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Coulomb distortion effects for „e,e8p… reactions at high electron energies
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We report a significant improvement of an approximate method of including electron Coulomb distortion in
electron-induced reactions at momentum transfers greater than the inverse of the size of the target nucleus. In
particular, we have found a new parametrization for the elastic electron scattering phase shifts that works well
at all electron energies greater than 300 MeV. As an illustration, we apply the improved approximation to the
(e,e8p) reaction from medium and heavy nuclei. We use a relativistic ‘‘single-particle’’ model for (e,e8p) as
as applied to208Pb(e,e8p) and to recently measured data at CEBAF on16O(e,e8p) to investigate Coulomb
distortion effects.@S0556-2813~99!06812-0#

PACS number~s!: 25.30.Fj, 25.70.Bc
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Electron scattering has long been acknowledged as a
ful tool for investigating nuclear structure and nuclear pro
erties, especially in the quasielastic region. One of the
mary attributes of electron scattering as usually presente
the fact that in the electron plane-wave Born approximati
the cross section can be written as a sum of terms each
a characteristic dependence on electron kinematics and
taining various bilinear products of the Fourier transform
charge and current matrix elements. That is, various struc
functions for the process can be extracted from the meas
data by so-called Rosenbluth separation methods.
trouble with this picture is that when Coulomb distortion
the electron wave functions arising from the static Coulo
field of the target nucleus is included exactly by partial-wa
methods, the structure functions can no longer be extra
from the cross section, even in principle.

In the early 1990s, Coulomb distortion for the reactio
(e,e8) and (e,e8p) in quasielastic kinematics was treate
exactly by the Ohio University group@1–5# using partial-
wave wave expansions of the electron wave functions. S
partial-wave treatments are referred to as the distorted-w
Born approximation~DWBA! since the static Coulomb dis
tortion is included exactly by numerically solving the rad
Dirac equation containing the Coulomb potential for a fin
nuclear charge distribution to obtain the distorted elect
wave functions. While this calculation permits the compa
son of various nuclear models to measured cross sections
provides an invaluable check on various approximate te
niques of including Coulomb distortion effects, it is nume
cally challenging and computation time increases rapi
with higher incident electron energy. And, as noted above
is not possible to separate the cross section into var
terms containing the structure functions and develop insig
into the role of various terms in the transition charge a
current distributions.

In our DWBA investigations of (e,e8) and (e,e8p) reac-
tions in the quasielastic region, we used a relativistic tre
ment based on thes-v model for the nucleons involved. In
particular, for the (e,e8p) reaction we use a relativistic Har
tree single-particle model for a bound state@6# and a relativ-
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istic optical model for an outgoing proton@7# combined with
the free space relativistic current operatorJm5gm

1 i (k/2M )smn]n . Using this model, we compared ou
DWBA calculations with experimental data measured
various laboratories for (e,e8) @1,2#, and for (e,e8p) @3–5#
and have found excellent agreement with the data. We c
cluded that the relativistic nuclear models are in excell
agreement with the measured data and do not need to in
meson exchange effects and other two-body terms in the
rent that are necessary in a Schro¨dinger description that use
a nonrelativistic reduction of the free current operator@8#.
Therefore, in this Brief Report we will continue to use o
relativistic ‘‘single-particle’’ model to investigate Coulom
distortion effects and to compare to the newly measured d
from CEBAF.

To avoid the numerical difficulties associated wi
DWBA analyses at higher electron energies and to look fo
way to still define structure functions, our group@9,10# de-
veloped an approximate treatment of the Coulomb distort
based on the work of Knoll@11# and the work of Lenz and
Rosenfelder@12#. We were able to greatly improve som
previous attempts along this line@13,14# where various ad-
ditional approximations were made which turned out not
be valid. We did have the advantage of having the ex
DWBA calculation available for incident electron energi
up to 400–500 MeV for checking our approximations. W
compared our approximate treatment of Coulomb distort
to the exact DWBA results for the reaction (e,e8p) and
found good agreement~at about the 1–2 % level! near the
peaks of cross sections even for heavy nuclei such as208Pb.
The agreement was not so good away from the peaks.

As discussed in our previous papers@9,10#, one of the
ingredients of our approximate electron wave function is
parametrization of the elastic scattering phase shifts in te
of the angular momentum. In this paper, we briefly revie
our previous approximation of the Coulomb distorted ele
tron wave function and present a greatly improved para
etrization of the phase shifts which works well at all incide
electron energies greater than 300 MeV. In addition, we w
©1999 The American Physical Society04-1
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BRIEF REPORTS PHYSICAL REVIEW C 60 067604
compare our relativistic ‘‘single-particle’’ model to new ex
perimental data from CEBAF.

Our approximate method of including the static Coulom
distortion in the electron wave functions is to write the wa
functions in a plane-wave-like form@10#

C6~r !5
p8~r !

p
e6 id(L2) eiD eip8(r )•r up , ~1!

where the phase factord(L2) is a function of the square o
the orbital angular momentum operator,up denotes the Dirac
spinor, and the local effective momentump8(r ) is given in
terms of the Coulomb potential of the target nucleus by

p8~r !5S p2
1

r E0

r

V~r !dr D p̂. ~2!

We refer to thisr-dependent momentum as the local electr
momentum approximation~LEMA !. The ad hoc term D

5a@ p̂8(r )• r̂ #L2 denotes a small higher order correction
the electron wave number which we have written in terms
the parametera52aZ@(16 MeV/c)/p#2. The value of 16
MeV/c was determined by comparison with the exact rad
wave functions in a partial wave expansion.

The basic idea of our approximation is to calculate
elastic scattering phases and fit them to a function of
square of the Dirac quantum numberk used to label the
phase shifts. We then replace the discrete values ofk2 with
the total angular momentum operatorJ2 which we subse-
quently replace by the orbital angular momemtum opera
L2 since the lowk terms where the difference betweenj and
l is significant contribute very little to the cross section. T
removal of any spin dependence apart from what is in
Dirac spinor up is crucial for defining modified structur
functions.

Based on earlier work by others we fitted the elastic sc
tering phases shifts to a power series ink2 up to second
order:

dk5b01b2k21b4k4, ~3!

where the coefficients,b0 , b2 , b4 are extracted from a bes
fit for k values up to about 3pR where R is the nuclear
radius. Note that this procedure requires calculating the e
tic scattering phase shifts for the incident and outgoing e
tron energies up tok values of order 3pR, which for high
electron energies can be quite demanding computation
We refer to these phases as thek2-dependence phases. Th
fit to the phases worked very well fork values up to approxi-
matelyk53pR'35 at medium or low energy, but did not fi
the exact phases shifts very well for higher energies wh
k53pR>50 or more. Since we were primarily looking a
electron energies in the 300–600 MeV range in our previ
work, this discrepancy did not present a significant proble

However, with CEBAF-type energies we need a fit to t
phases that will work at any incident energy where the ov
all approximation can be used, that is, for incident elect
energies greater than about 300 MeV and processes
momentum transfers greater than about 1/R. We would also
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like to avoid calculating all of the elastic phase shifts, p
ticularly the very highk values. A reasonable solution is t
make use of the fact that the higherk phase shifts approac
the point Coulomb phases which have a simple analyt
form at high energy. At the other extreme, the lowk phases
corresponding to orbitals which penetrate the nucleus are
ear ink2 which was the basis for our initial parametrizatio
The difficult phases to fit correspond tok values of orderpR
which, from a classical point of view, correspond to scatt
ing from the nuclear surface region and are known to m
large contributions to the cross section. Thus, we decide
seek a parametrization of the elastic scattering phases s
in terms ofk2 which has the correct largek2 behavior and
becomes linear ink2 at low angular momentum. Since w
have the correct largek behavior, we need only calculate th
exact scattering phase shifts fork values of up to orderpr.
The largek and smallk behavior are quite different, so w
chose to write the expression for the phase shift as the su
two terms with an exponential factor which suppresses
of the terms at smallk values and the other at largek values.
After some experimentation, we find that the following p
rametrization of elastic scattering phase shift describes
exact phase shifts very well:

d~k!5Fa01a2

k2

~pR!2Ge21.4k2/(pR)2

2
aZ

2
~12e2k2/(pR)2

!ln~11k2!, ~4!

wherep is the electron momentum and we take the nucl
radius to be given byR51.2A1/320.86/A1/3. We fit the two
constantsa0 and a2 to two of the elastic scattering phas
shifts @k51 andk5Int(pR)15]. To a very good approxi-
mation, a05d(1) and a254d„Int(pR)15…1aZ ln(2pR),
where Int(pR) replacespR by the integer just less thanpR.
Note that this parametrization only requires the value of
exact scattering phase shift fork51 andk5Int(pR)15. As
shown in Fig. 1, thek2-dependence phase parametrizati
breaks down for highk values and has large deviations f

FIG. 1. The comparison between the exact,k2-dependent, and
new phases in16O for kmax5100 and energyE52441 MeV. The
diamonds are the exact phases, the dashed curve is thek2 fit, and
the solid curve is the new phase shift parametrization.
4-2
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midrangek values. The new phase parametrization fits
exact phases very well for electron energy ofE52400 MeV
on 16O, although the new phase parametrization does
show some small deviations from the exact phases fok
values around 20–30 which is in the surface region. Clea
additional terms could be added to the parametrization
obatin a better fit. However, as we shall see below,
simple fit that we have used reproduces the cross sec
quite well.

Using the new phase shift parametrization and the lo
effective momentum approximation we construct plan
wave-like wave functions for the incoming and outgoi
electrons. Since the only spinor dependence is in the D
spinor, all of the Dirac algebra goes through as usual and
end up with a Møller-like potential which contains a
r-dependent momentum transfer. It is then straightforward
calculate the (e,e8p) cross sections and modified structu
functions. See our previous papers@9,10# for details.

In most (e,e8p) experiments, there is sufficient energ
resolution that protons knocked out of different shells can
examined. It is common to report the experimental result
terms of the reduced cross sectionrm as a function of miss-
ing momentumpm , which is defined by

rm~pm!5
1

PEpseP

d3s

dEfdV fdVP
, ~5!

where the missing momentum is determined by the kinem
ics pm5P2q whereP is the outgoing proton momentum an
q is the asymptotic momentum transfer from the elect
defined byq5pi2pf . For the off-shell electron-proton cros
sectionseP we use the form ‘‘cc1’’ given by de Forest@15#.
For distorted outgoing protons, this reduced cross sectio
just a convenient way of comparing experiment and the
since the theory results for the cross section can have
same factors removed. Note that all calculations will be c
ried out in the laboratory system~target fixed frame!.

While there are two experimental kinematic arrangeme
commonly used in (e,e8p) experiments with designations o
parallel kinematics and perpendicular kinematics, in
present work, we consider only perpendicular kinematics
perpendicular kinematics, the momentum transferq is held
fixed along with the magnitude of the momentum of t
outgoing proton while the angle betweenq andP is varied.
The calculated reduced cross section is compared~by means
of a linear least squares fit! to the similarly reduced experi
mental cross section to extract an overall scale factor wh
is the spectroscopic factor. The spectroscopic factor cont
two factors, the occupation probability of a proton in a giv
orbit and the overlap of the residual nucleus with theA21
nucleons in the target.

As a test case, we calculate the reduced cross sec
with the new phases for a heavy nucleus,208Pb. Figure 2
shows the reduced cross section as a function of the mis
momentumpm for knocking protons from the 3s1/2 orbital of
208Pb. The incident electron energyEi5412 MeV, and the
outgoing proton kinetic energy isTp5100 MeV. We have
chosenP5q which corresponds to an electron scatteri
angle of ue574°. The solid line is the result of the fu
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DWBA @3#, the dashed curve is the result with the new pha
shift parametrization, and the dotted curve is the result w
k2-dependence phase shift parametrization. The das
curve obtained by using the new phases clearly reprodu
the exact result much better than the previousk2-dependence
phase parametrization over the whole region.

We also apply the new phase shift parametrization for
case of high energy electron scattering on the light nucl
16O where protons are removed from thep1/2 andp3/2 orbits.
The incident electron energyEi52441.6 MeV and the out-
going proton kinetic energyTp5427 MeV as shown Fig. 3
In this figure, the solid curves are the approximate DWB
results using the new phase shift parametrization, the do
curves are the PWBA results without Coulomb distortio
and the data are newly measured from CEBAF as reporte
the dissertation of Gao@16#. Note that our exact DWBA code
cannot evaluate such high energy processes without ex

FIG. 2. The reduced cross section for208Pb for the 3s1/2 orbit
with perpendicular kinematics. The kinematics areEi5412 MeV,
and proton kinetic energyTP5100 MeV. The solid line is the full
DWBA result, the dashed line is the approximate DWBA using t
new phase shift parametrization, and the dotted line is the appr
mate DWBA with thek2-dependent phases.

FIG. 3. The cross sections for16O from p1/2 andp3/2 orbits for
perpendicular kinematics. The kinematics areEi52441.6 MeV,
proton kinetic energyTP5427 MeV, and energy transferv5436
MeV. The solid lines are the new approximate DWBA results,
dotted lines are the PWBA results, and the data are from CEB
@16#.
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sive modification which we have not done.
As expected, the effect of Coulomb distortion on such

high-energy-electron-induced process is very small exc
possibly at large missing momentum. Note that the Coulo
effects for16O in the medium energy region~500 MeV! were
of the order of 3%@5#. This fit to the experimental data usin
our relativistic ‘‘single-particle’’ model for the nucleon wav
functions results in spectroscopic factors of 61% for thep1/2
orbital and 70% for thep3/2 orbital. In our analysis of Saclay
data@17# at lower electron energies using a similar nucle
model we found spectroscopic factors of 54% and 57%,
spectively@5#.

In summary, we have improved our previous approxim
method of including Coulomb distortion effects in (e,e8p)
reactions from nuclei. The improvement involves a bet
parametrization of the elastic scattering phase shifts wh
has the correct behavior for large angular momenta and
.
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quires the calcuation of only two phase shifts@for k51, and
for k equal to Int(pR)15]. We showed that even fo
(e,e8p) on 208Pb the cross section calculated with our a
proximation using the improved parametrization of the ph
shifts agrees with the exact DWBA result quite well even o
beyond the second maxima. This is a significant impro
ment over our previous approximation for the phase shifts
addition, we compared our relativistic ‘‘single-particle
model for (e,e8p) from 16O to the recently measured cros
section at Thomas Jefferson Laboratory and found excel
agreement for the removal of a proton from thep3/2 andp1/2
shells with reasonable spectroscopic factors. In addition
discussed in our previous paper@10#, this ‘‘plane-wave-like’’
approximation permits the extraction of ‘‘structure fun
tions’’ even in the presence of strong Coulomb effects a
thus provides a very good tool for looking into the respon
of the nucleus to ‘‘longitudinal’’ and ‘‘transverse’’ photons
ys.
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