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Radiative corrections to elastic electron-proton scattering for polarized electrons
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We analyze the radiative correction to high energy elastic electron-proton scattering of polarized electrons.
We show that if the approximations inherent in the calculations developed by Tsai and given in the work of Mo
and Tsai which have been used in the analysis of almost all experimental data pertaining to medium and high
energy elastic electron scattering for the past three decades are maintained, then the same radiative correction
applies both in the case of initially polarized and unpolarized electrons.

PACS numbses): 25.30.Bf, 13.10+q, 13.40.Ks, 13.60.Fz

[. INTRODUCTION nucleus rest masg the anomalous magnetic moment of the
proton;p, andps the initial and final electron four-momenta
The radiative correction to elastic electron-proton scatterrespectively;p, and p, the initial and final target nucleus
ing is well known from the work of Tsdil] and Mo and Tsai  four-momenta respectivelyj=p;— p;=p,— p- is the four-
[2], and the expressions given [i#] have been used in the momentum transfer to the target nucleus for elastic scatter-
analysis of almost all experimental data pertaining to meing.
dium and high energy elastic electron scattering for the past For one-photon exchange the matrix element is
three decades. Very recently, experiments using polarized (i)
electron beams have been carried out at Jefferson[Bhb — =) —
specifically, longitudinally polarized electrons were scattered Mo=e€’u(ps) y*u(py) u(pa)T u(a®)u(pz),  (2.9)

from unpolarized protonsep—ep) and the transverse and

longitudinal polarizations of the recoil protons were mea-whose magnitude squared summed over final electron spin
sured in order to obtain the ratio of the proton’s elastic elecand averaged over initial proton spin is

tromagnetic form factor@Ep/GMp. Given that radiative cor-

rections to elastic electron-proton scattering are generally of
the order of 20—30 % for four-momentum transfer squared in
the range considered in these experimef@s to 3.5
(GeV/c)?], the question arises as to whether the same radiawhereA;= (p;+m;)/(2m;) and3,= (1+ ys%)/2 are energy
tive correction used in the case of unpolarized beams andnd spin projection operators and

targets can be applied in the case of polarized electron beams

when the polarization of the recoil proton is measured. We = 5 ) i0,,9% = ont 0

show here that if the approximations inherent in the calcula- I'y=F1(a9) v+ kFa(q )W’ (=yT,y) 23
tions developed ifl] and given in[2] are maintained, then

the same radiative correction applies both in the case of iniis the proton-current operator. We assume high energies for
tially polarized and unpolarized electrons. In Sec. Il wethe initial and final electronsef, e3>m) and large momen-
present the cross section for the scattering of polarized elegum transfers ¢ q?>m?). Further, we express the cross sec-

trons from unpolarized protons in the absence of radiativgjon in terms of the Sachs form factoBx(g%) andGy(q?),
corrections. In Sec. lll we give each of the matrix elementsyhich are defined in terms &%, andF, by

associated with the radiative correction and discuss the sig-

nificant approximations that are made{ ] to evaluate their Ge=F,—7kF,, Gy=F;+«F,, (2.9

contribution to the cross section. We then show that with

these approximations the radiative corrections do not depengherer= — g%/4M?2. Finally we express the spin polarization

on the polarization of either the electron or the proton in thefour-vectors of the initial electron and final protan,ands,,

initial or final state. respectively, in terms of the three-dimensional unit vectors
specifying the spin direction of the particles in their respec-
tive rest frameg; and{,. In general for a particle of mass

Il. DIFFERENTIAL CROSS SECTION FOR SCATTERING and four-momentunp= (e,p), the four-vectors is given in

OF POLARIZED ELECTRONS terms of¢ by [5,6]

g’+ie

_ 1 ~
IM 0|2=§Tr{ YAy A S FTHE4A LN AL}, (2.2

The differential cross section for the scattering of polar- Zp
ized electrons from unpolarized protons can be derived using So=—, (2.5
standard techniques of quantum electrodynamics. We follow m
the conventions of Bjorken and DreJl]; the metric is
defined by p;-pj=e€i€;—pi-p;. Further, a=e?l4r
=1/137.036; m is the electron rest mas$) is the target

&p

m(m+e¢) |’

s={+ p[
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For the initial electron we have, neglecting terms of relativa,\,herehzgl. 5 The cross section for the scattering of high
orderm/e;, energy polarized electrons into the directi6rby unpolar-
ized protons initially at rest is then

s;=hp,/m, (2.6
|
2 0 2 2 2 nza
do @ e3cosz§ 1 GE+7Gyy+27(1+ )Gy tarf 5
== , (2.7
dQ 0 (1+17) e te 0 . 0 .
4€}sint' 5 +h lM 3\/7-(1+7-)Grf,,tanzz§4-z—2x/7(1+r)GMGEtan§ & X
|
where we take the unit vectarin the direction ofp,, the ~ Thus, provided the matrix elemerits;,M,, ... can be ex-

unit vectory in the direction ofp; X ps (i.e., perpendicular to  Pressed as times a factor which is independent of the

th tteri | dth i toR in th tteri spin of the particles, the radiative correction for elastic scat-
€ sca erlng'p aljefm 1 the umit vectox In the scattering tering will factor as a spin-independent term.

plane and defined by=yxz. The matrix element for vacuum polarizatidvl,, is, after

In Eg. (2.7) the spin-independent terms give the well- charge renormalization, related simply to the matrix element
known Rosenbluth cross section. The remaining terms detefy | py

mine the longitudinal and perpendicular polarization of the
recoil proton[8].
Mi=Mg>, TI(q%/m?) 3.3
I1l. RADIATIVE CORRECTIONS TO ELASTIC l

ELECTRON-PROTON SCATTERING _ _ oo _
in which I1(g%/m?) is independent of the spins of the par-

In this section we consider each of the terms contributingicles [7,4] and the sum is carried over the electron and
to the radiative correction to elastic electron-proton scatterhigher mass particle-antiparticle loops.
ing as treated in the generally used analysis givelijrand The matrix element for the electron vertex correctibf,
[2]. We show that if one makes the approximations whichjg given by
are inherent to the derivation given in these references then
the radiative correction to elastic electron-proton scattering is )
:gﬁssame for polarized and unpolarized electrons and propm,=ze?u(pz) A*“(ps, pl)U(pl)mU(pA)rﬂ(qz)U(pz)y
The radiative correction is comprised of the purely elastic (3.4
amplitudes(electron and proton vertex corrections, electron
and proton self energies, box and crossed box diagrams anghere
vacuum polarization termsand inelastic amplitudegemis-
sion of soft bremsstrahlung photons by any of the charged
particles. Let us consider each of these in turn. The cross A¥(pa, 1) = —iezf
section for emission of soft photomler,.m, is simply equal
to a factor which multiplies the one-photon exchange cross
sectiondo, and that factor is independent of the spins of the
electrons and protons:

a rd3k P3 P1 Pa P2
dgbrem__rﬁdaf 7(p3~k_ 1k Dok prk|

(3.2

d*k 1
(2m)* KP—N\?+ie

1
XY hs—k—mtie)

1

2 X Y”W Y- (3.9

Comparing Eq(3.4) with Eq. (2.1) we see that if the spin-
operator dependence ik*(ps, p;) reduces toy*, thenM,

will be a multiple ofM, the factor being independent of the
spins of the particles. As it stands, the integral Adt(ps,p,)

is divergent. However, if we introduce a convergence factor,
—A2%/(k*=A%+i¢€), in the integrand then the integration
can be carried out, and taking the limit—c we find that

A*(ps3,py) has the formG,(g?) y*+G,(q?)(io*"q,/2m
|M|2=|Mo|2+2 Re{Mg(M1+M2+--~)}. (3'2) Whg’)g pl) l(q )7’ 2(q )( q )

Consider next the radiative corrections to the purely elas
tic cross section. To lowest order inthese are found from
the cross product of the matrix element for one-photon ex
change M, and the matrix elements for each of the higher
order processes:

045502-2



RADIATIVE CORRECTIONS TO ELASTIC ELECTRON. ..

G(g?) = %[ —2(2m*= %) ¢1(\?)

3p%—4m? A2
+| ———|Inx+ z+In| — (3.6
ppP1 2 m?
and
4m?
©(q2y— 2|1
G(q?) 477{% Inx] 3.7
in which
1 2
$1(N?) ——— — 1 —2L| — - = i
r—0 PP1 X 6 2
2
+Inx|n(p—>],
)\2
(3.9

zIn(1-t
L(Z)=—f0 n(t )dt,

with p?=—q?+4m?, pf=—q? and x=(p+p1)/(p—p1)
=(p+p1)?4m?. Thus for —g?>>m? the termG,(q?) is of
order m?/(—q?) relative toG;(q?) and hence may be ne-
glected so that we havel,=G;(q?)M,. The inclusion of

the self-energy contribution for the electron is obtained by

subtractingA*(p4,p;) from the expression given in Eq.
(3.5, giving

M,=[G1(9?) —G(0)]Mo, (3.9
where for—g?>m?
2 2
2 I N e s o B
2 2
—q m
— In(? —11In F)
—q?
+§In ?>—2] (3.10

Finally, we consider the proton vertex correction and th
box and crossed box contributiohk;, M,, andMs, respec-

tively. The matrix elements for these corrections are give

by

M3=Z%€?u(p;) y#u(po—(z ) U(Pa) A (P4, P2IU(P2),
q°+le
(3.11

with

€,
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d*k 1
2m)4 K2—N\%+ie

AL (Pa, P2) = _iezj (

><1“”(kz);F (a?)
(Pa—Kk—M+ie) 9

(3.12

B mria )

d*k 1 1
(2m)*K2—\2+ie (k—q)2—\2+ie

M=z |

X y*u(p1)

HPs) Y R —m+ie

X

_ 1
U(p4)FV((k—Q)Z)m

XFM(kz)U(pz)}, (3.13
and
" :(Zez)zf d*k 1 1
° (2m)* K2—\2+ie (k—q)2—\2+ie
_ 1
X u(ps)v”maf”uml)}
X U(FM)Fﬂ(kz)m

XTI, ((k—=g)?)u(py)|. (3.14

In general these matrix elements depend on the initial and
final spin states and are not proportionalMg times a spin
independent factor.

Now consider the approximation used [if] to evaluate
these matrix elements which we call here the soft-photon
approximation. The integrands M, and M5 have two in-
frared divergent factors [(k®—\2+i€)((k—q)?—\?
+i€)]"! and are thus peaked when either of the two ex-
changed photons is soft, becoming divergent wken0 or
whenk— q. We therefore first rationalize the propagators so
that all spin matrices are in the numerator and then evaluate
the numeratorsin M, and M5 at these two point§first set-

r{ing k=0 and then settingg=q; note thatl’,,(0)=vy,] but

make no changes to the denominators. A simple calculation
using the fact that we have on-shell particles shows that in
fact each of the numerators has the same valuk#fo0 as

for k=q, viz., 4ip;-p,q°M, in the case ofM, and
4ip3-p,g°My in the case oMs. Taking this factor outside

of the integral we are left with a scalar four-point function,
independent of the particle spins:
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d*k
M= 8iZe2q2M oP1- pzj
(2m)*
1 1

X
k?—A\2+ie (k—q)2—\2+ie

1

X 3.1
(K>—2k-py+ie) (K2+2k-p,+ie) 313
and
Ms=8iZe?q*M fd4k
5 q"MoP3- P2 (2m)°
1 1
X
k?—N2+ie (k—q)2—N\2+ie
1
(3.16

X .
(K2—2k-py+ie) (k2—2k-py+ie)

We note that in[1] an approximation is also made in the
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d*k 1
(2m)* (K2=\2+ie)

M3: —4i2262p4~ pzMof

1 1
X .
(k2= 2k-pa+ie) (k2—2k-py+ie)

(3.17

With the soft-photon approximation the proton vertex correc-
tion is a multiple ofM, and, as withM ,, the factor is inde-
pendent of the spins of the particles. Again because of the
soft-photon approximation, the self-energy contribution is
essentially the same as that obtained for the electron: since
the virtual photon in the self-energy diagrams is assumed to
be soft, its interaction with the proton is given by,, as in
the case of the electron, so that the self-energy contribution
is obtained by subtracting ,(p,, p2) from the expression
given in Eq.(3.12.

Thus, substituting the expressions fdr, M,, M3, My,
andMg given in Eqs(3.3) (3.9), (3.17), (3.15), (3.16 in Eq.
(3.2 and adding the contribution from real soft photd&sl)
we see that the cross section can be written in the form

docon=do(1+6), (3.18

in which the radiative correction terdis independent of the

denominators of these integrals, reducing these four-poirtPins Of the particles.

functions to three-point functions, but this is not needed for

the conclusions of the present paper.

In the case oM the integrand is peaked whér=0; we
therefore sek=0 in all terms of thenumeratorof M; again

using the fact that we have on-shell particles and find
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