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Constraints on spin observables inp̄p\L̄L

Mokhtar Elchikh
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It is recalled that spin observables in the strangeness-exchange reactionp̄p→L̄L are not independent, but
are related to each other by simple algebraic relations. This provides constraints on the existing data on
polarization and spin-correlation coefficients and also on forthcoming data obtained using a polarized proton
target.

PACS number~s!: 24.70.1s, 13.75.Cs, 13.75.Ev, 13.88.1e
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Antihyperon-hyperon production (ȲY) in antiproton-
proton (p̄p) collisions has been studied by the PS185 C
laboration @1,2# at CERN. Experimental data on the int
grated cross section, differential distributionI 0 , polarization
P and spin-correlation coefficientsCi j at various energies
have already been published. The experiment has bee
sumed using a polarized proton target, and the results o
analysis are expected to be published soon@3#.

The algebra of observables involved in the scattering
two spin-1/2 particles is rather straightforward and has b
extensively studied in dedicated articles@4–6#. This knowl-
edge has, however, been somewhat lost, and it seems d
able to adapt the general formalism to the special case o
set of observables available forp̄p→L̄L.

Furthermore, there is considerable interest in the stud
this reaction. Models based onK, K* exchange@7#, quark-
pair creation, or polarized strange sea-quarks in the nuc
@8# give different predictions on the transfer of spin polariz
tion. This was the main motivation for extending the study
strangeness production. The problems encountered ther
intimately related to those of deep inelastic scattering or v
lation of the Okubo-Zweig-Iizuka~OZI! rule in p̄p annihila-
tion @8#.

In Ref. @9#, it was recalled that the existing data on co
relation coefficients give constraints on the transfer of po
ization fromp to L or from p to L̄. In the present paper, w
wish to provide further inequalities, which hopefully will b
useful for analyzing the data.

We start from the decomposition of the transition mat
M into six ~complex! amplitudesa, b, c, d, e, andg. In the
c.m. system~c.m.s!, M can be written as@4,5#

M5~a1b!I 1~a2b!s1•n̂s2•n̂1~c1d!s1• k̂s2• k̂

1~c2d!s1•p̂s2•p̂1e~s11s2!•n̂

1g~s1• k̂s2•p̂1s1•p̂s2• k̂!, ~1!

where the kinematical unit vectors are defined from the m
mentumpi of p̄ andpf of L̄:

p̂5
pf

upf u
, n̂5

pi3pf

upi3pf u
, k̂5n̂3p̂. ~2!
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Neglecting an overall flux and phase-space factor, the dif
ential cross sectionI 0 and the spin observables are given

I 05Tr@MM†#,

PnI 05Tr@s1•n̂MM†#,

AnI 05Tr@Ms2•n̂M†#,

Ci j I 05Tr@s1• ı̂s2•¤̂MM†#,

Di j I 05Tr@s2• ı̂Ms2•¤̂M†#,

Ki j I 05Tr@s1• ı̂Ms2•¤̂M†#. ~3!

More explicitly ~again, up to an overall factor!,

I 05uau21ubu21ucu21udu21ueu21ugu2,

PnI 052 Re~ae* !12 Im~dg* !,

AnI 052 Re~ae* !22 Im~dg* !,

CnnI 05uau22ubu22ucu21udu21ueu21ugu2,

CxxI 0522 Re~ad* 1bc* !22 Im~ge* !,

CzzI 052 Re~ad* 2bc* !12 Im~ge* !,

CxzI 0522 Re~ag* !22 Im~ed* !,

DnnI 05uau21ubu22ucu22udu21ueu22ugu2,

DxxI 052 Re~ab* 1cd* !,

DzzI 052 Re~ab* 2cd* !,

DxzI 052 Re~cg* !12 Im~be* !,

KnnI 05uau22ubu21ucu22udu21ueu22ugu2,

KxxI 0522 Re~ac* 1bd* !,

KzzI 0522 Re~ac* 2bd* !,

KxzI 0522 Re~bg* !12 Im~ec* !. ~4!
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To project out the spins of the particles, we follow here t
usual convention that forL̄, $x̂,n̂,ẑ% coincides with$k̂,n̂,p̂%,
while for p or L, the axes$x̂,n̂,ẑ% coincide with $2 k̂,n̂,
2p̂%.

In principle, a polarized target gives access to rank-3
servables of the type

C0a i j I 05Tr@s1• ı̂s2•¤̂Ms2•âM†#. ~5!

For instance,

C0nzzI 052 Re~de* !22 Im~ag* !,

C0nxxI 0522 Re~de* !12 Im~ag* !,

C0nzxI 0522 Re~ge* !22 Im~ac* 1bd* !, ~6!

C0nnn being equal toAn . It is not yet sure, however, whethe
a statistically significant measurement of these rank-3
servables will be possible from the data accumulated du
the last run of the CERN experiment~PS 185/3! @3#.

There are linear relations among observables. For
stance, it is shown in the Appendix that

2uAnu2Cnn<1,

2uPnu2Cnn<1,

2uCxzu2Cnn<1. ~7!

From the proof, it becomes clear that similar inequalit
exist among combinations of observables, one example
ing

2uAn1Pnu2~Knn1Dnn!<2. ~8!

If one now concentrates on the set$I 0 ,Cnn ,Dnn ,Knn%

I 05uau21ubu21ucu21udu21ueu21ugu2,

CnnI 05uau22ubu22ucu21udu21ueu21ugu2,

DnnI 05uau21ubu22ucu22udu21ueu22ugu2,

KnnI 05uau22ubu21ucu22udu21ueu22ugu2, ~9!

one deduces

4~ uau21ueu2!5I 0~11Cnn1Dnn1Knn!>0,

4~ udu21ugu2!5I 0~11Cnn2Dnn2Knn!>0,

4ucu25I 0~12Cnn2Dnn1Knn!>0,

4ubu25I 0~12Cnn1Dnn2Knn!>0. ~10!

With the help ofAn andPn , the positivity ofuau21ueu2 is
refined into the separate positivity ofua7eu2, and similarly
for udu21ugu2 into ud7 igu2. One easily derives

11Cnn1Dnn1Knn12Pn12An>0,
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11Cnn1Dnn1Knn22Pn22An>0,

11Cnn2Dnn2Knn12Pn22An>0,

11Cnn2Dnn2Knn22Pn12An>0. ~11!

The variables

a85~a1d!/&, b85~b1c!/&, e85~e1 ig !/&,

d85~a2d!/&, c85~b2c!/&, g85~e2 ig !/&
~12!

allow one to rewrite the set$I 0 ,Cnn ,Cxx ,Czz% as

I 05ua8u21ub8u21uc8u21ud8u21ue8u21ug8u2,

2CxxI 05ua8u21ub8u22uc8u22ud8u22ue8u21ug8u2,

CnnI 05ua8u22ub8u22uc8u21ud8u21ue8u21ug8u2,

CzzI 05ua8u22ub8u21uc8u22ud8u22ue8u21ug8u2, ~13!

and so deduce

4~ ua8u21ue8u2!5I 0~11Cnn2Cxx1Czz!>0,

4~ ud8u21ug8u2!5I 0~11Cnn1Cxx2Czz!>0,

4uc8u25I 0~12Cnn1Cxx1Czz!>0,

4ub8u25I 0~12Cnn2Cxx2Czz!>0. ~14!

Note that the third of the above relations is nothing but
spin-singlet fraction

F05
1

4
~11Cxx2Cyy1Czz!5

1

2I 0
ub2cu2, ~15!

being positive. The normalization is such thatF051/4 in the
absence of a spin-dependent interaction.

Let us now provide some examples of quadratic inequ
ties. In Ref.@9#, it was recalled that Eqs.~4! imply

Czz
2 1Dnn

2 <1, ~16!

and a number of similar inequalities. The proof is given
the Appendix. Table I summarizes the pairs of rank-1
rank-2 observables which satisfy a quadratic relation sim
to Eq. ~16!.

Other relations can be written down, involving combin
tions of more than two or three observables. For instanc
will be shown below thatDnn5Knn whenF050. This sug-
gests thatDnn cannot differ too much fromKnn whenF0 is
small. It can be shown that

S Dnn2Knn

2 D 2

1~2F021!2<1, ~17!

which relatesDnn , Knn , Cnn , Cxx , and Czz. As a conse-
quence,Dnn5Knn also in the~unphysical! limit of a pure
spin-singlet reaction.
5-2



CONSTRAINTS ON SPIN OBSERVABLES INp̄p→L̄L PHYSICAL REVIEW C 61 035205
TABLE I. Pairs of observables fulfilling an inequality such asCzz
2 1Dnn

2 <1.

An Cnn Cxx Czz Cxz Dnn Dxx Dzz Dxz Knn Kxx Kzz Kxz

3 3 3 3 3 3 3 3 3 Pn

3 3 3 3 3 3 An

3 3 3 3 3 3 Cnn

3 3 3 3 3 Cxx

3 3 3 3 3 3 3 Czz

3 3 3 3 3 3 3 3 Cxz

3 3 3 Dnn

3 3 3 3 Dxx

3 3 3 3 Dzz

3 3 3 Dxz

Knn

3 Kxx

3 Kzz
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The most general method for writing a number of qu
dratic equalities has been given in Refs.@5,6#. One can solve
Eqs. ~4! and similar for higher-rank observables to extra
aa* ,ab* ,... in terms of experimental quantities. Then a
identity of the type

~ab* !~cd* !5~ad* !~cb* ! ~18!

translates into a relation between observables. This usu
involves quantities such asD0abg , which are hardly measur
able. We refer to Ref.@6# for more details in the case ofpp
elastic scattering.

Special cases. There are great simplifications in situation
where one or more amplitudes~or combinations! vanish, in
particular the following.

~1! Pure spin-triplet production. b5c, and as a conse
quence

Dxx52Kxx , Dzz52Kzz, Dxz52Kxz , Dnn5Knn .

~19!

This is not a surprise. If the final state contains only com
nents which are symmetric under exchange ofL and L̄
spins, then the same correlation is expected betweenp andL

spins as betweenp and L̄ spins. In the case of pure spin
triplet production, we also have

Cnn2Cxx>0, Cnn2Czz>0, Cxx1Czz>0, ~20!
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as well as several inequalities similar to those of Eq.~7!,

2uDzzu1Czz<1, 2uKxxu1Cxx<1, ~21!

etc., which are listed in Table II.
~2! Forward production.This case was discussed recen

in Ref. @10#. In the forward limituc.m.50, the transition ma-
trix M becomes invariant under any rotation around
beam axis. In our notation, this meanse5g50 and a2b
5c1d. As a consequence, the spin parameters are rela
In particular,

Cxx52Cnn , Dxx5Dnn , Kxx52Knn , ~22!

and

Czz5122ub1cu2/I 0 , Dzz5122ua2bu2/I 0 ,

Kzz52112ua2cu2/I 0 , ~23!

implying

Kzz2Dzz<0, Czz1Dzz>0, etc. ~24!

The relation betweenCxx andCnn was already noticed@7#.
~3! Furthermore, in the combined case of pure spin-trip

and forward production, the expression for the longitudin
spin observables simplifies to
et

TABLE II. Pairs of observables fulfilling an inequality 2uau6b<1. The relations involving (a,b)

5(Pn ,Cnn), (An ,Cnn) and (Cxz ,Cnn) are general, as per Eq.~7!: the others are specific of a pure spin-tripl
reaction.

b

a

Pn An Cnn Cxx Czz Cxz Dnn Dxx Dzz Dxz Knn Kxx Kzz Kxz

Cnn 2 2 2 2 2

Cxx 1 1 1 1

Czz 1 1

Cxz
5-3
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12Czz

2
5Dzz52Kzz54ubu2/I 0>0. ~25!

Within the error limits, the linear constraints~14! and the
quadratic inequalities of type~16!, in particular those be-
tweenPn andCi j , seem to be satisfied by the data@2# except
at a few points. Also,Cxx.2Cnn is observed in the forward
and backward regions. So from this point of view, the m
recent data@2# are more consistent than the former ones@1#.

Let us summarize. Several spin observables can be m
sured for thep̄p→L̄L reaction since the weak decay ofL

~or L̄), which gives an indication on its spin. This offers th
possibility to test in great detail the mechanisms by wh
strangeness is created. The experiment is however, deli
and its analysis might use the consistency checks prov
by the linear or quadratic inequalities listed in this paper. I
hoped that reliable spin observables will help probe
mechanisms proposed for this strangeness-exchange
tion. In particular, the hypothesis of a pure spin-tripletL̄L
production, suggested by early LEAR data on unpolariz
targets, can be tested accurately.

Note added.After the completion of this work, we re
ceived a paper by Paschke and Quinn@11#, where it is shown
explicitly that data taken with a tranversally polarized targ
provide in principle the possibility of a full reconstruction o
the amplitudes~of course, to an overall phase!. In the case of
elastic nucleon-nucleon interactions, such a full reconstr
tion has already been achieved, as seen, e.g., in Ref.@12# and
references therein.
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APPENDIX

The quadratic inequality~16! can be derived using th
vectors

V15~ uau22udu2,2uadu!, V25~ ubu22ucu2,2ubcu!,

V35~ ueu22ugu2,2uegu!, ~A1!
tio

ett
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with normalization uV1u5uau21udu2, uV2u5ubu21ucu2 and
uV3u5ueu21ugu2. Given that CzzI 0<2(uadu1ubcu1uegu),
one can deduce

I 0
2~Czz

2 1Dnn
2 !<~V11V21V3!2<~ uV1u1uV2u1uV3u!2

~A2!

and thus the desiredCzz
2 1Dnn

2 <1.
Similarly, one can introduce the vectors

V15~ uau,udu!, V25~ ubu,ucu!, V35~ ueu,ugu!, ~A3!

with normalization uV1u25uau21udu2, uV2u25ubu21ucu2,
and uV3u25ueu21ugu2. Given that I 0An<2V1•V3 and
I 0Dxx<2V1•V2 , one can deduce

I 0
2~An

21Dxx
2 !<4uV1u2~ uV2u21uV3u2!

<4I 0
2~ uV1u2/I 0!@12~ uV1u2/I 0!#

<I 0
2 ~A4!

and thusAn
21Dxx

2 <1.
To prove the inequality betweenCzz andDzz in the case

of pure spin-triplet production, one can start from a simp
fied problem where the amplitudes are real and

I 05a212b21d2, CzzI 052~ad2b2!, DzzI 05b~a2d!.

~A5!

Then

I 0~Czz12Dzz!5a212b21d22~a2d!224b214b~a2d!

5I 02~a2d22b!2

<I 0 . ~A6!

It is easily shown that restoring the complex character of
amplitudes and possible nonvanishing ofe andg cannot do
anything but strengthen the inequality. A similar reason
holds for Czz22Dzz. The proof is analogous for the othe
inequalities in Table II and Eq.~7!.
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