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Model-independent determination of the 12C„p,p8…12C* „15.11 MeV, 11, T51… transition
amplitude at 200 MeV

S. P. Wells* and S. W. Wissink
Indiana University Cyclotron Facility, Bloomington, Indiana 47408

~Received 8 April 1999; published 23 November 1999!

Using data obtained through simultaneous measurements of (pW ,pW 8) spin-transfer observables and (pW ,p8g)
coincident spin observables, we have made a model-independent determination of the complete scattering
amplitude for the 15.11 MeV, 11, T51 state in12C at an incident proton energy of 200 MeV, for four proton
scattering angles ranging fromuc.m.55.5° –16.5°. At each angle, 16 different observables were determined,
whereas only 11 independent quantities are required to specify the transition amplitude for this state. It had
been shown previously that the set of observables measured span the allowed space; hence the system is
overdetermined, which allowed us to extract, in a model-independent fashion, each of the individual spin-
operator amplitudes that characterize the reaction. Additional insight into the physical mechanisms that drive
this transition is obtained by mapping out the momentum-transfer dependence of these amplitudes. We also
compare the magnitudes and phases determined for each of the spin-operator amplitudes to the predictions of
calculations performed in both relativistic and nonrelativistic frameworks, and discuss the physics content of
these comparisons.

PACS number~s!: 25.40.Ep, 24.70.1s, 25.90.1k, 27.20.1n
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I. INTRODUCTION

At intermediate energies of;150–500 MeV, hadron-
induced nuclear reactions have served as a rich sourc
information, both to further our understanding of nucle
structure, and to illustrate how the elementary nucle
nucleon (NN) interaction may be modified in the nucle
medium @1#. This is particularly true of spin observable
which often contain contributions from interferences b
tween different pieces of the full scattering amplitude. The
interferences, inaccessible through measurements of di
ential cross sections alone, can thus provide informa
about not only the magnitudes, but also the relative phase
individual terms in the transition amplitude. Ideally, on
would like to extract precise values for each of these~com-
plex! terms in a manner which does not rely on spec
model assumptions. This information, in turn, can then p
vide the most stringent tests of a given theoretical predic
for the hadronic process of interest.

To obtain deeper insight into the nucleon-nucleus (NA)
interaction, several inelastic transitions have been identi
as being particularly amenable to experimental investigat
The strong, isovector 11 state in12C at an excitation energy
of 15.11 MeV has been extensively studied, using a var
of probes operating under a broad range of kinematic co
tions. Due to its 11 nature, hadronic excitation of this sta
represents an ‘‘unnatural parity’’ transition; consequen
this process should be particularly sensitive to the sp
dependent parts of theNA interaction, and in fact has lon
served as a critical test for our understanding of theDS
5DT51 component of theNN effective interaction@2#. As
an example, the spin observableP2Ay , i.e., the difference
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between the polarization induced in the outgoing proton a
the scattering yield asymmetry that results from use o
polarized incident beam, has been investigated both exp
mentally@3,4# and theoretically@5#. This quantity, which in a
nonrelativistic framework contains only interference term
between competing pieces of the transition amplitude,
been shown to be sensitive to the coupling of the nucle
spin to the bound nucleon current@5#. In later relativistic
treatments of proton-nucleus scattering@6,7#, it became clear
that these same nuclear current terms appear more natu
in a relativistic formalism, and are produced through the l
ear couplings between the upper and lower component
the bound nucleon wave function@6,7#. In either description,
P2Ay is dependent on the momentum of the nucleons ins
the nucleus, and is therefore sensitive to the off-shell beh
ior of these nucleons, and the nonlocal or exchange natur
the interaction.

Thus, detailed comparisons of measured spin observ
data to various predictions for specific nuclear transitions
traditionally been our best means of constraining theoret
models. In recent years, though, such comparisons h
raised a number of concerns, at both the experimental
theoretical ends. For example, it has been shown@8,9# that in
a direct-only plane-wave impulse approximation~PWIA!,
certain combinations of (pW ,pW 8) spin-transfer observables ar
directly related to individual terms in the effectiveNN inter-
action, weighted by corresponding nuclear response fu
tions. When physical processes such as distortion of the
jectile waves and knock-on exchange are included, howe
it becomes less clear what these combinations of (pW ,pW 8) ob-
servables represent physically, thereby blurring any sim
interpretation of these quantities. On the experimental s
counting arguments show that even ‘‘complete’’ sets
(pW ,pW 8) spin-transfer measurements provide~at most! eight
independent pieces of information, while a transition of t
general form 01→Jp requires knowledge of (8J13) inde-
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pendent quantities in order to fully specify the scatter
amplitude.

To reduce this ambiguity, it is clearly desirable to esta
lish a more direct connection between theory and exp
ment, such as would be obtained from a model-independ
extraction of individual elements of the scattering amplitu
In so doing, one bypasses the ‘‘intermediate’’ role played
spin observables, which represent nontrivial combination
many of these elements. Carrying out such a progr
though, requires access to information beyond that provi
by (pW ,pW 8) spin-transfer measurements alone. In particu
one must probe the polarization state of the ‘‘other partic
involved in the reaction: the recoil nucleus. This can
achieved through study of the angular correlation in the fi
state between the scattered~out-going! proton and the par-
ticle~s! emitted in the decay of the excited nucleus, as
reactions of the type (pW ,p8g). More specifically, for proton
excitation of a 01→11 transition, followed by electromag
netic decay back to the ground state, it has recently b
proven formally@10,11# that certain (pW ,p8g) measurements
when combined with complete sets of (pW ,pW 8) observables,
allow for a complete description of the transition amplitud
Note that in this case a total of 8J13511 independent
quantities must be determined.

In this paper, we report the first model-independent de
mination of the complete transition amplitude for a
nuclear final state withJÞ0. This analysis is based on
detailed set of measurements@12# carried out at the Indiana
University Cyclotron Facility~IUCF!, in which both (pW ,pW 8)
spin-transfer and (pW ,p8g) coincident observables were dete
mined simultaneously for excitation of the isovector 11 state
at 15.11 MeV in 12C. Data were taken at four proton sca
tering angles (uc.m.55.5°, 8.8°, 12.1°, and 16.5°) at an in
cident proton beam energy of 200 MeV. As will be show
below, this data set allows for extraction of each individu
~complex! spin-dependent term in the transition amplitude
a model-independent manner. Moreover, because this pr
dure has been applied at a number of scattering angles
momentum-transfer~q! dependence of each spin-opera
amplitude has been mapped out, allowing for a clearer in
pretation of the physical mechanisms that drive this tran
tion.

This paper will be organized in the following way. In Se
II we present the formalism adopted~from Ref. @10#! for
analysis of the data. In Sec. III, we present the observa
measured in the IUCF experiment@12#, and express each o
these in terms of real and imaginary parts of the individ
spin-operator amplitudes. We describe in detail the pro
dure used to extract these amplitudes from the observabl
Sec. IV, and present the results of this procedure in Sec
Section VI provides a detailed discussion of the momentu
transfer dependence determined for each amplitude~both
magnitude and phase!, and compares our results to predi
tions of calculations performed in both relativistic and no
relativistic formalisms. Where possible, we discuss the s
cific physics issues to which each amplitude is sensitive.
most significant results and conclusions are summarize
Sec. VII.
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II. FORMALISM

The formalism adopted here follows that of Piekarew
et al. @10#, and has been presented in detail in Ref.@12#; only
the most important results are given here for completen
We work in the orthogonal coordinate system defined by

n[p3p8, K[p1p8, q[n3K , ~1!

wherep (p8) is the incident~outgoing! proton momentum,
n is directed normal to the scattering plane,K is along the
direction of the average proton momentum, and~neglecting
the reactionQ value! q points in the direction of momentum
transferp8–p. In this frame, the most general form of th
scattering amplitude allowed by angular momentum and p
ity conservation for a 01→11 transition can be written in
the form @10#

T̂p~p,p8!5An0~Ŝ•n̂!1Ann~Ŝ•n̂!~s•n̂!1AKK~Ŝ•K̂ !

3~s•K̂ !1AKq~Ŝ•K̂ !~s•q̂!1AqK~Ŝ•q̂!~s•K̂ !

1Aqq~Ŝ•q̂!~s•q̂!, ~2!

where

ŜM[u11M &^01u ~3!

is the polarization operator for promoting a 01 state to a
state withJp511 and magnetic substateM, while sW are the
Pauli spin operators for the projectile. In Eq.~2!, the Aim’s
are scalar functions of energy and momentum transfer, wh
the subscriptsi (5n,K,q) and m(50,n,K,q) indicate the
polarization components of the recoil 11 nucleus (S) and
the scattered proton (sW , with s0[1), respectively. Becaus
there are six allowed complex amplitudes, 11 pieces of
formation ~after eliminating one overall phase! are required
to specify the scattering amplitude for this transition.

If the final polarization of the nuclear state is undetect
one can sum incoherently over theS index. In this case, the
relevant spin observables can be expressed as

ds

dVp
5(

i j m
AimAj m* d i j ,

ds

dVp
Dab5 (

i j mn
AimAj n* d i j

1

2
Tr$sasmsbsn%, ~4!

wherea,b50,n,K,q. Using the scattering amplitude of Eq
~2! and carrying through the Pauli algebra, it is easily sho
that only eight of the 16 possible singles (pW ,pW 8) spin observ-
ables~the Dab) are nonzero. Because 11 independent qu
tities appear inT̂p(p,p8), one sees that singles measureme
alone cannot uniquely define this amplitude; or, put anot
way, there is information contained inT̂p(p,p8) which is not
accessible via (pW ,pW 8) observables. In particular, the presen
in Eq. ~4! of the Kroneckerd i j makes it impossible to deter
mine the relative phase between any two spin operator
1-2
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MODEL-INDEPENDENT DETERMINATION OF THE . . . PHYSICAL REVIEW C 61 014601
plitudes (Aim’s! that correspond to orthogonal orientations
the recoil nuclear polarization.

If one makes the assumption that the (p,p8g) reaction is
strictly a two-step process, then the total transition amplitu
~excitation plus decay! can be written as the product of th
strong and electromagnetic amplitudes. In this case, all of
coincident (p,p8g) observables may be written in terms
just the singles (p,p8) spin operator amplitudes,Aim , and
theg-ray branching ratio to the ground stateR @10#. In com-
plete analogy with the singles observables@Eq. ~4!#, the spin-
dependent coincident observables for this transition can
written in the form@10#

d2s

dVpdVg
~ k̂!5

3R

8p (
i j m

AimAj m* t i j ~ k̂!,

d2s

dVpdVg
~ k̂!Dab~ k̂!5 (

i j mn
AimAj n* t i j ~ k̂!

1

2
Tr$sasmsbsn%,

~5!

where k̂ is the momentum direction of the emitted photo
and the photon polarization tensort i j is given by

t i j ~ k̂![d i j 2~ k̂•êi !~ k̂•êj !, ~6!

with êi a unit vector lying along one of the (n̂,K̂ ,q̂) coordi-
nates defined in Eq.~1!. It is important to emphasize that th
coincident observables defined in Eq.~5! are written in terms
of thesame Aim’s that appear in the definitions of the singl
observables, Eq. 4. The crucial difference between these
sets of equations is the presence oft i j ( k̂) in the definition of
the coincident observables, replacing thed i j for the singles
observables. Thus, certain (p,p8g) spin observableswill be
sensitive to the relative phases between amplitudes for
ferent recoil nuclear polarizations, provided that the emit
g ray has momentum components alongboth êi and êj .
Thus, the specific information about the transition amplitu
which is lost for the singles observables can be acces
through coincident (pW ,p8g) measurements.

III. SUMMARY OF OBSERVABLES

In this paper, we present detailed analysis of the data f
a previous experiment@12#. In that work, some spin observ
ables were measured using an incident proton beam w
polarization vector was normal to the~horizontal! scattering
plane, while others required use of a beam in which
polarization vector had been precessed to lie in the scatte
plane. Due to technical problems encountered during d
acquisition@12#, reliable values of the differential cross se
tion ds/dVp , could not be extracted from the experimen
yields. While this problem had no effect on the determin
tion of spin-dependent observables, it was necessary to
previously measured values ofds/dVp for this transition
@13# to set the scale for the overall magnitudes of theAim
amplitudes. In this paper, these amplitudes will be presen
in units of Amb/sr.

The singles observables obtained in Ref.@12# include the
01460
f

e

e

e

,

o

if-
d

e
ed

m

se

e
ng
ta

l
-
se

d

three normal-component spin-transfer coefficientsAy , P,
andDN8N , and two linear combinations of the in-plane sp
transfer coefficients

Dl[DL8Lsina1DS8Lcosa,

Ds[DL8Ssina1DS8Scosa, ~7!

where herea is the spin precession angle aboutn̂ experi-
enced by the scattered protons in passing through the m
netic spectrometer used in the experiment. Through us
Eq. ~4!, all of these measured (pW ,pW 8) observables can be
expressed in terms of theAim amplitudes as follows:

ds

dVp
5uAn0u21uAnnu21uAKKu21uAKqu21uAqKu21uAqqu2,

ds

dVp
Ay52@Re~An0Ann* !1Im~AKKAKq* 1AqKAqq* !#,

ds

dVp
P52@Re~An0Ann* !2Im~AKKAKq* 1AqKAqq* !#,

ds

dVp
DN8N5uAn0u21uAnnu22uAKKu22uAKqu2

2uAqKu22uAqqu2, ~8!

and

ds

dVp
Dl5cosupKFsin~a2uc.m.1upK!

ds

dVp
DKK

1cos~a2uc.m.1upK!
ds

dVp
DqKG

2sinupKFsin~a2uc.m.1upK!
ds

dVp
DKq

1cos~a2uc.m.1upK!
ds

dVp
DqqG ,

ds

dVp
Ds5sinupKFsin~a2uc.m.1upK!

ds

dVp
DKK

1cos~a2uc.m.1upK!
ds

dVp
DqKG

1cosupKFsin~a2uc.m.1upK!
ds

dVp
DKq

1cos~a2uc.m.1upK!
ds

dVp
DqqG , ~9!

whereuc.m. is the proton center-of-mass scattering angle,upK
is the angle between the incident beam momentump and the
average momentumK @see Eq.~1!#, anda is the spin pre-
cession angle defined above. TheDab spin transfer coeffi-
1-3
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S. P. WELLS AND S. W. WISSINK PHYSICAL REVIEW C61 014601
cients that appear in the previous equation can also be
pressed in terms of the spin operator amplitudes as

ds

dVp
DKK5uAn0u22uAnnu21uAKKu22uAKqu2

1uAqKu22uAqqu2,

ds

dVp
DKq522@ Im~An0Ann* !2Re~AKKAKq* 1AqKAqq* !#,

ds

dVp
DqK52@ Im~An0Ann* !1Re~AKKAKq* 1AqKAqq* !#,

ds

dVp
Dqq5uAn0u22uAnnu22uAKKu21uAKqu2

2uAqKu21uAqqu2. ~10!

For the coincident (pW ,p8g) measurements, the inciden
beam polarization was either pointed along the normaln̂ to
the scattering plane, or was rotated to liein the scattering
plane. During vertical polarization running, three photon d
tectors were positioned in the scattering plane on beam ri
and one was placed directly above the target@12#. If a sum
over the two beam spin states was performed~effectively
producing the results that would be obtained with an un
larized beam!, the coincident yields from the three in-plan
detectors could be used to extract the in-plane dou
differential cross section, which takes the form@10#

8p

3R

d2s

dVgdVp
~ug!5A~up!1B~up!cos 2ug1C~up!sin 2ug ,

~11!

where R is again theg-ray branching ratio to the groun
state,ug is the photon angle in the scattering plane, measu
with respect to theq̂ direction, andA, B, andC are unknown
functions of the proton scattering angle. These can be wri
in terms of amplitudes as

A5uAn0u21uAnnu21
1

2
@ uAKKu21uAKqu21uAqKu21uAqqu2#,

B5
1

2
@ uAKKu21uAKqu22uAqKu22uAqqu2#,

C52Re@AKKAqK* 1AKqAqq* #. ~12!

We point out that in this work our definitions ofA, B, andC
do not include the branching ratio normalization fac
8p/(3R), and are therefore different from the definition
given in Ref. @10#. A more important comment is that, i
order to eliminate any sensitivity to detection efficiency
the photon detectors, only theratios of the symmetric and
antisymmetric pieces of the in-plane coincident cross sec
B/A andC/A, were used in our determination of the tran
tion amplitude. These quantities have the obvious advan
of being independent of any overall normalization error.
01460
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We now turn to the spin-dependent coincident obse
ables which, at a given proton scattering angleup , will be
functions of the angleug at which the photon is emitted. I
the photon is emitted in the scattering plane, then the norm
component coincident analyzing power, scaled by the co
cident cross section, can be cast in a form similar to tha
Eq. ~11!, i.e.,

8p

3R

d2s

dVgdVp
~ug!Ay~ug!5eA~up!1eB~up!cos 2ug

1eC~up!sin 2ug , ~13!

where

eA52 Re~An0Ann* !1Im~AKKAKq* 1AqKAqq* !,

eB5Im~AKKAKq* 2AqKAqq* !,

eC52Im~AKKAqq* 2AKqAqK* !, ~14!

andd2s/dVgdVp is given by Eqs.~11! and ~12!. Note that
with three values measured for the normal-component s
asymmetry~corresponding to the three angles of the pho
detectors!, we have three expressions from which the coe
cientseA , eB , andeC can be determined. Although this in
version is possible in principle, it is more efficient to use t
measured asymmetries directly in our fitting procedure
determine the independentAim’s, which we describe in the
next section.

With a normally polarized beam, the photon detector
rectly above the target could measure another piece of
normal-component coincident analyzing power, given by

d2s

dVgdVp
~ n̂!Ay~ n̂!52 Im~AKKAKq* 1AqKAqq* !, ~15!

where

d2s

dVgdVp
~ n̂!5uAKKu21uAKqu21uAqKu21uAqqu2. ~16!

It can be shown algebraically that the ratio of Eqs.~15!
and~16! can be expressed in terms of the normal-compon
singlesobservables in the form

Ay~ n̂!52
~P2Ay!

~12DN8N!
. ~17!

In Ref. @12# this equation was used to demonstrate that
independently measured (pW ,p8g) coincident and (pW ,pW 8)
singles observables were internally consistent.

Finally, the four remaining (pW ,p8g) observables were ex
tracted from the spin asymmetries measured when the i
dent beam polarization had been oriented to lie in the s
tering plane. These are components of the longitudinal
sideways analyzing powers,D0L( k̂) and D0S( k̂), respec-
tively. These quantities, which vanish identically for singl
measurements, are related to the corresponding cente
1-4
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MODEL-INDEPENDENT DETERMINATION OF THE . . . PHYSICAL REVIEW C 61 014601
mass asymmetriesD0K( k̂) andD0q( k̂) via a rotation in the
reaction plane through the angleupK :

S D0L~ k̂!

D0S~ k̂!
D 5S cosupK 2sinupK

sinupK cosupK
D S D0K~ k̂!

D0q~ k̂!
D , ~18!

with D0K( k̂) andD0q( k̂) defined by

8p

3R

d2s

dVpdVg
~ k̂!D0K~ k̂!

52@Re~An0AKK* !2Im~AnnAKq* !#tnK~ k̂!

12@Re~An0AqK* !2Im~AnnAqq* !#tnq~ k̂!,

8p

3R

d2s

dVpdVg
~ k̂!D0q~ k̂!

52@Re~An0AKq* !1Im~AnnAKK* !#tnK~ k̂!

12@Re~An0Aqq* !1Im~AnnAqK* !#tnq~ k̂!.

~19!

The four coefficients oftnK( k̂) and tnq( k̂) that appear in
the above expressions~i.e., these four combinations of th
Aim’s! can be viewed as independent observables, and w
determined in Ref.@12# by a fit to the dual sinusoidal depen
dence of the measured asymmetries on both the outg
photon directionk̂ and the orientation of the incident proto
polarization in the scattering plane. Contained in these f
observables are clear sensitivities to the relative phases
tween terms in the transition amplitude corresponding to p
ton and recoil nuclear polarization projections that are n
mal to, and oriented in, the reaction plane; relative pha
which, by virtue of Eq.~4!, are inaccessible via single
(pW ,pW 8) measurements.

IV. MINIMIZATION PROCEDURES

In the set of combined (pW ,pW 8) and (pW ,p8g) observables
discussed above, we have a total of 16 measured quantiti
each proton scattering angle, which can be used to determ
the 11 independent quantities required to specify the c
plete scattering amplitude. Although it has been shown
mally @11# that certain combinations of these observables
provide an analytic solution of this problem~via matrix in-
version!, this method of analysis has several disadvantage
practice. Because only particular linear combinations of
measured quantities are used, some statistical informatio
invariably lost in this method. Of more concern is the loss
any statistical gauge of the quality or internal consistency
the amplitude extraction procedure; because one will alw
obtain an ‘‘answer,’’ the assignment of errors to theAim
amplitudes becomes somewhat ambiguous.

In this work,all of the observables measured at each s
tering angle are used as input to a singlex2 minimization
procedure. This method not only makes use of the full s
tistical information contained in the data set, but also mi
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mizes any bias that could be introduced through data
nipulation ~e.g., forming various linear combinations of th
data! prior to the actual fitting. Thus, our approach can
viewed conceptually as the following: we seek values for
six complex amplitudesAim contained in Eq.~2! that, when
used to form the 16 combinations provided in Sec. II, mi
mize the differences between these combinations and
measured values of the corresponding observables. Deta
the minimization procedure we followed will be provided
the next few paragraphs, but we first point out a few sub
features unique to this problem. Because the amplitudes
complex, one can seek values for either their magnitudes
phases, or for their real and imaginary components. In
work, we carried out independent fits to both parameter s
and obtained~as one would hope! equivalent results. How-
ever, it became clear that when attempting to resolve vari
discrete ambiguities in the fitting results, or invoking arg
ments of ‘‘smoothness’’~in momentum transfer!, use of
magnitudes and phases as the fitting parameters was fav
It was also necessary to hold one phase fixed during
fitting, as the observables are insensitive to any uniform s
in all the phases. BecauseuAnnu was consistently one of the
largest magnitudes over the entire angular range studied
chose to defineAnn to be real and positive, and thus dete
mined~in effect! the phase of every otherAim relative to that
of Ann .

A final choice which required careful thought was th
selection of appropriate starting values for the parameter
be fit. To avoid any bias, we noted that the form of t
singles cross section,ds/dVp @Eq. ~8!#, reveals that the
maximum allowed value for the magnitude of any of t
Aim’s is constrained by

uAimu<A ds

dVp
. ~20!

Thus, the allowed parameter space for the magnitudes m
be restricted to this range. In our fitting, we therefore
signed starting values for eachuAimu by using a linear ran-
dom number generator to select a number between zero
this maximum. Similarly, starting values for each phase w
chosen at random over the allowed range

0<f im<2p. ~21!

By holding fnn at zero, then searching the 11-dimension
parameter space for minima inx2, we were able to deter
mine the values for theAim that were most consistent wit
our entire 16-observable data set.

We now describe the actual fitting procedure in grea
detail. We begin by defining

x2[ (
j ,k51

16

@F j2 f j~Aim!#Wjk@Fk2 f k~Aim!#, ~22!

whereF j are the measured values for the 16 observables,
f j are the expressions given in the previous section for th
same observables in terms of theAim’s. In this equation,Wjk
is the weight matrix, given by
1-5
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Wjk5@e21# jk . ~23!

Here e is the full error matrix associated with the set
observables. In the absence of any correlations among
observables, i.e., if each of the observables had been d
mined independently,Wjk would be diagonal, with each el
ement equal to the inverse of the square of the error assig
to each observable

Wj j 5
1

dF j
2 . ~24!

In this work, however,Wjk has been generalized to includ
known correlations~off-diagonal elements! between specific
observables, given their method of determination@12#. For
example, the values obtained for the in-plane coincid
cross-section coefficientsB/A and C/A were deduced from
the same data set by fitting sinusoidal functions to the m
sured photon yields. Thus, the resulting coefficients of the
are highly correlated.

The minimization procedure we employed uses a com
nation of algorithms@14# to locate the minima of an arbi
trary, nonlinear function in an arbitrarily large parame
space. Thex2 function @Eq. ~22!# can be linearized around
minimum valuex0

2 via

x25x0
21 (

m51

11
]x2

]Am
U

A0

dAm . ~25!

In this and following equations, we have simplified our n
tation by denoting allAim with a single indexAm , represent-
ing either a magnitude or phase. In the above equation,A0 is
the setof Am values which minimizex2, i.e., their values at
x25x0

2. Thus, our minimization condition can be defined

]x2

]An
5

]x2

]An
U

A0

1 (
m51

11
]2x2

]An]Am
U

A0

dAm50. ~26!

Once initial values for theAm’s are chosen, the paramet
search begins by solving for optimal changes in the par
eters,dAm , then generating new values for these parame
via

Am5Am
init1dAm , ~27!

from which point the parameter search can begin again. T
procedure is repeated until a minimum inx2 is found.

The minimization condition can be written as a mat
equation

adW A5bW ~28!

or

dW A5a21bW , ~29!

where
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amn[
1

2

]2x2

]Am]An
uA0

~30!

and

bm52
1

2

]x2

]Am
U

A0

. ~31!

The algorithm@14# used to find thex2 minimum utilizes a
gradient search in the early stages of the fitting proce
which transforms smoothly into a linearization of the fittin
function as the fit converges. This is achieved by introduc
a parameterl which sets the scale for the size of steps tak
along the gradient. To do so, the diagonal elements of
curvature matrixa defined above are modified according

amm→amm8 5~11l!amm . ~32!

Upon inspection of this equation, we note that ifl@1, then

dAm'
1

lamm
bm ~33!

and the search is approximately a gradient search. If, on
other hand,l!1, then

amn8 'amn ~34!

and so the functionx2 is ~approximately! linearized, as de-
scribed in Eqs.~25! and~26!. The algorithm is designed suc
that the closerx2 gets to a minimum~determined by the size
of the changes in the fitting parameters required to ‘‘s
across’’ the minimum!, the smaller the value ofl chosen,
and thus a transition from a gradient search to a lineariza
of x2 is effected.

At each scattering angle, a total of 10 000 randomly ch
sen sets of theAm’s were used as starting points to this a
gorithm. Approximately 95% of the time, the algorithm wa
successful and converged on a minimum in the mu
dimensionalx2 surface. It quickly became clear, howeve
that thex2 function describing these observables contain
many local minima, and the fit would often becom
‘‘trapped’’ in these shallower regions, rather than converg
on the ‘‘true’’ minimum valuexbest

2 . ~This latter quantity
was defined as simply the lowest value ofxmin

2 determined in
any of the 10 000 fits.! As a result, the algorithm was able t
locate minima withxmin

2 <2xbest
2 only about 10% of the time,

an indication of the complexity of the space being prob
Nevertheless, this yielded a sample of roughly 1000 set
amplitudes at each angle which gave reasonably good
scriptions of all 16 measured observables.

The procedures used to extract final values for each s
operator amplitude will be presented in the next section.
now, we note that within these 1000 or so acceptable s
tions, themagnitudesof the amplitudesuAimu were generally
found to be very stable, and largely independent of
choice of starting parameters. The values found for the c
respondingphasesf im , on the other hand, were highly de
pendent on the starting parameters, and thus exhibited m
1-6
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larger fit-to-fit variations. Based on this, a second round
fitting was undertaken, in which the starting parameters w
not chosen at random: in this analysis, the magnitudes w
initially set to their best-fit values, as determined from t
first round of fitting, while the phases were each stepp
through all allowed values in a multidimensional grid sear
Specifically, each phase was assigned a starting value
tween 0 and 5p/3 in steps ofp/3, with all possible combi-
nations used as starting sets.

As a final check on the robustness of the entire fitt
procedure, we used a set of theoretical amplitudes~see Sec.
VI ! to generate values for each of the observables that
been measured in Ref.@12#, thereby producing a ‘‘data set’
comparable to that obtained in the actual measurement.
ing this ‘‘data’’ as input to our fitting code, we were indee
able to reproduce the input amplitudes, i.e., the algorit
could always find the correct solution. Once this had be
established, we performed a more realistic test in which
calculated value of each observable was randomized wi
root-mean-square deviations equal to a typical experimenta
error bar for that observable. Using this data set, whose
tistical precision matched that of the actual measureme
we were again able to reproduce our input amplitudes, wit
acceptable errors.

V. RESULTS OF THE FITTING

After performing 10 000 fits to the data at each scatter
angle, our next step was to try to converge on a unique se
solutions for theAim’s. At each angle, we first discarded a
fits in which the resultingx2 minimum xmin

2 was more than
twice the lowest value foundxbest

2 . For the number of de-
grees of freedom in our fitting function, this provided a co
fidence level of 85% that the true solution was includ
among the 1000 or so fits kept at each angle@15#. Among
these 1000 fits, though, the solutions tended to cluster tig
around a very small number of regions in parameter sp
yielding a set of roughly 5–10 distinct solutions for ea
angle. As mentioned previously, the amplitudes extrac
from these different solutions were often quite similar
magnitude, but showed discrete~and correlated! variations in
phase.

To proceed further, i.e., to select from among these
distinct sets of solutions, it was necessary to introduce a
tional assumptions concerning the angle dependence o
amplitudes. By imposing the constraint that the amplitud
vary slowly and smoothly as a function of momentum tra
fer ~as do all the observables described by these amplitud!,
we were able to eliminate most of the remaining ambiguit
in the values determined for theAim’s. We will illustrate this
procedure with examples below. Before invoking such ar
ments, it is important to note that as the magnitude o
complex quantity goes through a minimum, both the realand
the imaginary components must pass close to zero; henc
phase will typically change by roughly 180° as one pas
through this minimum. Conversely, it is difficult to produc
such a large phase shiftunlessa magnitude becomes ver
small.

We now examine in detail the two amplitudesAnn and
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AKK . Shown in Fig. 1 are the fitted magnitudes and t
relative phase of these two amplitudes, each plotted ve
the center-of-mass scattering angle.~For plotting purposes,
all phases lie in the range2180°<f im<180°.) Different
plotting symbols at each angle correspond to different set
solutions, and have been displaced slightly in angle. T
magnitudes of bothAnn and AKK are large over the rang
5°<uc.m.<13° for all valid solutions, and decrease smooth
with angle. The phase difference (fnn2fKK) is close to
zero everywhereexceptfor a single solution atuc.m.58.8°,
indicated by a daggeredX, which is near2180°. If one
assumes that neitherAnn nor AKK passes near zero in thi
region, then this phase, and all other fitted values associ
with this solution, are almost certainly unphysical. While o
could attempt to make this argument more quantitative, e
by fitting the magnitudes ofAnn andAKK with simple func-
tions that did or did not pass near zero somewhere in
angle range, we feel that even a cursory examination of
1 tends to rule out the possibility of a zero crossing. The
arguments will become even stronger~though obviously
somewhat more model-dependent! when we compare our re
sults to a wide range of realistic theoretical predictions
these quantities, all of which display very smooth variatio
over this range of momentum transfer.

It is interesting to note that the three quantities presen
in Fig. 1 largely determine the observableD0q , which in the
direction k̂•n̂5 k̂•K̂51/A2, k̂•q̂50 has the value

FIG. 1. Sets of fitted values for the magnitudes ofAnn ~top! and
AKK ~middle!, and their relative phase difference~bottom!, each
plotted vsuc.m.. In each case, different plotting symbols at ea
angle represent the results of different solutions. The symbols h
been displaced slightly in angle for~some! clarity.
1-7
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D0q'Im~AnnAKK* !5uAnnuuAKKusin~fnn2fKK!. ~35!

Our measured value for this observable, being close to z
drives the phase difference to either zero or 180°, but s
plies little additional information to the fit. Constraints on th
magnitudes ofAnn andAKK , and the resolution of this 180
phase ambiguity, must therefore be supplied by other obs
ables, demonstrating again the advantages of a large, div
data set.

By applying similar arguments to otherAim’s, we were
able to eliminate most of the remaining solution sets, a
arrive at a nearly ambiguity-free determination of the ma
nitude and phase of each amplitude at all angles. For m
quantities, the few distinct solutions left were sufficien
close in value that a simple average could be taken, w
errors enlarged slightly to reflect the range of solutions
cluded. Exceptions to this behavior occurred only atuc.m.
516.5°, where two of the phase differences exhibited tw
fold discrete ambiguities that could not be resolved; an in
pretation for this will be given in the following section. In a
cases, the final values determined for theAim magnitudes and
phases were consistent with those found in the fits wh
yielded the lowest minimum forx2, denoted here byxbest

2 .
As the final step in our analysis, the values obtained

xbest
2 were normalized to the number of degrees of freedom

the fit, to yieldxn
2 , a quantity which statistically should lie

close to unity. In this work, the values forxn
2 at uc.m.

55.5°, 8.8°, 12.1°, and 16.5° were 0.75, 2.14, 2.17, a
6.47, respectively. Because the fitting function should p
vide an accurate description of the data~that is, one isnot
gauging the appropriateness of the model in this case!, a
minimum xn

2 in substantial excess of 1 suggests an unde
timate of the input error for at least part of the fitted data s
To compensate for this, the error determined in the fitt
process for the magnitudes and phases of each of theAim’s
was artificially increased by a factor ofAxn

2. This ensures
that when the extracted amplitudes are used to determ
best-fit values~with errors! for the observables, one will re
produce the measured input data within one standard de
tion, on average. Thus, we believe that the errors quoted
for the magnitudes and phases of theAim’s provide a realistic
estimate of the true uncertainties inherent in the fits to th
data.

VI. COMPARISON OF AMPLITUDES WITH
CALCULATIONS

It has been shown previously@12# that the large numbe
of spin observables measured for this transition provide
severe test for any theoretical model. None of the calcu
tions presented in Ref.@12# could describe the momentum
transfer dependence of all the observables over the e
range covered by the data. To determine more preci
where weaknesses lie in these models, it is useful to b
experiment ‘‘closer’’ to theory by comparing not the me
sured observables, as was done in Ref.@12# but by compar-
ing theoretical predictions for theAim amplitudes with values
extracted directly from the data, as described here.
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In this work, we will consider five different sets of pre
dictions for the scattering amplitude. To carry out these c
culations, many details must be specified, such as the me
used to generate the distorting potential, and how well t
describes the elastic scattering data, assumptions mad
garding the structure of the excited state, the extent to wh
medium corrections are incorporated into the effective int
action, the handling of exchange contributions to the inter
tion, etc. Here, we will examine predictions for theAim’s
derived from thesamefive models as those to which th
observableswere compared in Ref.@12#. Extensive discus-
sion on the content of each calculation is presented in
paper, and the interested reader is encouraged to refer to
@12# for more detail; only fairly brief descriptions will be
provided here.

Of the five calculations to be shown, all use fre
t-matrices for the effective interaction, and Cohen-Kura
matrix elements@16# to specify the transition to the excite
state. Two are relativistic calculations in which both dire
and exchange contributions are included explicitly~DREX!
@17#. The distorting potential for the incident and outgoin
projectile waves, however, is generated either ‘‘se
consistently’’ ~the same interaction that induces the 01

→11 transition is also folded with the12C ground state tran-
sition density to produce the distortions!, or from an optical
potential, with parameters fit top112C elastic scattering
cross section and analyzing power data. In all of the figu
the predictions of these two calculations will be shown a
solid line ~self-consistent! and a long-dashed line~optical
potential!. Two nonrelativistic calculations also include bo
direct and exchange contributions explicitly~DW81! @18#,
and also incorporate the effects of distortion using the sa
two methods, i.e., either self-consistently~dotted line! or
from the same optical potential as was used in the relativi
calculation~dot-dashed line!. Finally, we will compare our
values of the scattering amplitudes to those predicted usi
relativistic calculation in which the full interaction has bee
parametrized in terms of direct scattering processesonly,
with distorted waves generated self-consistently~short-
dashed line!. Although exchange processes are expected
contribute significantly to this reaction, this last calculati
appeared to describe theobservablesmeasured for this reac
tion better than any model in which exchange contributio
had been explicitly included@12#. This would suggest tha
most current methods of accounting for exchange proce
are inadequate to describe proton-nucleus scattering at i
mediate energies, at least for unnatural parity transitions

Before making detailed comparisons between data
theory, there is one ambiguity which must be pointed o
Because the individual spin-operator amplitudes have dim
sions ofAmb/sr2, cross section data@13# were used to pro-
vide an overall normalization factor for all spin observab
considered in the fitting procedure. This ensures, for
ample, that Eq.~8! is obeyed, and the sum of the squar
amplitudes equals the measured cross section. Howeve
can be seen in Fig. 2, the five calculations considered her
not reproduce this cross section. In particular, all of the c
culations underpredictds/dVp at small angles, except fo
the DW81 calculation using distortions generated in an o
1-8
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MODEL-INDEPENDENT DETERMINATION OF THE . . . PHYSICAL REVIEW C 61 014601
cal model, which overpredicts the data at small angles, t
decreases much more rapidly with angle than the data.
DW81 calculation which uses self-consistent distortions,
the other hand, is a much more shallow function of an
than the data suggest.

In light of these discrepancies, one could consider sca
all of the calculated magnitudesuAimu by a single multiplica-
tive factor, in order to more closely reproduce the measu
cross section. In this way, one is effectively comparing
relativesizes of the spin-operator amplitudes for each mo
to the measured values. This also ensures that the dom
amplitudes will be well reproduced. On the other hand,
differences observed between the predicted and meas
cross sections might result from particular amplitudes~espe-
cially the larger ones! being grossly overpredicted or unde
predicted, while the calculated values for others are actu
in close agreement with the experimentally determined v
ues. In this case, one is best served bynot applying an arti-
ficial normalization, and directly comparing data and theo
for each amplitude. Because our primary goal is to iden
more narrowly the weaknesses in individual calculations,
have adopted the latter approach here. The potential d
back, of course, is that a calculation that is correct in
respects other than reproducing the measured cross se
will systematically misseachof the extracted amplitudes b
roughly the same factor.

With the above caveat in mind, we now compare the p
dictions of these five models for the magnitude and phas
each amplitude to the values deduced from our fits. T
quantityAn0, shown in Fig. 3, is the amplitude for polarizin
the recoil 12C nucleus along then̂ direction~perpendicular to
the scattering plane! with an unpolarized incident proton. It
magnitude~upper plot! is predicted by each calculation to b
quite weak over the entire angle range studied in this wor

FIG. 2. Differential cross section for the12C(p,p8)12C* ~15.11
MeV! reaction at 200 MeV. The data are from Ref.@13#. The five
curves shown are described in the text.
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feature also seen in the data. The differences among the
ous calculations are, in absolute terms, very small. Th
given the level of precision with which this quantity can b
determined experimentally, not much useful information c
be obtained fromuAn0u, other than confirming the sma
probability for producing this particular spin configuratio
Due to the small size ofuAn0u, the phase differencefn0
2fnn , shown in the lower half of Fig. 3, exhibits a twofol
discrete ambiguity at the largest scattering angle. As d
cussed earlier, if the magnitude of a complex amplitu
passes near zero, its phase can change by nearly 180°.
data suggest thatAn0 passes near zero~has a local minimum!
somewhere arounduc.m.516.5°, but our measurements ca
not establish this unambiguously. We also note that
smaller angles the phase difference is relatively flat, in agr
ment with all of the calculations, although the values d
duced from the data are significantly more negative~by
;90°) than any of the calculations predict.

In contrast to this weak amplitude, we next examineAnn ,
shown in Fig. 4, which is the amplitude for polarizing th
recoil nucleus along then̂ direction when the incident proton
is also polarized alongn̂. The data show thatuAnnu is large
throughout the angular range studied, and decrea
smoothly with increasing momentum transfer. All five calc
lations predict this general behavior, but differ significan
in strength, relative to the precision with which this quant
has been determined. It is useful to note the striking simila
ties between this figure and Fig. 2, the unpolarized cr
section. ~For a more quantitative comparison, one wou

FIG. 3. Magnitude~upper! and relative phase~lower! of the
amplitudeAn0 plotted vs the center of mass scattering angle. T
phase difference is with respect to theAnn amplitude. The error
bands represent best fit solutions to the data of Ref.@12#. The five
curves shown are theoretical predictions described in the text.
1-9
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S. P. WELLS AND S. W. WISSINK PHYSICAL REVIEW C61 014601
need to square the results shown in Fig. 4.! Just as for
ds/dVp , the values ofuAnnu at small momentum transfe
are underpredicted slightly by four of the calculations, a
overpredicted by the DW81 calculation which uses opti
model distortions. The momentum transfer dependence
the data is reasonably well described by the three relativ
calculations, but is too steep~shallow! for the DW81 calcu-
lations that use optical model~self-consistent! distortions.
The inabilities of the models to reproduce this particular a
plitude are thus directly reflected in the discrepancies fo
between the predictions and measured values for the sca
ing cross section.

Similar behavior is seen in Fig. 5 for the other large a
plitude,AKK , the amplitude for polarizing the recoil nucleu
along the average momentum direction using an incid
proton polarized along the same direction. The measu
magnitudeuAKKu ~upper plot!, just asuAnnu, closely follows

FIG. 4. Same as Fig. 3, but for the amplitudeAnn . In our fitting
procedures, the phase of this amplitude was defined to be zero

FIG. 5. Same as Fig. 3, but for the amplitudeAKK .
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the angular dependence of the differential cross section,
decreases monotonically withuc.m.. In this case, the three
relativistic calculationsquantitativelydescribe this behavior
and agree with the data at all values of momentum trans
The two nonrelativistic calculations, on the other hand,
very poorly, either overpredicting or underpredicting t
strength of this amplitude at small angles, and predict
angle dependences which are either too steep or too sha
depending on the method used to generate distortions. A
shown in Fig. 5 is the phase differencefnn2fKK , which is
predicted by all of the calculations to be very close to ze
over this entire angular range. The data support this id
albeit with a fairly large statistical uncertainty, suggesti
that the two largest amplitudes contributing to this react
are closely matched in phase.

The third ‘‘diagonal’’ amplitude,Aqq , has some intrigu-
ing properties.Aqq is the amplitude for polarizing the reco
12C nucleus along theq ~momentum transfer! direction, with
the proton also polarized alongq, i.e., this amplitude is as
sociated with the spin-operator combination (S•q)(s•q). In
a meson-exchange formulation ofNN scattering@19#, the
one-pion exchange amplitude is associated with the s
operator (s1–q)(s2–q), which is very similar. Perhaps o
more significance, in a relativistic PWIA,Aqq is the only
amplitude that contains contributions from the pseudovec
invariant NN amplitude, which carries the same quantu
numbers as the pion. Because the excitation of the 15
MeV state is aDT51 transition, one-p and one-r exchange
should dominate the reaction process. The potentials fop
and r exchange interfere constructively at very small m
mentum transfer, but the one-p exchange term changes sig
relative to one-r exchange at relatively low momentum
transfer@20#, which can lead to large cancellations. Thus

FIG. 6. Same as Fig. 3, but for the amplitudeAqq .
1-10
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MODEL-INDEPENDENT DETERMINATION OF THE . . . PHYSICAL REVIEW C 61 014601
zero crossing in theAqq amplitude may be a direct reflectio
of p-r interference in the reaction mechanism for this tra
sition.

Inspection of the extracted values for the magnitude
phase ofAqq , plotted in Fig. 6, clearly indicates that th
amplitude does indeed cross zero somewhere betweenuc.m.

55.5° and 12.1°. The magnitudeuAqqu, which exhibits a
very different q dependence than eitheruAnnu or uAKKu, is
very well described by all of the relativistic calculation
which each predict a zero crossing somewhere nearuc.m.

;9°. The data are not described quite as well by the n
relativistic calculation which uses self-consistently genera
distortions, and are in strong disagreement with the ot
DW81 calculation. The large experimental uncertainty in
phase difference atuc.m.58.8° supports the idea that a ze
crossing occurs near this point. The two relativistic calcu
tions which have distortions generated self-consistently
scribe the momentum transfer dependence of both the m
nitude and phase ofAqq quite well, and thus best describe th
physics contained in this amplitude.

The last two amplitudes, the off-diagonal termsAKq and
AqK , are also intriguing. Physically, they represent the a
plitudes for polarizing the recoil12C nucleus along either th
K or q direction when the proton probe is polarized alo
either theq or K direction, respectively. In a nonrelativisti
PWIA, these two amplitudes should be identically zero
this transition, and only become nonzero if nonlocal effec
such as knock-on exchange, are explicitly included@6#. In a
relativistic formulation, on the other hand,AKq andAqK in-
clude contributions due to linear couplings between the
per and lower components of the bound nucleon wave fu
tion, even in PWIA. Because the lower components
momentum dependent, the nucleon is manifestly off-sh
and non-local effects arise ‘‘naturally.’’ Formally,AKq and
AqK are proportional to the tensor and axial vector pieces
the invariantNN amplitude, respectively. By carrying out th
spin algebra@6#, these can be written in terms of the com
posite spin-convection current amplitudeŝs3J& and
^s•J&, again respectively. Thus, these two amplitud
should be sensitive to the off-shell behavior of the nucle
inside the12C nucleus.

In Fig. 7, we see that the extracted magnitude ofAKq is
significantly smaller than all of the predicted values, es
cially at small angles. This suggests a quenching of the
sor component of theNN amplitude within the nucleus
though one cannot tell if this is a nuclear structure or
interaction effect. It is very curious that the only relativist
calculation that doesnot include exchange~short-dashed
line! also predicts the largest magnitude for an amplitu
that, at least nonrelativistically, is driven largely by exchan
contributions. Unfortunately, little insight is provided by th
phase difference,fnn2fKq . Note, however, that if the
phase found at the largest angle is simply shifted by 36
the general shape of the angular dependence of the p
difference is followed reasonably well by three of the calc
lations, albeit with a;90° offset.

In striking contrast, the other off-diagonal amplitudeAqK
is predicted to be somewhat smaller thanAKq over most of
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this angle range, while the experimentally determined val
are seen in Fig. 8 to be quite a bit larger. Only the DW
calculation using optical model distortions is consistent w
the typical strength suggested by the data. Figure 8 a
shows, though, that the limited statistical precision w
which this amplitude has been determined makes it diffic
to draw any conclusions about the momentum transfer

FIG. 7. Same as Fig. 3, but for the amplitudeAKq .

FIG. 8. Same as Fig. 3, but for the amplitudeAqK .
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S. P. WELLS AND S. W. WISSINK PHYSICAL REVIEW C61 014601
pendence of this quantity. This limitation is also evident
the phase difference, in which a tight clustering about zer
broken only at the largest angle, where a twofold discr
ambiguity is observed at 16.5°. As was the case forAn0, our
statistical accuracy is such that we cannot determine exp
mentally whether this amplitude is crossing zero in this an
regime or not. Two calculations predict amplitudes that,
the complex plane, pass near zero on one side (Df5
1180°), two pass on the other side (2180°), and one phas
remains constant. All of these possibilities are consist
with one of the allowed solutions extracted from the data

VII. SUMMARY AND CONCLUSIONS

We have made a model-independent determination of
full transition amplitude for the12C(p,p8)12C* ~15.11 MeV,
11, T51) reaction at an incident beam energy of 200 M
at four scattering angles. This represents the first such d
mination for any hadron-induced nuclear transition oth
than those with Ji5Jf50. By imposing only loose
‘‘smoothness’’ constraints on the momentum transfer dep
dence of the individual spin-operator amplitudes, we ha
performed a nearly ambiguity-free extraction of these qu
tities, which has provided deeper insight into the phys
driving this transition.

As expected theoretically, the two diagonal spin-opera
amplitudesAnn andAKK were found to be the dominant am
plitudes over the entire momentum transfer range stud
Each of these was better described by the three calcula
carried out in relativistic frameworks than by the two no
relativistic calculations we considered. The third diago
amplitudeAqq , which has a spin-operator structure similar
.

er
n

ev

C

01460
is
e
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e

nt

e

er-
r

n-
e
-

s

r

d.
ns

l

that of one-pion exchange, exhibited behavior characteri
of a ‘‘zero crossing.’’ The value of momentum transfer
which this occurred was again much better matched by
relativistic calculations than the DWIA predictions. Th
crossing has physical significance in that it may reflect int
ference betweenp andr exchange, and hence may serve
a gauge of the relative strengths of these two contributi
within the nuclear medium.

The three off-diagonal amplitudes are all much wea
than the three just discussed, and as such were determ
with much larger experimental uncertainties. The magnitu
of theAn0 amplitude provided little insight, though the pha
was consistently~i.e., at all angles! off by about 90° relative
to most of the predicted values. The amplitudesAKq andAqK
are expected to be sensitive to the off-shell behavior of
nucleons inside the12C nucleus, and should therefore prob
the non-local or exchange nature of the scattering proc
Despite the sizable errors on the experimentally determi
values for these two amplitudes, neither are described w
by any of the five calculations considered here, which m
indicate problems in our present treatment of nonlocal
fects in both relativistic and nonrelativistic frameworks.
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