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Pion spectra for „p,p2
… reactions in the 88Sr region

Shiho Yamamoto and Kenji Kume
Department of Physics, Nara Women’s University, Nara 630-8506, Japan

~Received 19 July 1999; published 18 January 2000!

We have calculated the pion spectra of (p,p2) reactions from near threshold to theD region for medium-
heavy nuclei with the zero-range plane-wave approximation supplemented with the cutoff of a radial integral
simulating the distortion effect. The shell-model wave function with a 1p1/2-0g9/2 configuration is used to
calculate the two-particle one-hole spectroscopic amplitudes. The excitation spectra leading to both the
positive- and the negative-parity states are calculated for88Sr, 90Zr, and 92Mo nuclei. The present model
calculation predicts pronounced selectivity of the excitation of several high-spin states, especially at higher
incident energies.

PACS number~s!: 25.40.Qa, 21.60.Cs, 27.50.1e, 27.60.1j
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I. INTRODUCTION

In near threshold (p,p2) reactions, it is well known tha
the high-spin states are selectively excited due to the la
momentum and the angular momentum transfer to
nucleus @1,2#. The high-spin states with dominant two
particle one-hole~2p-1h! stretched configurations with re
spect to the target nucleus, located at an excitation energ
a few MeV, are strongly populated in the near-thresh
(p,p2) reactions@3,4#. These selective excitations were o
served forf 7/2-shell nuclei@5# and for 88Sr @6#. Brown and
co-workers have made zero-range plane-wave calculat
with a radial cutoff and have shown that the relati
strengths of the pion spectra at a specific angle can be
explained forf 7/2-shell nuclei@7#. After their work, we have
made finite-range distorted-wave calculations with a tw
nucleon pion production mechanism, showing that the re
tion cross section and the characteristic pattern of the as
metry for stretched-state transitions are well explain
@8–10#. In order to see the details, we have also calcula
the separate contribution from the final two-proton state w
definite relative angular momentum. We have demonstra
that the (p,p2) reaction proceeds dominantly through a tw
body processp1n→pp(1S0)1p2 with maximal center-of-
mass angular momentum for the final two protons wh
couples to the angular momentum of the neutron hole st
resulting in the 2p-1h stretched configuration@11#. The final
two-proton channelpp(1S0) is favored due to the high-q
nature of this reaction, and this seems to be the reason fo
success of the zero-range calculation for the prediction
relative cross sections.

However, the (p,p2) reaction is not yet thoroughly un
derstood. For ground-state transition for12C, for example,
theD peak in the cross section is not clearly observed, wh
contradicts the theoretical prediction@12,13#. To clarify the
mechanism of the (p,p2) reactions, pertinent experimen
are planned at RCNP Osaka at higher energies. Thus,
both worthwhile and interesting to calculate the (p,p2)
cross sections for the medium-heavy nuclei and predict
pion spectra. In order to predict the energy dependence o
cross sections, it is necessary to carry out the distorted-w
calculations. However, as will be discussed in Sec. III, s
eral hundreds of final states are involved in the pres
0556-2813/2000/61~2!/024608~6!/$15.00 61 0246
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1p1/2-0g9/2 shell-model calculations. Rather than making
dious distorted-wave calculations for all of these states, i
preferable to make simpler plane-wave calculations first.

Furthermore, it is shown that the zero-range plane-w
approximation with the radial cutoff is successful for e
plaining the relative cross section forf 7/2-shell nuclei near
threshold@7#. It is not obvious that it works at higher-energ
region. To examine the reliability of the plane-wave appro
mation with radial cutoff, we have made a zero-range pla
wave calculation forf 7/2-shell nuclei at higher energy re
gions and compared them with those of finite-ran
distorted-wave calculations in Ref.@10#. We found that the
zero-range calculation gives similar relative strengths w
those of the distorted-wave approximation. Since the ma
purpose of the present work is to predict the overall featu
of the relative excitation spectra, we adopt the zero-ra
plane-wave approximation supplemented with a radial cu
which simulate the distortion effects.

The pion spectra are calculated for the reactio
88Sr(p,p2)89Zr, 90Zr(p,p2)91Mo, and 92Mo(p,p2)93Ru.
The inert 88Sr core is assumed, and the 2p-1h specrosco
amplitudes are calculated with the 1p1/2-0g9/2 shell-model
wave function due to Serdukeet al. @14,15#.

For the near-threshold88Sr(p,p2)89Zr reaction, the cal-
culation has already been made with the zero-range pla
wave approximation@6#, where a single orbit 0g9/2 shell-
model space is used and then the negative-parity states
excluded. In the present work, the 1p1/2-0g9/2 shell-model
wave functions are used, and hence both the positive-
negative-parity states are predicted.

For all of the reactions which are of interest here, it
shown that the maximal or nearly maximal high-spin sta
25
2

1 and 21
2

1 are strongly excited due to better momentu
and angular momentum matching. In the 1p1/2-0g9/2 shell-
model space, there are a number of high-spin states, but
interesting that the reaction strengths are strongly conc
trated on a single state for each spin: in all of the reacti
considered here, the cross sections are considerably larg

( 25
2

1)1 , ( 21
2

1)2, and (17
2

1)3 states. This concentration of th
reaction strengths was also seen for the case off 7/2-shell
nuclei.

The present paper is organized as follows. In Sec. II,
©2000 The American Physical Society08-1
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briefly describe the zero-range plane-wave approxima
adopted in the present work. The results are shown and
cussed in Sec. III. A summary is given in Sec. IV.

II. REACTION CROSS SECTION

We briefly describe the zero-range plane-wave appro
mation used to calculate the (p,p2) reaction cross section
c
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The plane-wave calculation of (p,p2) reactions, carried ou
by Brown et al. @7#, successfully explained the overall fea
tures and relative strengths of the reaction spectra
f 7/2-shell nuclei. In the present work, we assume a sim
but slightly different zero-range plane-wave approximati
for the calculation of the relative (p,p2) cross section.

We restrict ourselves to the case of spinless target nu
The (p,p2) reaction amplitude can be written as
T~ I 8I z8 ,k:pl!5(
12~12A2!d j bj c

A2
^~ j b^ j c!A

I f M f uOpu j a2mapl&~2 ! j a2ma

3~ j aI fmaM f uI 8I z8!~2 ! I f1 j a1I 8
1

A2I 811
SI 8~ I f : j aj bj c!, ~1!
ge
nal
n.
-
ur
the
oxi-
ator
whereI 8 and I z8 are the spin and itsz projection of the final
nucleus. The momentum and the spin projection of the in
dent proton are denoted asp and l. The symbol (j ama) is
the quantum number of the neutron-hole state. In the follo
ing, symbols such asj a represent all the quantum numbe
(naj al a) which are necessary to specify the single-parti
orbits. (j bmb) and (j cmc) are the quantum numbers for fin
two protons. The 2p-1h spectroscopic amplitu
SI 8(I f : j aj bj c) is defined as

SI 8~ I f : j aj bj c!5^I 8uu$@aj b

†
^ aj c

† # I f ^ bj a

† % I 8uuI 50&, ~2!

whereaj b

† and bj a

† are the proton and the neutron-hole cr

ation operators, respectively. For the pion-production ope
tor Op , we assumed the zero-range interaction of thed func-
tion type. This automatically selects the spin-sing
i-

-

e

-

a-

t

component for the final two-proton state. In the finite-ran
distorted-wave calculation, we have shown that the fi
channel pp(1S0) dominates the reaction cross sectio
Though the spin-tripletpp(3P) component gives a non
negligible contribution for the asymmetry distribution, o
major concern here is to predict the overall feature of
reaction spectrum, and we think that the zero-range appr
mation is enough for this purpose. We assumed the oper
to have the following form:

Op5(
i . j

d~r i2r j !e
2 ik•r iS(S)

•A(S), ~3!

where S(S) is the operator of rankS acting on the two-
nulceon spin coordinates andA(S) is thec-number quantity.
The reaction amplitude can be written as
T~ I 8I z8 ,k:pl!5 (
lNNzS

~21! I 81S1lWS 1

2

1

2
Nl:SI8D ~2 !Nz@Yl~q! ^ A(S)#N2Nz

3S 1

2
I 82lI z8UNNzD ^0uuS (S)uuS&F~ l :q!, ~4!

where^0uuS (S)uuS& is the reduced matrix element of the two nucleon spins. We define the amplitudeF( l :q) as

F~ l :q!5(
I f

(
j aj bj c

~2 ! j a1 j b1 l c11A~2 j a11!~2 j b11!~2 j c11!

2~2I f11!

3S j bj c

1

2
2

1

2 UI f0D S I 8 j a

1

2
2

1

2 UI f0DD~ l bl cI f !D~ l l aI f !

3SI 8~ I f : j aj bj c!i
lE

0

`

j l~qr !Rj a
~r !Rj b

~r !Rj c
~r !r 2dr, ~5!

with
8-2
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D~ l bl cI f !5H 1 for u l b2 l cu<I f< l b1 l c and l b1 l c1I f5even

0, otherwise.
~6!
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Rj a
(r )’s are the radial parts of the single-particle wave fun

tions. Because of the parity conservation, the terms witS
50 andS51 do not interfere. Then, there appear the ter
proportional to@YL(q̂) ^ (A(S)

^ A(S))L#0. The angular mo-
mentum conservation coming from the Racah coefficient
stricts L to be 0 and 1, onlyL50 term giving a non-
negligible contribution. Neglecting the angular depende
of the quantityA(S), the relative reaction cross section can
written as

ds

dV
5const(

l
uF~ l :q!u2, ~7!

where l is the orbital angular-momentum transfer to t
nucleus which takes the valuesl 5I 86 1

2 . Because of the par
ity conservation, a singlel value is relevant in each trans
tion. In order to simulate the distortion effects, we discard
the radial integral in Eq.~5! up to cutoff radiusRc , which is
determined to reproduce the angular distribution of the cr
sections leading to high-spin states.

III. RESULTS AND DISCUSSIONS

According to the formulas described in Sec. II, we ha
calculated the (p,p2) reaction cross section for the nuclei
the 88Sr region. Previously, the reaction spectra near thre
old were calculated for88Sr @6#, but these calculations as
sumed the single 0g9/2 shell-model wave function, thus th
negative-parity states are excluded. In the present work
employed a 1p1/2-0g9/2 shell-model wave function with an
inert 88Sr core and then predicted the excitation of the fi
states with both positive- and negative-parity states. We h
considered theN550 isotones88Sr, 90Zr, and 92Mo for the
target nuclei. The final states are isotones with a single n
tron holeN549. The shell-model wave functions for the
nuclei are calculated with the effective interaction by S
duke and co-workers@14,15# and are used to calculate th
2p-1h spectroscopic amplitudes in Eq.~2!. For the reactions
88Sr(p,p2)89Zr, 90Zr(p,p2)91Mo, and 92Mo(p,p2)93Ru,
the 1p1/2-0g9/2 shell model gives 69, 401, and 696 fin
states, respectively. For the residual nuclei, the maxi
spins are25

2
1 and 19

2
2 for the positive- and the negative

parity states. We used the harmonic-oscillator radial w
function with oscillator parameter 2.12 fm. To simulate t
strong pion absorption, we discarded the radial overlap in
gral up toRc53.3 fm, which reproduces well the experime

tal angular distributions of the cross sections for (25
2

1)1 and

( 21
2

1)2 states for the reaction88Sr(p,p2)89Zr @4#. This value
is slightly smaller than that used by Brownet al. @7#. We
used this cutoff radius throughout irrespective of the incid
proton energies. The angular distributions of the cross s
tions are shown in Fig. 1 for the case of90Zr for incident
02460
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proton energyTp5200 MeV. At higher energies, the cros
section can be obtained by scaling with respect to the m
mentum transferq. The results of the pion spectra at 30° a
shown in Figs. 2–4 for various incident energies. Since
absolute values of the cross section cannot be predicte
the present plane-wave calculations, the reaction spectra
shown such that the dominant peak for the transit
88Sr(p,p2)89Zr@( 21

2
1)2 :3.67 MeV# is 1 for all the incident

energies. We can compare the relative reaction strength
88Sr, 90Zr, and 92Mo nuclei. However, the relative reactio
strengths for different energies in Figs. 2–4 cannot be co
pared. In order to predict the absolute value of the cr
sections, the polarization observables, and their energy
pendences, it is necessary to carry out the finite-ra
distorted-wave calculations assuming a specific reac
mechanism. In these figures, the vertical solid lines co
spond to the excitation of positive-parity states, while t
dashed ones are for the negative-parity states. The high-
states25

2
1 and 21

2
1 are predominantly excited for all of thes

nuclei. The angular momentum conservation requiresI 85 l
6 1

2 for a spinless target. Then a singlel value is relevant for
each transition due to parity conservation. As was poin
out by Brownet al. @7#, the states withI 85 l 1 1

2 are more
strongly populated than those withI 85 l 2 1

2 because of the
transformation fromLS to j j scheme. The25

2
1 and 21

2
1

states correspond tol 512 andl 510 with I 85 l 1 1
2 . The 23

2
1

states correspond tol 512 with I 85 l 2 1
2 and are weakly

populated. For negative-parity single-hole states in
1p1/2-0g1/9 model space, the 1p1/2 orbit is necessarily in-
volved and the maximal spin is19

2
2. In this case,19

2
2 states

FIG. 1. The angular distributions of the cross sections
90Zr(p,p2)91Mo, leading to (25

2
1)1 and (21

2
1)2 states. The cutoff

radiusRc53.3 fm is used to evaluate the radial overlap integral
8-3
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correspond tol 59 with I 85 l 1 1
2 . The negative-parity state

are rather weakly populated, and only a prominent pea

( 19
2

2)1 state at low incident energy. It is interesting to no
that, for specific spin states, the reaction strengths are
centrated on a single state for each spin. In all of the re

tions considered here, the final states (25
2

1)1 , ( 21
2

1)2 ,

( 17
2

1)3, and (19
2

2)1 are strongly excited.
For a detailed description, we have listed the 2p-1h sp

troscopic amplitudes for the90Zr(p,p2)91Mo reaction in
Table I. As can be seen for the transitions leading to25

2
1

states, the spectroscopic amplitude is large for the first (25
2 )1

1

state. The ground-state wave function of the90Zr nucleus is

0.815u~p1/2
2 !0&20.580u~g9/2

2 !0&, ~8!

and the final25
2

1 state of 91Mo has shell-model configura
tions u(g9/2

4 )g9/2
21& or u(p1/2

2 )(g9/2
2 )g9/2

21&. The first and third

FIG. 2. The pion spectra for (p,p2) reactions on88Sr, 90Zr, and
92Mo at incident energyTp5200 MeV. The vertical lines represen
the final state with positive parity, while the dashed ones are th
with negative parity. The solid curves are Gaussian average
GFWHM50.3 MeV.
02460
is

n-
c-

c-

25
2

1 states have large componentsu@(g9/2
4 )8g9/2

21#25/2& or
u@(p1/2

2 )0(g9/2
2 )8g9/2

21#25/2& and this leads to the transitions

u~p1/2
2 !0&→u@~p1/2

2 !0~g9/2
2 !8g9/2

21#25/2&,

u~g9/2
2 !0&→u@~g9/2

4 !8g9/2
21#25/2&, ~9!

these contributions interfering constructively for the (25
2

1)1

state and destructively for the (25
2

1)2 state, resulting in the

large 2p-1h spectroscopic amplitudes for the (25
2

1)1 state
shown in Table I.

The similar interference takes place for the transitio
to 21

2
1 states. In this case, there are 13 final21

2
1 states

with configurations of the following types
u(p1/2)(g9/2

3 )p1/2
21&, u(g9/2

4 )g9/2
21& and u(p1/2

2 )(g9/2
2 )g9/2

21&. The
low-lying 21

2
1 states have large component

u(p1/2
2 )0(g9/2

2 )6g9/2
21&, u(p1/2

2 )0(g9/2
2 )8g9/2

21&, u(g9/2
4 )6g9/2

21&, and
u(g9/2

4 )8g9/2
21&. Then, various transition amplitudes interfer

se
th

FIG. 3. The pion spectra for (p,p2) reactions on88Sr, 90Zr, and
92Mo. The curves are the same as in Fig. 1 but at the incid
proton energyTp5250 MeV.
8-4
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giving large 2p-1h amplitudes for (21
2

1)1 and (21
2

1)2 states,
as seen in Table I. Furthermore, the two transition am
tudes corresponding to the spectroscopic amplitudesSI 8(I f

56) andSI 8(I f58) interfere with each other, and the cro

sections are quite large for the (21
2

1)2 state, as seen in Figs
2–4. A similar situation occurs in almost all of the transitio
leading to high-spin states. For each spin state, the reac

strengths are concentrated on a single state: (25
2

1)1 ~about

98%!, ( 21
2

1)2 ~about 96%! for 90Zr. Thus, among hundred
of final states, only a limited number of high-spin states
selectively excited.

For the isotones considered here, the proton occupanc
the 1p1/2-0g9/2 shell increases with the increase of ma
number, and the pion spectra are less pronounced for he
targets. At higher energies, the selective excitation of
high-spin states is more pronounced due to large momen
and angular momentum mismatch.

FIG. 4. The pion spectra for (p,p2) reactions on88Sr, 90Zr, and
92Mo. The curves are the same as in Fig. 1 but at the incid
proton energyTp5300 MeV.
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IV. SUMMARY

We have calculated the pion spectra for (p,p2) reactions
on medium-heavy nuclei88Sr, 90Zr, and 92Mo with zero-
range plane-wave approximation. The pion absorption
fects are approximately taken into account by cutting off
inner part of the radial overlap integral. The shell-mod
wave functions with 1p1/2-0g9/2 model space are used t
calculate the 2p-1h spectroscopic amplitudes. We could
dict the reaction cross sections leading to low-lying positiv

and negative-parity states. For these nuclei, the (21
2

1)2 and

( 25
2

1)1 states are strongly excited. The 2p-1h spectrosco
amplitudes are fairly large for a single or several stat
Moreover, due to the interference between these amplitu
the resulting reaction strengths are strongly concentrated
a single state for each spin. For the case of88Sr, the
negative-parity state19

2
2 is expected to be appreciably ex

cited as well. The selectivity of the excitation of high-sp
states is pronounced at higher energy region due to the l
momentum and angular momentum mismatch. It is our h
that the completion of the (p,p2) experiment around thes
nuclei sheds light on the reaction mechanism.
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TABLE I. The 2p-1h spectroscopic amplitudesSI 8(I f : j a5 j b

5 j c5
9
2 ) for the reaction90Zr(p,p2)91Mo.

25
2

1 Excitation energy SI 8(I f58)

3.347 33 25.3773
4.387 24 20.2575
4.728 43 20.6210
5.254 19 20.0634
5.844 84 20.1539
6.324 72 20.1772

21
2

1 Excitation energy SI 8(I f58) SI 8(I f56)

2.166 52 2.6553 24.3480
3.011 37 23.8197 23.1034
3.483 21 20.6079 20.0414
4.237 30 0.2426 0.1115
4.438 40 20.2908 20.1202
4.633 69 20.0120 20.0993
4.897 24 20.1635 0.1920
5.344 37 20.0396 20.2632
5.545 64 20.3011 0.1544
5.803 76 20.0351 20.3473
6.047 70 20.2268 0.1613
7.043 77 0.2545 20.2626
10.37 84 0.3349 20.7114
8-5
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