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By employing separable potentials for the binary, iren andn-core subsystems, we compute the three-
body integral equations to solve for the-8eparation energies in the ground and excited states of halo nuclei
like B, 2°C, and ?°C. We show through numerical analysis and also from analytical considerations that
Borromean-type halo nuclei lik&B and 22C, wheren-n andn-core are both unbound, are much less vulner-
able to respond to the existence of the Efimov effect. On the contrary, those nucléPdike which the halo
neutron is supposed to be in the intruder low lying bound state with the core, appear to be the promising
candidates to search for the occurrence of Efimov states at energies belorthebreakup threshold which
can be within the experimental limits to measure.

PACS numbe(s): 21.45+v, 21.10.Dr, 21.60.Gx, 27.28n

With the currently available facilities for producing in- ferred to agA]), employing separable potentials for the bi-
tense radioactive nuclear beams, the properties of halo nucleary subsystems to study the Efimov effect in the H4Re
near the neutron dripline have revealed several striking feaaucleus. The present work extends the investigation to in-
tures[1]. Certainly, halo clusterization of nuclear matter into clude recently discoverednhalo nuclei such as®B, #C,

a normal core plus a low density veil of loosely bound neu-and 2°C where the datf7] on 2n separation energies as well
trons is one of the most common features. In the case of tw@s on then-core bound/unbound states are now avail@8le
neutron halo nuclei, most are characterized by what is nowhe objective here is threefold: .
known as the Borromean property, which implies that while _ (1) To show that for such nuclei the three-body equations
the binary subsystems, suchrasore andn-n, are unbound With the realistic two-body potentials provide a natural
the three-body system comprising of then core gives rise framework to explain their binding energies, momentum dis-

to a bound state. For such nuclei, therefore, the three-bo nb(uzt)lo'Pc?'uer;[gértake a detailed numerical analvsis by com-
techniques offer natural premises to study their detailed . . . y y

. Lo L uting the integral equation for three-body systems to search
structures. In this context an intriguing question is Whethelf

. . or the occurrence of the Efimov states with the realistic
these two neutron halos, characterized by large spatial eXte'R/'vo-body potentials as input

sion and very low separation energy of the halo neutrons, " 3) 14 show from analytical considerations that for the

actually attain the Efimov limit so as to produce the EﬁmOVBorromean-type halo nuclei there is a remote possibility for
states near and below the three-body breakup thresholghe occurrence of the Efimov states except when the scatter-

Quantitatively, as pointed out by Efim¢2], so long as ing length for the virtuah-core systems is sufficiently large
(of the order of a few hundred fermignd the three-body
roV[E[<1 andro<a, (1) energy approaches almost zero. On the other hand, for those

: , N nuclei in which the binary subsystem is bound, the probabil-
wherer is the range of the two-body interactioB,is the ity for the occurrence of such states is quite high.

energy of the three-body systefof equal mass particlgs Recently Amorimet al. [9] have analyzed the universal
andarepresents the scattering length of #state of the two  aspects of Efimov states in the case of light halo nuclei
particles, the existence of resonatisgvave potentials re- within the framework of the three-body renormalizable
sults in the appearance of a three-body long range interactiomodel in the context of pairwise short range interactions. We
which goes as R, where shall see that by using separable potentials, our results con-

firm to the conclusions arrived at in R¢8], especially in the

case of?°C.

Our starting point is to write down the solution of the

2) three-body Faddeev equations in terms of the spectator func-

tionsF(p) andG(p) representing the dynamics of the core,
The existence of such a long range force should respond bgnd of the halo neutron which satisfy the coupled integral
producing a large number of states, particularly near thequation as given ifA]. For the purpose of studying the
three-body break-up threshold. The conditions for occursensitive computational details of the Efimov effect, we
rence of Efimov states in two-neutron halos have recentlyransformed these equations in termsdi(fp) and x(p) as
been investigatefi3] and discussef4] employing the Fad- defined in[B] through Eq.(3), thereby involving only the
deev equations in coordinate space. In a recent publicatiogimensionless quantities. The two coupled equations were
[5] (henceforth referred to gd8]), we extended the three- finally reduced into one integral equation fp¢p), which is
body model proposed originally fof'Li [6] (henceforth re-  written as

2 (. ritr,
r —_—
3 2

R2=I’2+p2, F:Fl_Fz, and 5:_
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R .. . TABLE I. B ground and excited states three-body energy for
Aix(p)= J dgKz(p,q,€3) 7¢(Q) x(Q) different two-body input paramaterg, = 4.75x.
. L. . n-1B energy A /a® ag € € €
+2 f dqdq’'Ky(p,q,€3) 7n(d) (keV) (fm)  (keV) (keV) (keV)
> > > > 514.8 849 —-6.515 500
X K ’ ! ! .
1(9,9",€3) 7c(q") x(q") ©) 135.3 95 —1271 798
Here the kernel&, ,K,,K; are essentially the same as given 48 100  —21.16 851
in [A] [of Eq. (15)] except that the variablgs,g, etc., are 7.7 10.50 —53.2 978  0.16
now dimensionless quantities: 0.67 10.75 —179.6 1042 5.4 0.36
pooa
g, P g e sidered as-n-1'B system with'’B as core, whereas in Table
Il we present the results fof’C consisting ofn-n-2°C sys-
and tem with 2°C as core. For the-1"B interaction, we note that
Ae=8.4%° and B;=4.75 gives the excitation energy as
_MmE_ c 514 keV whereas the experimentally determined value is 530
2 % keV [8]. The excitation energy of 514 keV represents a vir-
B1

tual state with scattering lengty= —6.515 fm and the ef-
The kernels in the integral equati@®) involve the two-  fective ranger=3.234 fm. With this two-body interaction
body separable potentials forn andn-core binary systems. along with then-n potential given above, the three-body
The potential equation(3) predicts the ground state energy of tha-1'B
system as 500 keV which is rather close to the experimental
n , value of 515 ke\[8]. However, with these input parameters
Unn= %g(pnn)g(pnn)v g(p):m (4 of the two-body potentials, the three-body equation does not
admit any solution for the excited state. When we change the
is known to produce the low energy scattering datarfor ~ €xcitation energy for ther-'’B system from 514 keV to
reasonably well. For instance the strength and range parardbout 7.7 keV corresponding to a virtual state with scattering
eters\,=18.6a° and B=5.8a¢ (where « is the deuteron lengthas=—53.2 fm, only then does the three-body equa-
binding energy paramete?m=2.225 Me\} yield the tion start giving the solution for the excited state. In fact, the
value of the singlet scattering length,a —23.69 fm and  Efimov region begins to develop only when the binary inter-
that of the effective range,f=3.2 fm, the values which action of Fhen-”B system corresponds to a virtual state W|t_h
agree remarkably well with the phase shift analysis s§ 1 @ scattering Ign_gth of the order of a few hundred _fermls.
n-p scattering. For thew-core system, we assume that the From Table Il it is clear that almost the same scenario holds
core is spinless and the halo neutron exists in a low-lyingn the case of?C considered as-n-*°C system. For the case

intruder s orbit giving a virtual or a bound state with the Of N->°C potential we choosk,=9.82+° and8; = 4.9« to fit

core. With this restriction we assume a separable potentialthe excitation energy of 320 keV corresponding to the virtual
s state of scattering lengta,= —8.23 fm andr=3.02 fm.

Nc 1 Here also with this potential and the same interaction,
Unc=— Tf(pnc)f(pr’m)’ f(p)=———5-- () the three-body equatiof®) predicts the ground state energy
ne (p*+51) of the 22C nucleus as 1120 keV, which is in excellent agree-

Here since we only know the bound state or the excitatiod"eNt %Nith the _eﬁﬁeri_merlt?lly ge;ermir:edt_vlalgﬁ. Ho‘f[\" I
energy of the system this gives a certain amount of erxibiIityever’ ere again the input two-body potential does not allow
in the determination of the parametgy. the three-body equation to admit any solution for the occur-

The integral equatiof8) is basically the eigenvalue equa- rence of the excited states near the breakup threshold. It is
tionin A;. To compute the equation numerically, we employOnly by changing the parameters of hé“C potential so as
the same procedure as has been discussilljn.e., for the
given n-n andn-core potentials we seek the solution of the
above equation for the three-body energy parameferhen

TABLE II. ?°C ground and excited states three-body energy for
different two-body input parameterg; =4.9%.

the eigen\{alueAi —>1., gccurate to at least four deci'mal n-2°C energy  \/a® a. & € e
places. It is worth pointing out that here we are basically (keV) (fm) keV) (keV) (keV)
encountering a limiting procedure, where various factors in

the kernels may blow up as the varialple-0 and the three- 319 9.82 -—8.23 1120

body energy parameter approaches extremely small values. 127 105 —13.02 1287

From the computational point of view, this, therefore, re- 48.8 11.0 -21.0 1410

quires a rather large size of the matrix with double precision 9.3 115 —482 1540 0.122

S0 as to minimize the possible truncation errors. 1.46 11.75 —1215 1608 4.74 0.198

Table | summarizes the results for the nucléd® con-
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TABLE Ill. 2°C ground and excited states three-body energy for different two-body input parameters.
B]_: 520(

n-1&C binding energy Nela® aq € € € N
(keV) (fm) (keV) (keV) (keV)
60 15.51 20.38 3188.03 78.87 65.8 1.01
100 15.89 16.05 3291.54 115.72 100.09 0.94
113.2 16.0 15.15 3317.35 127.41 111.76 0.92
139.60 16.2 13.77 3371.24 150.32 135.29 0.89
168.59 16.4 12.64 3426.03 175.34 163.48 0.86
200 16.6 11.71 3482.95 202.15 194.15 0.84

to reduce the excitation energy to a few keV or correspondThus,
ing to scattering length to about a hundred fermi that the
Efimov region begins to develop and the excited states ap- 2 1
pear for the?’C system. rot=2a| 1- —
Having seen quantitatively the general trend for the ap- ancB1 2
pearance of the Efimov states in some specific cases, for b
Borromean type halo nuclei it would be instructive to inves- 1+ Za( 4_+ 63)
tigate from analytical considerations to see how far such a ¢
behavior is universal. For this, it is important to realize thatC
the factors which are crucial in governing the dynamics of;
the binary systems and which play a significant role in de
scribing the kernels of the three-body integral equati®n

are 7,(p) and 7.(p), which are defined as
or allowing 7, to be large enough.

[p2
BI’J’_ £+63
A typical example in this case i$°C considered as a

0 -2 bound system ofi-n-1C wheren-8C is known to be bound
1+\/2a| —+ €5 , (7)  with binding energy 166100 keV[8]. In view of the ex-
4c perimental uncertainties in the determination of the binding
energy, we have carried out the calculations for a range of
n-18C binding energies varying from 60 to 200 keV choosing
the parametep;=>5.2«. The results are presented in Table
ll. We find that as the binding energy of tne'®C increases
3 -1 from 60 to 200 keV, the three-body integral equation pre-
_1_31)‘n B 1 ) dicts the ground state energy &1C increasing from 3.1 to
no 2 p? 2" 3.5 MeV, in close agreement with the experimental d&ja
Br( B+ \ /_+63) In addition, we get excited states as presented in Table III.
2a The first excited statese() shown in column 5 of Table I
have binding energies below time(nc) scattering threshold
(€1-€—core) Which can vary from 2 to 19 keV depending on
the n-8C input binding energy. In order to analyze these
BN states further, we present the number of bound statefor
w2 >1. the respective two-body interactions as per Efimov’s rela-
tions for these quantitigd]. The value oN~1 in column 7
Since the second term in E€®) is a monotonically decreas- is indicative of the occurrence of not more than one Efimov
ing factor asp increases, this term is always going to be lessstate. We estimate the sig#| of the first excited state for the
than the first and the difference between the two would indifferent two-body interactions to vary between 50 and 55
crease ap increases. To express in terms ofn-c scatter-  fm. The rather large size<50 fm) is also in conformity with

learly, so long asa,. is negative(representing a virtual

atg, and the third term is always smaller than the first term

there is hardly any possibility of makingc’l—>0 or 7.

—oo, except whera,,. approaches a large value aeglgoes

to the zero limit. This is precisely what has been demon-

-1 strated through the numerical analysis. On the other hand, if
, (6)  the binary subsystem is bound corresponding to a positive

scattering length, there is a clear possibility of reduci’@é

2

rn‘l(p)w;l—{ﬁr

and

T (P)=pe ' —2a

where w,= 7\, /B3, me=mNJ2aB35, a=m,/m+m., ¢
=m./m.+2m, and B,= B/B;. Substituting the above fac-
tors, Eq.(6) is written more explicitly as

T

For an unbound systeffas, e.g., a virtual state

ing length, we have the relation expectations for the sizes of Efimov states.
From the three-body equations we also find an evidence
1 B ,8‘1‘ ) 2 2 for the_occurrence of higher excited states aboventifac)
"2 52 or N\g " =—|1- ) scattering threshold but below the three-body breakup
anc 27N\ B1 anch1 threshold. Here it is interesting to note that the second ex-
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FIG. 1. The plot of three-body excited states,(solid line) and
€, (broken ling, relative to the elastic threshold vs the'®C bind-

ing energy.

cited state is below the two-body{8C) bound state only
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excited state is above the two-body breakup. These states
(e5) are also presented in Table Il though this would still
need a detailed investigation incorporating the breakup effect
explicitly in the structure of the integral equations. Figure 1
presents the plot of’C Efimov states ; ande,) relative to

the elastic threshold as a function of the®C binding en-
ergy. As discussed earlier the region of 60 k&dE, .
<200 keV supports the existence of one Efimov statg (
solid line). However, forE,,_.>100 keV the second excited
state €,, broken ling gets destroyed. The conclusions ar-
rived here are in overall qualitative agreement with the
analysis of Amorimet al.[9] who also conclude the presence
of not more than one Efimov state with an estimated binding
energy less than 14 keV below the(nc) scattering thresh-
old. The size of the first excited state obtained by us is also
in qualitative agreement with the value of Amor&nal. [9],

who estimate the size to be at least 35 fm.

In conclusion, the main thrust of this investigation is to
establish both analytically as well as quantitatively through
the numerical analysis the physical situations for looking
into the possibility of the occurrence of Efimov states in
2n-halo nuclei considered as a three-body system. We have
shown that Borromean type halo nuclei, wheren and
n-core are both unbound, are much less vulnerable to re-
spond to the existence of the Efimov effect. On the other
hand, those nuclei, in which the halo neutron is in the in-
truder low lying bound state, appear to be the most promis-
ing candidates to search for the occurrence of Efimov states
at energies which may well be within experimental limits to
measure.
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