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Utility of nucleon-target profile function in cross section calculations
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We test the utility of an effective nucleon (N)-12C profile function in calculating nucleus-12C optical phase
shift function in the Glauber theory. A calculation of the complete Glauber amplitude is performed by using
wave functions for4He and 6He projectiles, leading to the reaction and elastic differential cross sections in
good agreement with experiment. By relating theN-12C profile function to theNN profile function, we derive
a new, simple formula to calculate reaction cross sections which requires only nuclear densities as an input. By
applying this formula to various combinations of4He, 6He, 9Be, 12C, and 27Al, we can reproduce cross
sections measured at 800 MeV/nucleon to much higher accuracy than the optical limit approximation.

PACS number~s!: 24.10.2i, 21.10.Gv, 21.30.Fe, 25.60.2t
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The matter distribution in a nucleus is a basic quantity
nuclear models. Since reaction cross sections at energie
more than a few hundred MeV/nucleon reflect the geome
cal size of the nucleus, the discovery of cross section
hancement for nuclei near the neutron drip line@1# has re-
vived much interest in the determination of the matter si
Compared to a charge distribution extracted from elect
scatterings, the matter size or distribution is more difficult
determine reliably because the reaction involves strong in
actions.

Because of its simplicity the optical limit approximatio
~OLA! of the Glauber theory@2# has routinely been used as
convenient tool for the extraction of the sizes of unsta
nuclei as in the case of stable nuclei@3#. Several authors hav
shown, however, that a treatment beyond the OLA is nec
sary for a quantitative analysis of the reaction cross sect
@4–6# as well as the elastic scattering cross sections@7,8# for
loosely coupled nuclei such as halo nuclei because brea
effects are not properly accounted for in the OLA. Litt
progress has so far been made to calculate physical ob
ables in the Glauber theory by using microscopic wave fu
tions. Extending our recent analysis@9# for N-target systems
we propose in this Rapid Communication an effect
method to calculate the phase shift function and demons
its predictable power by comparing it to existing data. W
derive a simplified formula for the phase shift functio
which necessitates only the nuclear density other than
NN profile functionGNN . The reaction cross sections calc
lated by this formula are found to be much closer to exp
mental values than those by the OLA.

The Glauber theory provides us with an excellent fram
work to describe the high energy reaction in various fields
physics. The nucleus-nucleus elastic scattering amplitud
specified by the optical phase shift functionx(b) defined by

eix(b)5^c0u0u)
i PP

)
j PT

„12GNN~ji2hj1b!…uc0u0&,

~1!
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whereb is the impact parameter, andc0(u0) is the projectile
~target! wave function with its center-of-mass motion bein
removed.ji(hi) is the two-dimensional coordinate ofi th
particle of the projectile~target!, relative to its center of
mass, which lies on the plane perpendicular to the incid
momentum of the projectile. The total reaction cross sect
is obtained by subtracting the elastic cross section from
total cross section:sR5*db (12ueix(b)u2). Readers may be
referred to@10,11# for the multiple scattering theory formu
lation of the reaction cross section.

The optical phase shift function~1! is a key quantity to
calculate both the elastic scattering amplitude and the re
tion cross section. Its calculation is complicated and of
approximated to first order in the cumulant expansion@2# as

eixOLA(b)5expH 2E E dr dsrP~r !rT~s!GNN~j2h1b!J ,

~2!

wherer ands are the three-dimensional coordinates such t
their two components perpendicular to the incident mom
tum of the projectile coincide withj andh, respectively.

Table I compares the reaction cross sections calculate
the OLA with experiment. The parameters ofGNN at 800
MeV, taken from@5#, are consistent with those of the sy
tematic analysis of@10#. The Coulomb effect on the reactio
cross section is ignored. The densities of4He, 9Be, 12C, and
27Al were taken from Table 2 of Ref.@5#. The density of6He
was taken from a microscopic calculation@12#, and fitted by
a sum of Gaussians:r(r )5( i 51

4 Ci exp@2(r /ai)
2#, where

C150.242 375, C252.545 36731022, C351.330 079 7
31023, C455.634 404 831025 in units of fm23, and a1
51.414 237,a252.314 934,a353.79652,a455.773 427 in
units of fm. The OLA cross sections are larger than the m
sured cross sections. In consistency with other calculati
the difference is rather modest for stable nuclei but becom
fairly large in the halo nucleus of6He: it is about 10% for
12C and27Al targets. This overestimation of the cross secti
by the OLA tends to predict smaller radii for halo nuclei@6#.

Considerable efforts have been directed toward going
yond the OLA. No correlated motion of wave function
shows up in the OLA. The use of a wave function is certain
©2000 The American Physical Society01-1
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important. We have recently proposed a method of calcu
ing the optical phase shift function completely@9# and ap-
plied it to the analysis ofp16He scatterings by using micro
scopic 6He wave functions. The calculation has reproduc
very well the angular distribution measured at 717 MeV w
no adjustable parameters, leading to the conclusion tha
size of 6He is about 2.51 fm. Though this method c
straightforwardly be applied to calculate Eq.~1! for a general
case, it would require enormous computer time when
uses microscopic wave functions for both the projectile a
the target. It is, therefore, undoubtedly necessary to fur
develop an effective method where one can avoid he
computational loads, keeping high accuracy. To this end
consider the nucleon-target (NT) scattering as an elementa
vehicle in the Glauber theory, assuming the target as a s
terer, and introduce a profile functionGNT for the NT scat-
tering. In this formalism the various effects such as the Fe
motion, Pauli correlations, short range dynamic correlatio
etc., would be automatically included to some extent in
NT amplitude. Al-Khalili et al. @6# started from theNT s
matrix in order to calculate the phase shift function in t
few-body approach. Other authors@13,14# usedp14He pro-
file function to calculatep112C, p116O, and 4He112C
elastic differential cross sections by assuminga-cluster
model for 12C and 16O. Contrary to these studies, we w
use a full projectile wave function.

The optical phase shift function is now calculated by

ei x̃(b)5^c0u)
i PP

„12GNT~ji1b!…uc0&, ~3!

whereGNT may be parametrized as

GNT~b!5(
j 51

k S 12 ia j

2p
v js j De2v jb

2
, ~4!

and the parameterss j , v j , and a j can be determined by
fitting the experimental elastic angular distribution and

TABLE I. A comparison of the theoretical reaction cross se
tions, in units of mb, with the interaction cross sections measure
800 MeV/nucleon@1#. The phase shift functions are calculated
three different approximations@Eqs.~2!, ~8!, and~9!#.

Target/projectile 4He 6He 9Be 12C

9Be Eq.~2! 488 716 805
Eq. ~8! 461 660 765
Eq. ~9! 453 672 765
Exp. 48564 67267 75565

12C Eq. ~2! 520 782 854 896
Eq. ~8! 490 707 804 856
Eq. ~9! 487 732 813 856
Exp. 50365 72266 80669 85669

27Al Eq. ~2! 800 1165 1218 1265
Eq. ~8! 760 1049 1156 1217
Eq. ~9! 760 1096 1170 1219
Exp. 780613 106368 1174610
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total cross section ofNT scatterings. Thep112C elastic dif-
ferential cross section atTp5800 MeV @15# was fitted by
two terms: the parameterss j (fm

2), v j (fm
22), a j are 52.89,

0.25378, 20.111 682 for j 51 and 218.78, 0.46576,
0.014 945 5 forj 52, respectively. The fit to the angular dis
tribution is very good up to about 22°. The reaction cro
section at 800 MeV is predicted to be 249 mb. No expe
mental data are available at 800 MeV, but there are two d
@16,17# at about 870 MeV. Though they seem to disagr
with each other, our prediction is very consistent with 2
mb, which is a value extrapolated using the cross sec
~262 mb! of Ref. @17#. We performed a complete calculatio
of Eq. ~3! for 4He112C and 6He112C systems by using the
same6He microscopic wave function@18# as in Ref.@9#. As
seen in Table II, both of4He112C and 6He112C reaction
cross sections are in excellent agreement with the exp
ment. A theoretical prediction for4He112C and 6He112C
scatterings at 800 MeV/nucleon will be shown later. Figur
compares4He112C elastic differential cross section at e
ergy of 342 MeV/nucleon with experiment. Since nop
112C elastic scattering data atTp5342 MeV are available,
we determined theGNT as follows. First we calculated th
p112C elastic scattering cross section in the OLA by usi
the 12C density and theGNN parameters at 325 MeV@10#.
Then we corrected this OLA cross section by examining
extent to which thep112C data measured at 398 MeV@20#
differ from the OLA cross sections calculated at the sa
energy. Finally this corrected elastic cross section was c
sidered ‘‘experimental’’ and used to determine theGNT at
325 MeV. Despite this unsatisfactory determination ofGNT
the agreement between theory and experiment is very rea
able, even better than the phenomenological fit of@14#.

It is interesting to see how good the OLA is at this stag
We approximate the right-hand side of Eq.~3! as

ei x̃OLA(b)5expS 2E dr rP~r !GNT~j1b! D . ~5!

The reaction cross section calculated with this equati
listed in Table II, is only a few percent smaller than th
reference value with Eq.~3!. The sR value for 6He112C is
717 mb, much closer to the experimental value of 72266
mb than 782 mb obtained by Eq.~2! of the usual OLA. This
encourages us to calculate reaction cross sections for o

-
at

TABLE II. A comparison of the theoretical reaction cross se
tions, in units of mb, on12C target with the interaction cross se
tions measured at 800 MeV/nucleon@1#. The phase shift function is
calculated by Eqs.~3! or ~5!. The wave function of6He is obtained
by a microscopica1n1n three-cluster model@18#, whereas that of
4He is assumed to be given by the simplest shell model. See
@9#.

Projectile Eq.~3! Eq. ~5! Exp.

4He 514 494 50365
6He 736 717 72266
9Be 814 80669
12C 869 85669
1-2
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nuclei by using densities even when wave functions are
available. The examples of9Be and 12C projectiles are in-
cluded in Table II. The cross sections calculated by Eq.~5!
improve much better than those calculated by Eq.~2! ~see
Table I!.

In the case whereNT scattering data at a given energy a
rich enough to determine theGNT , our method can thus de
scribe very well the reactions of various projectiles on t
target at the same incident energy per nucleon. This serv
examine projectile wave functions with the reservation t
the high energy reactions of the type considered here p
primarily the nuclear surface region. In such a case where
appropriate data are available, however, we cannot determ
theGNT , and one may think that the method would not wo
To overcome this difficulty, until the data become availab
and to make the method more widely applicable, it is use
to relate theGNT to the elementary functionGNN as described
below.

Since theGNT is such that its Fourier transform gives th
NT elastic scattering amplitude, we express it in terms
GNN by

GNT~b!512^u0u)
i PT

„12GNN~b2hi !…uu0&. ~6!

The use of the cumulant expansion leads to a very sim
calculation of the optical phase shift function. By appro
mating the right-hand side of Eq.~6! as

GNT~b!'12expS 2E dsrT~s!GNN~b2h! D , ~7!

and substituting it into Eq.~5!, we obtain

FIG. 1. Elastic differential cross sections for4He112C at en-
ergy of Ta51.37 GeV. TheN-12C profile function was determined
as explained in text;s j (fm

2), v j (fm
22), a j are 32.0, 0.25, 0.10 for

j 51, and 23.7, 1.25, 0.28 forj 52, respectively. The data ar
taken from@19#.
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eixeff(b)5expF2E dr rP~r !

3 H12expS 2E dsrT~s!GNN~j2h1b! D J G .
~8!

This formula is very appealing because it requires only
densities of the projectile and the target. If the integral
rTGNN is small enough compared to unity, then Eq.~8! re-
duces to the usual OLA formula of Eq.~2!, otherwise the
effect of multiple scatterings of the projectile nucleon wi
the target is included to some extent. Since the role of
projectile and the target is interchangeable in the calcula
of the elastic scattering amplitude as well as the reac
cross section, it may be possible to symmetrize Eq.~8! as
follows:

eixeff(b)5expF2
1

2E dr rP~r !

3 H12expS 2E dsrT~s!GNN~j2h1b! D J G
3expF2

1

2E dsrT~s!

3 H12expS 2E dr rP~r !GNN~h2j1b! D J G .
~9!

FIG. 2. Elastic differential cross sections in Rutherford ratio
6He112C and 4He112C at energy of 800 MeV/nucleon. The soli
curves are obtained by calculating the complete Glauber am
tudes, while the dashed one is the approximation with Eq.~9!.
1-3
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The reaction cross sections calculated with Eq.~8! or its
symmetrized form~9! are listed in Table I. We see that E
~8! or Eq. ~9! produces only a little difference. This formul
gives the reaction cross sections which are much close
experiment than the OLA; the deviation from experiment
at most, only a few percent, so that the formula can be m
reliably used than the OLA. It is gratifying that the densi
which reproduces the charge radius, reproduces the rea
cross section consistently with experiment. Figure 2 displ
6He112C and 4He112C elastic scatterings at 800 MeV
nucleon. The cross sections at small angles are significa
enhanced compared to the Rutherford cross sections.
difference in diffraction patterns between the two cases
due to the different kinematics and the different structure
6He and4He as well. The dashed curve represents the c
sections calculated by the optical phase shift function of
~9!, and follows very well the solid curve of the full calcu
lation at small angles.

In summary, we have demonstrated the utility of an eff
tive nucleon-target profile function in the calculation of t
projectile-target optical phase shift function. Combining th
profile function with the formulation@9# of calculating the
,
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complete Glauber amplitude, a good agreement betw
theory and experiment has been obtained for the reac
cross section as well as the elastic differential cross sect
This will provide us with the possibility of examining pro
jectile wave functions, in particular, near the surface reg
against high-energy scattering data. A simple formula for
reaction cross section has been derived by relating
nucleon-target profile function to the nucleon-nucleon pro
function. Many examples have confirmed that the form
gives more accurate cross sections than the conventiona
tical limit approximation. Because of its simplicity we hop
that the present approach will be applied to high energy
actions of complex systems encountered in other fields
physics as well.
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