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np˜dg for big-bang nucleosynthesis
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The cross section fornp→dg is calculated at energies relevant to big-bang nucleosynthesis using the
recently developed effective field theory that describes the two-nucleon sector. TheE1 amplitude is computed
up to N3LO and depends only upon nucleon-nucleon phase shift data. In contrast, theM1 contribution is
computed up to next-to-leading order, and the four-nucleon-one-magnetic-photon counterterm that enters is
determined by the cross section for cold neutron capture. The uncertainty in the calculation for nucleon
energies up toE;1 MeV is estimated to be&4%. @S0556-2813~99!02612-6#

PACS number~s!: 26.35.1c, 13.75.Cs
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The radiative capture processnp→dg is a key reaction in
the synthesis of nuclei in the early universe. Recently, it
been emphasized by Burles, Nollett, Truran, and Tur
~BNTT! @1# that the uncertainty in the cross section@2# of
np→dg at energies relevant for big-bang nucleosynthe
~BBN! is difficult to determine due to the lack of data at lo
energies and the lack of information about theoretical e
mates. In determining theoretical uncertainties in the ab
dances of the elements produced in BBN, Smith, Kawa
and Malaney~SKM! @3# assigned a 1s error of 5% to the
cross section fornp→dg, which was also used in the rece
analysis of BNTT@1#. In Ref. @1# it was found that this 5%
uncertainty contributes a significant fraction of the uncerta
ties in the abundances of elements produced in BBN.

In this work we compute the cross section ofnp→dg
using the recently developed techniques of effective fi
theory in the two-nucleon sector@4,5#. For the energy range
appropriate for BBN~nucleon energiesEN&1 MeV) it is
appropriate to use the effective field theory of only nucleo
and photons, as presented in Ref.@6#, which we denote by
EFT(p” ). The cross section ofnp→dg for cold neutrons has
been computed in the theory with pions@7# and in EFT(p” )
@6# up to next-to-leading order~NLO! in the effective field
theory expansion parameter~s!. For cold neutrons the cros
section is dominated byM1 capture from the1S0 channel
via the nucleon isovector magnetic moment. However,
addition to the contribution from the effective ranges of bo
the 1S0 and 3S1 channels at NLO, there is a contributio
from a four-nucleon-one-magnetic-photon interaction with
coefficient, p” L1

(M1) , that is not constrained by nucleon
nucleon scattering phase shift data. The observed cross
tion for cold neutrons determinesp” L1

(M1) . At higher ener-
gies, EN;1 MeV, the cross section fornp→dg is
dominated by theE1 capture of nucleons in a relativeP
wave, 3P0 , 3P1, and 3P2. In the energy region relevant t
BBN the contributions from bothE1 and M1 capture are
important.

It is important to emphasize that the results of our cal
lation look very similar to those of effective range theo
~ER! @8,9# ~for a detailed discussion see Ref.@10#!. One of
the interesting results from the recent developments in ef
tive field theory is that ER is seen to reproduce the lead
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orders of any particular amplitude for low energy process
However, ER fails to reproduce the true amplitude at a
beyond the order at which there is a contribution from
local, multi-nucleon-external-field interaction@6#. If multi-
nucleon-external-field interactions do not enter until ve
high orders in the EFT(p” ) expansion, then ER will repro
duce the observed value to high precision, as is the case
the polarizability of the deuteron@6,11#. However, if a multi-
nucleon-external-field interaction occurs at low orders
can deviate substantially from the true result, as is the c
for the the capture of cold neutrons,np→dg @7#, or the
deuteron quadrupole moment@5#. For this process, the con
ventional understanding of this discrepancy is that import
contributions from meson-exchange currents have b
omitted@12#. However, in effective field theory, this discrep
ancy results from the omission of four-nucleon-on
magnetic-photon operators that enter at NLO and highe
the expansion. Fornp→dg at finite but low incident nucleon
energy, the two dominant amplitudes,E1 andM1, behave
differently in the effective field theory expansion. I
EFT(p” ), a four-nucleon-one-electric-dipole-photon local o
erator occurs at N4LO, which means that theE1 amplitude
can be computed up to N3LO with knowledge of only the
nucleon-nucleon scattering phase shifts. Therefore this
plitude will look very similar to the expression obtained
ER, when agr expansion is performed. In contrast, theM1
amplitude receives a contribution from a four-nucleon-on
magnetic-photon at NLO, and therefore the effective fie
theory result will deviate from that obtained in ER in a si
nificant way. In addition to the expressions we obtain
both theE1 andM1 amplitudes being analytic and compac
they are perturbatively close to the true amplitudes for t
process, giving a total cross section that deviates&4% over
the range of center-of-mass kinetic energies below 1 Me
In our calculation we neglect both isospin violation and re
tivistic effects, as in the energy region of interest both effe
are significantly smaller than the uncertainty introduced
not computing beyond the order to which we work~relativ-
istic effects are formally NNLO in EFT(p” ) @6#, but are sup-
pressed by additional factors ofmp

2 /MN
2 compared to other

NNLO effects!.
©1999 The American Physical Society05-1
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The strong interactions between two nucleons in the3S1
channel are determined by the Lagrange density, up
N3LO,

L 2
(3S1)

52p” C0
(3S1)

~NTPiN!†~NTPiN!

1
1

8
p” C2

(3S1)
@~NTPiN!†~NTO i

(2)N!1H.c.#

2
1

16
p” C4

(3S1)
~NTO i

(2)N!†~NTO i
(2)N!

2
1

32
p” C̃4

(3S1)
@~NTO i

(4)N!†~NTPiN!1H.c.#

1
1

128
p” C6

(3S1)
@~NTO i

(4)N!†~NTO i
(2)N!1H.c.#,

~1!

wherePi is the spin-isospin projector for the3S1 channel,

Pi[
1

A8
s2s it2 , Tr Pi

†Pj5
1

2
d i j , ~2!

and repeated ‘‘i ’’ indices on the projectors in Eq.~1! are
summed. It is easy to show, by fierz rearrangement, tha

~NTPaN!†~NTPaN!5
1

8
@~NT!a

k ~s2sa!k
j ~t2!b

a~N! j
b#†

3@~NT!g
l ~s2sa! l

m~t2!r
g~N!m

r #

52
1

32
@3~N†N!21~N†saN!2

23~N†taN!22~N†sbtaN!2#

→ 1

16
~31s1•s2! ^ ~12t1•t2!,

~3!

where the subscript 1 and 2 denote nucleons in the quan
mechanical wave function, and the last line in Eq.~3! is the
standard projector for theS51, L50, T50 state in nonrel-
ativistic quantum mechanics. The Galilean invariant deri
tive operatorsO (2) andO (4) are defined by

O i
(2)5PiD¢

21Dª 2Pi22Dª PiD¢ ,

O i
(4)5PiD¢

424Dª PiD¢
316Dª 2PiD¢

224Dª 3PiD¢ 1Dª 4Pi ,
~4!

where the covariant derivative is defined to beD5¹
2 ieQA. The superscript on the coefficient denotes the nu
ber of derivatives in the operator. The expansion parame
of EFT(p” ) are the external momentum involved in the pa
ticular process normalized to the mass of the pion,Q
;p/mp . For momenta of order the pion mass or greater t
expansion will fail to converge. We have not shown the ot
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operator involving six derivatives as it does not contribute
np→dg at the order to which we are working. In order th
the deuteron pole is not shifted order-by-order in theQ ex-
pansion, the coefficients appearing in Eq.~1! have expan-
sions in powers inQ, e.g.,

p” C0
(3S1)

5p” C0,21
(3S1)

1p” C0,0
(3S1)

1p” C0,1
(3S1)

1•••. ~5!

The second subscript on each coefficient denotes the po
of Q in the coefficient itself. Relating theS matrix obtained
from the Lagrange density in Eq.~1! to that described by the
effective range expansion,

ukucotd052g t1
1

2
rd~ uku21g t

2!1w2~ uku21g t
2!21•••,

~6!

one can fix most of the coefficients~only one linear combi-

nation of p” C4
(3S1) and p” C̃4

(3S1) contributes to nearest
neighbor scattering! appearing in Eq.~1! in terms of g t

21

54.318 946 fm (g t is the deuteron binding momentum!, rd
51.76460.002 fm ~the effective range parameter!, and w2
50.389 fm3 ~the shape parameter! @13#. The neglect of rela-
tivistic effects allows us to setg t5g5AMNB where B
52.224 575 MeV is the deuteron binding energy. In ad
tion, to the order we are working mixing between the3S1
and 3D1 channels does not contribute, and so we will n
discuss this sector. However, there is a contribution fr
P-wave final state interactions in theE1-capture process tha
enter at N3LO. The P-wave interactions are described
leading order by the Lagrange density

L 2
P5S p” C2

(3P0)dxydwz1p” C2
(3P1)

@dxwdyz2dxzdyw#

1p” C2
(3P2)F2dxwdyz12dxzdyw2

4

3
dxydwzG D

3
1

4
~NTO xy

(1,P)N!†~NTO wz
(1,P)N!, ~7!

where theP-wave operators are

O i j
(1,P)5Dª i Pj

(P)2Pj
(P)D¢ i , ~8!

andPi
(P) is the spin-isospin projector for the isotriplet, spi

triplet channel

Pi
(P)[

1

A8
s2s it2t3 , Tr Pi

(P)†Pj
(P)5

1

2
d i j . ~9!

The measuredP-wave phase shifts~as given by the
Nijmegen phase shift analysis@14#! fix the coefficients ap-
pearing in Eq.~7! to be
5-2
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p” C2
(3P0)

516.53 fm4,

p” C2
(3P1)

525.91 fm4, and p” C2
(3P2)

510.57 fm4.
~10!

Finally, there are interactions with the electromagne
field that are not simply related by gauge invariance to
strong interaction dynamics. The Lagrange density desc
ing the leading interactions that contribute tonp→dg is

L2,B5Fep” L1
(M1)~NTPiN!†~NTP̄3N!Bi1H.c.

1
1

2
ep” L1

(E1)~NTO ia
(1,P)N!†~NTPaN!Ei1H.c.

2
1

8
ep” L3

(E1)~NTO ia
(1,P)N!†~NTO a

(2)N!Ei1H.c.G ,
~11!

whereE is the electric field,B5¹3A is the magnetic field,
and where

P̄35
1

A8
s2t2t3 , ~12!

is the projector for the1S0 channel. The renormalizatio
group ~RG! evolution of p” L1

(M1) has been discussed in Re
@7#, and the evolution of the electric coefficients are det
mined by

m
d

dmF p” L1
(E1)2MN

p” C̃4,22
(3S1)

p” C0,21
(3S1) G50,

m
d

dmF p” L3
(E1)2MN

p” C6,24
(3S1)

p” C0,21
(3S1) G50. ~13!

These RG equations tell us~by considering the size of th
quantities in square brackets atm5mp , the matching scale!

that the combinationp” L1
(E1)2MN

p” C̃4,22
(3S1) is of orderQ21 or

higher, as opposed to the naive counting ofQ22 and that
p” L3

(E1)2MN
p” C6,24

(3S1) is of orderQ21 or higher, as opposed t
Q24.

The amplitude fornp→dg can be written as

T5eXE1Un
Tt2t3s2s•e~d!

* UpP•e~g!
*

1 ieXM1«abce (d)* akbe (g)* cUn
Tt2t3s2Up , ~14!

where we have not shown amplitudes that contribute m
less than 1% to the total capture cross section in the en
range of interest, leaving only the isovectorE1 and the is-
ovector M1 amplitudes.Un is the neutron two-componen
06520
c
e
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h
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spinor andUp is the proton two-component spinor.uPu is the
magnitude of the momentum of each nucleon in the cente
mass frame, whilek is the photon momentum. The photo
polarization vector ise (g) , ande (d) is the deuteron polariza
tion vector. For convenience, we define dimensionless v
ablesX̃, by

uPuMN

p21g2
XE15 i

2

MN
Ap

g3
X̃E1 , XM15 i

2

MN
Ap

g3
X̃M1 ,

~15!

In terms of these amplitudes, the total cross section fornp
→dg is

s5
4pa~g21uPu2!3

g3MN
4 uPu

@ uX̃M1u21uX̃E1u2#, ~16!

where we have used nonrelativistic kinematics, as is app
priate for the energy region of interest.

Explicit calculation ofuX̃E1u2 up to N3LO ~i.e., Q1) gives

uX̃E1u25
uPu2MN

2 g4

~g21uPu2!4 F11grd1~grd!21~grd!3

1
MNg

6p S g2

3
1uPu2D S p” C2

(3P0)
12p” C2

(3P1)

1
20

3
p” C2

(3P2)D G . ~17!

The momentum expansion of the theory is made explicit
Eq. ~17!, and it is clear that we have captured all terms up
and including (g/mp)3, and (uPu/mp)3. Terms that have
been omitted are of the form (grd)4;0.03, (uPurd)4

;0.006 and higher and also relativistic corrections of t
form (g/MN)2;0.002, or (uPu/MN)2;0.001 and higher, for
nucleon energies ofE;1 MeV. It is interesting to note tha

contributions from p” C̃4
(3S1) and p” C6

(3S1) occur at N3LO.
However, there are also contributions from the four-nucle
one-electric-photon operators in Eq.~11! with coefficients
that exactly reproduce the renormalization scale indepen
quantities that occur in Eq.~13!. Therefore these combina
tions are higher order than N3LO. The relative contributions
from theP-wave final state interactions entering at N3LO are
much smaller than the (grd)3 contribution also entering a
N3LO.

The M1-capture contributionuX̃M1u2 has been computed
up to NLO ~i.e., Q1) for the capture of cold neutrons in th
theory with pions@7# and EFT(p” ) @6#. It is straightforward to
extend these results to the capture of nucleons with non
momentum, and at NLO we find
5-3
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uX̃M1u25

k1
2g4S 1

a1
2g D 2

S 1

a1
2 1uPu2D ~g21uPu2!2

3F 11grd2r 0

S g

a1
1uPu2D uPu2

S 1

a1
2 1uPu2D S 1

a1
2g D

2
p” Lnp

k1

MN

2p

g21uPu2

1

a1
2g

G , ~18!

where k1 is the isovector nucleon magnetic moment,a1
5223.71460.013 fm is the scattering length in the1S0
channel andr 052.7360.03 fm is the effective range in th
1S0 channel. The constantp” Lnp is a RG invariant combina
tion of parameters,

p” Lnp5~m2g!S m2
1

a1
D F p” L1

(M1)2
pk1

MN

3S r 0

~m21/a1

1
rd

~m2g!2D G , ~19!

that must be determined from data. It is simplest to de
mine p” Lnp from the cross section for cold neutron captu
that is dominated by theM1 matrix element. For inciden
neutrons with speeduvu52200 m/s the cross section for ca
ture by protons at rest is measured to besexpt5334.2
60.5 mb @15#. The value of p” Lnp required to reproduce a
cross section of 334.2 mb isp” Lnp524.513 fm2 ~the experi-
mental uncertainty in this measurement introduces a ne
gible uncertainty in our predictions and we have used
isopin averaged value of the nucleon mass,MN5938.92).
The largest uncertainty in theM1 contribution to the total
cross section is expected to be of the formuPugrd

2 , which is
;10% at an energy of 1 MeV~corrections of the formg2rd

2

have been renormalized away by fittingp” Lnp to the cold
neutron capture cross section!. Given that for energies abov
;200 keV theE1 amplitude dominates the cross section
relatively large uncertainty in theM1 amplitude does no
lead to a large uncertainty in the total cross section. In f
we find that by assigning an uncertainty of 3% to theE1
cross section and an uncertainty of the formuPugrd

2 to the
M1 contribution, the uncertainty in the total cross section
&4% ~the maximum uncertainty occuring at an energy
;200 keV), where we have added the errors linearly~see
Fig. 1. For energies below 8 keV the uncertainty drops
below 1%.

At LO, the expression in Eq.~18! for the M1 amplitude
reproduces the analogous expression found in ER@8,9# ~after
the typographical errors in Ref.@9# have been corrected@6#!.
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However, at NLO where the effective range parametersrd
and r 0 first appear the expression differs both qualitative
and quantitatively. The ER amplitude does not correctly
scribe physics at distance scales of order 1/mp or shorter. In
EFT(p” ), physics at such distance scales, beyond the phy
of NN scattering alone, is reproduced by the local count
term p” Lnp .

A comparison between the cross section obtained w
effective field theory and the numerical values obtained fr
the on-line nuclear data center@2# is shown in Table I. One
sees that the analytic expressions we have obtained re
duces very well~within a few percent! the numerical values
of Ref. @2#. However, atE51 keV the EFT(p” ) cross section
is ;2.5% lower than the value from Ref.@2#. The uncer-

FIG. 1. The cross section fornp→dg as a function of the
center-of-mass kinetic energyE in MeV. The dotted curve is the
contribution fromM1 capture, the dashed curve is the contributi
from E1 capture, and the solid curve is the sum of theM1 andE1
capture cross sections. Both the vertical and horizontal axes
logarithmically scaled.

TABLE I. The cross section fornp→dg in millibarns as a
function of the nucleon center-of-mass energyE. The counterterm
p” Lnp is fit to reproduce a cross section of 334.2 mb at an incid
neutron speed ofuvu52200 m/s. The fact that this cross section
an input is denoted by the asterisk(* ). The numbers in parenthesi
are the uncertainty in the last digit, and are estimated by assig
a fractional error of (grd)450.028 to theE1 cross section and a
fractional error ofguPurd

2 to theM1 cross section. The last colum
is the total cross section as extracted from the on-line nuclear
center@2#.

s(np→dg)
EFT(p” ) ENDF @2#

E (MeV) M1 (mb) E1 (mb) M11E1 (mb) ~mb!

1.26431028 334.2 5.131026 334.2(* ) 332.0
5.031024 1.668 1.031023 1.669~4! 1.660
1.031023 1.171 1.4231023 1.173~4! 1.193
5.031023 0.496 3.1731023 0.499~4! 0.496
1.031022 0.329 4.4831023 0.333~4! 0.324
5.031022 0.0987 9.8431023 0.109~3! 0.108
0.100 0.0501 0.0136 0.064~2! 0.0633
0.500 0.00803 0.0260 0.034~1! 0.0345
1.00 0.00375 0.0310 0.035~1! 0.0342
5-4
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tainty in the EFT(p” ) value is expected to beguPurd
2

;0.4%, and so it is very unlikely that higher order cont
butions will bring the EFT(p” ) value into agreement with th
value from Ref. @2# at this energy. A similar, but much
weaker statement can be made about the cross sectionE
510 keV.

A measure of the accuracy of our calculation can be
termined by examining the deuteron photodissociation cr
section, which is related to the capture cross section by

s~gd→np!5
2MN~Eg2B!

3Eg
2 s~np→dg!, ~20!

whereEg is the incident photon energy and the deuteron is
rest. A comparison between the low-energy cross sec
computed with EFT(p” ) and high precision experimental va
ues can be seen in Table II. A detailed and very illuminat
discussion of the experiments that contributed to these
points can be found in Ref.@10#. In addition, a detailed com
parison between the predictions of potential models, in p
ticular the Bonnr-space potential, with these data can also
found in Ref.@10#. For the two lowest energy data points th
uncertainties in the EFT(p” ) calculation are seen to be near
a factor of 2 larger than the experimental uncertainties at
order. A plot of the breakup cross section in Fig. 2, alo
with the two low-energy data points, clearly shows the ne
for more data in this low-energy region. A few more hig
precision measurements between;2.5 MeV and;4.0 MeV
would provide important constraints on theM1 andE1 am-
plitudes in the energy region relevant to big-bang nucleos
thesis. It does appear that the;3% uncertainty in theE1
cross section that we have estimated to arise from unkn
higher order contributions may be an overestimate. Figu
hints that a 1s error of 1% or 2% might be appropriate, b

TABLE II. The cross section forgd→np in millibarns com-
puted in EFT(p” ) and the experimental values taken from pages
and 79 of Ref.@10#. The EFT(p” ) cross section is comprised of th
E1 amplitude computed to order N3LO and theM1 amplitude com-
puted to NLO. The theoretical uncertainties are estimated in
same way as those in Table I.

s(gd→np)
EFT(p” ) Expt. @10#

Eg (MeV) M1 (mb) E1 (mb) M11E1 (mb) ~mb!

2.62 0.380 0.866 1.25(5) 1.30060.029
2.76 0.327 1.167 1.50(6) 1.47460.032
4.45 0.128 2.353 2.48(9) 2.4360.17
5.97 0.084 2.122 2.21(8) 2.16260.099
6.14 0.081 2.084 2.17(8) 2.19060.100
7.25 0.066 1.838 1.90(7) 1.88260.011
7.39 0.065 1.808 1.87(7) 1.84060.150
7.60 0.063 1.764 1.83(7) 1.80360.016
7.64 0.062 1.756 1.82(7) 1.81060.028
8.14 0.058 1.656 1.71(6) 1.80060.130
8.80 0.053 1.534 1.59(6) 1.58660.011
9.00 0.052 1.500 1.55(6) 1.57060.036
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this cannot be justified from EFT(p” ) alone. Given that the
EFT(p” ) at N3LO reproduces theE1 amplitude very well,
and that there are only two precise data points in the ene
region that is sensitive to theM1 amplitude, it is unlikely
that pushing the EFT(p” ) computation to one higher orde
would lead to a noticeable difference in cross section. E
at this order in the EFT(p” ) expansion, we find good agree
ment with potential model calculations@10#.

Returning to thenp→dg capture process, for energie
above;300 keV the cross section is dominated byE1 cap-
ture and hence the uncertainty in our calculation is ess
tially the uncertainty in theE1 cross section,;3%. In order
to further reduce this uncertainty down to;1% a N4LO
calculation of theE1 amplitude is required. As we hav
discussed previously, at N4LO there is a contribution from a
local four-nucleon-one-electric-photon interaction that is n
constrained by nucleon-nucleon scattering, but could be
termined by the deuteron photo-disintegration cross sect
The appearance of such an operator is not restricted to e
tive field theory as such interactions will also arise in pote
tial model calculations of this amplitude, making roughly t
same size contribution. An example of this is the deute
quadrupole moment@16,17#. To describe the lower energ

FIG. 2. The cross section forgd→np near threshold, as a func
tion of the incident photon energy in MeV. The solid curve corr
sponds to the cross section computed in EFT(p” ). The two dotted
curves correspond to the uncertainty in the EFT(p” ) calculation as
estimated by the method described in the text. The two data po
with error bars can be found in Table II.

8

e

FIG. 3. The cross section forgd→np as a function of the inci-
dent photon energy in MeV. The solid curve corresponds to
cross section computed in EFT(p” ). The two dotted curves corre
spond to the uncertainty in the EFT(p” ) calculation as estimated in
the text. The data points with error bars can be found in Table
5-5
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regime to higher precision, theM1 amplitude will need to be
computed to N2LO or higher. At this order there will be
additional counterterms, beyondp” Lnp that will need to be
determined by data. Figure 2 suggests that the existing
data points in this region may not be sufficient to achie
this.

In conclusion, we have examined the radiative capt
processnp→dg in the pionless nucleon-nucleon effectiv
field theory. An analytic expression for the cross section
the energy region relevant to big-bang nucleosynthesi
presented and is expected to reproduce the true cross se
at the few percent level. It is simple to relate the rate
s

ce

J.

B

.
s.

06520
o
e

e

n
is
tion
r

np→dg to the cross section forgd→np and our calculation
agrees very well with the existing data. There is motivati
to perform high precision measurements of the deute
photo-disintegration cross section at very low energies
tightly constrain theM1 contribution to the cross section.
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