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Kinetics in sub-barrier fusion of spherical nuclei
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The semiclassical transport theory is applied to the description of heavy-ion fusion at energies below and
above the Coulomb barrier. The paths connecting entrance and exit fusion reaction channels are found as a
continuous solution of the Vlasov transport equation in classically allowed and forbidden regions associated
with suitably defined collective variables. The effects of nuclear deformation, neck formation, and nonlocality
are quantified on the basis of microscopic simulations and analyzed. The results of calculations give good fits
to experimental data for fusion of nearly symmetric oxygen and nickel isotope pairs.

PACS number~s!: 25.70.Jj, 25.60.Dz, 21.30.2x, 25.60.Je
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I. INTRODUCTION

The problem of the tunneling of a many-body system
pears in many branches of physics ranging from quan
~chemical! processes in molecules and solids@1# to star evo-
lution ~cf. @2,3#!. Detailed information regarding such an e
fect is provided by studies of heavy-ion sub-barrier fus
phenomena. For heavy nuclei the experimental meas
ments commonly yield a surprisingly large fusion cross s
tion, several orders of magnitude larger as compared to
spective evaluations obtained with the WKB approximat
~see@4–7# and references therein!. Consequently, a numbe
of models based on a macroscopic parametrization of he
ion collision processes have been proposed for the des
tion of such a dramatic reinforcement of the fusion chan
at sub-barrier energies. Such models usually account f
coupling of translational motion of nuclei to the degrees
freedom associated with other competing reaction chann
like excitations of target and/or projectile, nucleon transf
nucleus polarization and deformation, and multidimensio
tunneling. The applications of the coupled-channel treatm
have been very successful in understanding some me
nisms of experimentally observed enhancement for light
asymmetric systems in the vicinity of the barrier top@5,7–9#.
The difficulty of coupled channel calculations of fusion cro
sections increases in a dramatic way for the cases of he
systems and at deeply sub-barrier collisions because
large number and the complexity of possible channels.
beam energies much below the barrier the experiment
observed enhancement can be properly reproduced by
cluding nonlocal effects@10–13# and considering thereby
distance dependent effective mass of translational mo
@14#. The models with a nonlocal nucleus-nucleus interact
are successfully applied for the description of other reac
channels as well~cf. @15#!. Starting from the reduced mas
for well-separated nuclei the effective mass decreases
decreasing internuclear distance within such a model. I
worth noticing that introducing an effective mass is a fam
iar procedure in studies of nuclear fission~i.e., an inverted
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process to fusion!. However, the fission systematics sugge
a large effective mass at small distances, up to an orde
magnitude larger than the reduced mass~cf. @16–18#!. This
qualitative difference in fusion and fission phenomena see
to indicate the significance of nonadiabatic features in a
sion reaction, often presumed to be negligible~cf. @19#!.

In this paper we discuss some attempts towards a be
understanding of specific properties of sub-barrier fus
within the framework of a mean-field transport theory. S
nificant progress towards the realization of such a treatm
at above-barrier energies has been made by applying
transport equations of the time-dependent Hartree-F
~TDHF! type and its semiclassical counterparts based, e
on the Wigner formalism for nuclear dynamics@20–24#. As
a matter of fact this type of approach represents the se
classical limit of collective nuclear dynamics. Making use
this feature the mean-field treatment can be extended by
ploying the Feynman path-integral technique in order to
scribe, e.g., sub-barrier fusion reactions. For instance, wi
the framework of recently proposed method@25–27# the path
connecting, e.g., the entrance and exit fusion reaction ch
nels is found as a continuous solution of the Vlasov me
field equation of motion in classically allowed and forbidd
regions of suitably defined collective subspace. Such a
croscopic description of the sub-barrier fusion permits
competing reaction mechanisms to be analyzed in a s
consistent and unified way. In a recent paper@28# it is found
that the above-mentioned specific behavior of the mass
rameter for the fusion reaction is originating from the pr
equilibrium nucleon exchange between colliding nuclei. T
present paper considers further development and justifica
of the method@25–27#. In the next section we give a gener
outline of the problem and a hierarchy of approximatio
leading to the mean-field reduction of the many-body tunn
ing problem. In Sec. III we describe a numerical method
the solution of mean-field nuclear dynamics within the pa
integral framework in a subspace of collective variables a
apply it for microscopic calculations of sub-barrier fusio
cross sections. Our conclusions are presented in Sec. IV

II. MEAN-FIELD APPROACH TO MANY-BODY
TUNNELING

The complete microscopic description of a many-bo
system is provided by theN-body density matrixr̂N , which

i,
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satisfies the quantal Liouville equation of motion~cf., e.g.,
@21#!

dr̂N

dt
1 i L̂ Nr̂N50, ~1!

where L̂N5\21@ĤN ,•# is the quantal Liouville operato
with the HamiltonianHN5T1UN@$r i%#. Here T is the ki-
netic energy, and theN-body potential energyUN@$r i%# is
determined by nucleon-nucleon interaction which is assum
to be local in time and configuration space. Equation~1! can
be thought to describe a stochastic process of nuclear c
sion, where theN-body density matrixr̂N is treated as a
stochastic quantity fluctuating with respect to the collisi
events. An exact solution of Eq.~1! might generally provide
a basis for an analysis of sub-barrier fusion. It is worth n
ticing, however, that to describe a process occurring wit
probability of, say, 1025 one has to generate more tha
106–107 events, a number far beyond the most optimis
expectations of computer possibilities. It is, therefore, adv
tageous, e.g., to consider the average properties of a sy
with respect to the features of quantum tunneling. The me
field reduction of a quantum many-body problem represe
a useful framework for such a consideration. It is w
known, indeed, that in the cases of low energetic nuc
scattering the Hartree mean-field approximation yields a
alistic picture of the collision process. The effect of corre
tions at these conditions can be incorporated in a perturba
way using, e.g., a Boltzmann and/or Langevin~see, for ex-
ample, @29# and references therein! type of approximation.
Within such an approach the equation of motion for t
many-body density matrix, Eq.~1!, is reduced to the fluctu
ating one-body density matrixr̂,

dr̂

dt
1 i L̂ r̂5I ~ r̂ !1dK~ t !, ~2!

whereL̂5\21@h( r̂),•# denotes the one-body quantum Lio
ville operator corresponding to the self-consistent evolut
of a system with a one-body Hamiltonianh( r̂)5 p̂2/2m
1U@n#, and the mean fieldU@n# is related to a long-range
part of the nuclear interaction and will be defined in ne
section@see Eq.~23!# through spatial nucleon densityn(r )
5^r ur̂ur &. The quantityI ( r̂) on the right-hand-side~RHS! of
Eq. ~2! corresponds, in general, to a memory-dependent
nary collision term that simulates the short-range two-bo
nucleon-nucleon correlation effects during the evolution. T
higher-order correlation effects are indicated in Eq.~2! by an
additional termdK(t) corresponding to a fluctuating part o
the short-range correlations.

Some reaction channels of a nuclear collision can be id
tified and analyzed with the help of associated collect
variables. For simplicity we consider here the fusion react
in a head on collision of nearly symmetric pair of nuclei
and B. Then the associated collective variableR̂5(k51

Atot R̂k
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and the collective momentumP̂5m(k51
Atot P̂k can be naturally

chosen to correspond to the Hermitian~see the Appendix!
single-particle operators

R̂5s~z2Z0!~z2Z0!, P̂5
1

2
@ p̂zs~z2Z0!1s~z2Z0! p̂z#,

~3!

where theZ axis denotes the reaction axis,

s~x!5H 2~AA!21 for x,0, AA5*z,Z0
drn~r !,

~AB!21 for x.0, AB5*z.Z0
drn~r !.

~4!

HereAA andAB give the mass numbers of ‘‘each nucleus
the parameterZ0 characterizes the position of a dividin
plane and defines the mass asymmetry degree of free
h5(AB2AA)/Atot , Atot5AA1AB , along a fusion path, and
the reduced massm5AAAB /Atot5(12h2)Atot/4 is mea-
sured in units of the nucleon massm. One can easily obtain
~see the Appendix! the commutation relation@R̂,P̂#5 i\@1
1O(h2)# which suggests that the operatorsR̂ and P̂ are
conjugate with an accuracy ofh2 and can be adopted for
case of nearly symmetric~e.g.,h,0.1) configurations.

For the well-separated nuclei the expectation value

R5^R̂&5Sp~R̂r̂ !5E drs~z2Z0!zn~r ! ~5!

gives the distance between the centers of mass of two co
ing nuclei, while the expectation value

P5^P̂&/m5Sp~ P̂r̂ ! ~6!

corresponds to the momentum of relative motion p
nucleon. Everywhere below we refer for the valueP as a
collective momentum. The equations of motion for these
pectation values provide a basis to study the fusion reac
channel. In the case of a nearly symmetric system we
that the mass asymmetry parameter plays a minor role s
the related corrections in$R,P% evolution are of order ofh2.
Thus neglecting these terms it is straightforward to obtain
the collective coordinate

Ṙ5Sp~R̂ṙ̂ !5\21Sp~2 iR̂@H,r̂ # !'Sp~ P̂r̂ !/m5P/m.
~7!

To derive an equation of motion for the expectation va
of the collective momentum we note that the applications
a mean-field treatment to the studies of$R,P% collective dy-
namics for intermediate-energy nuclear reactions, like qu
fission, deep-inelastic scattering, and damped and dissipa
collisions, have shown the importance of the nucleon
change channel~for a review see@30#!. When the system
stays at the overlapping regime for a long timeDt as com-
pared to the nuclear response timetc relevant for nucleon
capture one is able to apply the ‘‘randomization hypothes
and obtain the well-known ‘‘window formula.’’ This consid
3-2
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eration yields a realistic picture of the internal nuclear ex
tation and damping of the collective motion. An analysis
experimental data~cf. @30,31#! indicates that such a nuclea
response time can be revealed to betc'(1 –2)310221 s.
The theoretical estimates give up to an order of magnit
larger values for the nucleon capture time~cf. @32#!.

It is the approaching stage of a nuclear collision at d
tances corresponding to the barrier top that determines
barrier penetration probabilities, the principal quantit
characterizing nuclear fusion in the vicinity as well as bel
the barrier height. In particular, at sub-barrier energies
barrier penetrabilities are defined by the properties of a s
tem in the classically forbidden region. The time scale c
responding to an evolution in this region~i.e., the imaginary
time evolution; see discussion below! can be estimated in a
general way through the barrier characteristic frequency~i.e.,
the curvature at the topv) as Dt'v21. Since typically
\v'3 –5 MeV ~cf. @28#!, the related time intervalDt
'(1 –2)310222 s is considerably smaller than the nucle
response time for nucleon capture. As is shown in Sec
such an estimate is also supported by the results of mi
scopic calculations. Consequently, within this time scale
collision of initially spherical nuclei can be well describe
omitting the effects of correlations and fluctuations@i.e.,
RHS of Eq.~2!#. Then neglecting the nuclear response w
respect to transferred nucleon capture we parametrize
one-body density matrix in a general form as

^r ur̂ur 8&5^r ur̂Aur 8&exp$ i ~r2r 8!P~11h!/2%

1^r ur̂Bur 8&exp$2 i ~r2r 8!P~12h!/2%, ~8!

with P5$0,0,P%, r̂A andr̂B are generally distorted one-bod
density matrices of nuclei A and B with the centers of ma
at rest. Using this parametrization we obtain the followi
equation of motion for the collective momentum:

Ṗ5221Sp„@s~z2Z0!p̂z1 p̂zs~z2Z0!# ṙ̂…

5~2i\!21Sp„@s~z2Z0! p̂z1 p̂zs~z2Z0!#•@ ĥ,r̂ #…

5F'F l1Fnl,

F l5E dr @2]zU@n#•n~r !s~z2Z0!

1d~z2Z0!Pzz~r !/~mm!#,

Fnl5
P2

4mmE drd~z2Z0!n~r !, ~9!

wherePzz(r0)5Sp„d(r2r0) p̂z
2r̂… denotes the diagonal com

ponent of the static@i.e., the c.m. system~c.m.s.! of A and B
nuclei are at rest# pressure tensor. The first term on the RH
of Eq. ~9! gives the local part (F l) of the collective force,
while the time-reversible nonlocal part (Fnl) of the collective
force caused by the preequilibrium nucleon exchange is
lated to the distance dependent collective mass@14#, since
this part represents a bilinear form of the collective mom
04461
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tum P. In contrast to the ‘‘randomization hypothesis’’ ap
proximation~i.e., zero nuclear response time!, Eq. ~9! does
not contain the frictional force. This is a consequence of
time-reversible mean-field dynamics@21# given by Eq.~2!
with omitted RHS terms. Note that a similar expression
also obtained within the semiclassical treatment based on
Vlasov transport equation@28#. As is pointed out above suc
a mean-field treatment can be thought to represent the a
age collision dynamics at energies well above and below
barrier top. In this sense Eqs.~7! and~9! have classical prop-
erties and are well suited to describe the various feature
heavy-ion collisions in classically allowed domains of co
lective variables~see@20# and references therein!. For ex-
ample, in the case of a head-on collision we can calculate
potential barrier corresponding to thestatic interaction be-
tween two nuclei as

Vint~R!5U E
R

`

dR•F lU. ~10!

It is worth pointing out that within such a definition on
takes into consideration the coupling of translational mot
of nuclei to other degrees of freedom~e.g., nuclear deforma
tion and polarization, neck formation! during the collision
dynamics. This property gives rise to, e.g., the dependenc
the interaction potential on the incident energy~see next sec-
tion!. In the following we will also consider the effectiv
potential barrier

Veff~R!5U E
R

`

dR•FU ~11!

accounting for the nonlocal components of the collect
force caused by the dynamical effect.

Equations~7! and~9! provide the basis for the descriptio
of the quantum effects related to the collective nuclear p
nomena~e.g., fusion, fission! in the energy region below the
Coulomb barrier. The quantum features with respect to
collective variables result in a finite value of the energ
dependent barrier penetration probabilityTl(E), at partial l
wave for the beam energyE. Then the sub-barrier fusion
cross section is written as@33,34#

s~E!5
p\2

2mmE(
l 50

`

~2l 11!Tl~E!. ~12!

Since for the nuclei of medium and large mass numb
many values of partiall waves contribute to the sum in Eq
~12!, we can replace that sum by an integral. Furthermo
we assume that thel dependence of the transmission pro
ability at a given energy can be approximated by sim
shifting the energy@35,36#

Tl~E!'T0S E2
l ~ l 11!\2

J
E

D , ~13!

whereJ
E
5(Atotm^R2&

E
) characterizes an effective mome

of inertia, which is a slowly varying function of the energyE
@28,37,38#, ^R2&

E
5^(r2Rc.m.)

2& t2
, t2 is the time when the
3-3
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distance between the centers of mass of two nuclei has
value of barrier top position, andRc.m.[^r & t2

is the position
of the center of mass of a dinuclear system. Then we ca
late the total cross section according to@36# as

s~E!'p
JE

mEE2`

E

dE8T0~E8!. ~14!

To obtain the penetration probability at the energies ab
the Coulomb barrier we use the Hill-Wheller formula~cf.
@34#!

T0~E!5~11exp$2pmPt2
v t2

/2\v%!21, ~15!

wherePt2
andv t2

refer to the collective momentum and th

velocity v5dR/dt for the dynamics in theR direction~e.g.,
the beam axis! calculated at time stept2 ~see above!.

In the energy region below the barrier we employ t
Feynman path-integration technique within the microsco
treatment. For a given path connecting the entrance and
channels of a fusion reaction the probability for a sub-bar
process is obtained from the equations

T0~E!5~11exp$2mS/\%!21, S5E uPIudRI, ~16!

where the actionS corresponds to the self-consistent evo
tion along a path in classically forbidden region and is de
mined by the respective collective coordinateRI and mo-
mentumPI.

The classically forbidden region for the collective va
ables becomes accessible after the so-called Wick tran
mation, t→ i t, wheret is real. Changing simultaneouslyP
→2 iP I in Eqs.~7! and~9! we get the following equation o
motion for $RI,PI% imaginary time evolution:

dRI

dt
5

PI

m
,

dPI

dt
5FI'2Fl1Fnl. ~17!

From these equations we see that the path leading to a
barrier fusion is associated with the dynamics in an inver
potential barrier@i.e., the negative sign of the local collectiv
force; see Eq.~10!#, while the nonlocal component remain
unchanged. This feature of a fusion path can be also obta
going through the standard steps of WKB approximation
plied to the collective degrees of freedom when accoun
for the variation of the respective inertia parameter@14#.
Such a property results in the lower and thinner effect
barrier for the imaginary time propagation@i.e.,Veff

I given by
Eq. ~11! with the collective forceF52FI from Eq. ~17!# as
compared to the associated potential barrier and therefo
an enhancement of the fusion cross section@28#.

It is worth noticing that the fluctuation effects are e
pected to give rise to an additional enhancement of the p
etration probability at sub-barrier energies. For instance,
suming small Gaussian fluctuations of action (dS) around its
average value the enhancement factor can be estimate
give Fenh'exp$m2dS2̄/\2%, where an overbar denotes an e
semble averaging with respect to the collision events. T
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in some cases, like nonspherical nuclei@39#, the action fluc-
tuations may enhance considerably the fusion cross sec
as compared to the average description.

III. PATH INTEGRALS VERSUS MICROSCOPIC
EVOLUTION

A. Imaginary time kinetics

In the samples of calculations below we further simpl
the nuclear many-body problem by employing a semicla
cal treatment for intrinsic degrees of freedom. Within th
treatment, the principal quantity is the Wigner phase-sp
distribution function f (r ,p;t) which is related to the one
body density matrix through the Wigner transform@21,40#

f ~r ,p;t !5~2p\!23E dq dq1 exp@2 i ~q2q1!p/\#

3^qur̂~ t !uq1&dS r2
q1q1

2 D . ~18!

The expectation value of an observableÂ( r̂ ,p̂) is represented
as

^A&5E dr dpA~r ,p! f ~r ,p;t !. ~19!

In the Wigner representation the quantum mean-field Li
ville equation@i.e., Eq.~2! with the RHS put to zero# is given
by

] f

]t
52L̂Wf , ~20!

where the quantum Liouville operatorL̂W has the form

L̂W5L̂
0
1L̂q , L̂

0
5

p

m
]W r , ~21!

L̂qf 5E dqdp1

\~2p\!3
sinS ~p2p1!q

\ D @U~r2q/2!

2U~r1q/2!# f ~q,p1 ;t !

52 (
n50

`
~21!n

~2n11!! S \

2D 2n

U@n#~]Q r]Wp!2n11f . ~22!

We use the following parametrization of the time-depend
mean fieldU@n# in our calculations:

U@n#5aS n~r !

n0
D1bS n~r !

n0
D g

1ct3~nn2np!

1E dr1S Vpr p

exp$2ur2r1u/r p%

ur2r1u
n~r1!

1
e2

ur2r1u
np~r1! D , ~23!
3-4
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where nn , np , and n are the neutron, proton, and tot
nuclear density;n0'0.15 fm23; r p5\/mpc'1.4 fm andt3
is the isospin projection operator. The set of parameters
the nucleon-nucleon interaction corresponds to the c
pressibilityK5200 MeV of an infinite nuclear matter at no
mal density, i.e., ã5a14pn0r p

3 Vp52356 MeV, b
5303 MeV, andg57/6, and the constant relevant for th
symmetry potential c532 MeV/n0. The value Vp'
26.43 MeV is chosen in order to reproduce~see below and
Ref. @27#! the (16O116O) fusion barrier derived from the
fusion data@36#. We note that this value is consistent wi
the contribution of one-pion exchange to the nucleon
nucleon interaction@41#. In many cases of a many-bod
problem~e.g. systems at high entropy! one can assume con
vergence of the series in Eq.~22! @42,43# and consider quan
tum correction terms as a perturbation to the classical
tion, which is governed by the gradient part of the quant
Liouville operator given by Eq.~22!. Thus the quantal effect
can be included in a perturbative way by using, e.g.,
quantum test particle~QTP! method@23#. This method has
been applied@24# to a description of various type perturb
tive quantum effects in a semiclassical nuclear mean-fi
dynamics, like nucleon tunneling phenomena, coherence
fects, etc. In this paper we focus on the semiclassical fea
and neglect the quantum perturbation with respect to the
ternal motion.

The collective quantum phenomena in certain collect
subspace, on the other hand, can be treated by making u
the Feynman path-integral technique@i.e., Eq. ~17!#. The
Wick transformation can be incorporated into the mean-fi
transport equations replacing the one-body Liouville ope
tor by

~ i! L̂→L̂ I5L̂1 i\21
•@2F l~z2Z0!sI~z2Z0!,•# ~24!

in the TDHF formulation or

~ ii ! L̂W→L̂W
I 5L̂W1 i •2F lsI~z2Z0!•]pz

~25!

in the Wigner formulation. Here the form

sI~x!5H 2AB /Atot for x,0,

AA /Atot for x.0,

ensues, by a consistency with Eq.~17! and the condition of
zero force acting on the c.m. of a system, i.e., vanish
averaged value of an additional term in Eqs.~24! and ~25!.

B. Numerical method

A straightforward way to realize the semiclassical conc
presented above is provided by using the test-particle~TP!
ansatz@21–24#, where one considers the phase-space Wig
distribution functionf (r ,p;t) @see Eq.~18!# as a collection of
the phase-space cellsuG i&& ~TP!, which behave like classica
particles,
04461
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f ~r ,p;t !5
1

N (
i 51

M

uG i&&, uG i&&[d„r2r i~ t !…d„p2pi~ t !…,

~26!

dr i5dtpi /m, dpi52dtrU~r i !,

i 51, . . . ,M5N~AA1AB!, ~27!

whereN is an integer large enough to ensure numerical c
vergency and is associated with a number of TPs
nucleon.

As the initial conditions we distribute the TPs of the co
liding nuclei in configuration space according to th
Thomas-Fermi density associated with the Woods-Saxon
tential: r(r );@EF2UWS(r )#3/2. The self-consistent mea
field @i.e., Eq. ~23!# is determined in each cube of the siz
1 fm3 in configuration space. The TP distribution in mome
tum space is given by the Thomas-Fermi relation regard
the respective mean field. Approximately stationary solutio
of the Vlasov equation are found with the parameters of
Woods-Saxon potential given in@22# ~for more details see
also, e.g.,@23,24#!. From Table I we see that the prese
procedure reproduces the experimental results for the b
ing energies and the root mean square~rms! radii of spherical
nuclei within the same quality as other methods~cf. @21,22#
and references therein!. We would like to remark that the
application of the TP method requires an accurate stability
the solution especially with respect to the energy conse
tion when propagating in time with Eqs.~26! and~27!. Such
a requirement can be achieved by using relatively small t
steps and a large number of TPs~see, for example, the analy
sis given in Refs.@24,44#!. In our experience we find that fo
nuclei of medium mass numbers the proper accuracy of
ergy conservation~to better than 1% from the value of po
tential barrier height with respect to the collective degrees
freedom@45#! is obtained at, e.g., the total number of TPs
105 and varied time steps:dt'0.2 fm/c at relatively large
distances when the Coulomb contribution to the poten
barrier @i.e., Eq. ~10!# is dominant, anddt'0.05 fm/c at
small distances where the nuclear part plays a major rol

By using the TP method it is simple to specify further t
equation of motion for the collective degrees of freedo
Inserting Eq.~26! into Eq. ~19! for expectation valuesR and
P we write the collective coordinate and momentum as

H R

PJ 5NA
21(

i

NA H r i

pi
J 2NB

21(
i

NB H r i

pi
J . ~28!

TABLE I. Binding energies per nucleon~MeV! and root mean
square radii~fm!.

16O 40Ca 58Ni 90Zr 208Pb

E/A expt. -7.98 -8.55 -8.73 -8.71 -7.87
Vlasov -8.8 -8.77 -9.18 -9.00 -8.23
rms expt. 2.73 3.49 3.82 4.27 5.5
Vlasov 2.75 3.50 3.99 4.50 5.75
3-5
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Here and below the indices A and B indicate that the resp
tive sums are taken over the total numberNA andNB of TPs
belonging to the nuclei A and B, respectively. The variati
of this relation at small time intervaldt reads

H dR

dPJ 5
dt

NA
(

i

NA H pi /m

2rU~r i !
J 2

dt

NB
(

i

NB H pi /m

2rU~r i !
J

2
NA1NB

NANB
S (

i

dNA→B H 0

pi
J 2 (

i

dNB→A H 0

pi
J D , ~29!

where the sum in the third term of the RHS of this equat
is running over the TPs which are transferred from nucleu
to nucleus B (dNA→B) and from B to A (dNB→A), respec-
tively. This term arises due to the nucleon exchange thro
the neck region.

The local part of the collective forceFl can be calculated
according to the relation

Fl'
1

N (
i

M

@2rU~r i !#s~zi2Z0!1nz

P0

m

3E drd~z2Z0!@n~r !#5/3, ~30!

where the constantP05(3p2/2)2/3\2/5m'50 MeV fm2

corresponds to the static pressure tensor of the Fermi liq
at zero temperature, andnz denotes a unity vector indicatin
the Z direction. On the basis of this equation we choose
position of a dividing planeZ0 in order to minimize the
potential barrier, Eq.~10!, along the fusion path. This cond
tion corresponds to the minima of the second term on
RHS of Eq.~30!. We note that for the cases considered b
low the mass asymmetry parameterh remains small during
the evolution.

It is straightforward now to apply the Feynman method
order to find in a self-consistent manner the path for a ch
nel of sub-barrier fusion reaction. We simulate the semic
sical imaginary time evolution in collective subspace$R,P%
@i.e., the Wick transformation; see Eqs.~17! and~25!# replac-
ing the equations of motion, Eq.~27!, by

dr i
I5dtpi

I/m, dpi
I52dt„rU~r i

I!12FlsI~zi
I2Z0!…,

~31!

where pi
I and r i

I denote the imaginary time coordinate a
momentum ofi th TP. We would like to stress that withi
such a description also other collective degrees of freed
remain unfrozen along the fusion path. This feature is p
served due to a self-consistent treatment employed for
evolution in classically forbidden region. It should be note
however, that some specific cases may require in genera
explicit consideration of the tunneling in a direction of som
additional collective degrees of freedom other thanR andP
~cf. @14#!, for instance, the neck region and mass asymme
The previous studies~cf. @20,21#! have shown, indeed, tha
the collective degrees of freedomR andP adopted here are
sufficient to describe the fusion dynamics above the bar
especially for light and medium nearly symmetric systems
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can be expected that similar properties hold at the ener
near the Coulomb barrier@10,33,36,39,46#. For heavier sys-
tems this might not be the case and one possibly need
introduce additional degrees of freedom as an explicit t
neling variable.

C. Deformation, neck, and nonlocality in nuclear fusion
energetics

The snapshots from the sample of calculations for16O
116O sub-barrier fusion reaction are given in Fig. 1. T
relative distances between 11.5 and 7.6 fm represent
classically forbidden domain. To access these distances
make use of the method discussed above for a sub-ba
collision. We switch on the imaginary time propagation wi
respect to the collective subspace@see Eqs.~17!, ~25!, and
~31!# at the outer classical turning point (R'11.5 fm),
where the nuclei stop because the relative motion in thR
direction is slowed down by Coulomb repulsion. The cont
bution of the Coulomb interaction to the collective force
turned on to be attractive after this time step and the cen
of mass of the nuclei are accelerated towards each other
the nuclear forces start to grow in importance. Since alo
the fusion path in the classically forbidden domain t
nuclear forces contribute repulsively to the collective for
with respect to the motion in theR direction, the nuclei stop
again at the inner classical turning point (R'7.6 fm).
Switching from the imaginary time evolution to the real o
at this point, it is possible to analyze the dynamics and
properties of the evaporative residue. In Fig. 1 one sees
during the evolution in classically forbidden region~i.e., the
imaginary time evolution! light nuclei overlap negligibly
even in the vicinity of inner turning point, displaying thereb
an applicability of models based on the picture of nucle
proximity energy~cf. @47,48#!. Within such a picture the fu-
sion barrier is given as contributions of the Coulomb rep
sion and the attractive nuclear interaction between

FIG. 1. Snapshots from the mean-field simulation of the fus
reaction for a head-on16O116O collision at the energy 8 MeV. The
surfaces represent the neutron mean field. The contours in theXZ
plane show the neutron density at 0.015 fm23 ~dotted lines!,
0.03 fm23 ~solid lines!, and 0.05 fm23 ~dashed lines!. The numbers
indicate the relative distance~the first number measured in fm!
between the c.m.s. of two nuclei and the time~the second numbe
measured in 10222 s) during the evolution along the fusion path.t
50 corresponds to the outer turning point.
3-6
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KINETICS IN SUB-BARRIER FUSION OF SPHERICAL . . . PHYSICAL REVIEW C 61 044613
nuclear surfaces which is related to the long-range com
nent of nuclear forces. Since the effects of nuclear polar
tion and deformation as well as nonlocality in sub-barr
fusion of a light system are small, the long-range compon
of the nuclear interaction can be revealed from the fus
data~see Fig. 4 and discussion therein!.

In Fig. 2 we show the snapshots from the simulations
the sub-barrier fusion of (58Ni158Ni) system. In contrast to a
light system, for such nuclei of medium mass numbers
formation of a neck can be considered as the predomin
mechanism leading to the creation of a united residue du
the imaginary time evolution.

As it is seen in Figs. 1 and 2 for nuclei of relatively sma
and medium mass numbers the obtained time intervalDt
corresponding to the noticeable nucleon exchange~i.e., pro-
nounced nuclear density in the neck region! is in good agree-
ment with an estimate based on the barrier curvature par
eter ~see Sec. II!.

To analyze the role of nuclear deformation in the nucl
fusion process we consider the behavior of multipole m
ments of colliding nuclei using the quantities

b l5~2l 11!
^r l

•Pl~ r̂ !&A1~21! l^r l
•Pl~ r̂ !&B

^r l&A1^r l&B

~32!

for quadrupole (l 52) and octupole (l 53) components.
Here Pl are the Legendre polynomials, and^•&A and ^•&B
denote an average with respect to the nuclei A and B.
dipole moment is characterized by the normalized pro
polarization distance, i.e., the quantity

b153
Rp2R

^r &A1^r &B
, ~33!

whereRp is the distance between the centers of masses o
protons belonging to the nuclei A and B, respectively.

The quantitiesb l are shown in Fig. 3 together with th
$R,P% phase-space diagrams. One sees that at beam ene
well above the Coulomb barrier only a high-frequency dip
component of the nuclear deformation has sufficient time
be excited. The excitation amplitude of this component
however, rather small because of the large stiffness of

FIG. 2. The same as Fig. 1 for a58Ni158Ni collision at the
energy 93 MeV.
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dipole mode. The low-frequency octupole degree of freed
@see Fig. 3~c!# is released to a large amplitude especially
energies near to the barrier. Since the translational motio
nuclei is very slow in such a case, this degree of freedom
sufficient time to be excited. The progressive growth of o
tupole deformation along the fusion path is related to
creation of the nuclear density in the neck region and
nucleon exchange. This mechanism leads to the formatio
an intermediate dinuclear system during the fusion reac
~see also Fig. 2!. This stage of the evolution proceeds un
the inner turning point and thereafter before the two nuc
actually fuse. The intermediate-frequency quadrupole de
mation component@see Fig. 3~d!# shows a change in the
nuclear shape at the approaching stage from an oblate
figuration at relatively large distances where the repuls
Coulomb interaction is dominant to a prolate shape
smaller R when the attractive nuclear interaction becom
noticeable. This feature is also shown by the results of c
culations@47# based on the liquid drop model. However, th
dynamical effects smear out a sharp change in the nuc
shape transition. The quadrupole deformation displays p
nounced oscillations at sub-barrier energies, result
thereby in an oscillating behavior of the neck size.

As is pointed out above the long-range component of
nuclear interaction can be extracted from the data on s
barrier fusion of light spherical nuclei. Within the paramet
zation given by Eq.~23! this component is determined by th
strength of a long-range one-pion exchange contribution
the nucleon-nucleon interaction@41#. Figure 4~a! shows the
potential barriers evaluated according to Eq.~10! for a
head-on (16O116O) collision at the fixed valueVp5
26.43 MeV in Eq. ~23!. The cases of an incident energ
below and well above the barrier are displayed to yield v
similar interaction barriers, being in a good agreement w
the one extracted from experimental data@36#. For nuclei of
medium mass numbers the dependence of an amplitud
the nuclear deformation on the beam energy gives rise

FIG. 3. The phase-space diagram@~a! upper part of the left
panel# for the collective variables$R,P% and the valuesb l @l 51,
~b! upper part of the right panel;l 52, ~d! bottom part of the right
panel; andl 53, ~c! bottom part of the left panel# corresponding to
a head-on58Ni158Ni collision at the beam energies 90 MeV~solid
line!, 93 MeV ~dotted line!, and 145 MeV~dashed line!. In the
cases of 90 MeV and 93 MeV plotted is the collective momentumP
that is multiplied by a factor of 3.
3-7
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variation of the potential barrier with the incident energy.
is a general feature of the nuclear collision that the n
formation results in a lowering of the potential barrier~cf.
@50#!. As is seen from Fig. 4~b! such a barrier lowering is the
most significant at beam energies near to the barrier he
Since at this condition the deformation degrees of freed
are released at an early stage of the collision~see Fig. 3!, the
process of neck formation occurs at larger relative distan
as compared to an overbarrier collision. This feature of
excitation of the collective degrees of freedom in nucle
tunneling contributes to an enhancement of the fusion c
section and can be thought to represent the semiclas
counterpart of the coupled-channel treatment~cf. @5,7#!.

We finally discuss the effects of nonlocality in nucle
fusion energetics. As is demonstrated in Sec. II within
mean-field transport theory these effects can be unders
in terms of the preequilibrium nucleon exchange through
neck region. In the cases of overbarrier energies such
effect gives rise to a larger value of the effective barrier, E
~11!, as compared to the potential barrier@see Fig. 4~b!#,
representing thereby a feature similar to an ‘‘extrapush
fect’’ ~cf. @48# and references therein!. When the beam en
ergy is very close to the potential barrier height the collect
momentumP approaches zero at the distances correspon
to the barrier top. As a consequence, the nonlocal compo
of collective force@see Eq.~9!# and, respectively, the differ
ence between effective and potential barriers almost va
at these energies. For instance, for a58Ni158Ni collision at
the energy 93 MeV the potential and effective barriers@i.e.,
dash-dotted line in Fig. 4~b!# practically coincide. For a sub
barrier fusion process the nonlocal effects make the effec
barrier thinner and lower than the potential one. Furth
more, since the neck appears at an early stage for the

FIG. 4. The potentials for the fusion reaction.~a! Left panel
represents16O116O system: the solid line shows the empirical p
tential @36#, the dashed and dash-dotted lines are the results o
Vlasov simulations at the energies 8 MeV and 16 MeV, resp
tively, and the thin dashed line denotes the Bass parametriza
@49#. ~b! Right panel shows the results of the Vlasov simulations
a 58Ni158Ni reaction at the energies 90 MeV~solid line!, 93 MeV
~dash-dotted line!, and 145 MeV~dashed line!. The thick lines in-
dicate the potential barriers, while the thin lines represent the ef
tive barriers. The thin dotted lines give the values of the Coulo
interaction between the pointlike charges.
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barrier collision, the nonlocal effects are more important
compared to the overbarrier scattering. With decreasing
collision energy below the barrier the effects of nonlocal
in the nucleus-nucleus interaction become more pronoun
yielding an additional enhancement of the fusion cross s
tion, a property which is generally not included explicit
within a coupled-channel treatment.

D. Nuclear fusion cross section: The scaling properties

The total fusion cross section versus the beam energ
given in Fig. 5. As we have seen above the maximum of
interaction barrier between relatively light nuclei is locat
at large relative distance@see Figs. 1 and 4~a!#. Therefore,
the nonlocal component of the collective force does not g
any noticeable contribution. Consequently, a simple bar
penetration model based on the WKB approximation p
vides a realistic picture of the sub-barrier fusion for such
system. The height of the potential barrier in this case
determined by competition between the nuclear surface t

he
-

on
r

c-
b

FIG. 5. The fusion excitation functions. Part~a! represents the
16O116O system with the experimental data from Ref.@47#. Parts
~b!–~d! display the results for the isotope pairs:~b! 58Ni158Ni; ~c!
58Ni164Ni; and ~d! 64Ni164Ni. The circles show the experimenta
results of Refs.@10,51# while the squares are taken from Ref.@52#.
The solid lines denote the results of the Vlasov simulations;
dotted and dashed lines are obtained with the WKB approxima
using the potential barriers of Fig. 4~b! corresponding to the beam
energies 90 MeV~dotted curve! and 145 MeV~dashed curve!.
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and the Coulomb interaction. The present parametrizatio
the nuclear interaction yields rather good agreement of
calculated cross section and the experimental data show
Fig. 5~a!. Some discrepancy at low energies is associa
with the rough approximation of the continuously changi
angular momentum made in Eq.~14! because the depen
dence of the transmission coefficient on angular momen
is relatively sharp for the case of light nuclei.

For heavier nuclei the effects of deformation, neck form
tion, and nonlocality grow in importance affecting conside
ably the fusion cross section@28#. From Fig. 5~b! we see that
the experimentally observed sub-barrier enhancement ca
understood as a barrier lowering property caused by po
ization and deformation effects. At beam energies above
barrier height the fusion cross section obtained in the Vla
simulations is systematically lower than the simple WK
barrier penetration prediction. Such a suppression is du
the nonlocality giving rise to the higher effective barrier
compared to the potential barrier@see Fig. 4~b!#. On the con-
trary, the effective barrier is suppressed at the sub-ba
energies. Consequently, in this energy range the fusion c
section is enhanced due to the nonlocal effects which
come more pronounced with decreasing collision energy.
it is seen in Figs. 5~b!–5~d! such a property of nonlocality
regarding the nonadiabatic features of the dynamics in c
sically forbidden region is essential for a good fit to data

An analysis of the scaling properties of the cross sec
~see Fig. 6! for the various isotope pairs allows one to obta
further information regarding the mechanisms of the fus
excitation function enhancement. Such an analysis has b
already employed, e.g., in Refs.@4,6,10,52# where the scal-
ing has been discussed with respect to fixed ene

FIG. 6. The normalized fusion excitation functions for the is
tope pairs58Ni158Ni ~solid lines; the circles are the data from Re
@10,51#!, 58Ni164Ni ~dotted lines; the solid diamonds are the da
from Refs.@10,51#; the open diamonds and triangles are the d
from Ref. @52#!, and 64Ni164Ni ~dashed line; the solid squares a
the data from Refs.@10,51#; the open squares are the data from R
@52#!. The fusion cross sections are scaled using the empirical
ues (Vexpt, Rexpt! given in Ref.@10# @~b!, right panel#, and the bar-
rier heightsV0 and the valuê R2& extracted from the numerica
simulations at near to the barrier energies@~a!, left panel#. The
scaled cross sections are multiplied by the factors 0.53103 ~a! and
103 ~b! for simplicity of presentation.
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independent barrier height. The barrier has been obta
from a fit to experimental data. Presented in Fig. 6~b! is such
a scaling which displays an enhancement for an asymme
system when only one of the colliding nuclei contains ex
neutrons. In the Ref.@52# this property has been attributed
the coupling of the translational motion to 2n exchange
channel. Figure 6~a! presents the results using the barr
heights obtained from the simulations at collision ener
near to the barrier top. This scaling indicates that an
hancement in the fusion excitation function can be cons
ered as a general feature for the neutron-rich system. Th
properties seem to point out that nonadiabatic effects rela
to preequilibrium nucleon flux in the neck region play a s
nificant role in such an enhancement of the cross section

IV. CONCLUSION

We have discussed a unified treatment for the microsco
description of nuclear fusion phenomena at the beam e
gies above as well as below the Coulomb barrier. Within
framework of this approach the fusion problem is treated
using the self-consistent mean-field evolution of a syst
and including the channel of the sub-barrier fusion react
as a semiclassical propagation in the classically forbid
region of a collective subspace. Since the time interval of
evolution in the classically forbidden domain is shown to
an order of magnitude less than the nuclear response
with respect to the nucleon capture, the treatment of
time-reversible nuclear dynamics is justified within this tim
scale. The preequilibrium nucleon exchange through
neck region at an approaching stage of the nuclear collis
is found to give rise to the nonlocality of the nucleus-nucle
interaction. These nonlocal effects can be considered
terms of an effective mass for the translational motio
which shows a decrease with decreasing relative distanc

The microscopic simulations indicate that the simple b
rier penetration model yields realistic picture of nuclear
sion for light spherical nuclei. Therefore, the fusion data p
vide information regarding the barrier properties. Th
information allows one to obtain the surface component o
nucleus-nucleus interaction, which we describe in terms o
long-range one-pion exchange contribution to the nucle
nucleon interaction. The strength of this contribution is e
tracted to beVp'26.43 MeV, in good agreement with a
estimate of Ref.@41#.

For heavier nuclei of medium mass numbers the effect
nuclear deformation, neck formation, and nucleon excha
grow in importance, modifying thereby the results of t
WKB approximation considerably. We have seen th
nuclear deformation and neck formation give rise to a be
energy dependence of the potential barrier. As is displaye
Fig. 4 such a barrier variation shows the same order of m
nitude as respective barrier fluctuations obtained within
coupled-channel model, thus representing a semiclass
picture of the coupled-channel property. This feature can
regarded as a predominant mechanism of the nuclear fu
cross section enhancement at energies in the vicinity of
barrier top.

An analysis of the scaling properties in the fusion cro

a

.
l-
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V. N. KONDRATYEV, A. BONASERA, AND A. IWAMOTO PHYSICAL REVIEW C 61 044613
section for different isotope pairs indicates that the fus
excitation function for nuclei containing extra neutrons d
plays in the low-energy region an enhancement as comp
to the neutron-poor system. This enhancement can be a
uted to nonadiabatic effects in the collective motion due
the preequilibrium nucleon exchange through the neck
gion.
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APPENDIX: UNCERTAINTY COMMUTATION RELATION
FOR OPERATORS R̂ AND P̂

To calculate the commutator@R̂,P̂# we represent the
function s(x) defined by Eq.~4! as

s~x!5@erf~a•x!ua→`2h#/~2m!, ~A1!

with the error function erf(x)5(2/Ap)*0
xexp$2u2%du. Since

@R̂i ,P̂j #50 for iÞ j , we have

@R̂,P̂#5m(
k51

Atot

@R̂k ,P̂k#. ~A2!

Using the definitions, Eq.~3!, of the operatorsR̂ and P̂ it is
straightforward to obtain the relation

~ i\!21@R̂,P̂#5$s~z2Z0!%21~z2Z0!s~z2Z0!s8~z2Z0!,
~A3!

where a prime denotes the derivative.
s.

on

R
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Inserting Eq.~A1! into Eq. ~A3! we find for the second
term of the RHS of Eq.~A3!,

$erf@a~z2Z0!#2h%a~z2Z0!

3exp$2a2~z2Z0!2%/~Ap2m2!ua→`50.

~A4!

Therefore, the uncertainty commutation relation correspo
to

~ i\!21@R̂,P̂#215211m(
k51

Atot

@s~zk2Z0!#2

5
2h

12h2Hh2FAtot
21(

k51

Atot

erf@a~zk2Z0!#G
a→`

J
5O~h2!. ~A5!

In the derivation of Eq.~A5! it is taken into account that in a
space of square integrable functions the opera
Atot

21(k51
Atot

„$erf@a(zk2Z0)#%221…a→`50. It is worth no-
ticing here that an expectation value of the RHS of Eq.~A5!
vanishes since the term„Atot

21$(k51
Atoterf@a(zk2Z0)#%a→`…

5ĥ represents mass asymmetry operator.
To demonstrate that the operatorP̂ is Hermitian we con-

sider the difference

D5E
2`

1`

dxg~x!* @ P̂f ~x!#2E
2`

1`

dx@ P̂g~x!#* f ~x!,

~A6!

whereg(x) and f (x) are square integrable functions imply
ing that g(x), f (x)ux→6`50. Making use of Eq.~3! and
integrating by parts in, e.g., the first term of the differenc
Eq. ~A6!, we obtain the Hermitian equality

D52 i\@g~x!* s~x! f ~x!#2`
1`50. ~A7!
nd
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