

II. THE BASIC INGREDIENTS FOR LSP NUCLEUS
SCATTERING

In this section we shall state in brief the main steps f
lowed for the construction of thex-nucleus interaction
Hamiltonian in the context of supersymmetry. Then, we w
describe the formalism employed for the evaluation of
spin matrix element and the spin form factors which are
primary importance in our study.

A. Effective operators at the nucleon level

The x-nucleus scattering can be described by a fo
fermion interaction of the type@10#

Leff52
GF

A2
$~ x̄glg5x!Jl1~ x̄x!J%, ~2!

where

Jl5N̄gl~ f V
01 f V

1t31 f A
0g51 f A

1g5t3!N ~3!

and

J5N̄~ f S
01 f S

1t3!N ~4!

(N5nucleon spinor!. The effective Lagrangian can be ob
tained in first order via Higgs exchange,s-quark exchange
andZ exchange. In the above expressions we have negle
the uninteresting pseudoscalar and tensor currents. We m
tion that, due to the Majorana nature of the LSP, we h
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x̄glx50. The parametersf V
0 , f V

1 , f A
0 , f A

1 , f S
0 , f S

1 , depend
on the specific SUSY model employed@10#.

The correspondingx-nucleus differential cross section i
the laboratory frame takes the form@10#

ds

dV
5

s0

p S m r

mN
D 2

j~ uJu21uJu2!, ~5!

with the spin contribution given by

uJu25
1

2Ji11
u^Ji uu@ f A

0V0~q!1 f A
1V1~q!#uuJi&u2 ~6!

and the coherent~scalar! one ~neglecting the small compo
nent associated with the time component of the vector c
rent! is given by

uJu25A2S f S
02 f S

1 A22Z

A D 2

uF~q2!u2. ~7!

F(q2) is the nuclear form factor and

V0~q!5(
j 51

A

s~ j !e2 iq•xj , V1~q!5(
j 51

A

s~ j !t3~ j !e2 iq•xj ,

~8!

s( j ), t3( j ), xj are the spin, third component of isosp
(t3up&5up&), and the coordinate of thej th nucleon.

In Eq. ~5! s0 is given by

s05
1

2p
~GFmN!2.0.77310238 cm2, ~9!

while m r is the reduced mass of the LSP-nucleus system
mN is the proton mass. Furthermore,j5p̂i•q̂>0 ~forward
scattering! with the momentum transferq given by

uqu5q0j, q052bcm r , b5v/c. ~10!

For the evaluation of the differential rate it is more co
venient to use the variables (u,v) instead of the variables
(j,v) whereu is defined by

u5~qb!2/2 ~11!

with b being the oscillator size parameter. The above defi
quantityu is related to the energy transfer to the nucleusQ as
follows:

Q5Q0u, Q05
1

AmNb2
. ~12!

Thus, integrating the differential cross section of Eq.~5!,
with respect to the azimuthal angle we obtain
2-2
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SHELL MODEL CALCULATIONS FOR LIGHT . . . PHYSICAL REVIEW C 61 054612
ds~u,v !5s0S m r

mN
D 2F ~ f A

1 !2F11~u!S~u!

1A2S f S
02 f S

1 A22Z

A D 2

uF~u!u2G du

2~m rbv !2
,

~13!

where

S~u!5S f A
0

f A
1 D 2

F00~u!

F11~u!
„V0~0!…212

f A
0

f A
1

F01~u!

F11~u!
V0~0!V1~0!

1„V1~0!…2 ~14!

and

Frr8~u!5(
l,k

Vr
(l,k)~u!

Vr~0!

Vr8
(l,k)

~u!

Vr8~0!
, r,r850,1 ~15!

are the spin form factors, associated with isospin indi
r,r8, which take values 0 and 1. The quantitiesVr

(l,k)(u)
will be discussed below@Vr(0)[Vr

(0,1)(0) is the static
value of the spin ME#.

In Eq. ~14! we have introduced the quantityS(u), which
contains most of the nuclear structure information, beca
we expect it to be essentially independent ofu ~see below
Sec. II B!, i.e., nearly static quantityS(u)'S(0). It will also
depend less strongly on the SUSY parameters, since
expressed in terms of the ratiof A

0/ f A
1 and therefore the de

pendence of each one of them on the not so well kno
SUSY mass scale will tend to cancel in the ratio.

The parameterf A
1 in Eq. ~13!, which, among other things

depends on the inverse of the second power of the mas
the intermediate particles, is not going to be discussed
ther in this work~see, e.g., Ref.@10#!. The momentum trans
fer dependent quantityF11(u) is extensively discussed be
low.

We will demonstrate in the present paper that it is adv
tageous to separate the static values from the ‘‘spin fo
factors.’’ Before concluding this section, however, for t
reader’s convenience we mention that sometimes, see,
Resselet al. @22#, the first term of Eq.~13! of the spin con-
tribution can be written in the form

ds5
8GF

2

~2Ji11!v2
h~q!dq2, ~16!

whereh(q) is the spin structure function, which may be sp
into a pure isoscalar pieceS00, a pure isovector pieceS11,
and an interference termS01, in the following way:

h~q!5
1

4
@~ f A

0 !2S00~q!1~ f A
1 !2S11~q!1 f A

0 f A
1S01~q!#.

~17!

If we combine the first term of Eq.~13! with Eq. ~16! we can
take the following relations betweenSrr8(q) andFrr8(u):
05461
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Srr~q!5~2Ji11!
1

16p
@Vr~0!#2Frr~u!, r50,1

~18!

and

S01~q!5~2Ji11!
1

8p
@V0~0!V1~0!#F01~u!. ~19!

B. Expressions for the spin matrix element

The determination of the spin matrix elementuJu2 of Eq.
~6!, relies on the calculation of the multiparticle reduced m
trix elements of the operator

O(l,1)k[O(l,k)5~ f A
01 f A

1t3!T(l,k), ~20!

where

T(l,k)5A4p j l~qr !@Yl~ r̂ !3s#k ~21!

~Gamow-Teller–type operators! sandwiched between th
many-body wave functions for the initial (uJi&) and final
(uJf&) nuclear states. In the multiparticle basis the reduc
matrix elements of the operatorO(l,k) contain isoscalar and
isovector components as

^Jf uuO(l,k)uuJi&

@2Ji11#1/2
5 f A

0V0
(l,k)~q!1 f A

1V1
(l,k)~q!, ~22!

whereVr
(l,k)(q) represent the isoscalar (r50) and isovector

(r51) contributions, respectively, expressed as

Vr
(l,k)~q!5(

j 1 j 2

ar
k~ j 1 j 2!

^ j 1uuT(l,k)uu j 2&

@2Ji11#1/2
, r50,1.

~23!

Note the presence of (2Ji11)21/2 in the definition of the
above matrix elements in terms of the reduced matrix e
ments. In other words the matrix elements are written
terms of the the quantitiesar

k( j 1 j 2), which carry all the in-
formation about the interaction and the single-particle
duced matrix elements ofT(l,k). The indicesj 1 and j 2 run
over the single-particle orbits of the chosen model spa
The quantitiesar

k( j 1 j 2), which are essentially products o
the one body coefficients of fractional parentage~CFP!, are
sometimes called one-body transition amplitudes@26#. For
elastic scattering we need consider only the caseuJf&5uJi&
[ugs&, whereugs& is the nuclear ground state which for19F
and 29Si is a Jp51/21 while for 23Na is aJp53/21 state.
The values ofar

k( j 1 j 2), which depend, of course, on th
specific interaction and the model space used, are give
Table I for each of the studied nucleus and for the neces
values ofk.

The momentum dependence of the matrix elements
~23! can be simply obtained by using the convenient expr
sions for the single-particle reduced matrix elements of
operatorT(l,k) evaluated in the harmonic oscillator basis~see
2-3
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TABLE I. The one-body transition amplitudesar
k( j 1 j 2) of Eq. ~23! for ordered pairs (j 1 j 2) calculated in

the s-d shell model space with the Wildenthal interaction of Ref.@23#. Note that ar
k( j 1 j 2)

5(2) j 11 j 211ar
k( j 2 j 1).

19F 29Si

j 1 j 2 a0
k51( j 1 j 2) a1

k51( j 1 j 2) a0
k51( j 1 j 2) a1

k51( j 1 j 2)

d5/22d5/2 0.122791 0.240873 0.115158 20.111104
d3/22d3/2 20.054308 20.012108 20.080300 0.087330
s1/22s1/2 0.445327 0.408141 0.572650 20.552962
d5/22d3/2 20.121695 20.105475 0.196288 20.185400
d5/22s1/2

d3/22s1/2 20.011985 0.012797 0.024895 20.014197
23Na

a0
k51( j 1 j 2) a1

k51( j 1 j 2) a0
k52( j 1 j 2) a1

k52( j 1 j 2) a0
k53( j 1 j 2) a1

k53( j 1 j 2)

0.498455 0.291611 20.549368 0.116516 20.526623 20.538119
0.101504 0.030846 20.031558 20.014947 0.059510 0.085382

20.107601 20.096975
20.057835 20.099517 20.289246 0.073162 0.055927 0.081597

20.586684 20.098876 0.042913 0.057059
20.017184 20.072502 0.163744 20.046236
o

or

fu

m
in

of
-

Appendix!. Thus, replacing the corresponding expressions
^ j 1uuT(l,k)uu j 2& for the s-d shell in Eq.~23! we find

Vr
(0,1)~u!5Vr~0!Pr

(0,1)~u!e2u/2, ~24!

Vr
(2,k)~u!5Vr~0!Pr

(2,k)~u!e2u/2, k51,2,3, ~25!

Vr
(4,3)~u!5Vr~0!Pr

(4,3)~u!e2u/2, ~26!

wherePr
(l,k)(u) polynomials inu given by

Pr
(0,1)~u!5S 1

15
1lrDu22

2

3
u11, ~27!

Pr
(2,1)~u!5Dru21Cru, Pr

(2,2)~u!50.0,
~28!

Pr
(2,3)~u!5Fru21Eru,

Pr
(4,3)~u!5Aru2. ~29!

The values of the coefficientslr , Dr , Cr , Er , Fr, andAr

are given in Table II. Using Eqs.~24!–~29! the spin matrix
elementuJu2 of Eq. ~6! takes the form

uJu25 (
r,r8

f A
r f A

r8Vr~0!Vr8~0!Frr8~u!. ~30!

We see that, the momentum dependence of the spin f
factor is contained in the structure functionsFrr8(u). For the
nuclear systems we examine in the present paper these
tions take the general form
05461
f

m

nc-

Frr8~u!5@Pr
(0,1)~u!Pr8

(0,1)
~u!1Pr

(2,1)~u!Pr8
(2,1)

~u!

1Pr
(2,3)~u!Pr8

(2,3)
~u!1Pr

(4,3)~u!Pr8
(4,3)

~u!#e2u.

~31!

Since Frr8(u) are normalized to unity at zero momentu
transfer (u50), they have a behavior similar in all isosp
channels, that isFrr8(u)/F11(u).1, for r,r850,1. It is thus

TABLE II. The basic ingredients required for the evaluation
the spin matrix elements@see Eqs.~27!–~29!#, as well as the param
etersz, bcsm, andd entering the nuclear form factor, Eq.~42!.

19F 29Si 23Na

l0 0.0477 0.2176 20.0190
l1 0.0421 0.2043 20.0202
D0 20.0026 20.0567 20.0177
D1 0.0006 20.0621 20.0349
C0 0.0100 0.4566 0.1048
C1 0.0041 0.4680 0.1494
F0 20.0767
F1 20.0894
E0 0.6092
E1 0.7405
A0 0.0221
A1 0.0287

z 6
19

38
87

26
69

bcsm 0 26
435 0

d 0.0170 20.0241 0.0250
2-4
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convenient to express our results of the differential rate
terms of the quantitiesf A

1 , F11(u), and S~u!. Notice that,
since the ratiosFrr8(u)/F11(u) are almost unity the quantity
S(u) is essentially static, i.e.,S(u)'S(0). For this reason it
has been defined as in Eq.~14!. It is, thus, advantageous t
use our functionsFrr8(u) as opposed to the function
Srr8(y) used in Ref.@22# @see Eqs.~18! and~19!#, in which
this seperation is not made.

Before closing this section we should mention a ve
subtle point. It is fairly well known that at relatively hig
momentum transfer the nucleonic axial current, due to p
tially conserved axial current~PCAC! considerations, gets
modified in the following way:

s→Fs2
~s•q!q

q21mp
2 G ,

wheremp is the pion mass. Thus, the above results are m
fied in two ways:~i! There is now interference between th
various operators of the samek but different orbital ranksl.
~ii ! The diagonal matrix elements get quenched for relativ
high momentum transfer. These modifications will be d
cussed in detail elsewhere, when we are going to study
differential event rate as a function ofu. For the reader’s
convenience, however, we give here a summary of the
sults only for theJp51/21 nuclei, that is for the isotopes19F
and 29Si. In this case it is easy to show that the structu
functionsFrr8(u) are given by the expression

Frr8~u!5$Pr
(0,1)~u!Pr8

(0,1)
~u!@11b0~u!#

1Pr
(2,1)~u!Pr8

(2,1)
~u!@11b2~u!#2b02~u!

3@Pr
(0,1)~u!Pr8

(2,1)
~u!1Pr

(2,1)~u!Pr8
(0,1)

~u!#%e2u,

~32!

with

b0~u!5
1

3 F S up

u1up
D 2

21G , b2~u!5
2

3 F S up

u1up
D 2

21G ,
~33!

b02~u!5
A2

3

u~u12up!

~u1up!2
,

where up5(1/2)(bmp)2. Note that, in the limit when the
pion mass can be considered infinite, we find that theb0 ,
b2 , and b02 go to zero and we recover the results of E
~31!.

C. The coherent matrix elements

As we have emphasized, our main goal in the pres
work is the investigation of the spin differential cross se
tion. Although the coherent contribution is expected to
less important compared to the spin contribution especi
for light nuclei, however, we find it interesting to evalua
the form factorF(u) @see Eq.~13!# for the three light nuclear
isotopes 19F, 23Na, and 29Si. The coherent process is d
scribed by the Fermi operator
05461
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Tl5A4p j l~qr !Yl~ r̂ !.

The multipolel50 is the only one that contributes to19F
and 29Si and is the dominant one for23Na. The matrix ele-
ments of the above operator are calculated in a similar m
ner to that followed for the Gamow-Teller operator~see Sec.
II B !, using our shell model wave functions in thes-d shell.
The contribution of the closed core, which in our calculati
is considered to be16O, will be taken from@13#. Thus the
nuclear form factorF(u) entering Eq.~7! is given by

F~u!5
Z

A
FZ~u!1

N

A
FN~u!, ~34!

where

FZ~u!5
Zc

Z
FZ

c~u!1S 12
Zc

Z DFZ
val~u!, ~35!

FN~u!5
Nc

N
FN

c ~u!1S 12
Nc

N DFN
val~u!. ~36!

The superscripts c and val denote the contribution com
from the core and the valence particles of thes-d shell, re-
spectively. The functionsFZ,N

c , which describe the core con
tribution, are given in Ref.@13#. The quantitiesFZ,N

val , are the
valence form factors for protons~Z! and neutrons~N! and
they are calculated using our shell model wave functio
Their analytic expressions are found to be

FZ
val~u!5F S 1

15
1LZ

valDu22
2

3
u11Ge2u/2 ~37!

and

FN
val~u!5F S 1

15
1LN

valDu22
2

3
u11Ge2u/2. ~38!

The coefficientsLa
val , a5Z,N are calculated in a manne

quite similar to the one used for the spin matrix eleme
discussed above.

We note that the nuclear matrix element relevant for
coherentx-nucleus scattering is given by

M5 f S
0@ZFZ~u!1NFN~u!#1 f S

1@ZFZ~u!2NFN~u!#
~39!

or

M5AH f S
01 f S

1 Z@FZ~u!1FN~u!#2AFN~u!

AF~u! J F~u!.

~40!

Assuming now thatFZ(u)'FN(u)'F(u), as is the case for
light nuclei whereN'Z, we obtain

M5AF f S
01 f S

1 2Z2A

A GF~u! ~41!

which has been used in expression~7!.
2-5
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Using Eqs.~34!–~38! for the contribution of the valence
nucleons and the closed core contribution we find the follo
ing analytic expression for the nuclear form factor:

F~u!5@~bcsm1d!u22zu11#e2u/2. ~42!

The parameterz is independent of the interaction used a
depends only on the bulk parameters describing the nucl
i.e.,

z5
Aval1A24

3A
, ~43!

whereAval refers to the valence nucleons of thes-d shell.
bcsm arises by approximating the contribution of the nuc
ons outside the closed shell to that of a suitable fract
Aj /(2 j 11) of the j-shell contribution as given in Ref.@13#,
whereAj is the number of nucleons occupying the unfill
j shell.d is the needed correction resulting from the pres
exacts-d shell model calculation. These parameters will
discussed in Sec. IV B.

III. THE SHELL MODEL NUCLEAR WAVE FUNCTIONS

The evaluation of the needed matrix elements in the s
tering cross section of Eq.~5! requires reliable nuclear wav
functions, the construction of which is accomplished in t
framework of shell model. Specifically, in our calculation w
considered as model space thes-d shell and utilized as ef-
fective interaction the universals-d shell interaction of Wil-
denthal @23# which has meticulously been developed a
tested over many years. This interaction is known to ac
rately reproduce many nuclear observables fors-d shell nu-
clei. The Wildenthal two-body matrix elements as well as
single particle energies are determined by least square fi
experimental data in nuclei fromA517 to A539.

To test the wave functions of the nuclei under consid
ation we compute their energy spectra and ground state m
netic moments. In Fig. 1 we present the calculated and m
sured@24# energy spectra for the lowest eigenstates of19F,
23Na, and 29Si. We see that in general good agreemen
achieved both with experiment and previous calculatio
@22#.

Since in our calculation we are primarily interested in t
spin matrix element, it is important to compare the predic
and the measured ground state magnetic moment of the
sidered nuclei. The magnetic moment is defined by

m5^JJugn
sSn1gn

l Ln1gp
sSp1gp

l L puJJ&mN , ~44!

where theSi are the totalz projection of the spin operator
and L i the analogous orbital angular momentum operato
The free particleg factors are given by

gn
s523.826, gn

l 50.0, gp
s55.586, gp

l 51.0.

The obtained results for the ground state magnetic m
ment are presented in Table III for each nucleus using
convention

^S&[^JuSuJ&5^JMJ5JuSzuJMJ5J& ~45!
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and similarly for theL operator. We note that neutrons co
tribute almost negligibly to the relevant magnetic mome
of 19F and 23Na, in contrast to29Si where the main contri-
bution to the magnetic moment comes from the neutrons
general we see that there is a very satisfactory agreem
between the theoretical predictions and the experimenta
sults.

From the definition ofm it is apparent that we canno
make a direct comparison between the experimentally
served magnetic moment and the spin matrix element s
the first involves also the orbital matrix element. For th
reason, in the last column of Table III we quote the con
bution of the spin component into the total value ofm. As it
can be seen, the spin component dominates in19F and 29Si
nuclei, but in the case of23Na the calculated contribution o
orbital angular momentum is found to be about 43% of
total value. From the above discussion we may infer that
calculated static value of the spin matrix element is relia
for the case of19F and 29Si. Such a conclusion cannot b

FIG. 1. The calculated~right! and measured~left! @24# energy
spectra for the five lowest positive parity states of19F, 23Na, and
29Si.
2-6
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TABLE III. Calculated (m) and measured (mexp) magnetic moments. The nuclear spin and orbital angu
momentum matrix elements for protons and neutrons are also presented. In the last column we qu
portion of the spin component into the total value ofm.

Nucleus ^Sn& ^Sp& ^Ln& ^L p& m mexp

19F 20.0087 0.4751 20.1899 0.2235 2.91 12.628866~8! 91%
29Si 0.1334 20.0019 0.3498 0.0183 20.50 20.55529 ~3! 99%
23Na 0.0199 0.2477 0.3207 0.9115 2.22 12.217520~2! 57%
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reached for23Na due to the large contribution of the orbit
angular momentum.

A further test is provided by the magnitude of the ma
netic moment. If it is not quenched compared to some
nonical value, e.g., the magnitude of its reduced matrix e
ment in Weisskopf units, one can be more confident tha
will be quite stable against the variation of the parameter
the nuclear model. The calculated values are 3.344 W.u
19F, 1.079 W.u for23Na, and 0.099 W.u for29Si. From these
results we see that the magnetic dipole transition is not s
pressed compared to the single-particle Weisskopf valu
the case of19F and23Na. Thus we are very confident that o
wave functions for these two nuclei are quite reliable. On
other hand, in the case of29Si, the suppression is quite pro
nounced. This gives us less confidence in the reliability
the wave function since a very small change in the grou
state wave function of29Si could, in principle, destroy the
satisfactory agreement between theory and experimen
spite of the fact that our results are in excellent agreem
with those of the previous calculation@22#, which, in our
notation, are

@V0~0!#250.205, @V1~0!#250.218, and

V1~0!V0~0!520.212.

IV. RESULTS AND DISCUSSION

The presentation and analysis of our results is going to
done in two steps. First we discuss the static values ente
the differential cross section, i.e., theq→0 limit of the spin
structure function~see Sec. IV A! and then we examine th
behavior of both the structure function and the nuclear fo
factor in terms of the momentum transfer.

A. Static values of the cross section

For light nuclei the static value of the spin matrix eleme
Eq. ~30!, obtained in the limit,q→0 (u→0), depends
strongly on the nuclear structure. We exhibit these value
Table IV. In this limit the operator defined in Eq.~20! takes
the simple form

O(0,1)5~ f A
01 f A

1t3!s. ~46!

According to Eq.~22! the reduced matrix elements of E
~46! for the nuclear ground stateugs&5uJ& are
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^JuuO(0,1)uuJ&

@2J11#1/2
5 f A

0V0~0!1 f A
1V1~0!. ~47!

To compare the above definition with that of Eq.~45! we
note that

V0~0!

2
5~^JJuSpuJJ&1^JJuSnuJJ&!FJ11

J G1/2

~48!

and

V1~0!

2
5~^JJuSpuJJ&2^JJuSnuJJ&!FJ11

J G1/2

, ~49!

quantities of Table IV.
As can be seen from Table IV, both the isosca

@V0(0)#2 and isovector@V1(0)#2 channels as well as th
product V0(0)V1(0) have almost the same magnitude f
each nuclear system. We also note that the static value
both channels are much quenched in the cases of29Si and
23Na as compared to those of19F. Thus the quantity
@V1(0)#2 for 19F is a factor of about 8 and 13 greater th
that of 23Na and 29Si, respectively. In Table IV we also
quote the static values of two heavy nuclear systems73Ge
@22# and 207Pb @11#, which are also promising cold dar
matter detection targets. An overall survey of the resu
shows that19F has the largest static value of all, while si
able quenching appears in29Si and 207Pb. This shows that
19F is quite favorable LSP detection target since~i! the spin
matrix element can be reliably obtained~see Sec. III! and~ii !
because the static value of the spin matrix element in
case is much larger compared to those of23Na and 29Si.

As we have already mentioned in Sec. II, the functio
Frr8(u) are, up to term linear inu ~quadratic in the momen
tum transferq), independent of the isospin channel. We th
expect the quantityS(u) to be independent ofu, i.e., S(u)
'S(0). In addition, since in Eq.~13! we have factored ou
( f A

1)2, we expectS(0) to be less dependent on SUSY para

TABLE IV. The static spin matrix elements for the light nucle
considered here. For comparison we also quote the results fo
medium heavy nucleus73Ge @22# and the heavy nucleus207Pb @11#.

19F 29Si 23Na 73Ge 207Pb

@V0(0)#2 2.610 0.208 0.478 1.157 0.305
@V1(0)#2 2.807 0.220 0.346 1.005 0.231
V0(0)V1(0) 2.707 20.214 0.406 21.078 20.266
2-7
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eters, at least as far as the dependence of the ratiof A
0/ f A

1 on
the overall mass scales is concerned. In Fig. 2 we plot
quantityS(0) as a function off A

0/ f A
1 over a range of values

which we expect to be representative@10# in the SUSY al-
lowed parameter space. In going from the quark to
nucleon level, there is some ambiguity in the case of
isoscalar matrix element~‘‘nucleon spin crisis’’!. So we used
two rather extreme cases in estimating the ratiof A

0/ f A
1 , i.e.,

the EMC~European Muon Collaboration! results and the na
ive quark model~NQM! @25# prediction. The isovector is
renormalized in the usual way (gA51.24). Thus we find tha
the ratio f A

0/ f A
1 lies between the values (f A

0/ f A
1)min50.0134

and (f A
0/ f A

1)max50.6685.
From Fig. 2 we see thatS(0) is being a decreasing func

tion of f A
0/ f A

1 for 29Si in contrast to the corresponding fun
tions of 19F and 23Na. This is due to the fact that the produ
V0V1 is negative for29Si and positive for19F and 23Na. On
the other hand, the isoscalar and isovector coupling const
f A

0 and f A
1 take the same sign~positive! in all the above

SUSY models. The values ofS(0) lie in the regions

2.866<S~0!<7.461 ~19F!,

0.026<S~0!<0.204 ~29Si!,

0.347<S~0!<1.068 ~23Na!.

Particle physicists and astrophysicists tend to write
ground state spin matrix element asarr8(J11)J. There is,
of course, no reason to expect this form for the spin ma
element, but one can always do this provided that the
nuclear structure effects are absorbed in the parameterarr8 .
To satisfy this convention we give the corresponding val
of arr8 for each isospin channel:

19F: a1153.742, a0053.480, a0153.609, ~50!

29Si: a1150.292, a0050.276, a01520.284, ~51!

FIG. 2. The spin structure functionS(u50) versusf A
0/ f A

1 for the
three isotopes19F, 23Na, and29Si.
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23Na: a1150.092, a0050.127, a0150.108. ~52!

As expected, the above parameters do not show any can
cal behavior. In fact they are different for the two nuclei19F
and 29Si even though they have the same spinJ51/2.

From the above discussion it is clear that, in the case
the spin dependent contribution, for small LSP mass the
get 19F is very favored. This advantage may be lost for lar
LSP mass since the total cross section is proportional to
square of the reduced mass~see Ref.@12#!. It is partly lost if
both the isoscalar and isovector elementary couplings
equal. It is, however, completely lost if one isospin chan
becomes dominant. Thus, if we consider the special c
f A

050, which is not unreasonable due to the suppression
the isoscalar mode coming from the EMC effect in goi
from the quark to the nucleon level, we find that the sp
induced cross section for73Ge and 207Pb are, respectively
four and three times larger compared to that of19F.

B. Momentum dependence of the cross section

Since the mass of the LSP is not known but it is expec
to be larger than 30 GeV, the momentum transferq becomes
comparable to the inverse of the nuclear size. Therefore
nite momentum transfer must also be considered in
x-nucleus scattering.

The momentum dependence of the differential cross s
tion in the present work is realized in two steps. At first st
we examine the momentum dependence of each multipol
by considering the ratioR(l,k)(u)[V1

(l,k)(u)/V1(0). In the
second step we investigate the behavior of the structure fu
tions Frr8(u) with r,r850,1 as well as the square of th
nuclear form factoruF(u)u2.

Before discussing the results let us first find the up
limit of the momentum transfer corresponding to the nuc
we examine in the present paper. There are two restrict
for the maximum allowed momentum transfer. The first o
is the mass of LSP,mx , and the second is its velocityv. As
mx becomes much greater than the nuclear massAmN , the
reduced massm r asymptotes tom r→AmN . As we have said,
it is expected that the LSP will obey Maxwell-Boltzman
distribution. Since, however, the LSP is trapped in the gra
tational field of the galaxy, we have velocities less than
velocity vesc5625 km/s which is almost 2A^v&2, where
A^v&251023c. Therefore, the maximum value ofu is umax
52(vescmr b)2. For the nuclei considered here the maximu
values ofu for mx@AmN are correspondingly

umax~
19F!;0.17, umax~

23Na!;0.30, umax~
29Si!;0.50,

where the oscillator parameterb is determined from the phe
nomenolical equationb51.00A1/6, which yields

b~19F!51.63 fm, b~23Na!51.69 fm, and

b~29Si!51.75 fm . ~53!

Another more sophisticated formula@27# commonly used
yields
2-8
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b~19F!51.71 fm, b~23Na!51.16 fm, and

b~29Si!51.85 fm ~54!

~for other formulas see Lalazisis and Panos@28#!. We should
also mention that there is a minimum value ofu which
comes from the detector energy cutoffQmin @see Eqs.~12!#.
In the present work we will considerQmin510 keV. Then

umin~
19F!;0.011, umin~

23Na!;0.015,

umin~
29Si!;0.021.

It is thus clear that, for light systems, the detection rate
greatly suppressed in the presence of cutoff. For theu depen-
dence of the differential rate we note that thel50 multipole
in F11(u), falls asu increases. Can this be partly counterac
by the multipoles withlÞ0 which initially increase as func
tions of u?

Let us begin our discussion in the limit of infinite pio
mass~usual axial current!. In Fig. 3 we present the function
R(l,k)(u) versusu. We mention that the ground state of19F
and 29Si is the 1/21 and in 23Na the 3/21. Therefore, in the
case of 19F and 29Si only two multipoles,l50 andl52
with k51, contribute, while in23Na we have additional con
tributions from the multipolesl52,4 with k53.

As can be seen from Fig. 3,R(2,1)(u) is negligible for19F.
Therefore, it cannot affect the momentum dependence of
spin response function. We note, however, that this func
decreases very little taking the value 0.8230.8250.67 for
the highestu ~see Fig. 3!. The same is true for23Na as far as
the R(2,1)(u) is concerned, but in this case one has a siza
positive contribution due to theR(2,3)(u). This will tend to
somewhat counteract the decrease of the usual,l50, spin
contribution asu increases. The net effect, however, is n
significant since the various multipoles do not interfere~their
squares add!. Therefore, near the end point the cross sect
drops significantly.

In the case of29Si, R(2,1)(u) increases a bit faster than i
the previous two nuclei but we see that again this is
enough to offset the reduction of the leading usual spin c
tribution at the highest possibleu50.5. The above effects
explain the behavior of the structure functionF11(u) as a
function of u; see Fig. 4 for the three nuclei considered
this work ~the u dependence of the other isospin structu
functionsFrr8 is similar!. One can see that, for LSP heavi
than the nuclei considered, near the end point the supp
sion of the differential rate arising from the energy trans
dependence of spin contribution is not negligible. In oth
words, in the limit of infinite pion mass, the differential ra
can be decreased up to about 33% atu50.17 for 19F, 48%
at u50.30 for 23Na and 64% atu50.5 for 29Si.

Following Ref. @22# we could, of course, have also a
tempted a parametrization of the spin form factorsFrr8 us-
ing only exponentialse2lrr8u in a given range ofu. We did
not do this for two reasons:~i! As the authors of Ref.@22#
warn, the fit would be valid only in that interval ofu. For this
reason a comparison of the momentum dependence of
results with previous ones will not be attempted.~ii ! In ob-
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taining the total from the differential rate, one must combi
the spin form factors with functions like those of Eqs.~39!–
~41! of Ref. @12#. Thus, handling exponentials is not substa
tially simpler, especially for numerical purposes.

Let us now briefly discuss the effect of the finite pio
mass~PCAC effect!. From our discussion in Sec. II B it is
clear that the spin response function will drop a bit faster
a function ofu. In general, one can have interference of t
differentl-multipoles associated with the samek. In the ex-
amples considered here, we find that the interference
tween thel50 andl52 multipoles is negligible. The drop
observed in the spin cross section is mainly due to the red

FIG. 3. Behavior of the ratioR(l,k)(u)[V1
(l,k)(u)/V1(0) as a

function of u: ~i! 19F contributions forl50,2 andk51, ~ii ! 23Na
contributions forl50,2, with k51 and forl52,4 with k53, and
~iii ! 29Si contributionsl50,2 andk51. These are the only possibl
multipoles contributing for each isotope.
2-9
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tion of the dominantl50 multipole. For comparison this
modified momentum dependence of the isovector chann
also given in Fig. 4 for the isotopes19F and 29Si. The effect
of PCAC is to further reduce the rate near the end point
13% for 19F and by 40% for29Si.

Finally, as we have mentioned in Sec. II C, the coher
contribution is described in terms of the nuclear form fac
F(u). This is described in terms of the gross properties~the
mass numberA and the number of valence nucleonsAval in
the s-d shell! and the parametersbcsm andd. For the nuclei
considered in this work the latter two parameters are give
Table II. From this table we see thatd is quite small, which
means that the approximation of Ref.@13#, which puts the
nucleons of the three isotopes19F, 23Na, and 29Si in the
lowest orbits allowed by the Pauli principle, is quite a
equate.

As a test of the reliability of the above form factor, E
~42!, one can calculate the experimentally measured m
square radius@29# ^r 2&526dF/dq2 evaluated atq50. One
finds that within the 1s-0d model space this quantity is in
dependent of the interaction employed. In fact it is easy
show, using Eqs.~11! and ~42!, that

^r 2&5~3z11.5!b2. ~55!

Thus Eq.~54! and the values ofz from Table II yield ~in
fm’s!

^r 2&1/252.55, 2.74, 2.93 for19F,23Na,29Si, ~56!

respectively, which compares well with the experimenta
determined values@29# ~in fm’s!

FIG. 4. Isovector nuclear spin form factorF11(u) versusu, for
the isotopes,19F (0.011<u<0.17), 23Na (0.015<u<0.30), and
29Si (0.021<u<0.50). The behavior of the other isospin structu
functionsFrr8 with r,r850,1 is similar. In this figure we also plo
the functionF11(u) for 19F and 29Si when PCAC effect is consid
ered.u is related to the energy transferQ via Eq. ~12!.
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^r 2&1/252.90, 2.94, 3.09 for19F, 23Na, 29Si, ~57!

respectively. The small discrepancy is not troublesome si
the differential event rate is less sensitive to such parame

Using the results of our calculation, in Fig. 5 we plot th
square of the nuclear form factor,uF(u)u2, as a function ofu
for the above three isotopes. As can be seen, the depend
of uF(u)u2 on u is less dramatic compared to that of the sp
structure function~Fig. 4!. This is attributed to the fact thatz
of Eq. ~42! is approximately a factor of two smaller than th
corresponding term of the spin function.

V. SUMMARY AND CONCLUSIONS

In the present paper our main effort has focused on
calculation of the spin contribution to the differential cro
section for supersymmetric dark matter detection in the c
of three light experimentally interesting targets19F, 23Na,
and 29Si.

Our nuclear wave functions were obtained by shell mo
calculations in thes-d shell using the Wildenthal interaction
These wave functions accurately describe the relevant
perimental data~low energy spectra and ground state ma
netic moments!. So, we view the obtained spin matrix ele
ments as sufficiently accurate.

The nuclear structure dependence of the differential cr
section is adequately described by a functionS(u), u being
proportional to the energy transfer. This quantity,S(u), was
judiciously defined so that it is essentially static and depe
mildly on the parameters of supersymmetry. From this po
of view we find that the most favorable target is19F which is
due to the fact that its spin matrix element is not quench
Furthermore, the various isospin channels add cohere
For the other two nuclei,23Na and 29Si, the spin matrix
element is suppressed but not unusually small.

We discussed in addition the dependence of the cr

FIG. 5. The square of the nuclear form factoruF(u)u2 versusu,
for the isotopes19F, 23Na, and29Si.
2-10
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SHELL MODEL CALCULATIONS FOR LIGHT . . . PHYSICAL REVIEW C 61 054612
section on the energy transfer to the nucleus@defined by Eq.
~12!#. We found that, if the three isospin structure functio
Frr8 associated with the spin, are suitably normalized,
that their value at zero energy transfer (u50) is one, they
show very similar dependence on the energy transfer. So
focused our attention on the isovector form factorS11(u).
We found that its sensitivity to the energy transfer to t
nucleus is milder than in the case of heavier nuclei. Near
end point, however, it can be decreased by about 50%, w
becomes about 60%, when PCAC effect is taken into
count. We made no attempt to study the third ingredien
the spin contribution, namely the factorf A

1 , which of course
carries the bulk of the dependence on the parameters o
persymmetry and is very sensitive to them.

Finally we studied the dependence of the coherent s
tering cross section on the nuclear structure, i.e., the nuc
form factor. This scales withA and, as a result, the cohere
process is going to be more important for heavy nuclei,
pecially if the dark matter particles are light so that the
fects of the form factor are rather mild. The drop of t
square of the form factor as a function ofu is less dramatic
compared to that of the spin structure function. This a
tends to favor the coherent mode for higheru.

The detection rate for the coherent process depends
cally on the parameterf S

0 , which is also sensitive to the no
so well known input parameters of supersymmetry. We
not address such issues in this work. Thus, we cannot
whether this process is detectable or even how the cohe
contribution compares with the spin contribution.

In conclusion, we have demonstrated that the depende
on the nuclear structure of the LSP-nucleus elastic scatte
cross section can be reliably calculated, both for the cohe
as well as the spin mode, especially for light nuclei. Us
realistic shell model wave functions one can obtain both
static values as well as the energy transfer dependence
obtain the event rates one must combine our results w
realistic calculations in the allowed supersymmetric para
eter space. The latter will be considered elsewhere.
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APPENDIX

The reduced matrix elements^ j 2uuT( l ,S)Juu j 1& both for the
coherentS50 and spinS51 operators in the harmonic os
cillator basis can be written as

^ j 2uuT̂( l ,S)Juu j 1&5e2x (
k50

kmax

uk
Sxk1 l /2, x5~qb!2/4,

~A1!

with

uk
S~ j 1 j 2 ;J!5 ĵ 1 ĵ 2Ĵ~S11!1/2~S12!1/25

l 2
1

2
j 2

l 1
1

2
j 1

l S J
6

3^ l 2uuA4pYl uu l 1&«k ~A2!

and

kmax5n11n21m, m5~ l 11 l 22 l !/2. ~A3!

The coefficients«k(n1l 1 ,n2l 2 ,l ) are simple numbers@11#.
This compact formula provides the advantage of comput
uk

S , which are independent of the momentumq, once for our
model space. Then the necessary matrix eleme

^ j 2uuT̂Juu j 1& are easily evaluated for every value of the m
mentum transferq or equivalently the variableu.
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