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L-hypernuclear binding energy test of the refit Nijmegen soft coreYN potential
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First order Brueckner-Hartree calculations for theL single-particle energies were performed with potentials
Ib and IIa from a recent fit of the Nijmegen soft core potential parameters. The method was applied toL

5 He,

L
13C, L

17O, L
41Ca, L

49Ca, L
91Zr, and L

208Pb. Although potentials Ib and IIa have very different short range char-
acteristics, their results differed little over theA55 to 209 mass range. The results forL

5 He and

L
17O(1/21,1/22,3/22) were within 0.7 MeV of the approximate calculations used in the fitting process. This
shows that the inclusion of the approximate calculations in potential fits will provide reliable constraints. The
0p-shell hypernuclei were in good agreement with experimental results, however,L

5 He was underbound by 0.9
and 1.0 MeV for the two potentials. It is emphasized thatg-matrix procedures more suited for the heavy
systems should be developed to have reliable predictions of hypernuclear saturation properties.

PACS number~s!: 21.80.1a, 13.75.Jz, 21.10.Dr, 21.30.Fe
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I. INTRODUCTION

The quest for a universalYN potential continues to be
thwarted by the lack of scattering data. Particularly co
founding is the lack of spin-dependent information. Con
quently, potentials with vastly different spin and chann
coupling characteristics provide equally good fits to t
existing scattering data. In an effort to alleviate some of t
difficulty, four BB potentials have recently been developed
Ref. @1# with the Nijmegen soft core~NSC! formalism @2,3#
by fitting selected bound state data as well as the traditio
YN scattering data. The bound state data included were

L
3 H, L

4 H(01,11), L
5 He, L

17O(1/21,1/22,3/22)L separation
energies and theLL contribution to the potential energy o

LL
18 O.

Some of the conclusions of Ref.@1# were, first, that the
NSC89 formalism still relied too heavily on the larg
LN-SN tensor coupling. This produced aL

5 He binding en-
ergy which was too weak, and any efforts to correct t
destroyed agreement with the scattering data. Second, if
was forced to the bound state data, the scatteringx2 would,
at best, double. Third, the construction of aBB potential is an
ongoing process. The paucity of scattering data requires
one make comparisons with hypernuclear properties to
what deficiencies appear and how they may be overcom
the next interaction of theBB potential development.

This paper presents the first calculation ofL binding en-
ergies with the potentials of Ref.@1#. The purpose of this
calculation is fourfold. The first is to perform larg
model space Brueckner calculations forL

5 He and

L
17O(1/21,1/22,3/22) and to compare these results with t
truncated calculations used in the fits of Ref.@1#. Truncated
calculations were employed to provide the speed required
inclusion in a fit, however, their accuracy must be tested. T
second is to compare the more accurate calculations
experimental results. The third is to test whether the differ
potentials developed in Ref.@1# have different predictions in
heavier systems. The fourth is to demonstrate some of
dynamics of theLN-SN coupling and its effect on the
single-particle energies.
0556-2813/2000/61~3!/034001~6!/$15.00 61 0340
-
-
-

s

al
he

s
fit

at
ee
in

or
e
th
t

he

II. CALCULATION

The calculation proceeds as in Ref.@4#, which may be
seen for more details. The primary ingredients are as follo
The diagonalL single-particle potential for hole states is
Hartree form

^LuUuL&5(
N

^LNug~v5eL1eN!uLN&. ~2.1!

The particle-hole single-particle potential is defined as

^LuUul&5(
N

^LNug~v5eL1eN!ulN&, ~2.2!

thereby causing the second-order diagrams in Fig. 1 to c
cel. The stateul& could be an excitedL or S state. The
particle-particle, single-particle potential is defined in an
ogy with the Hartree definition of the hole-hole potential

^luUul&5(
N

^lNug~v5el1eNulN&. ~2.3!

The single-particle energy is the single-particle potential p
the kinetic energy,

eL5^LuTuL&1^LuUuL&. ~2.4!

FIG. 1. Second-order diagrams canceled by the definition of
single-particle potential.
©2000 The American Physical Society01-1
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The propagator defining theg-matrix element is taken to
be

Q

v2Q~TY1TN1Dmc2dYS!Q
, ~2.5!

whereQ is the Pauli operator,v is the starting energy,TY
operates on the coordinates of the hyperon, andTN operates
on the coordinates of the nucleon. The use of theQTQ
propagator means that2U insertions are included in particl
lines. The reference spectrumg-matrix elements are calcu
lated with the propagator

1

v2~eNL/21Tr1Dmc2dYS!
, ~2.6!

whereTr is the relative kinetic energy operator andeNL is
\V(2N1L13/2), assumed to be diagonal inN andL. The
term eNL is taken to be\V(2N1L13/2) even when the
intermediate state is aS. The reference spectrumg-matrix
elements are then corrected to correspond to the propag
in Eq. ~2.5! by solving the matrix equation

g5gr1gr~Q/e21/er !g. ~2.7!

An approximation to this equation is

g5gr1gr@~Q21!/ed#g, ~2.8!

whereed is v2(TY1TN1Dmc2dYS) , taken to be diagona
in nN , l N , nY , and l Y . This approximation proved to b
very accurate in nucleons only calculations and was use
Ref. @4# and in Ref.@1#. It will be seen below that it is not a
accurate as one would like forL

5 He.
The reference spectrumg-matrix elements are calculate

by solving the four-component Bethe-Goldstone equati
Four components are necessary because of theLN-SN cou-
pling, the tensor force, and the antisymmetric spin-or
force. Because of the cancellation of the second-order
grams and because theLN potential is half the strength o
the NN interaction, one would expect the above prescript
in Eq. ~2.4! to be accurately identified with theL separation
energy.

One difficulty that arises is that the oscillator size h
been chosen to fit the nuclear charge radius, and, there
the corresponding size for the lambda (bL

2 5bL
2 mN /mL) may

not give a good approximation to the lambda Hartree w
functions. A solution would be to expand theL single-
particle wave functions in oscillator wave functions. How
ever, this expansion should be carried out in theL-nucleus
center of mass system to avoid spurious components.
can be accomplished by the transformation introduced
Ref. @5#, provided that the effective interaction is translatio
ally invariant. The relativeg-matrix elements defined abov
depend on the starting energy and the quantum numbe
the two-body center of mass wave function and are inapp
priate.

Therefore a Hartree condition correction to the energ
calculated with harmonic oscillator wave functions with si
parameter fit to the nuclear charge radius is calculated a
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Ref. @4#. Theg-matrix elements in the relative-center of ma
basis areQ21 corrected by the average-angle~Emery-Eden!
method,Q50 if 2n12N1 l 1L<Nm . Then one value of
eNL and one value ofv are chosen for allg-matrix elements
so as to reproduce the single-particle energies calcul
above as closely as possible, and a coordinate space effe
interaction is fit to these relativeg-matrix elements. This
effective interaction is used when theL-nucleus relative
wave function is expanded in oscillators and the ene
minimized. This determines a shift in the single-particle e
ergies due to the minimization which is taken to be the H
tree condition correction. The shift is large enough forL

5 He
that the process must be iterated inv.

III. RESULTS

The calculated single-particle energies forL
5 He and

L
17O(1/21,1/22,3/22) are shown in Table I and compare
with those calculated by the approximate technique of R
@1#. The oscillator constants employed are shown in Table
The calculations in Ref.@1# employed highly truncated
model spaces, but introduced parameters so that the cal
tions reproduced the binding energies of NSC89, determi
by more accurate methods of Refs.@4# and @6#. The agree-
ment is good enough to show that the inclusion of the tr
cated calculations in Ref.@1# provided reliable constraints
The truncated calculations could be improved, howev
since the approximation in Eq.~2.8! was used in Ref.@4# and
is not as accurate as expected forL

5 He. That is the major
source of the 0.5 MeV discrepancy between theL

5 He energy
in the first two columns and the last two columns. For thep
states ofL

17O such a discrepancy is less significant since
experimental energies have large uncertainties, but forL

5 He
theBL value of 3.1 MeV is known quite accurately. In futur
potential parameter fits, the value of the parameterD in
Table III of Ref.@1# should be changed from 0 to20.5 MeV.

The final calculatedBL values of 2.15 and 2.23 MeV fo

L
5 He are still too small as compared to experiment. T
means that, although some improvement has been made
the original NSC89, theLN-SN tensor force remains too
strong and this part of the force should be scrutinized ca
fully in the next round of potential development.

The final single-particle energies forL
5 He and

L
17O(1/21,1/22,3/22) as well asL

13C ~taken to be a closed

TABLE I. 2BL ~MeV!.

Ref. @1# This work
Pot. Ib Pot. IIa Pot. Ib Pot. IIa

L
5 He 21.61 21.68 22.23 22.15

L
17O(1/21) 213.82 213.78 213.75 213.55

L
17O(3/22) 23.03 23.08 22.30 22.23

L
17O(1/22) 22.09 22.15 21.52 21.44

TABLE II. Oscillator constantsb ~fm!.

L
5 He L

13C L
17O L

41Ca L
49Ca L

91Zr L
208Pb

1.394 1.664 1.793 1.970 1.970 2.205 2.5
1-2
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L-HYPERNUCLEAR BINDING ENERGY TEST OF THE . . . PHYSICAL REVIEW C 61 034001
0p3/2 shell! are plotted in Fig. 2 and connected with straig
lines. Thej 5 l 2 1

2 states are connected with dashed lines a
the j 5 l 1 1

2 with solid lines. The calculations shown are f
potential IIa of Ref.@1#. The experimental points of Refs
@7–12# are included. One can see that through the 0p-shell
the agreement is quite good. The discrepancy forL

5 He is
understood as described above.

It is desirable to extend these calculations to heavier s
tems. This allows one to investigate the influence of
LN-SN coupling and to determine whether the different p
tentials predict different single-particle energies in t
heavier systems. It is computationally reasonable to perf
calculations forA55 through 91 with the Pauli correction
performed in the appropriate space of wave functio
un1l 1 j 1(rY)n2l 2 j 2(rN)(J)&. For this mass range the spa
can be truncated at 2n11 l 112n21 l 2<Nl , whereNl510
and theni start at zero. This was barely sufficient forA
591, and would be very much insufficient forA5209. How-
ever, Table III demonstrates that performing the Pauli c

FIG. 2. Calculated single-particle energies including Hart
correction are connected with straight lines. Thej 5 l 2 1

2 states are
connected with dashed lines and thej 5 l 1 1

2 with solid lines. Data
are from Refs.@7–12#.

TABLE III. 2BL ~MeV!.

Orbit

L
41Ca L

91Zr

Full Q
Average
Angle Full Q

Average
Angle

0s1/2 218.80 219.02 224.94 225.05
0p3/2 29.11 29.75 217.44 217.58
0p1/2 28.54 29.10 217.20 217.33
0d5/2 0.42 20.04 29.66 210.13
1s1/2 1.50 1.05 28.82 29.20
0d3/2 1.49 1.00 29.35 29.79
0 f 7/2 21.77 22.32
0 f 5/2 21.38 21.84
1p3/2 20.67 21.10
1p1/2 20.44 20.86
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rections in the relative-center of mass bas
unl(rYN)S( j )NL(R)(J)&, via the average-angle technique
a reasonably good approximation. WithNm54 for L

41Ca and
Nm56 for L

91Zr one sees a slight tendency for the avera
angleQ to overbind. Therefore one would expect to have
good approximation forL

208Pb with Nm510.
Calculations were run for both potentials Ib and IIa

Ref. @1# for L
5 He, L

13C, L
17O, L

41Ca, L
49Ca, L

91Zr, and L
208Pb as

described above. The nucleon single-particle energies w
taken from experiment where available and from the neut
values of the relativistic Hartree Fock calculation of Re
@13#. Potential Ib was characterized by having four differe
momentum cutoff values inS521 sector, whereas IIa ha
only one, as determined in theNN fit. One might expect that
although their predictions for light systems are similar
shown in Table I, they may have different predictions
heavy systems. This proves to be incorrect. The results
both Ib and IIa remains similar throughout the range ofA,
with potential Ib giving results that are between 0.2 and
MeV more bound. This is encouraging for efforts to inclu
bound state data inBB potential fits, since it appears that on
need only include data up toA517 as was done in Ref.@1#.

By having the binding energy calculations available ov
a wide mass range, one can also investigate some of
dynamics of theLN-SN coupling. First of all, this coupling
remains responsible for a huge amount of theL binding
energy, just as it did for NSC89; and, as in the NSC89 ca
this coupling effect is almost entirely in the triplet eve
channels. In fact, if this coupling is omitted from the refe
ence spectrumg-matrix calculations, theL

17O states become
10 MeV less bound. This corresponds to omitting all inte
mediate states which include a sigma and a nucleon. Su
state is labeled asuSb& in the expanded first order diagram
Fig. 3~b!.

Second, the spread between single-particle levels i
given hypernucleus and between different hypernucle
very dependent on this coupling. The effect of theLN-SN
coupling on the single-particle energies can be demonstr
by repeating a calculation in Ref.@4# where successive in
creases are made to the nucleon Fermi energy for theSN
pairs in a calculation of the single-particle energies ofL

17O.
The Fermi energy forLN pairs remains fixed at theL

17O
value. The single-particle energies are calculated first w
all SN pairs allowed, then with aL

5 He Fermi level, then for

L
17O, and finally with aL

41Ca Fermi level. Again with refer-
ence to Fig. 3~b!, one is successively excluding more an
more of the intermediateSN pairs as the nucleon Ferm
energy is increased. When theLN-SN coupling is strong,
the elimination of a set ofSN pairs has a large effect. Th

e

FIG. 3. ~a! The first order diagram.~b! The first order diagram
expanded to show intermediate states.
1-3
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DEAN HALDERSON PHYSICAL REVIEW C 61 034001
levels rise and compress as in Fig. 4. If theLN-SN coupling
were small, one would see very little effect.

Third, it is interesting to compare these calculations
those which omit theS channels and include their effects v
a three-bodyLNN interaction. A very thorough calculatio
of this type is described in Ref.@14#. If one omits theS
channels when fitting theLN scattering data, the resultin
LN potential is an effective potential of the form

nLN
eff 5nLN1nLS

P

E2PTP2nSN
nSL , ~3.1!

whereP allows SN states. This effective potential can yie
a density dependent effective interaction by placing aL in
symmetric nuclear matter. This can account for some of
effects of the dependence on the starting energy and theLN
Fermi energy. However, when imbedded in a nucleus, no
intermediateSN pairs are allowed. Some correction to th
two-body contribution in Fig. 5~b! must be made. This ca
be accomplished by introducing an additional interact
which must be density dependent or three-body. Figur
demonstrates why this must be so. The 0s state is affected
more by elimination of successiveSN pairs than the 0p
states. This is because reference spectrumg-matrix elements
for states closer to the Fermi surface receive a smaller
rection. In Ref.@14# the choice was made to employ a thre
body interaction. In addition, the diagram in Fig. 5~a! can
contribute in the nucleus. Such diagrams are canceled by
choice of the single-particle potential in this work, but a
included in Ref.@14# by multiplying the dispersive correctio
by a density dependent term. Therefore, the effect of om
ting S channels is taken into account by a density depend
three-body interaction.

Because of the cancellation of second order diagram
this work, the approximate size of the contribution of
effective three-body potential can be extracted from
g-matrix calculation by comparing results in which noSN
pairs are eliminated from intermediate states and result
which the correctSN pairs are eliminated. This compariso
is made for the single-particle energies with no Hartree c
rection in Fig. 6, where the solid lines correspond to elim

FIG. 4. The single-particle energies ofL
17O with no Hartree cor-

rection. Columns 1, 2, 3, and 4 are for calculations with allSN
pairs allowed, then withL

5 He, L
17O, and L

41Ca Fermi levels.
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nating the correctSN pairs and the dashed lines correspo
to eliminating none. One can see that the effect is large o
the entire mass range, going from 3 MeV in theL

5 He ground
state to 6 MeV in theL

208Pb ground state. Also, one can s
that the effect decreases as one goes to higher-lying or
thus the necessity of a density dependent or three-body
fective interaction, or both. Although the connection is le
clear, this difference can also be compared to therg contri-
bution in potential calculations such as Ref.@15#.

It is with some trepidation that the Hartree corrections
extended to the higher mass nuclei. The procedure was
signed for light nuclei for which the harmonic oscillato
wave functions provide a good description of the nucle
density. The fear is that some reader will interpret Fig. 2
the finalg-matrix predictions for all systems instead of tho
in the 0s and 0p shells. In Fig. 7 are plotted the harmon
oscillator nuclear densities and the charge densities extra
from electron scattering@16# for 40Ca and208Pb. The great
differences in the shapes demonstrates one reason wh
predictions for the higher mass nuclei cannot be conside
as final. In addition, it becomes much more difficult in th
heavy systems to fit the full calculation with one effecti

FIG. 5. ~a! A three-body contribution.~b! A two-body contribu-
tion.

FIG. 6. Solid lines are single-particle energies with properSN
pairs eliminated from intermediate states. Dashed lines are with
SN pairs eliminated. Data are from Refs.@7–12#.
1-4
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L-HYPERNUCLEAR BINDING ENERGY TEST OF THE . . . PHYSICAL REVIEW C 61 034001
interaction. Whereas one is introducing uncertainties du
construction of the effective interaction of the order of 0.2
0.3 MeV in the light systems, the uncertainties in the heav
systems are of the order of 1.0 to 2.0 MeV. Finally, the wo
described above assumed that isospin was a good qua
number and did not take into account the difference betw
the Lp and Ln interactions. Doing so would make th
single-particle energies in the heavy systems less bo
However, given the above caveats, Fig. 1 demonstrate
interesting phenomena in that as spin-orbit partners bec
more deeply bound, the spin-orbit splitting decreases. Th
good news for people who locate the positions of majorL
shells via~p, K! data, since the spin-orbit splitting should n
contribute to the spread of single-particle strength for dee
bound orbits.

IV. CONCLUSION

This paper has presented calculations ofL binding ener-
gies with the potentials of Ref.@1#. First order Brueckner-
Hartree calculations were performed with potentials Ib a
IIa for L

5 He, L
13C, L

17O, L
41Ca, L

49Ca, L
91Zr, and L

208Pb. Despite
having very different form factor cutoff values in theS5
21 sector, results for the two potentials differed little ov
the A55 to 209 mass range. The results forL

5 He and

L
17O(1/21,1/22,3/22) were within 0.7 MeV of the approxi-
mate calculations in Ref.@1#. This shows that the inclusion
of the approximate binding energy calculations in poten
parameter fits will provide reliable constraints. The 0p-shell
hypernuclei were in good agreement with experimental
sults, however,L

5 He was underbound by 0.9 and 1.0 Me
for the two potentials. This indicated that theLN-SN tensor
force is too strong as it was in the original NSC89. An es
mate of the size of theLNN force required in calculations

FIG. 7. Oscillator densities are plotted as solid lines. Pro
densities extracted from electron scattering are dashed lines.
D
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which do not include theS channels indicated theLNN
contribution should be between 3 and 6 MeV repulsive
ground states with diminishing importance as the sing
particle states approach the Fermi surface.

Finally, it will be important at some stage in the develo
ment of BB potentials to implementg-matrix calculations
which are more appropriate for the heavy systems. It wo
be very interesting to look for small deviations from th
experimental single-particle values to see whether an a
tional mechanism beside theSN coupling is at work. This
could be due to effects such as quark antisymmetriza
@17,18# or partial deconfinement of strange quarks@19#.

One cannot make an accurate calculation by extractin
density dependent interaction from nuclear matter calcu
tions and using a local density approximation. This assum
your density dependence can emulate the Fermi energy
pendence of bothLN andSN pairs, starting energy depen
dence, the two-particle center of mass dependence, and
difference between the proton and neutron Fermi energ
Although it may not be necessary to work in theL-nucleus
center of mass system for heavy nuclei, it will still be ne
essary to expand theL wave function in oscillators. It will
also be necessary to employ realistic nuclear wave functio
expressed as an expansion of oscillator wave functions.

One may also want to look at higher order corrections
the single-particle energies. In addition to the diagram in F
8~a!, which represents Eq.~2.1!, one can make other inser
tions inL hole lines, such as Fig. 8~b!. In fact, one can make
an arbitrary number of such insertions, which leads to
concept of partial occupation probabilities~POP! for which
each matrix element in Eq.~2.1! is multiplied by the corre-
sponding nucleon POP@20,21#. Such terms were included in
one of the first Brueckner calculations for light hypernuc
@22#. However, for the heavy systems, special care mus
given to the self-consistency of the wave functions and c
culation of the diagrams.
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