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Neutrino-nucleon reaction rates in the supernova core in the relativistic random
phase approximation
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We calculate neutrino reaction rates with nucleons via the neutral and charged currents in the supernova core
in the relativistic random phase approximation~RPA! and study their effects on the opacity of the supernova
core. The formulation is based on the Lagrangian employed in the calculation of the nuclear equation of state
~EOS! in the relativistic mean field theory~RMF!. The nonlinear meson terms are treated appropriately so that
the consistency of the density correlation derived in RPA with the thermodynamic derivative obtained from the
EOS by the RMF is satisfied in the static and long wavelength limit. We employ pion and rho meson exchange
interactions together with the phenomenological Landau-Migdal parameters for the isospin-dependent nuclear
interactions. We find that both the charged and neutral current reaction rates are suppressed from Bruenn’s
standard approximate formula considerably in the high density regime (rb*1014 g/cm3 with rb the baryonic
density!. In the low density regime (rb&1014 g/cm3), on the other hand, the vector current contribution to the
neutrino-nucleon scattering rate is enhanced in the vicinity of the boundary of the liquid-gas phase transition,
while the other contributions are moderately suppressed there also. In the high temperature regime (T
*40 MeV with T the temperature! or in the regime where electrons have a large chemical potential, the latter
of which is important only for the electron capture process and its inverse process, the recoil of nucleons
cannot be neglected and further reduces the reaction rates with respect to the standard approximate formula
which discards any energy transfer in the processes. These issues could have a great impact on the neutrino
heating mechanism of collapse-driven supernovae.

PACS number~s!: 26.50.1x, 24.10.Jv, 21.60.Jz
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I. INTRODUCTION

Calculation of neutrino-nucleon reaction rates in a h
(T&50 MeV) and dense (1013 g/cm3&rb&1015 g/cm3)
core of a collapse-driven supernova is a complicated pr
lem ~see, e.g.,@1–3# for the standard rates!. When the density
reachesrb;1013 g/cm3, the average separation of nucleo
d;6310213 cm (rb /1013 g/cm3)21/3 becomes of the sam
order as the typical neutrino compton wavelengthln;
6310213 cm (En /30 MeV)21. This means that neutrino
are interacting simultaneously with multiple nucleons for t
density or higher. If nucleons are distributed uniformly
space and time, which is unlikely, the outgoing waves fr
multiple targets interfere with one another and the cross
tions remain the product of the number of targets and
cross section of a single scattering. However, in reality,
distributions of nucleons are fluctuating due to mutual int
actions and the reaction rates will be modified from tho
obtained with this simple formula. Furthermore, the typic
energyEn;30 MeV (T/10 MeV) of a neutrino, which is
approximately an inverse of the duration time of interact
between a neutrino and a nucleon, is of the same order a
nucleon-nucleon scattering rateG;^sv&nb;30 MeV for
the density rb;331013 g/cm3 and temperatureT;10
MeV, wheres, v andnb are the scattering cross section, t
nucleon velocity and the nucleon number density, resp
tively. This implies that during the interaction between
0556-2813/99/61~1!/015803~16!/$15.00 61 0158
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neutrino and a nucleon, the target nucleon scatters off
other nucleon. Hence both the spatial and temporal corr
tions of nucleons are important.

It is, however, very difficult to calculate the correlation
of nucleons accurately, since they are induced by the str
nuclear interactions and cannot be treated with a simple
turbative approach. This issue has been studied by sev
authors. Sawyer@4#, for example, calculated the density an
spin-density fluctuations of nuclear matter in the static a
long wavelength limit from an equation of state, while Iw
moto Pethick@5# investigated them from the Fermi liqui
theory. These results have not been incorporated extens
in simulations of supernovae or protoneutron stars~see, how-
ever, @6#! and the simpler formulas for the reaction rat
mentioned above have been used in even the most sop
cated computations@7–10#.

With the increasing recognition that neutrino transport
one of the key factors in producing a successful supern
explosion@11,12#, this issue has recently attracted the atte
tion of supernova researchers. In the neutrino heating
nario of a supernova explosion@13,14#, which is supposed to
be the most promising at present, the shock wave, wh
stagnates in the iron core after the core bounce, is expe
to be reinvigorated by neutrinos diffusing out of the prot
neutron star. It has been shown that it is important in t
mechanism to increase the neutrino heating rate via
dominant processes of electron neutrino absorption on n
trons and electron antineutrino absorption on protons beh
©1999 The American Physical Society03-1
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the shock wave. This heating rate is approximately given

Qn'1103
Ln,52̂ En,15

2 &

r 7
2^m&

H Yn

Yp
J F MeV

secNb
G . ~1.1!

HereYn5nn /nb andYp5np /nb are the number fractions o
free neutrons and protons, respectively; the normaliza
with the baryonic number densitynb indicates that the rate
per baryon is calculated in Eq.~1.1!; Ln,52 denotes the neu
trino luminosity in units of 1052 erg/s,En,15 the neutrino en-
ergy normalized by 15 MeV,r 7 the radius in 107 cm; ^m& is
the mean value of the cosine of the angle of neutrino pro
gation relative to the radial direction. It is clear from th
equation that higher neutrino energy and/or greater neut
luminosity increase the neutrino heating rate. One obvi
way to achieve these increases is to decrease the neu
opacities in the supernova core. Since the dominant sourc
opacity for neutrinos is the neutrino-nucleon reactions,
modification of these rates could have a great impact on
supernova mechanism@15–20#.

As stated above, the neutrino-nucleon reaction rates u
in the supernova simulations thus far were mostly evalua
by multiplying the rate for a single target nucleon with t
nucleon number density~see, e.g.,@2,21# and references
therein!, thus ignoring the correlations due to ambient nuc
ons. Recently, however, some authors@18–20,22,23# calcu-
lated the density as well as the spin-density correlations
nucleons due to nuclear forces based on the RPA. As sh
later, this method evaluates the nonuniform nucleon distri
tions in space and time using the mean field approximat
On the other hand, Raffelt and his coworkers@15,16,24–26#
insisted that the effect from collisions of two nucleons on
nucleon spin-density fluctuations cannot be neglected, wh
is not taken into account in the RPA~see also@27#!.

One of the authors~H.T.! recently published a nuclea
EOS based on the RMF and the Thomas-Fermi approxi
tion for finite nuclei covering a wide range of density, tem
perature and electron fraction of relevance to supern
simulations@28,29#. In this paper, we calculate the nucle
correlations in the relativistic RPA based on the Lagrang
used in the calculation of the EOS in the RMF@30,31#. It is
shown in the next section that this guarantees the therm
namical consistency of the neutral vector current part of
action rates with the EOS in the static and long wavelen
limit if the nonlinear meson terms are appropriately treat
The neutral axial vector current and the charged current c
tributions to the reaction rates are calculated on the s
basis but with an additional introduction of the phenome
logical Landau-Migdal parameters for the isovector chan
@32–35#, since they do not contribute to the RMF and a
neglected in the theory. The possible collisional effe
which are supposed to be important particularly in the l
density regime and might have some roles in forming
neutrino spectra will be discussed elsewhere@36#, since we
consider that the consistency of the reaction rates with
EOS is more important.

This paper is organized as follows. In the next section
formulate the neutrino reaction rates with nucleons using
so-called dynamical structure functions and show that
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RPA is consistent with the EOS obtained by mean fi
theory. Then we represent some modifications of the reac
rates due to the RPA correlations, using Bruenn’s stand
approximation formulas as a reference. We summarize
paper with some discussion of the implications for supern
simulations in the last section.

II. NEUTRINO-NUCLEON REACTION RATES

First we express the reaction rates in a general fo
Since we are interested in low energy reactions (E!Mw , the
mass of weak boson!, the weak interaction is well approxi
mated by the interaction Lagrangian density:

LI~x!5
GF

A2
l m~x!JN

m~x!, ~2.1!

whereGF is the Fermi coupling constant,l m(x) is the lepton
weak current given by

l m~x!5c̄ l~x!gm~12g5!c l~x!, ~2.2!

andJN
m(x) is the nucleon counterpart,

JN
m~x!5c̄N~x!gm~hV2hAg5!cN~x!. ~2.3!

hV andhA are the vector and axial vector coupling constan
respectively, and are taken for the charged current ashV
5gV51 andhA5gA51.23. For the neutral current they a
hV

n521/2, hA
n521/2gA and hV

p51/222 sin2uW, hA
p

51/2gA for neutron and proton, respectively.uW is the
Weinberg angle.

Following the standard procedure~see, e.g.,@37#!, the re-
action rates are obtained by taking a square of each ma
element evaluated up to the lowest order of the Fermi c
pling constant, taking the thermal ensemble average for
initial state and summing over the final states:

R~qin, qout!5
GF

2

2
Kab~qin, qout!SN

ab~k!. ~2.4!

qin andqout are the four momenta of the incident and outg
ing leptons, respectively.k5qin2qout is the four momentum
transferred from lepton to nucleon. In the above equation,
tensorKab comes from the kinematics of leptons and giv
by

Kab~qin, qout!58~qa
outqb

in1qb
outqa

in2qout
•qingab

1 i«ab
dgqd

outqg
in!. ~2.5!

Here gab is the metric tensor with the signature o
@1222#, and «abdg is the antisymmetric tensor with
«012351. All information of nucleons is contained in th
so-called dynamical structure functionSN

ab defined as

SN
ab~k!5E d4xeikx^JN

a~x!JN
b~0!&, ~2.6!
3-2
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where^•••& stands for the thermal ensemble average of
argument.

The structure function can be generally decomposed
follows due to the isotropy of the system:

SN
ab~k!5R1~k!uaub1R2~k!~uaub2gab!1R3~k!kakb

1R4~k!~kaub1uakb!1 iR5~k!«abdgudug ,

~2.7!

whereua is a four velocity of the system. Putting Eqs.~2.5!
and ~2.7! into Eq. ~2.4!, we get

R~Ein,Eout,cosu!54GF
2EinEout@R1~k!~11cosu!

1R2~k!~32cosu!

22~Ein1Eout!R5~k!~12cosu!#,

~2.8!

whereEin andEout are the energies of the incident and ou
going leptons, andu is the angle between the incident an
outgoing three momenta. There are three terms with diffe
angular dependences. In general the third contribution
much smaller than the other two terms and ignored in
following discussions. Their meanings become clearer if
take the nonrelativistic limit for the nucleon kinematics.
this limit R1(k) andR2(k) are reduced to

R1~k!'hV
2E d4xeikx^rN~x!rN~0!&, ~2.9!

R2~k!'
hA

2

3 E d4xeikx^sN
i ~x!sN

i ~0!&. ~2.10!

Thus, R1(k) comes mainly from the vector current part
the nucleon weak current and is nothing but a density co
lation function of nucleons.R2(k) originates from the axia
vector current of nucleon and represents a spin-density
relation function.rN(x) is the nucleon density andsN

i (x) is
the spin density and the spin componentsi are summed up.

The calculation of the reaction rates is thus reduced to
evaluation of these correlation functions. It is, howev
easier in the field theory to treat the time ordered prod
instead of the ordinary one since we can apply the pertu
tion theory more easily to the former~see, e.g.,@38#!. Hence
we define the time ordered product of the weak curr
PN

ab(k) corresponding to the dynamical structure function

iPN
ab~k!5E d4xeikx^TJN

a~x!JN
b~0!&, ~2.11!

where the symbolT stands for the chronological ordering o
operators. It is also convenient to consider the correspon
retarded Green function defined as

iPN
Rab~k!5E d4xeikxQ~ t !^@JN

a~x!, JN
b~0!#&, ~2.12!
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where@A,B# denotes the commutator ofA andB andQ(t) is
the Heaviside function. In fact, the dynamical structure fun
tion is related to the imaginary parts of those Green functi
via a simple formula:

SN
ab~k!52

2

11e2b(k02Dm)
Im PN

ab

52
2

12e2b(k02Dm)
Im PN

Rab. ~2.13!

HereDm5mout2m in is the difference of the chemical poten
tials between the outgoing and incident nucleons. Thus w
we have to do is to somehow calculate Eqs.~2.11! or ~2.12!.

A. Thermodynamic consistency

In this section, we discuss the thermodynamic consiste
of the approximation for the reaction rates with that for t
EOS. By consistency we mean that the reaction rates
nothing but correlation functions, as stated above. For
ample, the density correlation function reduces in the st
and long wavelength tô (N2^N&)(N2^N&)&/V25(^N2&
2^N&2)/V2. HereN andV are the baryonic number and th
volume of the system, respectively. This thermal ensem
average is related to the thermodynamic derivative of
number density with respect to the chemical potential
(]N/]m)T5b^(N2^N&)(N2^N&) with b51/T, which is
obtained from the EOS@39#. This sort of relation should be
satisfied also in approximate formulations, since it guar
tees the correct behavior of reaction rates in this limit. In
following we show that the RPA is consistent in this sen
with the mean field theory@18#. The argument is mainly
indebted to the papers@40,41#. For simplicity we consider
the nonrelativistic density correlation in the imaginary tim
formalism. The extension to the relativistic case@42# and/or
to the real time formalism is possible@43#.

The EOS can be calculated once the number densit
obtained for a given temperature and chemical potential.
number density in turn is obtained from the single parti
Green function asnb(x1)52 iG(1,11). Here the Green
function is defined as usual,iG(1,2)5^Tf(x1)f†(x2)&, and
11 in the argument denotes the limitt2→t110. Hence the
approximation for the EOS can be regarded as the appr
mation of the Green function, or that of the self-energyS
since the Green function is determined by the Dyson eq
tion G215G0

212S, whereG0 is the free propagator.
The response of the system to an external disturbanc

studied by adding an extra interaction, such as

Lext5E
0

2 ib

dx1dt1dx2dt2f†~x2 ,t2!

3U~x2 ,t2 ,x1 ,t1!f~x1 ,t1!,

where only the time integration region is shown explicitl
Then the response function is given by
3-3
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dG~1,18;U !

dU~28,2!
U

U50

52@G2~1,18,2,28!2G~1,18!G~2,28!#

5 iL ~1,18,2,28!, ~2.14!

whereG2(1,18,2,28) is the two particle Green function, an
G(1,2;U) is the single particle Green function under t
external disturbance and is written in the interaction rep
sentation as

iG~1,2;U !5
^TSf~x1!f†~x2!&

^TS&
, ~2.15!

with S5exp(2iLext). Equation~2.14! is derived directly by
taking a derivative of Eq.~2.15!. The retarded Green func
tion defined by Eq.~2.12! is obtained from the respons
function L(1,11,2,21) through analytic continuation@39#.
The equation for the response functionL(1,18,2,28) is ob-
tained by taking a functional derivative of the Dyson equ
tion as

L~1,18,2,28!5L0~1,18,2,28!

2E dx3dx38dx4dx48L0~1,18,3,38!

3J~38,3,48,4!L~4,48,2,28!, ~2.16!

with

iL 0~1,18,2,28!5G~1,28!G~2,18!, ~2.17!

iJ~18,1,28,2!5
dS~18,1!

dG~2,28!
. ~2.18!

It was shown@41# that if the self-energyS is derived from a
potential asS(18,1)5dF/dG(1,18), or the integrability
conditiondS(18,1)/dG(2,28)5dS(28,2)/dG(1,18) is sat-
isfied, then the approximation is conservative, that is,
approximate number density as well as the response func
so obtained satisfies the conservation equation just like
exact one. This result in turn dictates the behavior of
response function in the static and long wavelength limit
follows. The response function is in general given by

L~V,k!5
1

2pE2`

`

dk0

L.~k0 ,k!2L,~k0 ,k!

V2k0

5
1

2pE2`

`

dk0

~12e2bk0!L.~k0 ,k!

V2k0
. ~2.19!

Here L(V,k) is a Fourier transform ofL(1,11,2,21) with
respect tox12x2 and V is an imaginary energy.L.(k0 ,k)
and L,(k0 ,k) are analytic functions with respect tok0 and
are Fourier transformed from L.(x1 ,x2)5Š„nb(x1)
2^nb(x1)&…„nb(x2)2^nb(x2)&…‹ and L,(x1 ,x2)5Š„nb(x2)
2^nb(x2)&…„nb(x1)2^nb(x1)&…‹, respectively. Thus
L.(x1 ,x2) is nothing but the density correlation function w
are looking for. In fact, we use this equation~2.19! to derive
01580
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the density correlation functionL(V,k). If the approximate
response function satisfies the conservation law,L.(k0 ,0)
52pd(k0)L̃.(0,0) in the long wavelength limit,uku→0.
This then results in the equation

lim
uku→0

L~0,k!52bL̃.~0,0!52bVŠ~nb2^nb&!~nb2^nb&!‹.

~2.20!

On the other hand, the thermodynamical derivati
(]nb /]m)T52 i ]G(1,11)/]m, is evaluated from the Dyson
equation as

]G~1,18!

]m
52E dx2dx28G~1,28!

]G21~28,2!

]m
G~2,18!

52E dx2dx28G~1,28!

3Fd~2822!2
]S~28,2!

]m GG~2,18!

52E dx28G~1,28!G~28,18!

1E dx2dx28dx3dx38G~1,28!i

3J~28,2,38,3!G~2,18!
]G~3,38!

]m
. ~2.21!

Solving this equation using Eqs.~2.16! and ~2.20!, we get

S ]N

]m D
T

52 iV
]G~1,11!

]m
5V lim

uku→0
L~0,k!

5bŠ~N2^N&!~N2^N&!‹. ~2.22!

This is the equation which represents the thermodyna
cal consistency between the response function and the E
Thus far the only assumption is that we have used the s
approximate self-energy for the EOS and the response fu
tion. Hence the above argument can be applied to any c
served current and conserving approximation. In the n
section, we consider a specific approximation of the s
energy which leads to the mean field theory and the RPA

B. RPA

We base our discussion on the Lagrangian of the rela
istic mean field~RMF! theory:

LRMF5c̄N~ igm]m2MN2gss2gvgmvm2grgmtaram!cN

1
1

2
]ms]ms2

1

2
ms

2s22
1

3
g2s32

1

4
g3s4

2
1

4
FmnFmn1

1

2
mv

2 vmvm1
1

4
c3~vmvm!2

2
1

4
Gmn

a Gamn1
1

2
mr

2rm
a ram, ~2.23!

where the standard notations are used:cN denotes a baryonic
field of massMN . s, vm , and rm

a are s, v, and r meson
3-4
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fields with ms5511 MeV, mv5783 MeV, and mr

5770 MeV, respectively.Fmn andGmn
a are the antisymmet

ric field tensors forv and r mesons. The constantsgs

510.0,gv512.6, andgr54.6 are the coupling constants fo
the interactions between mesons and nucleons.g25
27.2 fm21, g350.62, andc3571.3 are the self-coupling
constants fors and v mesons. The quoted numbers a
taken from the TM1 parameter set published by Sugah
and Toki @31# ~see also@30#!.

The approximate self-energy employed in the mean fi
theory is given as follows. For simplicity, only the contrib
tion from s meson, that is the scalar part, is shown. T
extension to other meson contributions is done in an an
gous way:

Ss~18,1!5gsd~1218!s~1!, ~2.24!

wheres meson is assumed to be a classical field and ob
the equation of motion:

~]n]n1ms
2 !s1g2s21g3s352D0

21s1g2s21g3s3

52gs^c̄NcN&. ~2.25!

HereD0
21 is the inverse of the free propagator. Solving E

~2.24! and~2.25! with the Dyson equation for nucleons co
sistently for stationary and uniform matter, we obtain t
RMF for the nuclear EOS.

On the other hand, using the same self-energy and
~2.25!, we can evaluateJ defined by Eq.~2.18! as

J~18,1,28,2!5gs
2d~1821!d~2822!@2D0

21~122!

12g2s̄13g3s̄2#21d~122!, ~2.26!

wheres̄ is the expectation value ofs in static uniform mat-
ter. It is obvious that this approximation is conserving in t
above sense. Putting this into Eq.~2.16!, we get the equation
for L(1,11,2,21) as

L~1,11,2,21!5L0~1,11,2,21!2E dx3dx4L0~1,11,3,31!

3
2gs

2

D̃21~324!
L~4,41,2,21!. ~2.27!

Here D̃215D0
2122g2s̄23g3s̄2. This is the well known

RPA except for the modification of the meson propaga
due to its self-coupling. Thus we have established the th
modynamic consistency between the RMF and the RPA

It should be noted that the modified meson propagato
also obtained by expanding the Lagrangian around the
tionary point up to the quadratic order of perturbation@44–
47#. Since the stationary solution is nothing but the me
field, the correlation is described by the harmonic oscillat
around the mean field in the above approximation. In t
sense, it is natural that we find that the RPA is consist
with the RMF in the static and long wavelength limit.

The above argument is in a rigorous sense applicable
to a conserved quantity such as the baryonic number. In g
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eral the axial vector part of the nucleon weak current is no
conserved current. However, we extend the above metho
the axial vector contribution, since we can thus argue b
vector and axial vector contributions on the same ba
Moreover, the interpretation that we describe the correlati
as harmonic oscillations around a static and uniform m
field is still valid. Thus the basic equations of the RPA a
summarized as

Tr@GaL~122!Gb#5Tr@GaL0~122!Gb#

2E dx3dx4(
Gc

Tr@GaL0~123!Gc#

3Vpot
c ~324!Tr@GcL~422!Gb#.

~2.28!

Here L(122) and L0(122) are the abbreviations o
L(1,11,2,21) andL0(1,11,2,21), respectively.G ’s denote
gamma matrices,1,gm,gmg5, and the matrix structure of the
response functions is explicitly indicated by the trace ope
tions.Vpot is the nuclear potential mediated by mesons an
given by the modified propagators as

Vpot
s ~122!52gs

2D̃~122!, ~2.29!

for s meson, for example. The response functionL(122) is
analytically continued to the retarded Green function, wh
in turn gives the structure functions by Eq.~2.13!. It is also
possible to work in the real time formalism from the begi
ning, which we did in this paper. Regardless, they a
equivalent to each other@48#. The explicit expressions o
Tr@GaL0(123)Gc# are given in the Appendix.

It is clear from the above derivation that the RPA is
approximation obtained from the self-energy evaluated up
the first order of the coupling constant and that proces
such as collisions of nucleons are ignored. This can be
derstood from the fact that RPA is also obtained from
collisionless Boltzmann equation@39#. The collisional effect
might be important particularly in the low density regim
@24,25,27# and could in principle be included in the prese
formulation by taking higher order corrections of the se
energy@49#. It is, however, very difficult to do this in prac
tice. In this paper we emphasize the consistency between
approximations used for the reaction rates and the EOS
have currently at hand. The study of possible effects of s
terings which was discussed in the Introduction will be pu
lished elsewhere@36#.

In the RMF we ignore the negative energy contribution
the nucleon spinor. In so doing, the positive energy par
defined in a density-dependent way. This extra density
pendence should have made Eqs.~2.27! and ~2.28! more
complicated, which we ignored in this paper. It should
noted that this inconsistency is quite minor except for sm
parameter regions very close to the phase boundary
which we are not concerned here.
3-5
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C. Residual interactions

The Lagrangian shown above does not include the con
butions of the pion and the tensor coupling of ther meson
since they do not contribute to the mean field@30,31#. To
describe fluctuations in spin and isospin around the m
field these residual interactions should be added to the ab
Lagrangian as@50#

Lres5Lp1Lr

52c̄NF i
gp

2MN
gmg5]mpa2

grCr

2MN
smn]nramGtacN ,

~2.30!

with gp
2 /4p514.08, gr

2/4p50.41 and Cr56.1. Accord-
ingly smn is added toG ’s in Eq. ~2.28!.

It is also known that there are short ranged repulsive c
relations for these isovector channels. They are convenie
included by the phenomenological Landau-Migdal para
eters @32#. In this paper they are implemented, followin
Horowitz and Piekarewicz@34#, by modifying the meson
propagators as

1

qm
2 2mp

2
→F 1

qm
2 2mp

2
2

gp8

qm
2 G , ~2.31!

1

qm
2 2mr

2
→F 1

qm
2 2mr

2
2

gr8

qm
2 G , ~2.32!

with the Landau-Migdal parametersgp8 50.70 and gr8
50.30. Unlike the conventional nonrelativistic treatment,
take different parameter values forr mesons and pions
which better reproduces the electron scattering data as
as the spin-transfer observables in (p,n) reactions
@34,35,51–53#.

For the electromagnetic interaction, we make the Thom
Fermi approximation, where the photon propagator is
placed by the screened one as

gmn

2qm
2

→ gmn

qTF
2 2qm

2
, ~2.33!

with qTF
2 54e2p1/3(3ne)

2/3, wheree andne are the electron
charge and number density, respectively. Then it was ad
to theVpot’s in Eq. ~2.28!.

Finally, it is noted that since the neutrino couples only
the spin-transverse correlations in RPA, the pion~spin-
longitudinal correlations! does not contribute to the neutrin
reaction rates considered here.

III. RESULTS

A. Neutral current reactions

In this section, we discuss correlation effects on the n
tral current reactions, that is, neutrino-nucleon scatterin
The high density regime,rb>231014 g/cm3, and the low
density regime,rb,231014 g/cm3, are discussed sepa
01580
i-

n
ve

r-
tly
-

ell

s-
-

ed

-
s.

rately, since the behavior ofR1(k) in Eq. ~2.8!, which is
referred to as the vector current correlation in the followin
is qualitatively different between the two regimes.

The vector current correlation is mainly induced by t
scalar isoscalar mesons and the vector isoscalar mesonv,
while the axial vector current, which is more important f
the neutrino opacity, is dominantly affected by the vec
isovector mesonr.

As shown shortly, the structure functions of nucleons
in general narrowly peaked as a function of the transfer
energy in the sense that their width is much smaller than
transferred three momentum. This feature reflects the
that the nucleon mass is typically much greater than the n
trino energy and the scattering is almost isoenergetic. If
assume that the scatterings are exactly isoenergetic, tha
the structure functions are proportional to the delta funct
of the transferred energy, then we obtain Bruenn’s w
known formula@2# which we use as a reference in this pap
In some cases this approximation overestimates the c
section significantly@54#. This issue will be addressed aga
in the following sections.

1. High density regime

First we consider the high density regime,rb>
231014 g/cm3. Figure 1 shows the structure function
R1(k0 ,uk¢u) and R2(k0 ,uk¢u) as a function of the transferre
energyk0 for the density, temperature and proton fracti
given in the figure. The transferred three momentumuk¢u is
taken to be a typical neutrino energy;3T. The long dashed
curves correspond to the structure functions of the nonin

FIG. 1. The vector and axial vector structure functio

R1(k0 ,uk¢u) andR2(k0 ,uk¢u) for the neutral current as functions of th
transfer energyk0. The densityrb , temperatureT, proton fraction

Yp , and the absolute value of the transferred three momentumuk¢u
are shown in the figure. The long dashed curve represents the
interacting case, while the short dashed curve shows the case fo
effective mass of the nucleon being taken into account. The s
curve shows the results of the RPA.
3-6
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NEUTRINO-NUCLEON REACTION RATES IN THE . . . PHYSICAL REVIEW C 61 015803
acting nucleons. The width of the structure functions give
measure of the average energy exchange between the
trino and nucleon. As stated above, we obtain Bruenn’s
mula @2# if we neglect the width of these functions entire
and approximate the structure functions by the delta fu
tions of k0 as

R1~k0 ,uk¢u!'2pd~k0!@hV
n2hn1hV

p2hp#, ~3.1!

R2~k0 ,uk¢u!'2pd~k0!@hA
n2hn1hA

p2hp#, ~3.2!

with hN5*@2d3p/(2p)3# f N(p)@12 f N(p)# for N5n,p.
Here f N(p) is Fermi-Dirac distribution function for the
nucleon. Note that the long wavelength limituk¢u→0 is also
taken in this approximation. It is obvious from the figure th
this approximation is not very good for these large mom
tum transfers, which are common in the hot protoneutron
@54#. It should be noted that the neglect of the energy tran
leads to the overestimation of the reaction rate.

The short dashed curves are obtained from the first t
includingL0 on the right hand side of Eq.~2.28!, where only
the modified dispersion relation in medium, that is, the
fective mass and potential of nucleons, is taken into acco
Note the effective mass of the nucleon becomes as sma
;0.6MN in the RMF ~see@30,31#!. The low effective mass
renders the structure functions a little bit wider than in t
noninteracting case, since the energy exchange between
trino and nucleon is facilitated, and lowers their amplitud
as well. It is important to note that with this modificatio
alone, the neutrino scattering rates are considerably red
@3#. However, as shown in the preceding section, the inc
sion of the effective mass alone is not consistent with
EOS obtained in the RMF.

The solid curves in the figure shows the structure fu
tions calculated with the RPA correlation. As already me
tioned, the scalar isoscalar mesons and the vector isoscala
meson v are the dominant agents of the correlation
R1(k). In the high density regime, the contribution ofv
dominates over that ofs, making the nuclear force effec
tively repulsive and makes the structure function ev
smaller for smallk0. On the other hand, ther meson is the
dominant mediator of the nuclear correlation forR2(k).
Since the typical transferred momentum is still small enou
for the short ranged repulsive force described by the Land
Migdal parameters to be dominant, the response of this ch
nel is also suppressed. The feature mentioned here is c
mon to the structure functions in this density regime.

As the temperature decreases, the structure functio
more skewed toward positive energy transferk0.0, reflect-
ing the fact that the extraction of energy from the nucle
medium becomes more difficult due to the Fermi blocki
for the down scattered nucleon. This is shown in Fig. 2.

On the other hand, as the density becomes higher,
nucleon effective mass gets smaller (MN* ;0.4MN at rb5
531014 g/cm3), making the amplitudes of the structu
functions, both forR1(k) and R2(k), smaller without the
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RPA. Thev meson becomes even more dominant over ths
meson and thus the RPA further reduces the amplitude
R1(k), as shown in Fig. 3.

The case of the proton fractionYp50.1 is shown in Fig.
4. The effect of the RPA increases with decreasingYp ,
which could be understood as follows. The vector curr
correlation comes mainly from the neutron sector, since
coupling constant for protons ishV

p;0. Since the neutron

FIG. 2. The vector and axial vector structure functio

R1(k0 ,uk¢u) andR2(k0 ,uk¢u) for the neutral current as functions of th
transfer energyk0. The densityrb and proton fractionYp are the
same as in Fig. 1, but the temperatureT is smaller in this case, and

the transferred three momentumuk¢u is scaled as;3T. The explicit
values are shown in the figure.

FIG. 3. The vector and axial vector structure functio

R1(k0 ,uk¢u) andR2(k0 ,uk¢u) for the neutral current as functions of th
transfer energyk0. The parameters are the same as in Fig. 1 but
the higher density,rb5531014 g/cm3, as indicated in the figure.
3-7



ec
tu

n
c-

-
in

e
th
t
c

the
tum

r the

med

ally
ed.

tive
mes

the
en-

d. In
to

on,
ctor
igher
ion
just
ect
ssion

ns

e
th

tes,
e

s for
f the

SHOICHI YAMADA AND HIROSHI TOKI PHYSICAL REVIEW C 61 015803
density increases as the proton fraction decreases, the v
current correlation becomes greater, reducing the struc
function R1(k).

The total scattering rate of the neutrino with the incide
energyEn

in is given by the integration of the structure fun

tion with respect to the transferred momentumk¢ and energy
k0:

Rtot~En
in!5E d3qn

out

~2p!3

1

2En
in2En

out
R~En

in ,En
out,cosu!

3@12 f n~En
out!#

5
1

~2p!3E0

`

2pkdkE
2k

k0
max

dk0

En
in2k0

En
in

3
1

2En
in2En

out
R~En

in ,En
out,cosu!@12 f n~En

out!#,

~3.3!

with k0
max5min(k,2En

in2k). If we ignore the energy ex
change and the Fermi blocking for the scattered neutr
and insert Eqs.~3.1! and ~3.2! into R1 andR2 in the above
equation, we obtain the standard approximate formula@2#

Rtot~En
in!' (

N5n,p

GF
2

p
~En

in!2$hN@~hV
N!213~hA

N!2#%,

~3.4!

which is frequently used in the literature. In the following w
use this rate as a reference in evaluating quantitatively
suppression factors of the total scattering rates due to
correlation. It should be noted, however, that the differen

FIG. 4. The vector and axial vector structure functio

R1(k0 ,uk¢u) andR2(k0 ,uk¢u) for the neutral current as functions of th
transfer energyk0. The parameters are the same as Fig. 1 but for
different proton fractionYp50.1.
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between these rates also comes from the inclusion of
effective nucleon mass and the finite energy and momen
transfer, which are neglected in Eq.~3.4!.

Figure 5 shows the ratio ofRtot evaluated for the first term
in Eq. ~2.28! by using the exact formula given in Eq.~3.3! to
Rtot by using the approximate expression given in Eq.~3.4!
as a contour map in the density and temperature plane fo
given proton fraction. The contributions fromR1 andR2 are
shown separately. The incident neutrino energy is assu
to be 3T, and the blocking factor was dropped again.

It is again clear that the reaction rates are substanti
smaller than the standard ones before the RPA is includ
This is mainly due to the decrease of the nucleon effec
mass. In fact, as the density increases, the reduction beco
greater, which is common to the vector current part fromR1
and the axial vector current part fromR2. The nonmonotonic
temperature dependence is understood as follows: in
standard approximation formula, as mentioned above, the
ergy exchange between neutrino and nucleon is neglecte
the low temperature regime, this approximation tends
overestimate the Fermi blocking for the scattered nucle
reducing the standard rate. As a result, the suppression fa
becomes larger as the temperature increases. For even h
temperature, however, the width of the structure funct
cannot be ignored and lowers the total scattering rate
like the neutrino-electron scattering. Since the latter eff
surpasses the former at some temperature, the suppre

e

FIG. 5. The suppression factors for the total scattering ra
Rtot(En

in) defined in Eq.~3.3!, from Bruenn’s expressions for th
vector current~upper figure! and for the axial vector current~lower
figure!. HereEn

in is taken asEn
in53T. The proton fraction is chosen

asYp50.3. The suppressions are caused by the effective mas
nucleons and the effect of the transfer energy spectra instead o
d function.
3-8
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NEUTRINO-NUCLEON REACTION RATES IN THE . . . PHYSICAL REVIEW C 61 015803
factor begins to decrease again above this tempera
which becomes larger as the density increases. These
tures were discussed in the paper by Schinder@54# where he
studied the effect of the recoil of nucleons.

Figure 6 shows the suppression factor for the reac
rates with the inclusion of RPA. It is evident that both t
vector current and axial vector current contributions are f
ther suppressed, which is expected from the above result
the structure functions. Indeed the reaction rates become
than half the standard rates around the saturation den
Since the delayed explosion is very sensitive to the neut
luminosity and the energy, this suppression could have
significant influence on the final outcome of the core c
lapse.

We can understand the different density and tempera
dependences of the vector and axial vector contributions
the former case, the RPA suppression is strongly den
dependent, since the nuclear force is determined by the c
petition of the attractives meson and the repulsivev meson.
As a result, the reaction rates are more strongly suppress
the higher density regime. On the other hand, the bala
between the attractiver meson and the repulsive short ran
force described by the Landau-Migdal parameter is de
mined by the momentum transfer, thus more temperature
pendent. Since the nuclear force is more repulsive for
smaller momentum transfer, that is, in the low temperat
regime, the rate is reduced further there.

Figures 7 and 8 shows the suppression factors for

FIG. 6. The suppression factors for the total scattering ra
Rtot(En

in) defined in Eq.~3.3!, from Bruenn’s expressions for th
vector current~upper figure! and for the axial vector current~lower
figure!. En

in53T andYp50.3 are used here also as in Fig. 5. In th
case, the suppressions are caused by the RPA correlations in
tion to the effects considered in Fig. 5.
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different proton fractions. As expected, the axial vector p
is more affected, since the isovectorr meson is governing its
correlation. It is also clear that the suppression is stronger
the smaller proton fraction.

2. Low density regime

The low density regime considered here is characteri
by the appearance of nuclei for low temperatures@28,29,55#.
Although we cannot treat the coexistence phase of nuclei
nucleons within the current formulation and consider h
only the gas phase where no nuclei exist, the precursor o
phase transition is already imprinted in this regime.

As opposed to the previous section, thes meson domi-
nates thev meson and the isoscalar nuclear force becom
attractive. As a result, the correlation enhances the reac
rate coming from the vector current part. This can be see
Fig. 9, where the structure functionsR1 and R2 are shown
for the temperature near the phase boundary. The enha
ment ofR1 in the vicinity of k050 suggests the existence o
the static unstable mode@56#. In fact, R1 diverges on the
so-called spinodal line@57#. From the thermodynamic con
sistency discussed above, (]N/]m)T also diverges on this
line. This behavior is better indicated in Fig. 10, in which t
enhancement factor with respect to Bruenn’s standard
mula is plotted as a contour in the density temperature pla
As the temperature decreases, the reaction rate beco
larger. The lower boundary of the computation regi
roughly corresponds to the spinodal line obtained by the c

s,

di-

FIG. 7. The suppression factors for the total scattering ra
Rtot(En

in) defined in Eq.~3.3!, from Bruenn’s expressions for th
vector current~upper figure! and for the axial vector current~lower
figure!. The conditions are the same as those in Fig. 6, but
proton fraction is reduced here toYp50.1.
3-9
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rent model. Incidentally, the axial vector contribution
hardly affected since thes and v mesons are minor con
tributors for this channel.

FIG. 9. The structure functionsR1(k0 ,uk¢u) and R2(k0 ,uk¢u) for
the neutral current in the low density regime. The densityrb , tem-
peratureT, proton fractionYp , and the absolute value of the tran

ferred three momentumuk¢u are shown in the figure. Only the effec
tive mass of the nucleon is taken into account for the short das
curve, while the RPA is included for the solid curve.

FIG. 8. The suppression factors for the total scattering ra
Rtot(En

in) defined in Eq.~3.3!, from Bruenn’s expressions for th
vector current~upper figure! and for the axial vector current~lower
figure!. The conditions are the same as those in Fig. 6, but
proton fraction is changed here toYp50.5.
01580
Since in reality this liquid-gas phase transition occurs
by spinodal decomposition but by nucleation, the act
phase boundary does not correspond to the spinodal line
cept at the critical point, and the spinodal line is nev
reached@28,29,55#. The critical temperature obtained from
RPA is about 15 MeV, which is actually consistent with th
value obtained from the EOS by Shenet al. @28,29#.

Although the enhancement factor is still relatively large
the region not very close to the phase boundary, this ef
has only minor importance for the neutrino opacity, beca
the vector current contribution is typically much smalle
(;1/4) than the axial vector contribution. Provided that t
axial vector part is slightly suppressed in this regime due
the repulsive nuclear interaction for that channel, the to
scattering rate will not be increased significantly unless
critical point is approached very closely.

B. Charged current reactions

The RPA correlation is calculated for the charged curr
reactions just the same way as for the neutral current re
tions except that the vector isovectorr meson is the only
mediator of the correlation. It is noted again that since o
the spin-transverse correlation matters for the neutrino re
tion rates in the RPA, the pion does not make any contri
tion. As a result, for the relatively small momentum trans
of current interest the nuclear force is repulsive and the c
relation always tends to suppress both the vector current

ed

s,

e

FIG. 10. The enhancement factor for the vector current con
bution ~upper! and the suppression factor for the axial vector c
rent part~lower! for Rtot(En

in) defined in Eq.~3.3! are shown for the
low density regime. Here the proton fraction isYp50.3. The dark
regions are outside the computational grid and roughly corresp
to the coexistence phase of nucleons and nuclei, where special
is required to treat the nonuniform matter.
3-10
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NEUTRINO-NUCLEON REACTION RATES IN THE . . . PHYSICAL REVIEW C 61 015803
the axial vector current contribution to the charged curr
reaction rates like the axial vector part of the neutral curre
This is true not only in the high density regime but also
the low density regime unlike the vector current part of t
neutral current reaction rates which is enhanced by
liquid-gas phase transition.

Figure 11 shows a typical modification of the structu
functions around the saturation density for the symme
nuclear matter. Depicted areR1(k0 ,uk¢u) and R2(k0 ,uk¢u) for
the e21p→ne1n reaction with the outgoing neutrino en
ergy of ;me , the electron chemical potential. It is cle
again that the decrease of the nucleon effective mass a
~the short dashed curve! accounts for more than half of th
suppression with respect to the noninteracting case~the long
dashed curve!. Moreover, as the electron chemical potent
is quite large,;250 MeV, the average energy transfer fro
the incident electron to the nucleon becomes also la
Hence neglecting the energy transfer completely, as assu
in the approximate formula@2#, leads to a sizable overest
mation of the reaction rates for the high energy neutr
emission.

The results change qualitatively for asymmetric matt
since the potential for the neutron is different from that
the proton in the medium. This is understood as follows.
the nonrelativistic limit the dispersion relation for th
nucleon is written as

EN~k¢!5
uk¢u2

2MN*
1UN

pot, ~3.5!

and the potential difference is given in RMF by

FIG. 11. The structure functionsR1(k0 ,uk¢u) andR2(k0 ,uk¢u) for
the charged current reactions, where protons change into neut
The densityrb , temperatureT, proton fractionYp , and the absolute

value of the transferred three momentumuk¢u are shown in the fig-
ure. The long dashed curve represents the noninteracting case
the short dashed curve shows the case for the effective mass o
nucleon being taken into account. The solid curve shows the re
of the RPA.
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DUpn
pot[Up

pot2Un
pot52gr^r&52

gr
2

mr
2 ~np2nn!. ~3.6!

Thus, in neutron rich matter, the proton is more stron
bound than the neutron. This difference of potentials ser
as a threshold for thep→n reaction as the mass difference
nucleons does for the reaction in vacuum. It is, howev
ignored in the approximate formula@2#, which is given by

R1~k0 ,uk¢u!'2pd~k02D!gV
2hpn , ~3.7!

R2~k0 ,uk¢u!'2pd~k02D!gA
2hpn , ~3.8!

with hpn5*@2d3p/(2p)3# f p(p)@12 f n(p)#. Hence the
structure functions in this approximation are delta functio
placed atk05D[Mn2M p .

With the potential difference taken into account, howev
the structure functions are shifted by2DUpn

pot, thus they do
not agree with the approximate ones even in the static
long wavelength limit withMN* →MN . This is seen in Fig.
12, where the structure functions for the asymmetric ma
(Yp50.3) are shown for the noninteracting case~the long
dashed curve! as well as the case with the nucleon effecti
mass and potential alone included~the short dashed curve!
and the case with RPA also included~the solid curve!. In the
noninteracting case, the structure functions are loca
aroundk0;D, while in the other cases they are moved t
ward the positive energy transfer as stated above.

The totalne emission rate is given for an outgoing ne
trino energyEn

out as

ns.

hile
the
lts

FIG. 12. The structure functionsR1(k0 ,uk¢u) andR2(k0 ,uk¢u) for
the charged current reactions, where protons change into neut

for the proton fraction,Yp50.3. The three momentum transferuk¢u
is also changed to the electron chemical potential. The notations
curves are the same as in Fig. 11.
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Rtot~En
out!5E d3qe

in

~2p!3

1

2Ee
in2En

out
R~Ee

in ,En
out,cosu! f e~Ee

in!

5
1

~2p!3E0

`

2pkdkE
k0

2

k0
1

dk0

En
out1k0

En
out

1

2Ee
in2En

out

3R~Ee
in ,En

out,cosu! f e~Ee
in!, ~3.9!

wherek0
65Ame

21(En
out6k)22En

out. Inserting Eqs.~3.7! and
~3.8! into the above equation, we obtain the standard
proximate formula:

Rtot~En
out!'

GF
2

p
~gV

213gA
2!hpn~En

out1D!2

3A12S me

En
out1D

D 2

f e~En
out1D!.

~3.10!

For symmetric nuclear matter, the density and tempera
dependence of the suppression factor of the total emis
rates, that is the ratio of Eq.~3.9! to Eq.~3.10!, is essentially
the same as that of the axial vector contribution to the neu
current reaction. For the asymmetric matter, as unders
from Eq. ~3.9!, the k integration has a greater contributio
from larger momentum transfer due to the shift of the str
ture functions, which tends to make the reaction rates la
thanks to the larger phase volume. However, asEn

out comes
closer to me , the electron population starts to deple

FIG. 13. The totalne emission rate defined in Eq.~3.9! as a
function of the emitted neutrino energyEn

out . The upper panel
shows the rate coming from the vector current and the lower p
represents the axial vector current contribution. The long das
curves are obtained from Bruenn’s approximation formula, wh
the short dashed curves represent the results with the nucleon e
tive mass and the isovector potential included. The solid cur
correspond to the RPA results.
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f e(Ee
in)&1 and, as a result the emission rate becom

smaller. This occurs for smallerEn
out in Eq. ~3.9! than in Eq.

~3.10! due to the large width of the structure function.
follows that the total emission rate is greater than the
proximate one given by Eq.~3.10! for neutrinos with energy
En

out!me and smaller for neutrinos withEn
out&me . This is

indicated in Fig. 13. Thus lower energy electron neutrin
are produced more efficiently than predicted by the stand
approximate formula. It is also seen that the RPA correct
is not very large since the nuclear force becomes less re
sive for the large momentum transfer considered here.

Figure 14 displays the structure functions for a lower te
perature. It is evident that their widths became smaller. T
is because nucleons become more degenerate as the tem
ture is lowered and a larger energy transfer is required
overcome the difference of chemical potential between
neutrons and the protons. The comparison of Fig. 15, wh
represents the emission rates for the same temperature,
Fig. 13 shows that the emission of high energy neutrino
severely suppressed in the low temperature case, becaus
contributed from the high energy tail of degenerate electro
It is also seen from the figure that the approximate form
tends to overestimate the Fermi blocking factor for the o
going neutron by neglecting the finite energy transfer, th
underestimating the emission rate. The RPA correction
even smaller in this case, since the narrow structure funct
favor higher momentum transfer.

As the density is increased or the proton fraction is d
creased, the potential difference becomes larger. Hence

el
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FIG. 14. The structure functionsR1(k0 ,uk¢u) andR2(k0 ,uk¢u) for
the charged current reactions, where protons change into neut
The densityrb , temperatureT, proton fractionYp , and the absolute

value of the transferred three momentumuk¢u are shown in the fig-
ure. The long dashed curve represents the noninteracting c
while the short dashed curve shows the case for the effective m
of the nucleon being taken into account. The solid curve shows
results of the RPA. Here the temperature isT510 MeV. The three

momentum transferuk¢u is also changed to the electron chemic
potential. The notations for curves are the same as in Fig. 11.
3-12
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features mentioned above become more prominent, whic
demonstrated in Figs. 16 and 17. In the latter case, since
electron chemical potential is also decreased, it is poss
for smallYp andT, that the structure functions and the ele
tron distribution function in the integrand of Eq.~3.9! do not
have a significant overlap and the emissivity is strongly
duced. This is the well known suppression of the URC
process@58#.

The structure functions for then→p reactions are derived
from those for thep→n reactions by using the detailed ba
ance relation expressed as

R(n,p)~k!5eb(k02Dmpn)R(p,n)~2k!, ~3.11!

where Dmpn5mp2mn is the difference of the nucleo
chemical potentials. In this paper, however, then→p struc-
ture functions were calculated in the same way as thp
→n counterparts, and we confirmed directly that the abo
relation is actually satisfied.

As expected, the structure functions for then→p reac-
tions are shifted toward negative energy transfer due to
potential difference for protons and neutrons in asymme
matter, which is shown in Fig. 18. The RPA correction a
counts for about half of the total suppression in this ca
The total emissivity ofn̄e via e11n→ n̄e1p is obtained
from Eq. ~3.9! with the following exchanges:p↔n, e↔e1

and ne↔ n̄e . The important difference from thene case
comes from the fact that positrons are not degenerate in
supernova core. The shift of the structure functions in
direction of negative energy transfer gives greater weight

FIG. 15. The totalne emission rate defined in Eq.~3.9! as a
function of the emitted neutrino energyEn

out . The upper panel
shows the rate coming from the vector current and the lower p
represents the axial vector current contribution. The long das
curves are obtained from Bruenn’s approximation formula, wh
the short dashed curves represent the results with the nucleon e
tive mass and the isovector potential included. The solid cur
correspond to the RPA results. Here the temperature isT
510 MeV.
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positrons with lower energies which are more populat
leading to larger emissivity ofn̄e . On the other hand, the
RPA correction tends to reduce the rate as in thene case.
These trends are shown in Fig. 19, where then̄e emissivity is
plotted as a function of the energy of the emitted neutri
The potential difference for neutron and proton provides
emitted neutrino with certain energy (;30 MeV in this
case!. Although the correlation reduces the emissivity su
stantially, the emissivity of high energy neutrinos are larg
even after RPA is included than for the approximate formu

Thus far, we have discussed then emissivities. The cor-
responding absorption rates ofne via ne1n→e1p and n̄e

via n̄e1p→e11n are obtained by the detailed balan
equation:

Rab
tot~En!5eb(En2mn)Rem

tot ~En!, ~3.12!

where the neutrino chemical potential is defined asmne

[me1mp2mn for ne andmn̄e
52mne

for n̄e . This relation
is easily proven from Eq.~3.11!.

IV. CONCLUSION

With a view of application to supernova simulation
@59,60#, we have calculated the neutrino-nucleon react
rates in hot and dense supernova cores with the RPA co
lations taken into account. The approximations are based
the Lagrangian used in the RMF for the nuclear EOS, wh
the nonlinears and v meson terms are included. This e
sures the thermodynamic consistency in the static and l

FIG. 16. The totalne emission rate defined in Eq.~3.9! as a
function of the emitted neutrino energyEn

out . The upper panel
shows the rate coming from the vector current and the lower pa
represents the axial vector current contribution. The long das
curves are obtained from Bruenn’s approximation formula, wh
the short dashed curves represent the results with the nucleon e
tive mass and the isovector potential included. The solid cur
correspond to the RPA results. Here the density isrb

5531014 g/cm3
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wavelength limit between the EOS we use in the supern
simulations and the vector current correlation of nucleo
which gives partial contributions to the neutrino-nucle
scattering rates. The same method is extended to the
vector current as well as to the isovector current correlati
with the residual interactions added which are described
the tensor coupling of ther meson and the so-called Landa
Migdal parameters.

We have found that the neutral current reactions are s
pressed substantially in the high density regime,r
*1014 g/cm3, due to the repulsive nature of the nucle
forces. In the lower density regime, however, the vector c
rent contributions are enhanced as the temperature is
creased and the boundary of the gas phase, which is pl
by RPA consistently with EOS, is approached. Although t
is interesting itself, the total scattering rates are not enhan
significantly except for the very vicinity of the critical poin
since the axial vector contribution is dominant over the v
tor current one and is unaffected by the liquid-gas ph
transition. We have also shown that the neglect of the fin
energy exchange between neutrino and nucleon, whic
assumed in the standard approximation formula, can lea
a significant overestimation of the total reaction rates in
high temperature regime where the typical incident neutr
energy is no longer much smaller than the nucleon effec
mass.

In the case of the charged current reactions, it is m
important to take proper account of the potential differen
for neutrons and protons than to consider the RPA corr
tion, since it serves as a threshold of the reaction just a

FIG. 17. The totalne emission rate defined in Eq.~3.9! as a
function of the emitted neutrino energyEn

out . The upper panel
shows the rate coming from the vector current and the lower p
represents the axial vector current contribution. The long das
curves are obtained from Bruenn’s approximation formula, wh
the short dashed curves represent the results with the nucleon e
tive mass and the isovector potential included. The solid cur
correspond to the RPA results. Here the proton fraction isYp

50.1.
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mass difference does in vacuum. In fact, with the poten
difference included, thene emissivity via e1p→ne1n is
much smaller for higher energy neutrinos than predicted
the standard formula. On the other hand, the emission of
energy antineutrinos viae11n→ n̄e1p is reduced. In both
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FIG. 18. The structure functionsR1(k0 ,uk¢u) andR2(k0 ,uk¢u) for
the charged current reactions, where neutrons change into pro
The densityrb , temperatureT, proton fractionYp , and the absolute

value of the transferred three momentumuk¢u are shown in the fig-
ure. The long dashed curve represents the noninteracting case
the short dashed curve shows the case for the effective mass an
isovector potential of the nucleon being taken into account. T
solid curve shows the results of RPA.

FIG. 19. The totaln̄e emission rate as a function of the emitte
neutrino energyEn

out . The upper panel shows the rate coming fro
the vector current and the lower panel represents the axial ve
current contribution. The long dashed curves are obtained f
Bruenn’s approximation formula, the short dashed curves repre
the results with the nucleon effective mass and the isovector po
tial included. The solid curves display the RPA results.
3-14
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cases, the RPA correlation reduces the total rates furthe
These modifications of the neutrino-nucleon reaction ra

could have an important impact on the mechanism
collapse-driven supernovae, since they are the domin
opacity sources for neutrinos. The smaller opacity leads
larger neutrino luminosity, and hence to a greater hea
rate behind the stagnated shock wave, which gives be
odds of obtaining a successful explosion. The change
neutrino mean free paths, on the other hand, could also a
the strength and region of convection in the protoneut
star, which is one of the key ingredients to determine
neutrino luminosity and energy. These issues will be d
cussed in detail elsewhere@61#.

It is clear that the RPA does not include everything.
understood from the fact that the RPA is consistent with
mean field theory for the equation of state, RPA studies
response of the mean field to external disturbance. Ad
tional correlations might be induced by some reactions s
as collisions of two nucleons via spin and isospin depend
reactions, as pointed out by some authors. Although th
effects can in principle be included in the above formulat
by taking the corresponding higher order corrections to
self-energy, this is extremely difficult to achieve in practic
In this paper we employed the RPA respecting the con
tency between the calculated reaction rates and the EOS
have currently at our disposal. Nevertheless, these issue
main to be studied further.
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APPENDIX: CAUSAL GREEN FUNCTIONS

Once the formulation is established in the imaginary ti
formalism, it is more convenient to work with quantitie
which are analytically continued from the imaginary tim
domain to the real time domain. Then Eq.~2.28! is still valid
with the response functions replaced with the retarded Gr
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functions. These real time retarded Green functions
~2.12! are derived from the corresponding causal Green fu
tions defined by Eq.~2.11! via the relation Eq.~2.13!. Thus
all we have to do is to calculatePN

R0 and then to solve Eq
~2.28! which is now rewritten in momentum space as

PN
Rab

~k!5PN
R0ab

~k!2(
c

PN
R0ac

~k!Vpot
c ~k!PN

Rcb
~k!.

~A1!

HerePN
R0ab

(k) is derived by Eq.~2.13! from PN
0ab

(k) which
is expressed as

iPN
0ab

~k!5TrE d4q

~2p!4
GaG~q1k!GbG~q!, ~A2!

whereG ’s stand for1,gm,smn,gmg5 . G(k) is a single par-
ticle Green function of nucleon given by RMF:

G~k!5GF~k!1GD~k!, ~A3!

GF~k!5
k”̄1MN*

k̄22MN*
21 i«

, ~A4!

GD~k!5~k”̄1MN* !2p id~ k̄22MN*
2!

3$Q~ k̄0! f N~k0!1Q~2 k̄0! f N̄~2k0!%, ~A5!

wherek̄5(k02SV ,k), MN* 5MN1SS with SS ,SV the sca-
lar and vector nucleon self-energies given by RMF, a
f N , f N̄ are Fermi distribution functions for nucleon and an
nucleon, respectively. Note that since the above Green fu
tion G(k) already includes the effective mass and potent
PN

0 (k) is different from the response function of non
interacting nucleons. As shown in the above equation,
Green function is decomposed into two contributions, that
the Feynman partGF(k) and the density-dependent pa
GD(k). As a usual practice, we ignore the vacuum polari
tion coming from the Feynman part alone in calculati

PN
0 (k). Taking the proper linear combination ofPN

Rab
, we

obtain the retarded Green function for the nucleon weak c
rent, from which using Eq.~2.13! again, we finally arrive at
the structure functions of nucleons. The explicit expressi
of Eq. ~A2! are found, for example, in@22,23,62#.
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