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Polarization transfer observables for quasielastic proton-nucleus scattering in terms
of a complete Lorentz invariant representation of theNN scattering matrix

B. I. S. van der Ventel, G. C. Hillhouse, and P. R. De Kock
University of Stellenbosch, Stellenbosch 7600, South Africa

S. J. Wallace
Department of Physics, University of Maryland, College Park, Maryland 20742

~Received 25 June 1999; published 18 November 1999!

For the calculation of polarization transfer observables for quasielastic scattering of protons on nuclei, a
formalism in the context of the relativistic plane wave impulse approximation is developed, in which the
interaction matrix is expanded in terms of a complete set of 44 independent invariant amplitudes. A boson-
exchange model is used to predict the 39 amplitudes that were omitted in the formerly used five-term param-
eterization, the SPVAT~scalar, pseudoscalar, vector, axial-vector, tensor! form of the nucleon-nucleon scat-
tering matrix. Use of the complete set of amplitudes eliminates the arbitrariness of the five-term representation.
@S0556-2813~99!05711-8#

PACS number~s!: 24.10.Jv, 24.70.1s, 25.40.2h
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I. INTRODUCTION

Quasielastic scattering of protons on nuclei is an attrac
phenomenon for the study of the basic nucleon-nucleon
teraction in the nuclear medium because it exhibits the
proximate behavior of the scattering of a nucleon on o
one nucleon of the target nucleus. Quasielastic scattering
been modeled by the relativistic plane wave impulse
proximation ~RPWIA! @1#, which considers it a single-ste
process, whereby the projectile interacts with only o
nucleon of the target nucleus, while the rest of the nucle
remain inert. The well-known and outstanding success of
original RPWIA was its prediction of the analyzing pow

for the reactions40Ca(pW ,pW 8) and 208Pb(pW ,pW 8) at 500 MeV; a
case in which all nonrelativistic models failed@2#.

In the RPWIA approach, the description of the initial a
final free particle in the medium is based on a mean-fi
theory, as described by Serot and Walecka in Ref.@3#. In the
RPWIA model the associated Dirac plane waves have t
free nucleon mass decreased by the real part of the ave
nuclear scalar field to yield an effective nucleon mass. T
values of the effective masses serve as an indicator of
nuclear medium effects on theNN interaction.

In former theoretical studies of scattering@1,4,5# the
nucleon-nucleon scattering matrix (F̂) was parameterized in
terms of the five Fermi covariants, which is commonly r
ferred to as the SPVAT~scalar, pseudoscalar, vector, axia
vector, tensor! form of F̂ or the IA1 model. It should be
stressed, however, that even though the SPVAT form g
reasonable results for elastic and quasielastic scattering
servables, it is, in principle, not correct, since as was fi
pointed out in Ref.@6#, a five-term representation of the rel
tivistic NN scattering matrix is necessarily ambiguous.
addition, Tjon and Wallace@7# have shown that a genera
Lorentz invariant representation ofF̂ ~referred to as the IA2
model! contains additional terms that cannot be neglect
The IA2 representation ofF̂ contains, in fact, 44 independen
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invariant amplitudes, instead of the previously used fi
which are consistent with parity and time-reversal inva
ance, as well as charge symmetry, together with the on-m
shell condition for the external nucleons. Comparisons to
limited data available, with subsequent and more refined
culations @2,8–10#, have also revealed that quasielas

(pW ,pW 8) and (pW ,nW ) scattering prefer different five-term repre

sentations ofF̂, the (pW ,nW ) data favor a pseudovectorpNN

coupling, whereas the (pW ,pW 8) data are consistent with a pse
doscalar term for thepNN vertex. Therefore, the most bas
question that has to be addressed is the representation o
NN scattering matrix.

In the current application of the RPWIA to quasielas
scattering, the following components play a key role:

~1! The amplitudes in the basic two-nucleon interactio
which are partly determined from freeNN scattering data
and partly from a solution of the Bethe-Salpeter equat
employing a meson-exchange model for theNN force.

~2! The Lorentz covariant set constructed from the Dir
matrices, which serves as a representation forF̂.

~3! The effective nucleon mass for both projectile a
target nucleons interacting in the nuclear medium.

In this paper a theoretical formalism is presented for
calculation of polarization transfer observables for quasie
tic proton-nucleus scattering using a general Lorentz inv
ant representation of theNN scattering matrix@11#; a sys-
tematic survey of the predictive power of the mod
compared to data will be presented in a future paper.
adhering to the simplifying features of the RPWIA, one c
focus on the basicNN interaction without introducing addi
tional complications. A complete expansion ofF̂ allows for a
correct incorporation of effective-mass-type medium effe
~within the RPWIA framework and within the context of th
Walecka model!. In Sec. II we briefly review the RPWIA
and also discuss the ambiguities of the SPVAT form ofF̂. In
Sec. III the general Lorentz invariant representation ofF̂ is
discussed. Section IV presents the transformation from
©1999 The American Physical Society18-1
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variant amplitudes to effective amplitudes while, in Sec.
expressions for the spin observables are derived in term
the effective amplitudes. A calculation of complete sets
spin observables, based on the IA2 model, for quasiela
40Ca(pW ,pW 8) scattering at 500 MeV is presented in Sec. V
Section VII summarizes the main aspects of this paper.

II. RELATIVISTIC PLANE WAVE IMPULSE
APPROXIMATION

Complete sets of spin observables1 (P, Ay , Dl 8 l , Ds8s ,
Ds8 l , Dl 8s , Dnn! for quasielastic (pW ,pW 8) and (pW ,nW ) scatter-
ing are calculated within a relativistic framework using t
relativistic plane wave impulse approximation~RPWIA! @1#.
The RPWIA models quasielastic scattering as a single-
process, whereby the projectile knocks out a single bo
nucleon from the nucleus. The rest of the nucleons are
sumed to remain inert, but their effect is taken into acco
in that the free mass of the projectile and target nucleons
shifted toeffective masses, M1 andM2, respectively. In the
context of the Walecka model@3# the effective masses ca
both be calculated microscopically as follows. For the p
jectile,

M15M1^S&,

whereM is the free nucleon mass and^S& is the average of
the real part of the scalar potentialS(rW) over the whole
nucleus weighted by the probability distribution of the sc
tering reaction@8#. The effective mass of the target nucleo
is determined from

M25M2gs^f&,

wheregs is the scalar meson coupling constant and^f& is
the average of the scalar fieldf(rW) for the specific nucleus
with the averaging done as described above. Values ofM1
and M2 for specific nuclei and incident laboratory energi
can be found in Table II of Ref.@8#. Experimental data seem
to suggest that the spin observables are target indepen
@12,13#, and therefore we assume, as a first step, a Fermi
approximation for the target nucleus. The RPWIA therefo
reduces quasielastic proton-nucleus scattering to a two-b
scattering process with Dirac spinors~containing effective
nucleon masses! describing the external nucleons. A graph
cal representation of the scattering process is depicted in
1.

Referring to Fig. 1, the projectile Dirac spinor is given b

U~pW 1 ,M1 ,si !5FE1* 1M1

2M1
G1/2S f~si !

sW •pW 1

E1* 1M1

f~si !D ,

~2.1!

1The spin observables are defined in Sec. V.
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where E1*
2
5pW 1

21M1
2 and the spinor is normalized t

Ū(pW 1 ,M1 ,s)U(pW 1 ,M1 ,s8)5dss8 . Similar expressions exis
for the other three spinors labeled bypW 2 , kW1, and kW2. The
following four-momenta are also defined:

p1* 5~E1* ,pW 1!, p2* 5~E2* ,pW 2!

k1* 5~E1*
8 ,kW1!, k2* 5~E2*

8 ,kW2!,

where pi*
2
5Mi

2 and ki*
2
5Mi

2 ( i 51,2). For handling the
polarization, one requires the spin projection operator,

P~ n̂!5
1

2
~ I 21sW •n̂!, ~2.2!

for the directionn̂ where I 2 is the 232 unit matrix. In the
basis of Pauli spinors,f(n̂) for spin directionn̂, we have

P~ n̂!5f~ n̂!f†~ n̂!. ~2.3!

Defining

Ū~pW 1 ,M1 ,si !5U†~pW 1 ,M1 ,si !g
0,

where the convention of Ref.@14# is used for the gamma
matrices, the Lorentz invariant matrix element for the sc
tering process depicted in Fig. 1 is given by

M5@Ū~kW1 ,M1 ,sf ! ^ Ū~kW2 ,M2 ,s28!#F̂@U~pW 1 ,M1 ,si !

^ U~pW 2 ,M2 ,s2!#, ~2.4!

where F̂ is the 16316 nucleon-nucleon scattering matri
The question arises as to what form ofF̂ is to be used in Eq.
~2.4!, assuming parity and time-reversal invariance as wel
charge symmetry. Once a choice ofF̂ has been made, ana

FIG. 1. Two-body scattering process with momentum, ma

and spin labels for the external nucleons.F̂ is the 16316 nucleon-

nucleon scattering matrix in the two-nucleon spin space.pW i andkW i

( i 51,2) represent the three-momenta of the particles, respectiv
M1 andM2 denote the effective masses of the projectile and tar
nucleons, respectively.si , s2 , sf , ands2

8 are the spin four vectors
for each particle.
8-2
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lytical expressions for all spin observables, namely the
polarized double differential cross section, the analyz
power and the polarization transfer observables can be
tained from Eq.~2.4!. All previous calculations@1,8–10,15#
of spin observables for quasielastic proton-nucleus scatte
have parameterizedF̂ in terms of only the five Fermi cova
riants:

F̂5FS~ I 4^ I 4!1FP~g5
^ g5!1FV~gm

^ gm!

1FA~g5gm
^ g5gm!1FT~smn

^ smn!, ~2.5!

where the latter is commonly called the SPVAT form or IA
representation ofF̂. The amplitudesFL (L5S,P,V,A,T) are
obtained by fitting to freeNN scattering data@15#. This pro-
cedure, however, does not uniquely fix the form of the m
trix F̂. To see this we note that the pseudoscalar covari
PS5g5

^ g5, has exactly the same matrix elements betwe
positive energy free mass Dirac spinors (M15M25M ) as
the pseudovector covariant,PV5q”g5/2M ^ q”g5/2M , i.e.,

@Ū1~M ! ^ Ū2~M !#@PV2PS#@U1~M ! ^ U2~M !#50.

This is called the equivalence theorem@16#. We can there-
fore replacePS with PV in Eq. ~2.5! without altering the
amplitudes,FL . Even though these two representations
equivalent on shell (p25M2), they will give different results
when sandwiched betweenpositive energy Dirac spinors
containing an effective nucleon mass, since then, matrix el-
ements between negative energy states now also enter.
is because the effective mass spinor can always be expa
in a free mass basis:

U~pW 1 ,M1 ,si !5aUU~pW 1 ,M ,si !1aVV~pW 1 ,M ,si !,

whereV is the negative energy Dirac spinor@14#. There also
exists the relation@8#,

MPV5
M1M2

M2
MPS, ~2.6!

whereMPS and MPV are the contribution of the pseudo
scalar covariant and pseudovector covariant, respectivel
the invariant matrix element given by Eq.~2.4!. Note that in
Eq. ~2.6!, the pseudovector covariant isPV5q”g5/2M
^ q”g5/2M , but whereq5p1* 2k1* 5k2* 2p2* , i.e., the mo-
menta are on mass shell with respect to the effective mas
M1 andM2. In the equivalence theorem, the momenta m
be on mass shell with respect to the free mass. The ab
equality has been used in Refs.@8–10# to investigate the
sensitivity of the spin observables to the difference betw
using a pseudoscalar covariant or a pseudovector covar
The ambiguity, which is inherent in any five-term or incom
plete representation ofF̂ ~such as the IA1 representation!,
was first pointed out in Ref.@6#. Tjon and Wallace have
developed a general Lorentz invariant representation ofF̂.
The formalism can be found in Refs.@7,11# and is applied to
elastic proton-nucleus scattering in Refs.@17–19#. We will
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refer to this as the IA2 representation ofF̂ and discuss, in the
next section, its application toquasielasticproton-nucleus
scattering.

III. IA2 REPRESENTATION OF F̂ APPLIED TO
QUASIELASTIC PROTON-NUCLEUS SCATTERING

From Eqs~3.1! and ~3.18! in Ref. @19# the IA2 represen-
tation of F̂ is given by

F̂5 (
r1r18 ;r2r28

(
n51

13

F
n

r1r18r2r28@Lr
18
~kW1 ;M ! ^ Lr

28
~kW2 ;M !#Kn

@Lr1
~pW 1 ;M ! ^ Lr2

~pW 2 ;M !#, ~3.1!

where M refers to the free nucleon mass. Henceforth,
notation

$r%5r1r18 ;r2r28

will be used. In Eq.~3.1!, Fn
$r% (n51 –13) are the invarian

amplitudes for each rho-spin sector~which is defined by the
rho-spin labels,r1r18 ;r2r28 , where r56); Lr(pW ,M ) are
covariant projection operators given by

Lr~pW ,M !5
rp”1M

2M
5

r~Eg02pW •gW !1M

2M
, ~3.2!

whereE25pW 21M2, andKn (n51 –13) are kinematic cova
riants constructed from the Dirac matrices:

K15S5I 4^ I 4 ,

K25P5g5
^ g5,

K35V5gm
^ gm ,

K45A5g5gm
^ g5gm ,

K55T5smn
^ smn ,

K65Q11,m~ I 4^ gm!,

K75Q22,m~gm
^ I 4!,

K85Q11,m~g5
^ g5gm!,

K95Q22,m~g5gm
^ g5!,

K105Q12,m~ I 4^ gm!S̃,

K115Q21,m~gm
^ I 4!S̃,

K125Q12,m~g5
^ g5gm!S̃,

K135Q21,m~g5gm
^ g5!S̃,

where
8-3
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Qi j ,m5
~pi81pj !m

2M
with p185k1 and p285k2 .

With each combination of rho-spin labels$r1r18r2r28% is as-
sociated a pair (i j ) to index a specific rho-spin sector~or
subclass!; see Table I of@19#. For example,$1111%
[(11) and$1212%[ ~22!. Parity and time-reversal in
variance, together with charge symmetry and the on-m
shell condition for external nucleons, lead toF̂ being com-
pletely specified by 44 independent invariant amplitud
@11#. Five amplitudes in subclassF̂11 are completely speci
fied by fitting to physical freeNN scattering data and ar
therefore identical to the SPVAT amplitudes in the IA1 re
resentation ofF̂. The remaining 39 off-shell amplitude
~contained in subclassesF̂12 to F̂44) are obtained by solving
the Bethe-Salpeter equation in a three-dimensional quas
tential reduction @20,21#, with pure pseudovector pion
nucleon coupling, to determine a complete set of helic
amplitudes. The invariant amplitudes are related via ma
equations to the helicity amplitudes@11#. The IA2 represen-
tation is a complete and unambiguous expansion ofF̂, since
covariants cannot be added or changed arbitrarily with
violating the above-mentioned symmetries. Amplitud
which are solely determined by physical scattering data
isolated in subclassF̂11, while the remaining amplitudes ar
determined by solving a dynamical equation, the Bet
Salpeter equation using a meson-exchange model for theNN
force.

From Eq.~3.1! four cases concerning the combination
projectile and target nucleon masses can be distinguishe

~1! No medium effect (M15M25M ): In this case only
subclassF̂11 will contribute to the invariant scattering ampl
tude. It is important to note that in this special case the I
representation ofF̂ is equivalent to the SPVAT paramete
ization of F̂. This fact can be used to perform numeric
checks on the formalism presented in this paper as is
cussed in Sec. VI.

~2! Projectile relativity (M1ÞM ;M25M ): Contributions
to the invariant scattering amplitude arise fromF̂11,F̂21,F̂31,
and F̂41 where the latter three subclasses requireat least
projectile relativity for a contribution.

~3! Target relativity (M15M ;M2ÞM ): Contributions to
the invariant scattering amplitude arise fromF̂11,F̂12,F̂13 and
F̂14 where the latter three subclasses requireat least target
relativity for a contribution.

~4! Target and projectile relativity (M1ÞM ;M2ÞM ):
Now all subclasses will contribute to the invariant scatter
amplitude butF̂22, F̂23, F̂24, F̂32, F̂33, F̂34, F̂42, F̂43 andF̂44

requireat leastprojectileand target relativity for a contribu-
tion.

From Eq. ~3.1! we see that medium effects can nev
occur in subclassF̂11 due to the accompanying positive e
ergy projection operators. Medium effects in the IA2 rep
sentation ofF̂ arise only due to off-shell amplitudes~which
06461
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are contained in the subclassesF̂12 to F̂44). This is in con-
trast to IA1 where medium effects are included only in su
classF̂11. One can now substitute Eq.~3.1! into Eq.~2.4! and
proceed from there to calculate the spin observables in te
of uMu2, which is directly related to the invariant amplitude
Fn

$r% . We will, however, not follow this direct approach du
to the following reasons.

~1! Following the standard procedure~see Ref.@14# for
example! one finds thatuMu2 contains traces over at lea
eight gamma matrices. The number of gamma matrices
crease as the covariants become more complicated. Sinc
number of terms generated by such a trace is given
@N!/(N/2)!2N/2# ~whereN refers to the number of gamm
matrices!, and since there is a double sum over the rho-s
sectors, a very large number of terms will occur.

~2! Since we are applying a relativistic formalism to
nuclear physics problem, it might be more instructive to
write theNN scattering matrix in a form that is more familia
to traditional nuclear physics. We will therefore follow
similar approach as in Ref.@22# where aneffective tmatrix is
derived, which is a 434 matrix, but which still contains all
the information coming from the relativistic analysis. Fro
Eq. ~2.1! we can write

U~pW 1 ,M1 ,si !5S E1*

M1
D 1/2

u1~pW 1 ,M1!f~si !

where, as a 432 matrix,

u1~pW 1 ,M1!5S E1* 1M1

2E1*
D 1/2S I 2

sW •pW 1

E1* 1M1

D . ~3.3!

Similarly,

Ū~pW 1 ,M1 ,si !5S E1*

M1
D 1/2

f†~si !ū
1~pW 1 ,M1!

where, as a 234 matrix,

ū1~pW 1 ,M1!5u1†
~pW 1 ,M1!g0.

ur(pW ) ~wherer56) contains no reference to the spin and
normalized to

ur8†
~r8pW !ur~rpW !5dr8r .

In terms of u1 the invariant matrix element@Eq. ~2.4!# is
given by
8-4
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M5S E1* E2* E1*
8E2*

8

M1
2M2

2 D 1/2

@f†~sf !ū
1~kW1 ,M1!

^ f†~s28!ū1~kW2 ,M2!#F̂@f~si !u
1~pW 1 ,M1!

^ f~s2!u1~pW 2 ,M2!#.

Use of the identityAC^ BD5(A^ B)(C^ D), where^ re-
fers to the usual Kronecker product, leads to the express

M5S E1* E2* E1*
8E2*

8

M1
2M2

2 D 1/2

@f†~sf ! ^ f†~s28!#@ ū1~kW1 ,M1!

^ ū1~kW2 ,M2!#F̂@u1~pW 1 ,M1! ^ u1~pW 2 ,M2!#

@f~si ! ^ f~s2!#. ~3.4!

Defining theeffective tmatrix as

t̂5@ ū1~kW1 ,M1! ^ ū1~kW2 ,M2!#F̂@u1~pW 1 ,M1!

^ u1~pW 2 ,M2!# ~3.5!

andg15@@E1* E2* E1*
8E2*

8#/M1
2M2

2#1/2, Eq. ~3.4! becomes

M5g1@f†~sf ! ^ f†~s28!# t̂ @f~si ! ^ f~s2!#. ~3.6!

Since t̂ is a 434 matrix it can be expanded in terms of
basis constructed from the Pauli matrices and the mom
of the scattering process. Define the three-momentum tr
fer qW 5pW 12kW15kW22pW 2 , the average momentumpW a5 1

2 (pW 1

1kW1) , and a vector orthogonal to bothqW and pW a , NW 5qW

3pW a5pW 13kW1 . Note that

qW •pW a5
1

2
~pW 1

22kW1
2!.

For quasielastic scatteringupW 1uÞukW1u and, therefore,qW andpW a

are not orthogonal, however,NW •qW 5NW •pW a50. Assuming
only parity invariance, t̂ can be written in terms of a set o
eight linearly independent matricesin the spin of the two
interacting nucleons:

t̂5 (
n51

8

bn~xn
(1)

^ xn
(2)!, ~3.7!

where

x1
(1)5I 2 , x1

(2)5I 2 ,

x2
(1)5NW •sW , x2

(2)5NW •sW ,
06461
n
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x3
(1)5NW •sW , x3

(2)5I 2 ,

x4
(1)5I 2 , x4

(2)5NW •sW ,

x5
(1)5qW •sW , x5

(2)5qW •sW ,

x6
(1)5pa

W
•sW , x6

(2)5pa
W

•sW ,

x7
(1)5qW •sW , x7

(2)5pW a•sW ,

x8
(1)5pW a•sW , x8

(2)5qW •sW .

In the next section the invariant amplitudesFn
r (n51 –13)

are transformed to a set of eight effective amplitudesbn (n
51 –8), and expressions for the spin observables are der
in terms of the effective amplitudes.

IV. TRANSFORMATION FROM THE INVARIANT
AMPLITUDES TO THE EFFECTIVE AMPLITUDES

Expressions for the effective amplitudes oft̂ are now de-
rived. Taking the trace of Eq.~3.7! yields

b15
1

4
Tr@ t̂ #. ~4.1!

Multiply Eq. ~3.7! with (NW •sW ^ NW •sW ) and take the trace o
the resulting equation. SinceNW •qW 5NW •pa

W50, there will be
no contribution from the last four terms of Eq.~3.7! and,
therefore,

b25
1

4NW 4
Y2~NW ,NW !, ~4.2!

where

Y2~aW ,bW !5Tr@~aW •sW ^ bW •sW ! t̂ #.

Similar arguments lead to

b35
1

4NW 2
Tr@~NW •sW ^ I 2! t̂ # ~4.3!

and

b45
1

4NW 2
Tr@~ I 2^ NW •sW ! t̂ #. ~4.4!

Following the same reasoning as above, one can also de
a set of four coupled equations relating the amplitudesb5 ,
b6 , b7, and b8. A set of coupled equations arise since t
vectorsqW andpW a are not orthogonal for quasielastic scatte

ing, ~i.e., qW •pW aÞ0). The solutions are
8-5



van der VENTEL, HILLHOUSE, De KOCK, and WALLACE PHYSICAL REVIEW C60 064618
b55
r 2

2Y2~pW a ,pW a!2r 2r 3Y2~pW a ,qW !2r 2r 3Y2~qW ,pW a!1r 3
2Y2~qW ,qW !

M2~r 1r 32r 2
2!2

, ~4.5!

b65
r 1

2Y2~pW a ,pW a!2r 1r 2Y2~pW a ,qW !2r 1r 2Y2~qW ,pW a!1r 2
2Y2~qW ,qW !

M2~r 1r 32r22
2!2

, ~4.6!

b75
2r 1r 2Y2~pW a ,pW a!1r 2

2Y2~pW a ,qW !1r 1r 3Y2~qW ,pW a!2r 2r 3Y2~qW ,qW !

M2~r 1r 32r 2
2!2

, ~4.7!

b85
2r 1r 2Y2~pW a ,pW a!1r 1r 3Y2~pW a ,qW !1r 2

2Y2~qW ,pW a!2r 2r 3Y2~qW ,qW !

M2~r 1r 32r 2
2!2

, ~4.8!
e
q

where

r 15
2qW 2

M
,

r 25
2pW a•qW

M
, and

r 35
2pW a

2

M
.

The next step is to derive an expression for thet̂ matrix
which is convenient for use in the calculation of the trac
which determine the effective amplitudes. Substitution of E
~3.1! into Eq. ~3.5! leads to

t̂5(
$r%

(
n51

13

Fn
$r%@ Ḡr

18
~kW1 ,M ,M1!

^ Ḡr
28
~kW2 ,M ,M2!#Kn@Gr1

~pW 1 ,M ,M1!

^ Gr2
~pW 2 ,M ,M2!#, ~4.9!

where we have introduced the 432 G matrices defined as

Gr~pW ,M ,M* !5Lr~pW ,M !u1~pW ,M* !. ~4.10!

In Eq. ~4.10! M* denotes an effective mass and Eq.~3.3! has
been generalized to

u1~pW ,M* !5S I 2f~pW 1 ,M* !

sW •pW x~pW ,M* !
D . ~4.11!
06461
s
.

Equation~4.11! reduces to Eq.~3.3! if we set

f~pW 1 ,M1!5S E* ~pW 1!1M1

2E* ~pW 1!
D 1/2

,

whereE* (pW 1)5ApW 1
21M1

2 and

x~pW 1 ,M1!5f~pW 1 ,M1!@E* ~pW 1!1M1!] 21.

We can obtain an explicit expression forGr as follows. From
Eq. ~4.11! we can write

u1~pW ,M* !5S I 2f~pW ,M* !

0
D 1S 0

sW •pW x~pW ,M* !
D

and, therefore

u1~pW ,M* !5f~pW ,M* !~ ê1^ I 2!1x~pW ,M* !~ ê2^ sW •pW !,
~4.12!

where

ê15S 1

0D and ê25S 0

1D ,

with êi
†êj5d i j . To write ther-spin projection operator in

(232)^ (232) form, we recall that

g05S I 2 0

0 2I 2
D 5s3^ I 2 and ~4.13!

pW •gW 5S 0 pW •sW

2pW •sW 0
D 5 is2^ pW •sW . ~4.14!
8-6
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Substitution of Eqs.~4.13! and~4.14! into Eq. ~3.2! leads to

Lr~pW ,M !5
rEp

2M
~s3^ I 2!2

ir

2M
~s2^ pW •sW !1

1

2
~ I 2^ I 2!.

~4.15!

Substitution of Eqs.~4.12! and ~4.15! into Eq. ~4.10!, and
using the properties of the Pauli matrices, allows one to w

Gr~pW ,M ,M* !5(
i 51

2

hr
( i )~pW ,M ,M* !@ êi ^ Ai~pW !#,

~4.16!

where

Ai~pW !5H I 2 ; i 51

pW •sW ; i 52,

with

hr
(1)~pW ,M ,M* !5

rEp

2M
f~pW ,M* !2

rpW 2

2M
x~pW ,M* !

1
1

2
f~pW ,M* ! and

hr
(2)~pW ,M ,M* !5

r

2M
f~pW ,M* !2

rEp

2M
x~pW ,M* !

1
1

2
x~pW ,M* !.

Similar steps lead to

Ḡr~pW ,M ,M* !5(
i 51

2

j r
( i )~pW ,M ,M* !@ êi

†
^ Ai~pW !#,

~4.17!

where

j r
(1)~pW ,M ,M* !5hr

(1)~pW ,M ,M* ! and

j r
(2)~pW ,M ,M* !52hr

(2)~pW ,M ,M* !.

To calculate the effective amplitudes, the contribution
each covariant to the trace relations must be determined.t̂ is
calculated from Eq.~4.9! using the explicit forms of
Gr i

(pW ,M ,M* ) and Ḡr i
(pW ,M ,M* ) in Eqs.~4.16! and ~4.17!.

Use is then made of Eqs.~4.1!–~4.8! to determine the effec
tive amplitudes,b1 to b8. This procedure requires the calc
lation of traces of a set of matricest i , wherei 51 –46. With
each covariant is associated a set oft matrices of which the
06461
e

f

trace must be taken. We wrote a program in t
MATHEMATICA computer language to do the required tra
algebra. The eight effective amplitudes are linear functio
of Fn

$r% , i.e.,

bi5bi~$Fn
$r%%!. ~4.18!

The isospin zero~isospin one! effective amplitudes are ob
tained by substituting the isospin zero~isospin one! invariant
amplitudes into Eq.~4.18!.

V. EXPRESSIONS FOR SPIN OBSERVABLES IN TERMS
OF THE EFFECTIVE AMPLITUDES

In this section expressions are derived for the unpolari
double differential cross section, the analyzing power, a
the polarization transfer observables in terms of the effec
amplitudesbn for both (pW ,pW 8) and (pW ,nW ) scattering. Working
in the nucleon-nucleon laboratory frame, the spin in the
cident beam direction is described in terms of three ortho
nal unit vectors (l̂ ,ŝ,n̂), wherel̂ is along the beam direction
ŝ lies perpendicular and to the side ofl̂ in the scattering
plane, and the normal unit vector isn̂5 l̂ 3 ŝ. Similarly, the
spin of the final beam is described in terms of (l̂ 8,ŝ8,n̂).

A. Unpolarized double differential cross section

For the scattering process in Fig. 1 one can write do
the following expression for the differential cross sectio
ds @14#:

ds5
1

uvW 12vW 2u S M1

E1*

M2

E2*
D S M1

E1*
8

M2

E2*
8D

3~2p!4d~p1* 1p2* 2k1* 2k2* !
d3kW1

~2p!3

d3kW2

~2p!3
uMu2.

As we consider the quasielastic scattering at energies m
higher than the interaction energies amongst the target nu
ons, we assume the latter to be practically noninteract
Therefore, the momentum distribution of these nucleons
be obtained in a Fermi-gas model. Following the same ar
ments as in Ref.@1# allows one to write down the following
expression for thedouble differential cross section:

ds

dV18dE18
5

ukW1uE18

uqW uE1*
8Epmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !uMu2 ,

~5.1!

where
8-7
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f ~p1* ,p2* ,kf !5
3

16p3kf
3

M1
2M2

2

@~p1* •p2* 2M1
2M2

2!2#1/2
~5.2!

and

pmin5Uq2 2
v*

2 F12
4M2

2

qmqmG 1/2U . ~5.3!

In Eq. ~5.3!, qm is the four-momentum transferqm

5(v* ,qW ) where

v* 5E1* 2E1*
85E2*

82E2 and qW 5pW 12kW15kW22pW 2 .

Equation~5.1! is defined to be zero whenukW1u<kF or ukW2u
<kF . This effect is called Pauli blocking. To obtain th
Fermi momentumkf , the required effective density is calcu
lated in an eikonal approximation as shown in Ref.@1#. More
refined values ofkf for specific target nuclei can be found
Table II of Ref.@8#. We define the function

G9~pW 1 ,pW 2 ,kW1 ,kW2!5 (
si ,sf

(
s2 ,s28

uMu2.

Substitution of Eq.~3.7! into Eq. ~3.6! leads to

M5g1(
n51

8

bn@f†~sf !xn
(1)f~si !#@f†~s28!xn

(2)f~s2!#

and, therefore, one can write

G9~pW 1 ,pW 2 ,kW1 ,kW2!5g1
2 (

m,n51

8

bm* bnTr@xn
(1)xm

(1)#Tr@xn
(2)xm

(2)#.

An explicit expression forG9(pW 1 ,pW 2 ,kW1 ,kW2) is given in the
Appendix. To obtain the unpolarized double different
cross section, one sums over the initial spin and average
the final spin which leads to

S ds

dV18dE18
D

unpol

5
ukW1uE18

4uqW uE1*
8Epmin

kf

3dupW 2udfupW 2u f ~p1* ,p2* ,kf !

3G9~pW 1 ,•••kW2!. ~5.4!

For (pW ,pW 8) scattering,
06461
l
er

S ds

dV18dE18
D

unpol

(p,p8)

5
ukW1uE18

4uqW uE1*
8Epmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !

3Ze f fG9~pW 1 ,•••kW2 ,$bi~ I 51!%!

1Ne f fG9~pW 1 ,•••kW2 ,$bi
ave%!,

where

bi
ave5

1

2
@bi~ I 50!1bi~ I 51!#.

For the charge-exchange reaction (pW ,nW ),

S ds

dV18dE18
D

unpol

(p,n)

5
ukW1uE18

4uqW uE1*
8Epmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !

3Ne f fG9~pW 1 , . . .kW2 ,$bi
ch2ex%!,

where the charge-exchange amplitudes are defined as

bi
ch2ex5

1

2
@bi~ I 51!2bi~ I 50!#.

The quantitiesZe f f andNe f f are defined in Ref.@1# and val-
ues for specific targets are given in Table II of Ref.@8#.

B. Analyzing power

The definition of the analyzing power is given in terms
polarized double differential cross sections as

Ay5

ds

dV18dE18
~ ŝf51n̂!2

ds

dV18dE18
~ ŝf52n̂!

ds

dV18dE18
~ ŝf51n̂!1

ds

dV18dE18
~ ŝf52n̂!

~5.5!

where, for example,

ds

dV18dE18
~ ŝf !5

ukW1uE18

uqW uE1*
8Epmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !

3
1

2
G̃8~ ŝf !

is averaged over incident spin directionsŝi , and the target
particles’ initial and final spin as contained in the factor
8-8
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G̃8~pW 1 , . . . ,kW2 ,ŝf !5 (
si ,s2 ,s28

uMu2

5Tr@xm
(1)P̂~ ŝf !xn

(1)#Tr@xm
(2)xn

(2)#,

~5.6!

where use was made of Eqs.~2.2! and~2.3!. A calculation of
the traces in Eq.~5.6! shows thatG̃8(pW 1 , . . . ,ŝf) has the
following structure:

G̃8~pW 1 , . . . ,ŝf !5 f 1~pW 1 , . . . ,kW2!1 f 2~pW 1 , . . . ,kW2!NW • ŝf

1 f 3~pW 1 , . . . ,kW2!pW a•~qW 3 ŝf !. ~5.7!

Defining the combination function

G8~pW 1 , . . . ,kW2 ,ŝf !5G̃8~pW 1 , . . . ,kW2 ,ŝf !

2G̃8~pW 1 , . . . ,kW2 ,2 ŝf !, ~5.8!
06461
and using Eq.~5.7! in Eq. ~5.8!, yields

G8~ ŝf !52@ f 2~pW 1 , . . . ,kW2!NW • ŝf

1 f 3~pW 1 , . . . ,kW2!pW a•~qW 3 ŝf !#.

The explicit forms of the functionsf 2 and f 3 can be inferred
from Eq. ~A2! in the Appendix. Ifŝf5n̂, then

NW •n̂5p1k1sinuL

and

pW a•~qW 3n̂!52p1k1sinuL .

The analyzing power~which is equal to the polarization in
the RPWIA model! for the (pW ,pW 8) reaction is given by
r

al cross
Ay~pW ,pW 8!5

E
pmin

kf
dupW 2udfupW 2u f ~p1* ,..,p2* ,kf !~Ze f fG8„n̂,$bi~ I 51!%…1Ne f fG8„n̂,$bi

ave%…!

E
pmin

kf
dupW 2udfupW 2u f ~kf !~Ze f fG9„$bi~ I 51!%…1Ne f fG9„$bi

ave%…!

and the analyzing power for the (pW ,nW ) reaction is given by

Ay~pW ,nW !5

E
pmin

kf
dupW 2udfupW 2u f ~kf !G8~ n̂,$bi

ch2ex%!

E
pmin

kf
dupW 2udfupW 2u f ~kf !G9~$bi

ch2ex%!

. ~5.9!

Since a (pW ,nW ) reaction implies that the incident proton could only have scattered off a neutron, we setZe f f50 and, therefore,
Ne f f appears as a common factor in the numerator and denominator and cancels out, which means thatNe f f does not appea
in Eq. ~5.9!.

C. Polarization transfer observables

The polarization transfer observables are defined in terms of linear combinations of polarized double differenti
sections as follows:

Di 8 j5

ds

dV18dE18
~ ŝi ,ŝf !2

ds

dV18dE18
~2 ŝi ,ŝf !2

ds

dV18dE18
~ ŝi ,2 ŝf !1

ds

dV18dE18
~2 ŝi ,2 ŝf !

ds

dV18dE18
~ ŝi ,ŝf !1

ds

dV18dE18
~2 ŝi ,ŝf !1

ds

dV18dE18
~ ŝi ,2 ŝf !1

ds

dV18dE18
~2 ŝi ,2 ŝf !

. ~5.10!
8-9
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In Eq. ~5.10! a typical polarized differential cross section

ds

dV18dE18
~ ŝi ,ŝf !5

ukW1uE18

uqW uE1*
8Epmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !

3
1

2
G̃~ ŝi ,ŝf !, ~5.11!

where

G̃~pW 1 , . . . ,kW2 ,ŝi ,ŝf !

5 (
s2 ,s28

uMu2

5g1
2 (

m,n51

8

bm* bn@Tr~ P̂~ ŝi !xm
(1)P̂~ ŝf !xn

(1)!#

3@Tr~xm
(2)xn

(2)!#5 f 1~pW 1 , . . . ,kW2!

1AW 1• ŝi1AW 2• ŝf1~ ŝi•AW 3!~ ŝf•AW 4!

1~ ŝi• ŝf !~AW 6•AW 7!1 ŝi•~ ŝf3AW 5!

with AW i functions of only the three-momenta,pW 1 to kW2 of
which the explicit form can be inferred from Eq.~A1!. De-
s

he
n

06461
fine again, now dictated by the form of Eq.~5.10!, a func-
tion:

G~pW 1 , . . . ,kW2 ,ŝi ,ŝf !5G̃~ ŝi ,ŝf !2G̃~2 ŝi ,ŝf !2G̃~ ŝi ,2 ŝf !

1G̃~2 ŝi ,2 ŝf !

54@~ ŝi•AW 3!~ ŝf•AW 4!1 ŝi•~ ŝf3AW 5!

1~ ŝi• ŝf !~AW 6•AW 7!#. ~5.12!

The explicit expression forG contains various kinematica
parameters which are presented in the first column of Ta
I. The other columns contain the values of these quantitie
the laboratory frame, for each polarization transfer obse
able;u refers to the laboratory scattering angle,p15upW 1u and
k15ukW1u. Use of Eqs.~5.11!, ~5.12!, and~5.4! leads to

Di 8 j5

E
pmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !4G~ ŝi ,ŝf !

E
pmin

kf
dupW 2udfupW 2u f ~p1* ,p2* ,kf !G9~pW 1 , . . . ,kW2!

.

~5.13!

The polarization transfer observables for the (pW ,pW 8) reaction
are given by
Di 8 j@~pW ,pW 8!#5

E
pmin

kf
dupW 2udfupW 2u f ~kf !~4Ze f fG„ŝi ,ŝf ,$bi~ I 51!%…14Ne f fG„ŝi ,ŝf ,$bi

ave%…!

E
pmin

kf
dupW 2udfupW 2u f ~kf !~Ze f fG9„$bi~ I 51!%…1Ne f fG9„$bi

ave%…!

,

tion
r-

of
ns,

ical
ion

spin
eed
and the corresponding observables for the (pW ,nW ) reaction are
given by

Di 8 j@~pW ,nW !#5

E
pmin

kf
dupW 2udfupW 2u f ~kf !4G~ ŝi ,ŝf ,$bi

ch2ex%!

E
pmin

kf
dupW 2udfupW 2u f ~kf !G9~$bi

ch2ex%!

.

~5.14!

Once again, as in Eq.~5.9!, the effective number of neutron
does not appear in Eq.~5.14!.

Although the primary aim of this paper is to present t
theoretical formalism for calculating quasielastic proto
 -

nucleus polarization transfer observables, in the next sec
we give a brief glimpse of the predictive power of the fo
malism by applying it to quasielastic40Ca(pW ,pW 8) scattering
at 500 MeV. A systematic study of the predictive power
the model, as well as a comparison to IA1-based predictio
will be presented in a future paper.

VI. RESULTS

Before presenting the results we mention the numer
checks that were performed to verify that the transformat
from invariant amplitudesFn

$r% to effective amplitudesbn

was carried out correctly and that the expressions for the
observables in terms of the effective amplitudes are ind
correct. ForM15M25M only subclassF̂11 contributes to
8-10
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the invariant matrix element and the IA2 representation
therefore equivalent to the SPVAT form ofF̂. We therefore
verified that our expressions for the spin observables in te
of the effective amplitudes give exactly the same numer
result as the corresponding expressions in Ref.@1#, which
contain only the five SPVAT amplitudes. This confirms th
the transformation to effective amplitudes has been car
out correctly for only the SPVAT covariants. To verify th
transformation for covariantsK6 to K13, we derived expres-
sions for the spin observables directly for each individ
covariantK6 to K13. This involves traces over Dirac matr
ces~as opposed to the trace algebra involving Pauli matri
presented in this paper! and provides a nontrivial check fo
the transformation involving covariantsK6 to K13. The fact
that two independent ways give numerically the same re
for all spin observables confirms the correctness of the tra
formation to effective amplitudes and the expressions for
spin observables derived in this paper.

The formalism in the previous sections is now applied
quasielastic40Ca(pW ,pW 8) scattering at an incident laborator
kinetic energy of 500 MeV and a laboratory scattering an
of 19°. In the original calculation of Horowitz and Murdoc
in Ref. @1#, it was found that the use of an effective mass
both the projectile and target nucleons moved the theore
calculation closer to the data@23# and below the free mas
calculation forAy . This was referred to as the quenchin
effect in the analyzing power and claimed to be a ‘‘relat
istic signature.’’ In Ref.@1# the SPVAT parametrization ofF̂
was used. Figure 2 shows the results employing the

FIG. 2. Spin observables for a range of transferred energv
over the quasielastic peak for inclusive proton scattering from40Ca
at 500 MeV andu lab519°. The centroid of the quasielastic peak
at v'63 MeV. Data are from Ref.@23#. The solid line represents
the IA2 calculation and the dashed line represents the free m
calculation.
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representation ofF̂. The solid line represents the calculatio
using an effective mass for the projectile and target nucle
with M1 /M50.892 andM2 /M50.817 taken from Table II
in Ref. @8# for 40Ca atTlab5500 MeV. The dashed line is
the free mass calculation. The data are from Ref.@23#. We
note that the quenching effect inAy is very small compared
to Fig. 6 of Ref.@1# over the entire energy range. The res
is that the IA2 calculation does not describeAy , as well as
the IA1 calculation of Ref.@1#. For the other observables, th
effective mass and the free mass calculation do equally w
This is in contrast to the result in Ref.@1# where theDi 8 j ’s
only preferred a free mass calculation.

VII. SUMMARY

We have presented a theoretical formalism to calcu
polarization transfer observables for quasielastic prot
nucleus scattering using a general Lorentz invariant rep
sentation of the nucleon-nucleon scattering matrix. In t
way we avoid the ambiguities that are inherent in the pre
ously used five-term representation~the SPVAT form! of F̂.
In the process we have derived an effectivet matrix, which is
a 434 matrix and, therefore, more familiar to nuclear phy
ics, but which still contains all the information coming from
the relativistic analysis. This necessitates the transforma
from the 44 invariant amplitudes, to a set of eight effecti
amplitudes as well as the derivation of new expressions
the spin observables in terms of the effective amplitud
Staying within the framework of the relativistic plane wav
impulse approximation~with its many simplifying features!2

and using a general Lorentz invariant representation oF̂
allows us to do an investigation ofM* -type medium effects
via quasielastic proton-nucleus scattering. The first appl
tion of the formalism to the reaction40Ca(pW ,pW 8) at Tlab
5500 MeV andu lab519° shows that the IA2 representa
tion of F̂ does not lead to such strong medium effects in a
of the spin observables, in contrast to the results in Ref.@1#,
where the medium effect was most noticeable inAy . There it
was also found that the use of an effective mass for
projectile and target nucleons lead to the theoretical calc
tion being closer to the data than the free mass calculat
The IA2 representation is consistent with data, however
that it predicts little medium effect in any of the spin obser
ables, even though the prediction ofAy is now a little poorer
than before. In a subsequent paper, a systematic study of
observables, using the IA2 representation ofF̂, will be pre-
sented for both quasielastic (pW ,pW 8) and (pW ,nW ) data.
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TABLE I. Expressions for kinematical quantities containingŝi and/or ŝf for each nonzero polarization
transfer observable.

Kinematical
quantity Dl 8 l Ds8s Dnn Ds8 l Dl 8s

qW • ŝi
p12k1cosu 2k1sinu 0 p12k1cosu 2k1sinu

qW • ŝf
p1cosu2k1 2p1sinu 0 2p1sinu p1cosu2k1

pW a• ŝi
1
2 (p11k1cosu) 1

2 k1sinu 0 1
2 (p11k1cosu) 1

2 k1sinu

pW a• ŝf
1
2 (p1cosu1k1) 2

1
2 p1sinu 0 2

1
2 p1sinu 1

2 (p1cosu1k1)

NW • ŝi
0 0 p1k1sinu 0 0

NW • ŝf
0 0 p1k1sinu 0 0

ŝi• ŝf
cosu cosu 1 2sinu sinu

NW •( ŝi3 ŝf) p1k1sin2u p1k1sin2u 0 p1k1cosu sinu 2p1k1 cosu sinu
th
th

th
s
e

discussions. The financial assistance to B.I.S.v.d.V. by
Harry Crossley Foundation, the South African FRD, and
National Accelerator Center is gratefully acknowledged.

APPENDIX: EXPLICIT EXPRESSIONS FOR SPIN
OBSERVABLES IN TERMS OF EFFECTIVE AMPLITUDES

ai

In this appendix we present explicit expressions for
quantitiesG9, G8, andG in terms of the effective amplitude
ai , which are related as follows to the effective amplitud
bi :

b15a1 ,
06461
e
e

e

s

b25
a2

m4
,

bi5
i

m2
ai for i 53,4 and

bi5
1

m2
ai for i 55,6,7,8,

wherem denotes the free nucleon mass.
1

g1
2
G9~pW 1 ,pW 2 ,kW1 ,kW2!54Im~a1!214Re~a1!21~NW •NW !2S 4Im~a2!2

m8 1
4Re~a2!2

m8 D

1NW •NW S 4Im~a3!2

m4 1
4Re~a3!2

m4 1
4Im~a4!2

m4 1
4Re~a4!2

m4 D1S 4Im~a6!2

m4 1
4Re~a6!2

m4 D ~pW a•pW a!2

1S 8Im~a6!Im~a7!

m4 1
8Re~a6!Re~a7!

m4 1
8Im~a6!Im~a8!

m4 1
8Re~a6!Re~a8!

m4 D pW a•pW apW a•qW

1S 8Im~a5!Im~a6!

m4 1
8Re~a5!Re~a6!

m4 1
8Im~a7!Im~a8!

m4 1
8Re~a7!Re~a8!

m4 D ~pW a•qW !2

1S 8Im~a5!Im~a7!

m4 1
8Re~a5!Re~a7!

m4 1
8Im~a5!Im~a8!

m4 1
8Re~a5!Re~a8!

m4 D pW a•qW qW •qW

1S 4Im~a5!2

m4 1
4Re~a5!2

m4 D ~qW •qW !21S 4Im~a7!2

m4 1
4Re~a7!2

m4 1
4Im~a8!2

m4

1
4Re~a8!2

m4 D pW a•pW aqW •qW , ~A1!
8-12



POLARIZATION TRANSFER OBSERVABLES FOR . . . PHYSICAL REVIEW C 60 064618
1

g1
2
G8~pW 1 , . . . ,kW2 ,ŝf !5S 24Re~a2!Im~a4!NW •NW

m6 1
4Im~a2!Re~a4!NW •NW

m6 2
4Re~a1!Im~a3!

m2 1
4Im~a1!Re~a3!

m2 DNW • ŝf

1pW a•~qW 3 ŝf !S 4Re~a6!Im~a7!pW a•pW a

m4 2
4Im~a6!Re~a7!pW a•pW a

m4 2
4Re~a5!Im~a6!pW a•qW

m4

1
4Im~a5!Re~a6!pW a•qW

m4 2
4Re~a7!Im~a8!pW a•qW

m4

1
4Im~a7!Re~a8!pW a•qW

m4 2
4Re~a5!Im~a8!qW •qW

m4 1
4Im~a5!Re~a8!qW •qW

m4 D , ~A2!

1

4g1
2
G~pW 1 , . . . ,kW2 ,ŝi ,ŝf !5S 2Im~a2!2NW •NW

m8 1
2Re~a2!2NW •NW

m8 1
2Im~a3!2

m4 1
2Re~a3!2

m4 DNW • ŝfNW • ŝi

1S 2Im~a2!Im~a4!NW •NW

m6 1
2Re~a2!Re~a4!NW •NW

m6 2
2Im~a1!Im~a3!

m2 2
2Re~a1!Re~a3!

m2 D
3NW •~ ŝi3 ŝf !1pW a• ŝf pW a• ŝi S 2Im~a6!2pW a•pW a

m4 1
2Re~a6!2pW a•pW a

m4 1
4Im~a6!Im~a8!pW a•qW

m4

1
4Re~a6!Re~a8!pW a•qW

m4 1
2Im~a8!2qW •qW

m4 1
2Re~a8!2qW •qW

m4 D 1pW a• ŝi S 2Im~a6!Im~a7!pW a•pW a

m4

1
2Re~a6!Re~a7!pW a•pW a

m4 1
2Im~a5!Im~a6!pW a•qW

m4 1
2Re~a5!Re~a6!pW a•qW

m4 1
2Im~a7!Im~a8!pW a•qW

m4

1
2Re~a7!Re~a8!pW a•qW

m4 1
2Im~a5!Im~a8!qW •qW

m4 1
2Re~a5!Re~a8!qW •qW

m4 D qW • ŝf

1pW a• ŝf S 2Im~a6!Im~a7!pW a•pW a

m4 1
2Re~a6!Re~a7!pW a•pW a

m4 1
2Im~a5!Im~a6!pW a•qW

m4

1
2Re~a5!Re~a6!pW a•qW

m4 1
2Im~a7!Im~a8!pW a•qW

m4 1
2Re~a7!Re~a8!pW a•qW

m4 1
2Im~a5!Im~a8!qW •qW

m4

1
2Re~a5!Re~a8!qW •qW

m4 D qW • ŝi1S 2Im~a7!2pW a•pW a

m4 1
2Re~a7!2pW a•pW a

m4

1
4Im~a5!Im~a7!pW a•qW

m4 1
4Re~a5!Re~a7!pW a•qW

m4 1
2Im~a5!2qW •qW

m4 1
2Re~a5!2qW •qW

m4 D qW • ŝfqW • ŝi

1S Im~a1!21Re~a1!22
Im~a2!2~NW •NW !2

m8 2
Re~a2!2~NW •NW !2

m8 2
Im~a3!2NW •NW

m4 2
Re~a3!2NW •NW

m4

1
Im~a4!2NW •NW

m4 1
Re~a4!2NW •NW

m4 2
Im~a6!2~pW a•pW a!2

m4 2
Re~a6!2~pW a•pW a!2

m4

2
2Im~a6!Im~a7!pW a•pW apW a•qW

m4 2
2Re~a6!Re~a7!pW a•pW apW a•qW

m4 2
2Im~a6!Im~a8!pW a•pW apW a•qW

m4

2
2Re~a6!Re~a8!pW a•pW apW a•qW

m4 2
2Im~a5!Im~a6!~pW a•qW !2

m4 2
2Re~a5!Re~a6!~pW a•qW !2

m4

2
2Im~a7!Im~a8!~pW a•qW !2

m4 2
2Re~a7!Re~a8!~pW a•qW !2

m4 2
Im~a7!2pW a•pW aqW •qW

m4 2
Re~a7!2pW a•pW aqW •qW

m4
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2
Im~a8!2pW a•pW aqW •qW

m4 2
Re~a8!2pW a•pW aqW •qW

m4 2
2Im~a5!Im~a7!pW a•qW qW •qW

m4

2
2Re~a5!Re~a7!pW a•qW qW •qW

m4 2
2Im~a5!Im~a8!pW a•qW qW •qW

m4 2
2Re~a5!Re~a8!pW a•qW qW •qW

m4

2
Im~a5!2~qW •qW !2

m4 2
Re~a5!2~qW •qW !2

m4 D ŝi• ŝf . ~A3!
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