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Isospin singlet„pn… pairing and quartetting contribution to the binding energy of nuclei
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Isospin singlet (pn) pairing as well as quartetting in nuclei is expected to arise near the symmetry lineN
5Z. Empirical values can be deduced from the nuclear binding energies applying special filters. Within the
local density approximation, theoretical estimates for finite nuclei are obtained from results for the condensa-
tion energy of asymmetric nuclear matter. It is shown that the isospin singlet condensation energy drops down
abruptly for uN2Zu'4 for medium nuclei in the regionA540. Furthermore,a-like quartetting and the
influence of excitations are discussed.

PACS number~s!: 21.10.2k, 21.65.1f, 05.30.Fk
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I. INTRODUCTION

The structure of nuclei is understood to a large ext
within a single-particle approach, the nuclear shell mo
which was introduced in nuclear theory 50 years ago@1#. Its
microscopic foundation should be given from a quantum s
tistical treatment of the many-nucleon system, where in g
eral also the concept of temperature can be introduce
describe excited nuclei in a dense medium. Within the me
field approximation, the single-particle approach can be
tained@2#.

However, due to the nucleon-nucleon interaction also c
relations occur which cannot be accounted for within t
quasiparticle approach. Two-particle correlations and high
order correlations as precursors of corresponding bo
states may become of importance in regions where
nucleon density is low. A systematic treatment of the eff
of correlations can be given in terms of the spectral functi
see, e.g.,@3,4# and further references given therein.

Free two-nucleon states are described by scattering p
shifts or, more generally, by theT matrix. In the isospin
singlet (S51, T50) channel where the interaction is stro
ger than in the isospin triplet (S50, T51) channel, a bound
state, the deuteron, is formed. Two-nucleon states in nuc
matter are strongly modified when increasing the density
particular, the bound state will disappear at the so-ca
Mott density@5,6#.

Another aspect of the nucleon-nucleon interaction is
formation of quantum condensates. At low temperatures
well known that in nuclei, nuclear matter, and neutron ma
~neutron stars! superfluidity can arise in the isospin triple
channel@2,7,8#. Nucleonic pairing is a well-known effect in
the structure of nuclei. In the isospin triplet channel the
fluence of proton-proton (pp) or neutron-neutron (nn) pair-
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ing on the binding energy of nuclei has been investiga
extensively, cf.@2#.

However, under certain conditions the interaction in t
proton-neutron (pn) isospin singlet channel may be eve
stronger. For instance, in the two-particle system a bo
state, the deuteron, arises. In nuclear matter, at densities
low the Mott density a bound state~quasideuteron! can exist
so that at low temperature the Bose-Einstein condensatio
these quasideuterons may occur. An interesting feature o
isospin singlet pairing in symmetric nuclear matter is t
crossover from Bose-Einstein condensation of deuteron
low densities to BCS neutron-proton pairing at high densit
@9,10#.

In spite of the relatively strong interaction, triplet pairin
seems less apparent in nuclear structure systematics~see the
studies of Goodman onT50 pairing in nuclei@11#!. How-
ever, it should be essential for nuclei near the symmetry
N'Z. This phenomenon becomes of importance for heav
N'Z nuclei @12# as will be produced in the new radioactiv
beam facilities.

A further interesting effect is the possible occurrence
higher-order condensates such asa-like quartetting@13,14#.
At present, the signatures of isospin singlet pairing and
relation to quartetting have not been worked out so clea
An interesting point is to identify signatures of quartetting
finite nuclei, see@15#. One of the possible consequences
the contribution of isospin singlet pairing and four-partic
correlations to the binding energy of nuclei, that will be d
cussed below.

The treatment of correlations in the many-nucleon syst
is more simple for infinite nuclear matter. The new resu
with respect to isospin singlet pairing and quartetting@15#
should be of interest for the evaluation of binding energies
finite nuclei as well. One possible way to apply results
infinite matter calculations to finite systems is the loc
density approximation~LDA ! which was elaborated succes
fully in atomic, molecular, and condensed-matter syste
see@16# and references quoted therein. We will use this a
proach to perform exploratory calculations in finite nucl
Compared with shell-model calculations, the LDA is by f
6
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more simple and has been proved to give adequate resu
the case ofpp and nn pairing @17#. We will use this ap-
proach to give estimates for the effects of isospin sing
pairing and quartetting on nuclear binding energies.

The question of different kinds of pairing in proton-ric
nuclei has been investigated by various authors. In addi
to the T51 pairing,T50 np-pairing modes have been in
vestigated to explain the Wigner energy inN5Z nuclei @18#.
A more extended discussion of the origin of the Wigner te
is given in @19# where a method has been developed to
tract the Wigner term from experimental data. Both emp
cal arguments and shell-model calculations suggest tha
Wigner term can be traced back to the isospinT50 part of
nuclear interaction. However, it has also been found that
Wigner term cannot be solely explained in terms of corre
tions between the neutron-protonJ51, T50 ~deuteronlike!
pairs. One should, however, realize that in a finite nucl
the intrinsic quantum numbers of the deuteron can be mi
with the orbital motion of the nucleons in the shell-mod
potential. Recently, pairing and the structure of thep f-shell
N'Z nuclei have been discussed in@20#. There, the isovec-
tor and isoscalar pairing interaction has been studied. It
been found that the Wigner energy cannot purely be
plained as a pairing effect, considering only the zero ang
momentum (L50) channel.

Calculations of the pairing and isospin symmetry
proton-rich nuclei were performed@21#. NearN'Z, a steep
decrease of the isoscalar proton-neutron pairing energ
found with increasinguN2Zu. An interesting fact is that in
50Cr proton-proton and neutron-neutron pairing is more
duced with temperature than the isoscalar proton-neu
pairing @22#.

Proton-neutron pairing has been discussed also with
spect to other properties, see@15#. For instance, a cranked
shell model for the description of rotational bands inN'Z
nuclei has been formulated in@23# taking the isovector
proton-neutron pairing explicitly into account. More detail
discussions with respect to the binding energies can be fo
in @14#. Proton-neutron pairing and its relation to isosp
symmetry has been studied within the BCS theory in@24#.
Recently, the role of the proton-neutron interaction inN
'Z nuclei and its consequences forpn pairing has been
investigated in@25#.

We will proceed as follows: In Sec. II we analyze th
binding energies of nuclei nearN5Z. The basic formalism
of LDA is given in Sec. III. We proceed then with the pr
sentation of numerical results in Sec. IV and draw so
conclusions in Sec. V.

II. BINDING ENERGIES OF NUCLEI NEAR N5Z

A. Filters for isospin singlet condensates

The empirical binding energies of nuclei are well appro
mated by the Bethe-Weizsa¨cker formula, containing the con
tributions of bulk, surface, Coulomb and asymmetry ener
Additional contributions originate from pairing in the isosp
triplet channel (pp, nn) and shell structure effects, for in
stance, the behavior near magic numbers.
02430
in

t

n

-
-
he

e
-

s
d

l

as
-

ar

is

-
n

e-

nd

e

-

.

We assume that the binding energyB(Z,N) can be de-
composed into different contributions as

B~Z,N!5Bbulk~Z,N!1Bsurf~Z,N!

1BCoul~Z,N!1Basymm~Z,N!

1Bshell~Z,N!1Bpair~Z,N!1DB~Z,N!. ~1!

The termDB(Z,N) contains the effects of correlations b
tween protons and neutrons@isospin singlet (pn) pairing,
quartetting#, which are of interest here. In nuclear matter, t
occurrence of different condensates has been intensively
vestigated. Isospin singlet (pn) pairing is strong in symmet-
ric nuclear matter for densities up to the saturation dens
The dependence of thepn pairing gap on the asymmetry o
nuclear matter for different densities has been investigate
Refs.@26,27#. If the densities of protons and neutrons, or t
corresponding chemical potentialsmp ,mn are sufficiently
different, a condensate cannot be formed.

Analogously, the effects of isospin singlet (pn) pairing
and quartetting are expected to be strong nearN5Z, and
disappear if the absolute value of the differenceN2Z be-
comes large. Therefore, it seems to be reasonable to inv
gate the behavior of

DB~Z,N!5bN2Z~Z! ~2!

in dependence ofN2Z, consideringZ as a parameter.
To select out the contributionDB(Z,N) to the binding

energy, filters can be applied which eliminate the other c
tributions given in Eq.~1! to a large extent. We consider th
following ~horizontal and vertical! filters:

h~Z,N!52B~Z,N!2B~Z,N22!2B~Z,N12!

22B~Z22,N!1B~Z22,N22!1B~Z22,N12!,

~3!

v~Z,N!52B~Z,N!2B~Z22,N!2B~Z12,N!

22B~Z,N12!1B~Z22,N12!

1B~Z12,N12!. ~4!

These simple filters contain the difference of second-or
differences. Therefore, smooth dependences onZ, N nearly
cancel out, up to second order. This concerns not only
contributions of bulk, surface, and Coulomb energy, but a
the asymmetry term. The isospin triplet pairing effects co
pensate because only nuclei of equal parity are conside
Similarly, shell effects compensate to a certain extent ass
ing that they are related only to the respective values of
numbersZ or N.

From these primitive filters~3!,~4!, other filters can be
constructed by superposition. The filter used in@18# to evalu-
ate the Wigner energy can be constructed as

W~A!52
1

8
vS A

2
,
A

2
22D2

1

8
hS A

2
,
A

2
22D ~5!

or, more generally,
6-2
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w~Z,N!52
1

8
v~Z,N22!2

1

8
h~Z,N22!. ~6!

Another, more symmetric filter

FIG. 1. The filterh(Z,Z1 i ), Eq. ~3!, is given for variousi as it
can be extracted from the experimental binding energies. Re
are separately shown for even-even~a!, odd-odd~b!, and even-odd/
odd-even~c! nuclei.
02430
g~Z,N!5
1

8
h~Z,N!2

1

8
h~Z12,N! ~7!

was considered in@28#.
We give the results for the filterh(Z,N) in Fig. 1. The

dependence ofh(Z,N) on Z is shown for different paramete
valuesN2Z, where even and odd values ofZ are shown
separately. It is clearly seen that the filterh(Z,N) becomes
small for largeN2Z. Furthermore, the average value d
creases with increasingZ. Also, even-even and odd-od
numbers ofZ,N show a different behavior. Similar result
can be obtained using the filters~4!, ~6!, or ~7!.

The relation to the quantitiesbi(Z) introduced above can
immediately be given. For the filterh(Z,N) we find

h~Z,N!52bN2Z22~Z!12bN2Z~Z!1bN2Z~Z22!

2bN2Z12~Z!22bN2Z12~Z22!

1bN2Z14~Z22!. ~8!

Since only differences of the quantitiesbi(Z) are determined
by the filterh(Z,N), their values can be reconstructed usi
additional assumptions. As seen in Fig. 1 the quan
h(Z,N) vanishes rather quickly for large values of the asy
metry N2Z. We assume thatbN2Z(Z) behaves in a similar
way. In particular, we setbN2Z(Z)[0 for uN2Zu>6. Fur-
thermore, the solution of Eq.~8! is significantly simplified if
the dependence ofbN2Z(Z) on the asymmetryN2Z is con-
sidered to be much larger than the dependence on the pr
numberZ. Approximating in a first stepbi(Z22)'bi(Z)
leads immediately toh(Z,N)'2bN2Z22(Z)13bN2Z(Z)
23bN2Z12(Z)1bN2Z14(Z), so that the system of equa
tions decouples. The corresponding results for the quant
bi(Z) are shown in Fig. 2. It should be mentioned, howev
that there is a noticeable dependence onZ which is in con-
trast to our starting approximation. A more sophisticated
traction of thebi(Z) using Eq.~8! presumably would give
somewhat different results. However, the explicit depe
dence onZ is not subject of this work, rather, we will discus

lts

FIG. 2. The parameterbN2Z(Z) for even and odd proton num
ber Z as it is derived from the filterh.
6-3
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only the average behavior with respect toZ. It is expected
that, after averagingbi(Z) over Z ~which will be performed
below!, the deviations of the approximate result from a mo
sophisticated solution of Eq.~8! will be reduced.

A first important result is that the quantitiesbi(Z) depend
mainly on the absolute value ofi. As a consequence
h(Z,Z22) nearly coincides with 2h(Z,Z), whereas
h(Z,Z21) is close to zero, in contrast toh(Z,Z11). In
detail, the values forb0 ,b2 ,b4 were found from the solution
of equations containingh(Z,Z),h(Z,Z12),h(Z,Z14),
whereas the values forb1 ,b3 ,b5 were found from the solu-
tion of equations containingh(Z,Z11),h(Z,Z13),h(Z,Z
15). To derive the average behavior with respect toZ, we
considered the ratiosbi /b0 as shown in Fig. 3. The averag
of these values over the whole range of experimentally
cessible data (8<Z<30) are given in Fig. 4. They show
decrease with increasingu i u5uN2Zu, so thatb5 is nearly
zero.

FIG. 3. A selection of several ratiosbi /bj as a function ofZ.
The dashed lines represent the average values of the ratios.

FIG. 4. Averages of the ratiobN2Z /b0 as a function of the
absolute value of the difference between the number of protons
neutrons.
02430
e

c-

B. Further filters

A further interesting property of the quantitiesbi(Z) is
their even-odd staggering with respect toZ. This can be de-
duced from the values shown in Fig. 2. Alternatively, w
also can consider, as a special indicator to extract even-
staggering, the filter

c~Z,N!5~21!Z@B~Z,N!2B~Z,N12!2B~Z12,N!

1B~Z12,N12!1B~Z11,N21!

2B~Z11,N11!2B~Z21,N21!

1B~Z21,N11!#. ~9!

We decompose

bi~Z!5b̄i~Z!1~21!Zdbi~Z! ~10!

and assume that the remaining dependence onZ is smooth.
Again, please notice that eventually we consider only qu
tities that are averaged with respect toZ and, therefore, we
simplify the extraction of thedbi(Z) in the same manner a
for the bi(Z). Then we have

FIG. 5. The filterc(Z,Z1 i ) for variousi. Results are separatel
shown for even-even/odd-odd~a! and even-odd/odd-even~b! nu-
clei.

nd
6-4
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c~Z,N!522dbN2Z22~Z!14dbN2Z~Z!22dbN2Z12~Z!.
~11!

Now, we can perform the reconstruction ofdbi(Z) along the
lines given forbi(Z). The filter c(Z,N) is shown in Fig. 5,
the parametersdbi(z) in Fig. 6 as a function ofZ, and the
averaged values are shown in Fig. 7 vs the asymmeti
5N2Z. We see that also there the staggering contribut
disappears with increasingu i u, however, the statistical error
are large. The global dependence ofb̄i(Z),dbi(Z) on Z can-
not easily be extracted. After a steep decrease for smallZ a
flattening is observed at higher values ofZ, see also Figs. 2
6.

From other approaches, see@19#, the Wigner energyEW is
introduced which occurs in the additional binding due to
np-pair correlations

Bnp,pair52enp~A!pnp1EW ~12!

FIG. 6. The parameterdbN2Z(Z) as derived from the filterc,
Eq. ~9!, for even and odd proton numberZ.

FIG. 7. Averages of the ratiodbN2Z /db0 as a function of the
absolute value of the proton-neutron difference.
02430
n

e

with pnp5@12(21)N#@12(21)Z#/4. The first contribu-
tion to the np pairing energy (enp) represents additiona
binding due to the residual interaction between the two o
nucleons in an odd-odd nucleus. The Wigner energyEW is
believed to represent the energy of collectivenp-pairing cor-
relations. It can be decomposed into two parts:

EW5W~A!uN2Zu1d~A!pnpdNZ . ~13!

The filter used in@18# can be constructed as given by Eq.~5!
and

d~A!5
1

2
cS A

2
23,

A

2
21D1

1

2
cS A

2
22,

A

2 D . ~14!

Thed term represents a correction forN5Z odd-odd nuclei.
Estimates suggest that the ratiod/W is constant, values 1 an
0.56 have been reported@18#. Both filters can be expresse
by superposition in terms of the more simple filtersh(Z,N),
v(Z,N),c(Z,N) given here. A more general filter is intro
duced asd(Z,N)5c(Z23,N21)/21c(Z22,Z) as an aver-
age over neighboring values ofc. Some values are shown i
Fig. 8.

The results of our phenomenological treatment can
summarized as follows~some preliminary results have bee
presented in@29#!:

~i! There is a contributionbi(Z) to the nucleon binding
energy which is due to proton-neutron correlations of
type of a isospin-singlet pairing or a quartetting condens

~ii ! This contribution depends on the absolute value of
asymmetry parameteruN2Zu. It has a maximum magnitude
for symmetric nucleiN5Z and decreases with increasin
asymmetry, disappearing nearuN2Zu54.

~iii ! It shows an even-odd staggering as function ofZ.
~iv! On the average, it decreases with increasingZ, steep

for small values ofZ, but flat for largeZ.

FIG. 8. For demonstration purposes the filterd(Z,Z1 i ) for
variousi is given considering only even-even and odd-odd nucl
6-5
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III. LOCAL-DENSITY APPROXIMATION

A theoretical interpretation of the contribution to the bin
ing energy due topn pairing and quartetting could be give
by the local density approximation~LDA !. In contrast to
shell-model calculations, the LDA is by far more simple a
has been proven to give adequate results in the case opp
andnn pairing @17#.

As is well known from quantum statistics of the inhom
geneous fermion gas, the energy and wave function of
ground state of a many-fermion system can be calcula
within a variational approach. The energy density is cons
ered as a functional of the fermion density, which, in the c
of a nucleonic system, depends in addition to space coo
nates also on spin and isospin. It can be decomposed
kinetic, potential, exchange, and correlation energy. Withi
gradient expansion, in lowest order the energy density
pends only on the local values of the nucleon density. A
consequence, the exchange and correlation energy ca
approximated using results from nuclear matter calculatio

In particular, the contribution to the exchange and cor
lation part of the energy due to the formation of a condens
can be evaluated within nuclear matter theory. There is
extended literature on isospin triplet~pp,nn! pairing. More
recently, also isospin singlet (pn) pairing has been consid
ered @9#, which for symmetric nuclear matter may becom
stronger compared with isospin triplet pairing at subnucl
densities because of the more attractive nucleon-nucleon
teraction in the isospin singlet channel.

A. Pairing vs quartetting in symmetric matter

A standard way to describe quantum condensates
many-body systems is the method of thermodynamic Gr
functions. In the case of two-nucleon pairing, the transit
to a superfluid state is obtained from the Thouless criter
as described by the Gorkov equation

c2~12!5 (
1828

V~12,1828!
12 f ~1!2 f ~2!

m11m22e~1!2e~2!
c2~1828!.

~15!

The influence of the medium is contained in the sing
particle energy

e~1!5p1
2/2m1(

2
V~12,12! f ~2! ~16!

and in the Pauli blocking term@12 f (1)2 f (2)#. Here,
f (1)5@exp$e(1)/T2m/T%11#21 is the Fermi distribution
function and 1 denotes momentum, spin, and isospin coo
nates, whereasV(12,1828) is the antisymmetrized matrix el
ement of the two-body interaction. Depending on the resp
tive channels considered, it allows the determination of
critical temperaturesTs

c or Tt
c for the isospin singlet and

triplet channels, respectively, as a function of the chem
potential.
02430
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The solution of the Gorkov equation has been conside
by different authors using realistic bare nucleon-nucleon
teractions. It has been found that in comparison with
isospin triplet channel, in the isospin singlet channel the tr
sition to superfluidity should arise at relatively high tempe
tures@9,26,27#. This is a consequence of the stronger int
action in the isospin singlet channel which leads to
formation of the deuteron in the low-density limit wheref
!1. Estimates give a value of the critical temperature up
Ts

c'5 MeV at one third of the nuclear matter density. At th
same time, at zero temperature a large gap arises@9#.

In a recent paper@15# it has been shown that in a certa
region of density, pairing has to compete with quartetting
has been found that under certain conditions in symme
nuclear matter the transition to isospin singlet pairing, wh
is stronger than triplet pairing, will not occur because t
quartetting transition occurs before that. Within a clust
mean-field approach@5,30#, the critical temperature for the
quartetting transition was obtained from an equation sim
to Eq. ~15! for the four-particle wave functionc4(1234).
The explicit formulation of this equation as well as its sol
tion is presented in@15#. As a major result, it has been foun
that the transition to quartetting beats the transition to isos
singlet pairing if the density is smaller than 0.03 fm23. Be-
low this density the nuclear system favors a state wher
four-particle condensate is formed.

B. Gap equation and condensation energy for asymmetric
nuclear matter

For infinite nuclear matter, the gap energy at zero te
perature as well as at finite temperature has been investig
for pairing in the different channels in dependence
nucleon density and isospin asymmetry. In particular, it h
been found that the gap energy in the isospin singlet cha
is strongly reduced for increasing asymmetry, and the tr
sition to superfluidity is possible only for asymmetry valu
a5(nn2np)/(nn1np)<0.35@26,27#. Also, the critical tem-
perature is strongly suppressed with increasing asymmetr
it can be calculated from the gap energy as well as dire
from the solution of the BCS equation.

We give some relevant expressions for a fermion sys
interacting via a separable potential

Vtt852l (
P,k,k8

w~k!w~k8!at
†~P/21k!

3at8
†

~P/22k!at8~P/22k8!at~P/21k8!. ~17!

We use a Yamaguchi type of potential@31# with w(k)
5(k21k2)21, and k51.4488 fm21. The interaction
strength in the1S0 channel is only about 70% of the streng
in the 3S1 channel which in its original form@31# is chosen
to reproduce the deuteron binding energy as well as the l
energy behavior of the free scattering phase shifts. We
form an exploratory calculation and consider the interact
strength as a parameter that will be adjusted below. Furt
6-6
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more, only zero angular momentum is considered. Separ
representations of more realistic interactions can be foun
the literature@32#.

The interaction is treated in the mean-field~Hartree-Fock-
Bogoliubov! approximation, allowing for an isospin-single
pair amplitude at zero total momentumP. Diagonalizing
HMF2mpNp2mnNn using the Bogoliubov transformation
we obtain the gap equation

D~k!5lw~k!(
k8

w~k8!
D~k8!

A@jp~k8!1jn~k8!#214D2~k8!

3@12 f ~Ek8
1

!2 f ~Ek8
2

!# ~18!
th

i
o

u

-
tie

is

-

02430
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1

2
$A@jp~k!1jn~k!#214D2~k!6@jp~k!2jn~k!#%

~19!

and jp(k)5ep(k)2mp , jn(k)5en(k)2mn , f (E)5(eE/T

11)21. et(k) are the single-particle energies including t
shift due to a mean field as given above Eq.~16!. From the
self-consistent solution of the gap equation, besides
trivial solutionD(k)50 also a solutionD(k)5gw(k) with a
finite value ofg may occur.

The shift in the energy density due to the formation o
gap ~condensation energy density! follows as@33#
DE~np ,nn!5@Epair~np ,nn!2Enorm~np ,nn!#

5
2

V (
k

H 1

2F12
jp~k!1jn~k!

A@jp~k!1jn~k!#214D2~k!
G @ep~k!1en~k!#

2
D2~k!

A@jp~k!1jn~k!#214D2~k!
@11 f ~Ek

1!1 f ~Ek
2!#1

1

2
f ~Ek

1!

3F @ep~k!2en~k!#1@ep~k!1en~k!#
jp~k!1jn~k!

A@jp~k!1jn~k!#214D2~k!
14

D2~k!

A@jp~k!1jn~k!#214D2~k!
G

1
1

2
f ~Ek

2!F @en~k!2ep~k!#1@ep~k!1en~k!#
jp~k!1jn~k!

A@jp~k!1jn~k!#214D2~k!

14
D2~k!

A@jp~k!1jn~k!#214D2~k!
G2ep~k! f „ep~k!2mp…2en~k! f „en~k!2mn…J . ~20!
nd
ng
al-
s.
de-

eld
The chemical potentials are given by the normalization to
densities of the corresponding nucleons

2

V (
k

f „et~k!2mt…5nt . ~21!

As usual, it is assumed that the normalization condition
the paired state gives no essential change in the corresp
ing chemical potentials@33#.

C. Finite nuclei density profiles

For infinite nuclear matter, the energy density is calc
lated for homogeneous densitiesnt . In finite nuclei, the den-
sitiesnt(r ) are depending on positionr. Then also the quan
tities considered above which are functions of the densi
now are parametrically depending onr.

If the density distribution of protons and neutrons
known, the gain of the binding energy due tonp pairing
~condensation energy! can be estimated in LDA by the inte
gral
e

n
nd-

-

s

Bnp'4pE
0

`

r 2DE~np ,nn ;r !dr. ~22!

For nuclei withN neutrons andZ protons andA5N1Z,
we have to determine the density profiles of protons a
neutrons. Exploratory calculations will be performed taki
the nucleon densities from a simple potential model, norm
ized to the corresponding numbers of protons or neutron

The nucleons feel a mean-field phenomenologically
fined as

Vp~r !5Vp
nucl~r !1Vcoul~r !, Vn~r !5Vn

nucl~r !. ~23!

We adopt the Shlomo parametrization for the mean fi
@34#:

Vt
nucl5

Vt
0

11exp@~r 2R!/d#
, Vt

052V01tVsym~N2Z!/A,

~24!
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with the parameter valuesV0554 MeV, Vsym533 MeV,
andd50.7 fm. The radius of the nuclear potential is giv
by the implicit equation

R5
1.12A1/311.0

@11~pd/R!2#1/3
. ~25!

For the Coulomb potential we use the charged sphere
mula

Vcoul5
Ze2

2Rc
F32

r 2

Rc
2GQ~Rc2r !1

Ze2

r
Q~r 2Rc!, ~26!

where e251.44 MeV fm, Q(x) denotes the step function
The Coulomb radius is given by

Rc
25

5

3
^r 2&5C2

1110/3~pz/C!217/3~pz/C!4

11~pz/C!2
, ~27!

C5
1.12A1/3

@11~pz/C!2#1/3
, ~28!

where^r 2& is the m.s. radius from the nuclear charge dens
z50.54 fm.

Within the Thomas-Fermi approximation, at zero te
perature the local density is given by

nt~r !5
1

3p2
~kt

F!3Q„lt2Vt~r !…,

kt
F5F2m

\2
@lt2Vt~r !#G 1/2

, ~29!

whereVt(r ) is the total potential~23!. The chemical poten-
tials lt are determined by the constraints

Z5E d3rnp~r !, N5E d3rnn~r !. ~30!

Obviously this simple treatment gives only a first estimate
the nucleonic densities. They are correctly normalized
account also for the Coulomb repulsion, but can be impro
by considering the quasiparticle dispersion relation or s
effects in the nuclear density.

IV. NUMERICAL RESULTS

A. Condensation energy

In the LDA, we proceed in the following way. First, w
calculate the density profilesnt(r ) for protons and neutron
~see Sec. III C!. As typical examples the density profiles fo
40Ar and 40Ti are shown in Fig. 9. Then, with the total loca
density and the asymmetry@nn(r )2np(r )#/@nn(r )1np(r )#
as inputs the local gap functionD(k;r ) is obtained from the
solution of the gap equation~18!. This is performed within a
self-consistent Hartree-Fock scheme, which gives the lo
single-particle energieset(k;r ) depending on the isospi
02430
r-

,

-

f
d
d
ll

al

variable. Having the pairing gap at our disposal the lo
condensation energy density~20! is determined. Finally, in-
tegration over the whole nucleus~22! gives the contribution
to the binding energy due tonp pairing.

The coupling strengthl of the separable interaction i
considered as a parameter which should be taken as a
nomenological quantity. To reproduce the average Wig
energy in the mass number region 20<A
<100 (2.62 MeV), we have taken the valuel
592.35 MeV fm3 in the 1S0 channel and l
5131.50 MeV fm3 in the 3S1 channel. Usually the deutero
binding energy is used to adjust this parameter. Howe
within our simple model we should take into considerati
that the interaction~17! is an effective description, simplify-
ing different contributions as the different channels, sh
distance repulsion, spin-orbit coupling, etc. Furthermo
some suppression ofT50 pairing in symmetric nuclear mat
ter due to medium polarization is expected. The fact that
np pair is bound~deuteron!, whereasnn andpp pairs are not
is essentially due to the tensor force leading to thed-wave
component in the deuteron. Without this component thepn
interaction in theT50 channel would hardly be differen
from thenn or pp interactions. The fate of the tensor forc
in the nuclear medium is, however, a much debated sub
in nuclear physics and it is quite possible that the ten
force is much more screened than the other parts of
nuclear force@35#. In this sense the use of a bare interacti
in the pn (T50) channel may be more questionable than
is in theT51 channel.

In the following we present some results for the isosp
singlet pairing gap as a function of the density. We be
with the temperature dependence of the gap for the cas
symmetric nuclear matter shown in Fig. 10. Below norm
nuclear matter density, which is of relevance here, the
ference betweenT50 and T50.5 MeV temperature is
small, whereas with further increasing temperature the
goes quickly to zero. In Fig. 11 the isospin singlet pairi
gap is given as a function of the density in asymmet
nuclear matter at a fixed temperature ofT50.75 MeV and

FIG. 9. Density profiles of neutrons~solid lines! and protons
~dashed lines! calculated within the Thomas-Fermi approximatio
for 40Ar and 40Ti at zero temperature.
6-8
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for different values of the asymmetry parametera. The gap
is strongly reduced also with increasing asymmetries c
firming the results previously obtained in@26,27#.

For a nucleus withA540, the average gap on the Ferm
level @17#

D5(
t
E d3rD„kF~r !;r …@nt~r !#1/3Y (

t
E d3r @nt~r !#1/3

~31!

is shown as function of the asymmetry in Fig. 12 for diffe
ent temperatures.

The condensation energy as a function of asymmetr
shown in Fig. 13 for different temperatures. For the calcu
tion, a fixedA540 was assumed. BelowT50.5 MeV, the
dependence on temperature is negligible~see also Fig. 10!,
but becomes strong forT.1 MeV. The influence of the

FIG. 10. Proton-neutron pairing gap for symmetric nuclear m
ter as a function of the total density and different temperaturesT.

FIG. 11. Proton-neutron pairing gap for asymmetric nucl
matter as a function of the total density atT50.75 MeV tempera-
ture and four values of the asymmetry parametera.
02430
-

is
-

Coulomb interaction taken into account for the calculation
the density profiles destroys the symmetry with respec
N2Z50. The Coulomb effect is to increase the overl
between neutron and proton densities in the tail of the d
sity profiles, as show in Fig. 9. As a consequence the pai
gap is slightly enhanced. Furthermore, the steep decreas
the condensation energy nearN2Z55 is also shown. This is
in correspondence to the findings given in Fig. 4.

B. Quartetting

The additional contribution due to quartetting seems to
high in the region of light nuclei, where thea cluster model
is a good approximation. The strong even-odd staggerin
reduced at higher masses.

t-

r

FIG. 12. Average proton-neutron pairing gap of nuclei with
mass numberA540 as a function of the asymmetryN2Z and four
values of the temperature.

FIG. 13. Condensation energy of nuclei with a mass num
A540 as a function of the asymmetryN2Z and four values of the
temperature.
6-9
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To give an estimation of the effect of quartetting, we ta
up an idea from@15# where the condensation energy dens
has been related to the critical temperatureTc via the well-
known relation@2# betweenTc and the BCS gap at zer
temperature. Using the results for the critical temperature
the quartetting transition as a function of the density p
sented in@15#, we calculated the condensation energy den
as a function ofr as given by the local-density profile. Usin
this condensation energy density we repeated the calcula
of the condensation energy as outlined in the previous s
section now including the possibility of the formation of
four-particle condensate.

Comparing with calculations neglecting quartetting, t
gain of binding energy due to quartetting has been evalu
for different nuclei withZ5N. Exploratory calculations for
nuclei of medium size (A'100) show that the contribution
due to quartetting is almost zero but may become large
small A. For instance, the calculation for12C and 16O give
an additional contribution to the condensation energy du
quartetting of 10.3 and 9.6 %, respectively, if compared w
isospin singlet pairing.

These results should be considered as first estimates o
effect of a possible four-particle condensate on nuclear b
ing energies. For a more accurate evaluation of these eff
the direct calculation of the condensation energy by mean
the solution of the four-particle wave equation at zero te
perature is needed. Moreover, the local-density approxi
tion we used in this work deserves further improvements

C. Excited nuclei

After discussing the contribution ofpn pairing to the
nucleon binding energy, comparing with the pairing ene
in asymmetric nuclear matter, it is of interest to discuss a
the effect of excitations. In nuclear matter, excitations
well understood in the context of finite temperatures. It
expected that the effects of condensates are decreasing
increasing excitation.

To investigate the effect of excitations on the formation
condensates in finite nuclei, we analyze the 21 excitations of
even-even nuclei. In particular, we used thew filter for the
analysis and comparedw21(Z,Z) for the excited nuclei with
w0(Z,Z) for the ground-state nuclei, see Fig. 14. We det
mined the mean value of the ratio fromZ510 to Z526 and
obtainedw21(Z,Z)/w0(Z,Z)50.6460.19.

This result can be compared with the influence of fini
temperature on the pairing in nuclear matter. The average1

excitation energy of even-even nuclei, taken for the inter
10<Z<30, is 1750 keV. Performing a finite-temperatu
Thomas-Fermi calculation for a nucleus of medium pro
numberZ520, this excitation energy would correspond to
temperature of about 1 MeV.

As shown in Fig. 13, similar to the decrease of the gap
observe also a decrease of the valueb0(Z) with increasing
temperature. The result of the calculation is in agreem
with the empirical value given above.

V. CONCLUSIONS

In this work we have shown that isospin-singlet pairi
anda-like quartetting may contribute to the binding ener
02430
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of nuclei very close to the symmetry lineN5Z. These con-
tributions are relatively large for smaller nuclei (Z,20). For
medium mass nuclei neutron-proton pairing in the isosca
channel disappears already foruN2Zu54. This stems from
the very rapid decrease of the isoscalar pairing as a func
of the unbalance in the Fermi energies of protons and n
trons. These facts can explain the origin of the Wigner te
in the mass formula as well as the empirically determin
DB(Z,N) or bZ2N(Z), respectively@see Eqs.~1!,~10!#. An
enhancement of the isoscalar pairing contribution to
binding energy is obtained if in addition quartetting is tak
into account. An interesting effect is that the reduction of t
condensation energy with increasing excitation of the nu
seems to be in agreement with empirical data.

Our calculations are exploratory in the sense that th
were performed in the rather crude LDA approach. Howev
please notice that the LDA has yielded in the past quite r
sonable results on the average, i.e., for a gap averaged
the shell effects@17#. Therefore, we think that our result
give a quite reliable first orientation of the effect. The a
proach should be improved in several respects. First, a m
realistic force should be employed. Second, shell effe
must properly be included. Eventually, effects of numb
projection, even-odd staggering, and pair fluctuations sho
also be investigated. Such studies will be performed in
future. It is hoped that isoscalar pairing and quartetting w
give us precious hints on the effective neutron-proton int
action in a nuclear medium as well as very interesting cl
tering and condensation phenomena in nuclei.
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FIG. 14. For the filterw(Z,Z) the ratiow21 /w0 of 21 excited
nuclei over ground-state nuclei is given for even proton and neu
number. The average value is indicated by the dashed lines as
as the statistical errors by the thin lines.
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