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Sensitivity of muon capture to the ratios of nuclear matrix elements
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It is shown that the observables in ordinary muon capture depend very sensitively on the ratios of nuclear
matrix elements. This is demonstrated for the case of extragirig, from yv-correlation experiments on
283j and from the ratio of capture rates from hyperfine stateSnand >*Na.

PACS numbs(s): 23.40.Hc, 21.60.Cs, 23.40.Bw, 27.20

[. INTRODUCTION [1,2] and the measurement of the ratio of the partial muon
capture rates from the hyperfine states of mesic atoms
The study ofywv-correlation coefficients obtained by two [11,12.
groups[1,2] measuring the capture of polarized muons in

28Sj by means of the reaction
Il. CORRELATION EXPERIMENTS

n+2Si(0*,g.5)—>2Al(15,2200 + v, The following derivation is based on a multipole analysis
28 N 28 4 of the muon capture process fully described5rl3,14. The
Al(15,220) —y+7Al(01,902 (D) partial OMC for nuclear 0—1" transitions depends only

i i on two independent nuclear amplitudds(—1) andM(2)
suggested that the extracted ragip/ga is strongly depen- \nich are functions of the reduced matrix elemeka/ul,

dent on the nuclear matrix elements used in the analysis. wup] defined in the Appendix and of the variotseak
comparison of the experimental data with the calculations 0§y, factors

[3] resulted ingp/ga=0.0+3.2, in strong contradiction to

the predictions from the partially conserved axial-vector cur-

rent (PCAC hypothesisgp/ga=6.5 and the experimental \F 1 V2

result gp/ga=9.2+2.0 obtained from the radiative muon Mai(=1)= 3| GA_§GP)[101]+?GP[121]
capture (RMC) rate on hydrogerf4]. The calculations of

Ref.[3] used the effective muon capture Hamiltonian Bf A[011p] \F A[111p]

in the impulse approximation. The nuclear wave functions 9T 3% v [
corresponded to a many-particle shell model using several P P

variants of full sd-shell model Hamiltonians, including the

Wildenthal Hamiltonian6]. All nuclear models considered 2( 2 2

in [3] gave very similar results fogp/g, in comparison to M1(2)=\/3) —3 G101 +| Ga— §GP)[121]

the experimental data. However, in a recent calculafidn

using renormalized operators for the nuclear effective muon A[01p] 1 A[111p]

capture Hamiltonian, a change of roughly 10% of the matrix +V20p———+ —=0v——— |, (2
elements of the transition operators resulted in the value of Mpc V3 Mpc

gp/ga=3.2+2.0 for the experimeni2]. It appears therefore
worthwhile to ask in which way the ratigp /g, extracted
from experimental ordinary muon captuf@MC) data qlt_a— has been shown that the,-correlation coefficients are func-
pends on the nuclear model employed; more spelelcaIIy,(ionS of the ratio

which are the relevant nuclear matrix elements leading to the

reported quenching of the weak interaction coupling con-

stants in the nuclear environment? Up to now this problem M4(2)

has not been studied systematically. We are aware of only X= m ©)
two approache§8,9] which do not give a definite and con-

sistent answefsee also Ref.10]). We show here that for the

case of allowed nuclear transitions of physical interest aVe solve, for the rati@p/ga,

simple algebraic calculation is able to give the desired an-

swer in a transparent, closed form. Two types of muon cap- _ T

ture experiments particularly suited for the determination of M1(2)=xMy(=1)=0 @
the pseudoscalar coupling constagg will be examined.

These are the measurements of thecorrelations in OMC  or

whereu is the total angular momentum transferred[3ri] it
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TABLE |. Nuclear matrix elementém.e) and their ratios for reactiofil) calculated for several nuclear
models The following numerical valu¢$5] have been usedic=197.328 MeV fm Mpc2—938 279 MeV,
=105.659 MeV,gy,=1.0, ga=—1.264, andg,,= 3.706.

/
Nuclear [111p] [011p] 9p 9
model [101] [121] in fm~1 in fm~! Eq.(7) Eq. (9)
(6] m.e. 0.041 —0.005 0.012 —-0.017
m.e.[10]] 1.0 —0.120 0.297 —0.407 -3.0 -1.2
[6]2 m.e. —0.041 0.005 —0.011 0.017
m.e.[101] 1.0 —0.128 0.272 —-0.416 —-3.4 -1.4
[17] m.e. —0.040 0.003 —0.000 0.018
m.e.[10]] 1.0 —0.080 0.002 —0.439 -0.8 +0.2
[16] m.e. —0.053 0.007 —0.008 0.022
m.e.[10]] 1.0 —0.139 0.144 —0.406 —-35 —-1.3
[18] m.e. —0.057 0.007  —0.007 0.025
m.e.[10]] 1.0 —-0.122 0.119 —0.432 -3.0 -1.1
aVith mass dependence of single-particle energies as descrilp@a]in
(x+2)([101]+ 2[121])Gp ample we consider the reactiét) for which the experimen-
tal values arex=0.25[1] andE,=97.57 MeV. Equatior{6)
=3(x[101]+[121])G,p becomes, in this case,
x+ 2) LOLIp] [Ollpl gp 121 [011p] _ [111p]
— =7.6+126. +12.% —2.2
Ja T1og " 4101 [101]
121]\ ¢
(5) [
12 5og (7)

Keeping only the first order in the small ratip$21]/[ 101],

Th finiti f i h f thi
e definitions ofG, and Gp are given at the end of this [011p]/[101], [111p]/[101], i.e., using

paper. For the physically interesting nucledr-81™" transi-
tions with large partial OMC ratg,101] is the dominating [121]| [121]
matrix element. It differs from the Gamow-Teller matrix el- <1+ \/E _) ~1—+2 ——
ement studied irB decay only through its radial part. Isolat- [101] [101]
ing a term that does not depend on the nuclear matrix ele

ments we can rewrite E@5) in the following form: in Eq. (6) we obtain

dp 1+ gv QM 3X 2MpC2 9v 9M>
2 — = - - T
%:1+9_V+9_M 3x ZMPC _%_g_’v') 9a gA 9a x+\/— E, 9a 9a
g g g + g g
A AoOn x2 AR e [011p] 1-V2x(2Mye? gy gu|[121]
+6— +3 -———
| 1-V2x 2Mpc _g_g_m)[m] E, (101~ x+2 9 9a)[101]
X+ ga 9a/[101]
V2 o [1 V2x fic gy [111p] .
hc[01p] 1~ \2x e gy [113p] 2 E, gx [101] ®
E, [101] +v2 E, ga [101]
X 8 Inserting the numerical values for the above-mentioned case
[121]) 1 leads to
1+\/_[101] (6)
gp 121] [011p] _ [11lp]
&~76 +26. T +12.1 0T 24[101]. (9)

This equation shows that the extracted ragig/g, has a

weak dependence @y, . It is, however, very sensitive to the This clearly shows thayp/g, depends sensitively on the
ratios of the nuclear matrix element$121]/[101], ratios of very small nuclear matrix elemeritsually consid-
[111p]/[101], and[011p]/[101] (even in the case of the ered to be unimportanto the dominating one. Each term in
very fast partial OMC transitions whefe01] dominatey  Egs.(7) and(9) contributes togp/g, at the same order of
since they are multiplied by large coefficients. As an ex-magnitude as the leading constant term. The constant term
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TABLE II. Nuclear matrix elementém.e) and their ratios for reactiofil4) calculated for several nuclear models.

Nuclear [111p]  [011p] [1120] 9¢ /94
model [101] [121] (fm™1)  (fm™} [022] [122] (fm™Y)  Eq.(15 Eq.(22
(POT [21] m.e. —0.069 0.001 —0.003 0.024 —0.007 —0.010 —0.002

m.e.[101] 1.0 —0.014 0.038 —0.347 0.097 0.144 0.025 45 4.3
() [21] m.e. 0.076 —0.001 0.004 —0.024 0.007 0.010 0.002

m.e.[101] 1.0 —0.010 0.050 —0.318 0.093 0.137 0.024 4.8 4.7
(N [21] m.e. —-0.072 0.001 —0.004 0.024 —0.007 —0.010 —0.002

m.e.[101] 1.0 —0.010 0.048 —0.337 0.096 0.139 0.025 4.6 45
PKUO [22] m.e. 0.077 0.000 0.007 —0.025 0.007 0.010 0.002

m.e.[101] 1.0 0.002 0.088 —0.318 0.092 0.133 0.024 5.1 4.9
(P5167 [22] m.e. 0.080 —0.001 0.003 —0.025 0.007 0.012 0.002

m.e.[101] 1.0 —-0.013 0.037 —0.319 0.084 0.144 0.022 a7 4.6
(P1016T [22] m.e. 0.086 —0.002 0.001 —0.025 0.007 0.012 0.002

m.e.[101] 1.0 —0.018 0.010 —0.294 0.080 0.136 0.021 4.8 4.7

7.6 in Egs.(7) and(9), lying between the PCAC value of 6.5 and additional velocity-dependent matrix elements of order
and the value 9.2 obtained from RMC, is reduced-b§.8.  v2,/c? appear. For Eqg6) and (8) the resulting contribu-
The main part of this shift is related to the ratio tions of these second order terms have a common factor
[011p]/[107]. Inclusion of higher order terms shifts the ex- EVIZMpcst.OS and can therefore be neglected in the
tracted value ofgp/g, roughly from —1 to —3. On the present context.

other hand, the partial OMC rate for fast allowed transitions

is mainly determined byg,-[101] and has very little sensi-

tivity to the other matrix elements. One can therefore con- . OMC FROM HYPERFINE STATES

clude that reproducing the partial OMC rate does not guar- If the target nucleus has nonzero spin the muon in the

antee a correct extraction gfs-/g, from the experimental . ) S ,
value ofx. A discussion of the dependence of the total cap-K orbit of the muonic atom may exist in two hyperfine states

ture rates in light nuclei on the various matrix elements cari’)vith spinF ' =1;+1/2 andF" =1;~1/2. The ratioA*/A"~
be found in[10,14]. Table | shows the nuclear matrix ele- f the partial OMC rates from these hyperfine states is

ments calculated within a many-particle shell model usin known to be sensitive tgp/ga [5,14]. The general theoret-

. N y-p ) . Ycal framework for the description of the parti&f- rates has
various Hamiltonians. The extracted ratigs/g, according been described if6,14] and in[20]. In [20] some improve-
Egs. (6) and (8), given in the last column, show a slight ' :

model dependence as do the ratios of the nuclear matrix eE;ents in the interference terms between different-order for-

s dden transitions have been performed as compared with
ements themselves. The valuesggf/g, within these mod- Egs. (2.150—(2.152 of [5]
els vary only betweer 3 and—3.5. The model of Re{17], We start from the simplest case. The only nonvanishing
on the other hand, dempnstrates nicely the §trong Oleperﬂfuclear matrix elements for a"1-0" transition are those of
dence ofgp /g, on the ratios of the nuclear matrix elements.the rank-1 tensor operators. In this case according (4]
The values of the matrix elements and their ratios are quitg\le have '
different from those of the other authors. Equati@8)sor (8)

also explains the findings of Rgf7]. If, as quoted in7], a

renormalization of the nuclear matrix elements reduces the At %Mf(Z)
magnitudes of the matrix elementsoughly by 10% for y=—=-—5—— (10)
[101] and 30% for the other matrix elemeptthen the over- A~ 3Mi(—-1)
all reduction of the ratios amounts to almost 20%, thus shift-
ing the extracted value @p/ga up.
In two recent paperf19] terms of order?Z,/c? of the or
effective OMC Hamiltonian have been investigated. As a
result the effective form factor&, and Gp entering the Mf(Z)—Zny(—1)=0,
nuclear amplitude$t,(—1) andM4(2) are changed into (11)
GpGp— = gA+(gV+ZgM)(mu02_1H E, )" [M1(2) = 2yMy(=1)][M4(2)+ V2yMy(~1)]=0.
2 EV 2M DCZ
1 n e £\ Replacingx by v2y (y2y positive we can read off imme-
Gp—Gp— _(gp_gA_gV_ng)< wt 1) v diately frqm Eq.(8) the s_olutlons to Eq(11) (we show here
2 E. 2M 2 only the linearized version
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+3 M .c2 concentrate in the following on the transitions (372)
9 ~ gl T 9w \/_ P % — g_M> —(1/2)*. In these transitions the only nonvanishing nuclear
9a 9a  9a 1+ \/_ ga  Oa matrix elements are those of tensor operators of rank 1 and 2.

From[5,14] we find
ic[01p] 3 1—2&

6—
g, 1oy T2 14y

121 1-2\y #ic gy [111p] Y=\~ 8 '
om0 (100 a2 A S a2
+ Yy v YA

(15

2M pC2 Ov 9M>

8
Ow_swz M2(2)]7+ 3 M3(=3)

We proceed as before and keep only ratios of small matrix

2Mp62 gv  Om elements to first order. Therefore we omit in Ed5) the
squares of rank-2 amplitudds,(2) andM,(—3). M,(2) is
given by[5,14]

Ac[011p] 3 1+2\y[2M,c? gy 9v H1120]
+BE_V [101] +$ 1-Vy | E,  ga Oa Mz(2)=\[{\/—Gv[022] Gal122]- \[gv Mo ]
(16)

gp oy gu 3Vy
+—+
9a 9a Oa 1-4y

[121] 1+24y #ic gy [111p]
[101] ‘/6 1— \/— E_Va (101 13 If we introduce the nota_tiont=M1(2)/M 1(—1) and
s=M,(2)/M,(—1), we obtain, from Eq(15),

The second solution corresponds to negatiig(2)/M4

(—1) and leads to a very large negative rajj/g, . There- 5 \/§ 5 B
fore only the case with positivil,(2)/M,(— 1) should be 9t?—6\/ gSt-y(16+t2+21/156t) =0,
considered.

ity

In the following we treat the case of two experiments in\yhich has the positive solution
1
7,9.5.) —v,+ 11Be(—,

2
) s?. (17)

which the ratio of OMC rates from hyperfine states have
+ \/ 16 Y + 15
5 9—-vy 9

been measured. [12] the reaction

has been studied and a value of't/A-=0.028 After dropping the term proportional t6# under the square
+0.021(stat.} 0.003(syst.) was obtained. [a1] the hyper- o0t in Ed.(17) we obtain the equation

fine dependence of partial OMC rates #Na(3 *,g.s.) has

b_een investigateq for se\_/eral allc_)wed pa.rt.ial nl_JcIear transi- M1(2)= /ﬂM (1) + \ﬁ ﬂMZ(Z). (18)
tions. The most interesting partial transitions in OMC on 9-y 5 9-y

Z3Na are those having the same angular momentum and par-
ity selection rules as the transitions MB. Therefore we Using the definition of the amplitudg®) and(16) we get

4
el

Iu*_i_llB

320) (14)

( [121]) 8y Jo—y  [121] h[onp]
1+ \/E —_— p:3 GA+3 GA+
[101] Jo—y+ /8y V2(9—y)+ 16y [101] M c[101] 24

o Vo—y— 32y ﬁ[lllp] 93+5y Jo—y [027]

J2(y-9)+ 16y Mpc[lol] V5 g-y @+@[101]GV
L 93+5y Yo-y  [127 \f3+5y Jo—y #[112p]
59—y m+\/_[101]e’*+3 59—y \2(9—y)+ 16y Mpc[101]

v -

With the abbreviatiora=/16y/(9—y) andb= \/§(3+5y)/(9—y) we obtain
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de gv gM 3a

E, da  Oa

[101]

2Mpc gy gM)[lzl]

2|\/|pc2 gy gM) he [011p] - ay?2
—~1+ - 6—
E, [101] T V2+a

Ja da QA a—l—\/— ga  Oa
2M 2 )gV[OZZ] \F? b
+1|———+\/—
E, ga [101] 5a+2

E, da  Oa

[101]

+2\/_1 a\/—hcgv[lllp] \/§1 b

2MpCz Ov 9M)[122]
V2+a E, ga [101] 5a+2

6b  #ic gy [112p] [121]) 7!
_— 1+V2 —— (19)
2 E, ga [10]] [101]
Linearization as in the previous sections leads to
Op 1 gv gM 3a ZMpCZ_gV_gM)+6hC [Ollp] 1 a\/— 2|V|pC ~9v O [121]
da da gA a+\/— ga Oa E, [101] \/_+a E, ga  9a/[10]]
1-av2hcgy[11p] [54 b [2M,c® gy [022 27 b [2M,c? gy gu|[122]
I T i Ny +1l|——+\———= — | —
\/E-I—a E, ga [101] S a+\/§ E, ga [107] S a-l—\/E ga 9a/[10]]
6b #c gy [1120]
L o0 feov1p] @
a++\2 E, 9a [101]
Taking the values of Ref12] for y andE, obtained from OMC on''B (y=0.028,E,=92.83 Me\} we get
gp 121] J011p] [11110]L 10220 - [1220] - [112p] [121]\
on ‘30%101] 128707 ~24t10m 90 o 2o + taom || 1 V2 [og) (21)
and
O J011p] [111p] _ [022]  [122p]  J112p]
o 71+30(%101] 128501 — 2400+ 9T on 9210~ L 100 (22)

in linear approximation. Table Il gives the extracted valuesharmonic oscillator wave functions. This choice may overes-
of gp/g, for various nuclear Hamiltonians. As can be seentimate the radial integrals of the gradient operator in the
the matrix elements as well as the relevant ratios calulatedelocity-dependent terms. Further theoretical efforts are de-
with different effective interactions are rather similar. This is sirable to further improve the nuclear structure part for the
reflected in the almost model-independent valuesgfotg, ~ muon capture process.

(4.3—-4.9. Equations(20) and (19) lead to almost identical

results. The exact solution of Eq15) leads to values of

dp/ga only roughly (2—4 % above those of E¢22). APPENDIX
The nuclear matrix elements used in the calculations of
IV. CONCLUSIONS nuclear OMC are defined H,13,14

We showed in this paper that the generally held opinion

that the velocity-dependent terms in OMC observables are of A
little importance is not true for the ratios of observables con- [Ou u]:<\]f||‘/1/(477) 2 G,(T) T Ju(ELT i)
sidered. These terms influence strongly the resultzdf, if k=1
extracted from ratios of OMC observables. According to -
XY (rl| i)/ 23+

Egs.(7) and(21), [011p] has the biggest impact on the ratio

gp/ga obtained from the experimenit$,2]. The nuclear ma-

trix elements used in this work and in Reff8,7] have been A

evaluated within a many-particle shell model using various _ Ty _.
effective interactions. The many-body wave functigds;) [1wu]=(¢ V3/(4m) kgl Puld il BT
and the one-body transition densities have been calculated R

with the computer programxBAsH [23] with single-particle X[, Yu(r) 1l N23:+ 1,
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A
E,
[1wup]=(3|V3/(4m) 2 . (1) 7 jul(Er) Gv=gv<q2>(1+ 5
k=1 2Mc

XLY (1), Vidul 3i)/ V23 + 1,

X GA= (@)~ [Ou(@) +au(@)] 5,
[Ouupl=(3(N1(4m) 3 6,7 Ju(Euri) ’
N E
_ 2y 2y _ 2y _ 2 v
XYu(Fk)(ﬁk’&k)||Ji>/m- (A1) Gp=[9p(d9) —9a(a%) —9v(g°) —gm(a9)] 2Mp02
(A2)

Here 7~ is defined throughr~|p)=|n). The effective
form factors appearing in the amplitud®s,(«) are given As is usually done for light nuclei we have approximated the
by the following combinations of the weak hadronic form muon wave functionp,(r) by the square root of the muon

factors: density averaged over the nuclear volume.
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