
PHYSICAL REVIEW C, VOLUME 60, 055215
L single particle energies

Q. N. Usmani
Department of Physics, Faculty of Science and Environmental Studies, Universiti Putra Malaysia, 43400 UPM Serdang,

Selangor, Malaysia

A. R. Bodmer
Physics Division, Argonne National Laboratory, Argonne, Illinois 60439-4843

and Department of Physics, University of Illinois at Chicago, Chicago, Illinois 60680
~Received 25 September 1998; published 22 October 1999!

The L single-particle energiesBL of hypernuclei~HN! are calculated microscopically using the Fermi
hypernetted chain method to obtain for ourLN andLNN potentials theL bindingD(r) to nuclear matter, and
the effective massmL* (r) at densitiesr<r0 (r0 is normal nuclear density!, and also the corresponding
effectiveLN andLNN potentials. TheL core-nucleus potentialUL(r ) is obtained by suitably folding these
into the core density. The Schro¨dinger equation forUL andmL* is solved forBL . The fringing field~FF! due
to the finite range of the effective potentials is theoretically required. We use a dispersiveLNN potential but
also include a phenomenologicalr dependence allowing for less repulsion forr,r0 , i.e., in the surface. The
best fits to the data with a FF give a larger dependence, equivalent to anA dependent strength consistent with
variational calculations ofL

5He, indicating an effectiveLNN dispersive potential increasingly repulsive withA
whose likely interpretation is in terms of dispersive plus two-pion-exchangeLNN potentials. The well depth
is 2961 MeV. TheLN space-exchange fraction corresponds tomL* (r)'0.75– 0.80 and a ratio ofp- to s-state
potentials of'0.560.1. Charge symmetry breaking~CSB! is significant for heavy HN with a large neutron
excess; with a FF the strength agrees with that obtained from theA54 HN. The fits without FF are excellent
but inconsistent with the requirement for a FF, withL

5He, and also with the CSB sign forA54.
@S0556-2813~99!04811-6#

PACS number~s!: 21.80.1a, 21.10.Pc, 13.75.Ev, 11.30.Er
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I. INTRODUCTION

In this paper we analyze theL single-particle~SP! sepa-
ration energiesBL of L hypernuclei~HN! with a micro-
scopic approach. The experimental SP energies have
obtained for a wide range of HN with~total! baryon number
A<208 and for orbital angular momenta up tol L53 for
largeA @1,2#; in particular the recent data for La and Pb a
very important for our results.

The L-nucleus potential roughly follows the density di
tribution r(r ) of the core nucleus and has an approximat
constant valueDL in the interior of heavy HN.DL is iden-
tified with theL binding in nuclear matter at normal nucle
density r050.165 fm23. Then BL'DL2TL where theL
kinetic energyTL;A22/3. Table I shows the experimenta
BL and Fig. 1 showsBL vs A22/3. Extrapolation toA→`,
i.e., A22/3→0, in particular for thesL states givesDL

'30 MeV.
Microscopic calculations using variational Monte Car

~VMC! techniques have been made for theA<5 HN @3,4,5#
and also forL

17O @6#, and DL has been calculated with th
Fermi hypernetted chain~FHNC! method@7,8# generalized
to include LNN potentials@3#. However, for HN withA
.5 adequate variational techniques are in general not
feasible and also not suitable for a more global approach

We have therefore used an approach which depends
trally on variational FHNC calculations of the binding e
ergyD(r,kL) of a L ~momentumkL) to nuclear matter~nm!
of densityr ~for all r&r0), and of the associatedLN and
0556-2813/99/60~5!/055215~16!/$15.00 60 0552
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LNN effective potentialsṼLN andṼLNN . The latter are then
appropriately folded into the densityr(r ) of the core nucleus
to give a SP potentialUL(r ), while thekL dependence ofD
gives the effective massmL* (r ). These are then used in
Schrödinger equation to obtain theBL . Core distortion is
quite small for the relevantA @9#.

Our approach thus has important elements of a loc
density approximation but goes beyond this. Our effect
interactions are~slightly! r dependent since they involveLN
and LNN correlations, which depend onr. In the leading
order of the cluster expansion, our effectiveLN potential
corresponds closely to a Brueckner-Hartree-Fock appro
which uses the~r-dependent! G matrix in the leading order

TABLE I. ExperimentalBL ~MeV!.

HN BL(s) BL(p) BL(d) BL( f )

L
11B 10.260.07

L
12C 10.860.01 0.160.5

L
13C 11.760.01 0.860.5

L
16O 12.560.35 2.560.5

L
28Si 16.060.3 7.061

L
32S 17.560.5 8.160.6

L
40Ca 18.761.1 11.060.6 1.060.5

L
51V 19.961.0 4.060.5

L
89Y 22.161.6 16.061 9.561 2.561

L
139La 23.861 20.160.4

L
208Pb 26.560.5 21.360.7
©1999 The American Physical Society15-1
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Q. N. USMANI AND A. R. BODMER PHYSICAL REVIEW C60 055215
of a reaction-matrix approach; but our approach goes bey
this since we make an ‘‘exact’’ FHNC calculation whic
treats exactly the clusters of all orders except for the elem
tary diagrams which are negligible for a dilute system su
as normal nuclear matter. As demonstrated in Sec. III

effective ṼLN is quite close to that obtained in the leadin
order of the cluster expansion. For soft direct~no space ex-
change! potentials for which theLN correlations are weak
our approach is equivalent to the Hartree approximation,
cept for the neglect of core distortion. Similarly, for a di
persive typeVLNN @Eq. ~6!# the effectiveṼLNN is well ap-
proximated by the leading order of the cluster expansion
is again exact in the limit of the Hartree approximatio
Space-exchange potentials give some nonlocality~as in HF!
and our principal approximation is the use of a loc
mL* @r(r )#; this should be a reasonable approximation
needs further investigation. Our procedure should then b
good approximation to an exact microscopic treatment
provides a theoretically well-founded phenomenology. Fo
ing the effective potentials into the core density is an ess
tial element and is necessary to obtain a realistic SP po
tial, with the associated fringing field~FF! due to the finite
range of theLN and LNN potentials being a crucial com
ponent.

The smallness of the core polarization provides a gr
simplification since the core nucleus can be treated to a g
approximation as undistorted. Elsewhere we have shown
even for quite moderateA, core polarization gives a ver
small increaseDBL&0.2 MeV @9#. For a very light HN such
as L

5He the correct treatment of core polarization involve
rearrangement energy which depends essentially onLN cor-
relations but which is expected to be unimportant for lar

FIG. 1. BL vs A22/3 for the designatedl values.~1! The experi-
mentalBL are shown as full circles with error bars.~2! The calcu-
lated BL for V056.2 MeV, W50.021 MeV, b52, e50.255 are
shown as crosses.~3! The calculatedBL for L

51V,L
89Y,L

139La,L
208Pb for

the same parameters as in~2! but including CSB (V0
CSB5

20.05 MeV) are shown as open circles.~4! The calculatedBL for

LC for the same parameters as in~2! except thatb50.1, are also
shown as open circles.
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A; even for L
5He core polarization contributes&0.4 MeV

@10#.
There are two further new features of our work.
~1! Our treatment ofLNN forces is more phenomenolog

cal than in our earlier work@11# which included dispersive
(VLNN

D ) and two-pion exchange (VLNN
2p ) LNN forces in the

calculation ofD. However, the FHNC calculation forVLNN
2p

was not and still has not been adequately implemented s
existing calculations cannot reproduce the feature of VM
calculations of light HN@3–6# for which LNN correlations
give a much reduced repulsive or even an attractive con
bution. ForVLNN

D there is no such problem as the correlatio
are well under control, and a repulsive contribution is alwa
obtained with both VMC and FHNC calculations. We ther
fore use only a dispersive typeVLNN but allow for a possible
A dependence of this due toVLNN

2p ~as well as to a possible
A-dependentVLNN

D ) through an additional phenomenologic
r dependence which makesVLNN less repulsive forr,r0 .
Since lighter nuclei have relatively more surface, this tra
lates~Sec. V! into an increasingly repulsiveLNN contribu-
tion for largerA.

~2! We include a charge symmetry breaking~CSB! com-
ponent in theLN potential. We consider CSB strengths com
parable to that obtained from theA54 HN @12#. For heavy
HN with a substantial neutron excess the CSB contributio
moderate but significant~Sec. VI!; in particular the recent
data for La and Pb are essential for a significant determ
tion of the CSB potential.

Previous calculations of the SPBL have used various ap
proaches. Ours is perhaps closest to that of Milleneret al.
@13# who in addition to an analysis based on a phenome
logical D(r) ~also Ref.@14#! also considered a local densit
approximation based on phenomenological zero-ra
Skyrme forces. Many salient features were already dem
strated in this paper: in particular the ‘‘saturation’’ proper
of D(r) resulting from the need for strongly repulsiveLNN
forces, as well as that formL* ,mL . However, as also in ou
earlier work@11#, finite range effects, i.e., the FF, were n
adequately included. Relativistic mean-field calculations@15#
give a surprisingly good fit with only a very few paramete
the FF being implicitly included~through the meson fields!;
however, RMFT is not a microscopic approach and can
be directly related to theLN and LNN forces. Brueckner-
Hartree-Fock type calculations@16,17# have been made with
r-dependentG matrices calculated for various OBE pote
tials @18,19# which includeLN2SN coupling, the suppres
sion of the latter in nuclear matter first shown by realis
G-matrix calculations in Ref.@20# being roughly equivalent
to a dispersiveVLNN . Unfortunately, higher order contribu
tions including the two-pion-exchangeLNN contribution,
have so far not been estimated.

A brief outline of the paper follows. Section II discuss
our potentials, including CSB. Section III presents our the
retical procedure. Section IV discusses our fits to the d
including the dependence ofx2 on our potential parameter
which is systematically explored. Section V discusses thA
andr dependence of the effectiveLNN potential. Section VI
5-2
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L SINGLE PARTICLE ENERGIES PHYSICAL REVIEW C60 055215
discusses our fits with CSB. Section VII summarizes resu
in particular our best fits.

II. L-NUCLEAR INTERACTIONS

A. LN potential

Charge symmetric potential.Since theL has isospinI
50 there is no~strong! LLp vertex, and hence no OP
potential. However, isospin allows aLSp vertex. The two-
pion-exchange~TPE! potential is then a dominant part of th
LN potential and is dominated by the strong tensor O
component acting twice. There will also beK, K* exchange
potentials which will, in particular, contribute to the spac
exchange and theLN tensor potentials. The latter are o
quite short-range and furthermore are also quite weak
cause theK andK* tensor contributions are of opposite sig
@19,21#. Also there will be short-range contributions fromv,
quark-gluon-exchange, etc., which we represent with a sh
range Saxon-Wood repulsive potential which, somewhat
bitrarily, we take to be very nearly the same as for theNN
potential@22#.

We then use an Urbana-type central potential@3,22# with
space exchange and consistent withLp scattering. We need
only the spin-average potential which is

VLN~r !5V~r !1VLN
x , VLN

x 5eV~r !~12Px!. ~1!

The direct potential is

V~r !5W0@11exp$~r 2R!/a%#212V2p , V2p5V0Tp
2 ~r !,

~2!

where W052137 MeV, R50.5 fm, a50.2 fm, andr is in
fm. Tp(r ) is the one-pion-exchange tensor potential sh
modified with a cutoff

Tp~r !5~113/x13/x2!~e2x/x!~12e2cr2
!2, ~3!

with x50.7r and c52.0 fm22. The Lp scattering at low
energies is then well fitted withV056.1560.05 MeV. VLN

x

is the space-exchange potential andPx is the LN space-
exchange operator. The exchange fractione determines the
strength ofVLN

x relative to the direct potential;e is quite
poorly determined from theLp forward-backward asymme
try to bee'0.120.38.e determines the odd-state potentia
thus thep-state potential is

Vp5~122e!V~r ! or Vp /Vs5122e. ~4!

Charge symmetry breaking potential.This is expected on
theoretical grounds and is also required by the data, in
ticular the ground and excited state energies ofL

4H andL
4He.

These were analyzed in Ref.@12# with a phenomenologica
spin-dependent CSB potential and using centralNN forces. It
was found to be effectively spin independent.~Any appre-
ciable spin dependence would in any case give only a v
small contribution for large A relative to the spin-
independent term.! The CSB potential we use is then to b
added to the attractive partV2p of Eq. ~2!; its spin-
independent part is
05521
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VLN
CSB5t3V0

CSBTp
2 ~r !, ~5!

where analysis of theA54 HN gives V0
CSB.2(0.05

60.005) MeV. The negative sign corresponds to a more
tractiveLp thanLn potential. CSB makes a relatively sma
but significant contribution for the heaviest HN with an a
preciable neutron excess.

B. LNN potentials

With only a LN potential fitted toLp scattering the
heavier HN are strongly overbound. Many-body effects fo
centralVLN can arise through changes in theLN correlation
function gLN due to the presence of other nucleons. Ho
ever, such effects are quite small as shown in Sec. III. S
pression of aLN tensor force by other nucleons is also e
pected to be quite small, both because of its short range
weakness@23#. However, the TPELN potentialV2p can be
quite strongly suppressed because of modifications of
propagation of the intermediateS or N by other nucleons
~Fig. 2!. Coupled-channel reaction-matrix calculations c
give a large repulsive contribution because of the la
~mostly OPE tensor! couplings together with the smallS
2L mass difference@20,24#. We represent such suppressio
effects by a phenomenological~repulsive! ‘‘dispersive’’
LNN potential of the form

VLNN[VLNN
D 5WTp

2 ~r L1!Tp
2 ~r L2!, ~6!

where r L i are the L-nucleon separations. A strengthW
'0.01– 0.02 MeV gives a repulsive contribution rough
consistent with the suppression obtained in coupled-cha
reaction matrix calculations. Both VMC calculations of lig
HN and FHNC calculations ofD(r) always give repulsion
~for W.0).

TPELNN forces~Fig. 2! arise from ap-wave pion inter-
action of theL with each of two nucleons@25,26#. The cor-
responding potentialVLNN

2p is noncentral with tensor compo
nents and is angle dependent~betweenrW1L and rW2L). It has
been used together withVLNN

D in VMC calculations forA
<5, in particular ofL

5He @3–5# and of L
17O @6#. With appro-

priate LNN correlations ~including tensor and angle
dependentLNN correlations! the contribution ofVLNN

2p can
then be quite strongly attractive. This was already shown
earlier calculations with centralNN forces@3#. Calculations
with more realisticNN forces@27#, in which case the tenso
components ofVLNN

2p also contribute, give an even more a

FIG. 2. Diagrams for dispersive and two-pion-exchangeANN
potentials.
5-3
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Q. N. USMANI AND A. R. BODMER PHYSICAL REVIEW C60 055215
tractive contribution. Thus the net contribution ofVLNN
D

1VLNN
2p for light HN can be only mildly repulsive or eve

attractive.
In an earlier version of our approach to the SP energ

@11#, the contribution ofVLNN
2p to D(r) was not adequately

calculated, and was repulsive at allr and therefore for all
HN. A more complete calculation may well give a contrib
tion which is repulsive at largerr'r0 but which becomes
less repulsive or even attractive for smallr; but such a cal-
culation remains to be done. We therefore take a more p
nomenological approach which allows for the possibility th
the netLNN force becomes more repulsive for largerA; this
may result fromVLNN

2p and/or from enhanced suppression
the LS coupling for largerr with a correspondingly more
repulsiveVLNN

D . We therefore use only aVLNN
D of the form

of Eq. ~6! for which the corresponding correlations are w
under control. From now onVLNN

D is denoted by justVLNN .
However, to allow for repulsive contributions which increa
with A we include a purely phenomenological density dep
dent factor forVLNN , namely,

Fb~r!5@12exp~2br2/r0
2!#/@12e2b#

for r,r051 for r<r0 . ~7!

Fb(0)50, whereb5` is equivalent toFb(r)[1. The ef-
fect of Fb(r) is to give a less repulsiveLNN contribution
for r,r0 , and since lighter HN have relatively more surfa
to give a net contribution which becomes more repulsive
largerA. The details of howFb(r) is used is given in Sec
III; the relation betweenFb(r) and an equivalentA depen-
dence ofW is discussed in Sec. V.

III. CALCULATION OF
THE L SINGLE-PARTICLE ENERGIES

The BL are obtained from a Schro¨dinger equation with
the potentialUL and with an effective massmL* :

F2
\2

2mL* ~r !

d2

dr2 1
\2l L~ l L11!

r 2 1UL~r !GF l L
52BLFL .

~8!

The calculation ofUL andmL* is described below. Here w
characterize the theoretical status and reliability of these
culations.

The variational calculations forD, which is theL binding
to nuclear matter, use the wave functions~10! to ~12! imple-
mented through the Fermi-hypernetted-chain technique.
a directLN potential (e50), the corresponding~local! SP
potential is then obtained by folding the effective interacti
given by Eq.~16! into the density distributionr(r ) of the
core nucleus to giveUL

d (r ) @Eq. ~35!#. For a short-range
correlation factorf LN(r ) the corresponding well depthD0

LN

is then very nearly proportional tor, andUL
d (r ) then very

nearly corresponds to the use of the lowest-order cluster
pansion which, as we shall show, is a good approximat
This folding procedure then corresponds quite closely t
Brueckner-Hartree calculation for hypernuclei. For aVLNN
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given by Eq. ~6! the corresponding effective potential
given by Eq.~29! and for a short-rangef LN to a good ap-
proximation by Eq.~34!; the depthDLNN @Eq. ~26!# is then
very nearly proportional tor2, with the correspondingUL

LNN

@Eq. ~37!# obtained by double folding of the effective inte
action Eqs.~30! and ~34!. Thus for a directVLN plus a dis-
persiveVLNN our folding procedure should be an excelle
approximation.

The L binding D(r,kL) for nuclear matter of densityr
and for a L momentumkL is calculated with the FHNC
method@3,7#. Thus forA→`,

2D~r,kL!5
^C~A!uH ~A!uC~A!&

^C~A!,C~A!&

2
^C~A21!uHN

~A21!uC~A21!&

^V~A21!,C~A21!&
, ~9!

whereH (A), C (A) are the Hamiltonian and wave function o
the hypernucleus andHN

(A21) , C (A21) those of the core
nucleus. The variational wave functions are

C~A!5eikW•rWLFC~A21!, ~10!

with

F5F )
i 51

A21

f LN~r L i ! )
i , j

A21

f LNN~rWL i ,rWL j ,rW i j !G ~11!

and

C~A21!5 )
i , j

A21

f NN~r i j !F
~A21!~1,2,...,A21!, ~12!

whereF (A21) is the uncorrelated Fermi gas wave functio
for nuclear matter of densityr. Details of the correlation
factorsf LN , f NN , f LNN and calculational methods are give
in Refs.@3,7#. It should be noted that in all earlier as well a
in the present calculationsf LNN was found to be 1 within the
errors of the calculations.

The effective massmL* (r) is obtained from a quadratic fi
in kL to D(r,kL)2D(r,kL50) or equivalently from Eq.
~23! together with Eq.~21!. This procedure for incorporating
mL* into Eq. ~8! is equivalent to that of Milleneret al. @13#
who use an equivalent energy-dependent potential.

The well depth can be written as

D~r,kL!52
\2kL

2

2mL
1D0

LN~r!1Dx
LN~r,kL!1DLNN~r!,

~13!

where D0
LN , Dx

LN , and DLNN are the directLN, the ex-
changeLN, and the three-bodyLNN contributions, respec-
tively. We define

D~r!5D~r,kL50! and Dx
LN~r!5Dx

LN~r,kL50!.
~14!

The direct contribution is
5-4
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D0
LN[DLN~e50!52^V&1^TLN&52rE ṼLNdrW.

~15!

The effective interaction corresponding to the direct con
bution is

ṼLN5gLNFVLN~r !2
\2

4mLN
¹L

2 ln f LN~r !G , ~16!

where mLN is the LN reduced mass andgLN is the LN
distribution function obtained in the FHNC approximatio
For a reasonableV(r ), D0

LN/r changes by&2% over the
ranger&0.20 fm23 ~Fig. 3!.

The LN exchange contribution is

Dx
LN~r,kL!5eD~r,kL!, ~17!

where

D~r,kL!5rE VLN~r !@gLd~r !DF~kFr ! j 0~kLr !2gLN#drW

~18!

is independent ofe, kF is the Fermi momentum, and

DF~x!5
3 j i~x!

x
512

x2

10
1¯ . ~19!

j 0 and j 1 are the zeroth and first order spherical Bessel fu
tions andgLN , gLd , etc., are defined in Ref.@3#. For small
kL we keep only terms inkL

2 in the expansion ofj 0 in pow-
ers ofkLr ; then

FIG. 3. The well depthD and its components: the directD0
LN ,

the exchangeDx
LN , and the three-bodyDLNN contributions vs the

nuclear matter densityr for the ‘‘exact’’ FHNC calculation~full
lines! and with the approximation of Eq.~31! ~dashed lines! for
V056.2 MeV, W50.02 MeV, Fb[1(b5`), and e50.35. The
differences between the ‘‘exact’’ and approximate values
mL* /mL are less than 0.04%.
05521
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Dx
LN~r,kL!5e@D~r,kL50!2rbkL

2 #, ~20!

with

b5
1

6 E VLNgLdDF~kFr !r 2drW. ~21!

Combining the term proportional tokL
2 in Eq. ~20! with Eq.

~13! we obtain

D~r,kL!52
\2kL

2

2mL*
1D~r!, ~22!

where

\2kL
2

2mL*
5

\2kL
2

2mL
2erbkL

2 ~23!

or, equivalently,

x[
mL

mL*
2152

2mL

\2 erb. ~24!

The effective interaction corresponding toDx
LN is

ṼLN
x 5eVLN~r !@gLd~r !DF~kFr !2gLN#. ~25!

For the dispersiveLNN interaction, Eq.~6!, the LNN
contribution is

DLNN~r!

5
1

2
Wr2E Tp

2 ~r L1!Tp
2 ~r L2!g3~r L1 ,rL2 ,r 12!drW1drW2drWL,

~26!

with

g35 (
x,x8,y,y8

gxx8~r 12!gLy~r L1!gLy8~r L2!, ~27!

wherex, x8, y, and y8 represent all the possible exchan
patterns consistent with the Pauli exclusion principle~Ref.
@3#!. For a short-rangeLN correlation factorf LN the domi-
nant r variation of DLNN comes from ther2 term in Eq.
~26!. With the density modification of Eq.~7!,

Db
LNN~r!5Fb~r!DLNN~r!. ~28!

We define an effectiveLNN interaction

ṼLNN5W0Tp
2 ~r L1!Tp

2 ~r L2!g3 ~29!

and with the density modification

ṼLNN
~b! 5Fb~r!ṼLNN . ~30!

In the following, the indexb is mostly implied and omitted.
For the calculation ofUL(r ) the use of the effective in-

teractionsṼLN , ṼLN
x , andṼLNN includes the density depen

f

5-5
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dence arising from the density dependent correlations. H
ever, for a short-rangeLN correlation, this dependence
quite weak. In this case the approximation

gLN ,gLd' f LN
2 ,gNN' f NN

2 '1 ~31!

is then very good for the calculation ofD0
LN , Dx

LN , and
DLNN, andmL* and, therefore, also ofD(r). With Eq. ~31!
our effective interactions become

ṼLN5 f LN
2 FVLN~r !2

\2

4mLN
¹L

2 ln f LN~r !G , ~32!

ṼLN
x 5e f LN

2 VLN~r !@DF~kFr !21#, ~33!

ṼLNN5W0f L1
2 ~r L1! f L2

2 ~r L2!Tp
2 ~r L1!Tp

2 ~r L2!. ~34!

In Fig. 3 the solid curves depict the results of an ‘‘exac
FHNC calculations using Eqs.~16!, ~25!, and ~26!. The
dashed curve gives the results of a calculation using the
proximations~32!–~34!. The small differences between th
two sets of curves shows that Eq.~31! is a very good ap-
proximation; the differences inmL* are less than 0.04%.

We remark that the use of the ‘‘exact’’ FHNC metho
~exact except for the negligible elementary diagrams! is es-
sential to preserve the variational nature of the calculation
D. A free variation of f LN using Eq.~31! will not give a
lower bound toD. Thus f LN as used in the lowest orde
cluster approximation must be constrained by the use o
complete FHNC calculation.

For the calculation ofUL(r ) we fold the effective inter-
actions~32!–~34! with the nuclear densityr(r ):

UL
d ~r !5~A21!E ad~r!ṼLN~ urW2rW8u!r~r 8!drW8, ~35!

UL
x ~r !5~A21!E ax~r!ṼLN

x ~ urW2rW8u!r~r 8!drW8, ~36!

UL
LNN~r !5

1

2
~A21!~A22!E aLNN~r!ṼLNN

~b!

3~ urW2rW8u,urW2rW9u!r~r 8!r~r 9!drW8drW9,

~37!

UL~r !5UL
d ~r !1UL

x ~r !1UL
LNN~r !. ~38!

In the above expressions the density-dependent fac
ad(r), ax(r), andaLNN(r) are chosen such that the effe
tive interactions~32!–~34! reproduce the ‘‘exact’’ FHNC re-
sults ~corresponding to the solid curves of Fig. 3!. These
correction factors are mostly quite close to unity. In this w
we compensate for the errors we may have introdu
through Eq.~31! in the calculation ofUL(r ). The density-
dependent factorFb(r) is of course purely phenomenolog
cal.

We briefly discuss finite-range effects forDx
LN andmL* .

A zero-range force is equivalent to retaining terms up tox2

in Eq. ~19! for DF(x). Then
05521
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~D0 /r5/3!52
3

5 S 3p2

2 D 2/3

b0 , ~39!

whereD0 denotesD(r,kL50) in the zero-range limit and

b05b~r50!5
1

6 E VLNgLNr 2drW. ~40!

Then

D~r,kL50!5D0F1, ~41!

with

F15D~r,kL50!/D0 . ~42!

Similarly for mL* we have

x[
mL

mL*
2152

2mL

\2 erb0F2, ~43!

with

F25b/b0 . ~44!

F1(r), F2(r) are form factors which represent finit
range effects ofVLN . The Hartree-Fock expressions are o
tained by putting gLN51. „For a Yukawa potential
;exp(2mr)/r the HF form factors areF152.5a22@1
23a23(a2tan21 a)#, F25(11a2)22, wherea5m21kF .…
Finite-range effects (F1 ,F2,1) are more important forx,
i.e., for mL* , than for D: F1'0.8, F2'0.5 at r0 and F1

.0.9, F2.0.7 at 0.5r0 . Thus, ther dependence ofDx
LN is

close to proportional tor5/3, as for a zero-range force. Th
ratio Dx

LN/x;r2/3F1 /F2 is a function only ofr and differs
from that for a Skyrme force (F1[F2[1) used by Millener
et al. @13#. Comparison with the form factors for a Yukaw
potential shows thatm'1.1 fm21 gives a fair fit toF1 and
m'2 fm21 a surprisingly good fit toF2 . There is, of course,
no reason to expect a particularly good fit with a Yukaw
shape or thatm should be the same forF1 andF2 .

The expressions for thes- andp-state contributions to the
total LN depth are

DLN5D0
LN1Dx

LN.Ds1Dp , ~45!

where we have neglected the small~.1.5 MeV! d-state con-
tribution. Thus using Eqs.~1! and ~4!,

Ds5D0
LN1

D

2
, Dp52~122e!

D

2
, ~46!

where D5Dx
LN/e is independent ofe. We note thatDp ,

Vp50 for e50.5 and thatDp,0 for e.0.5, corresponding
to a repulsiveVp .
5-6
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IV. FITS TO THE SP ENERGIES

A. Parameters and inputs to fits of SP energies

Potential parameters.The BL are obtained from Eq.~8!,
with UL(r ) andmL* (r ) calculated for a given set of potentia
parameters as described in Sec. III. In our fits we use theLN
strengthV056.1560.5 MeV as constrained by the scatterin
data. The strengthW of theLNN potential is allowed to vary
within wide limits ~0–0.04 MeV!. The parameterb in
Fb(r), which modifies theLNN potential in the surface, is
allowed to vary from 0.1–̀, where ` corresponds to
F`(r)[1, i.e., to the unmodifiedLNN interaction of Eq.
~6!. The exchange fractione is allowed to vary freely since it
is so poorly determined by theLp scattering. The strength
V0

CSB of the CSB potential is allowed to vary from20.1 to
0.1 MeV, which includesV0

CSB.20.05 MeV obtained from
the A54 HN. The fits are then determined by five param
eters of whichV0 is strongly constrained, andV0

CSB, for the
values considered, has a minor but significant effect only
the heavy HN. The number of experimentalBL to be fitted is
24.

Core-nucleus densities.These are obtained from the com
pilation of charge densitiesrc of Ref. @28#, using in each
case the most accurate fit to the electron-scattering data
obtain the matter densitiesr, the densitiesrc were unfolded
with the ~exponential! proton charge densityrp . The use of
two different fittedrc ~sum of 12 G and a three-paramet
Fermi distribution! was considered forL

40Ca and made only a
very small difference inBL ~.0.02 MeV!. All rc except for

L
13C are forAc5A but normalized toA21. For L

13C we use
r(12C).

The experimental BL . These~Refs. @1,2#! are shown in
Fig. 1 and in Table I. In order not to give undue weight to t
five very accurateLC energies, we give each of these a nom
nal error of 0.5 MeV in our fits. We calculate three differe
x2 per degree-of-freedom (BL): x2 for all N524, x1

2 omit-
ting L

40Ca(d) (N523), andx2
2 omitting bothL

40C(d) and all
five LC values (N518) where LC is a shorthand for the
three HN: L

11B, L
12C, L

13C.
All energiesV0 , W, BL , D, etc., are in MeV;r is in

fm23; BL(s),..., refer to thes state, . . . , energies.
The dependence ofx2 on the potential parameters wa

systematically explored with and without FF, and is pr
sented in Table III forV056.2 for which the most complete
search was made, and in Table IV forV056.1; a somewhat
less complete search was also made forV056.15. With
CSB, more detailed results are shown in Table IX. Fo
given V0 and for eachW and b, the optimum value ofe
together with the correspondingx2, x1

2, x2
2 were obtained.

This optimume is well determined. It is these values whic
are discussed and shown in the tables. The results for
lected fits, including some of our best fits are shown in Ta
II. Figure 1 also shows one of our best fits~with FF! for
V056.2. Figure 4 showsD(r) and its components for sev
eral fits, and Fig. 5 shows some selected SP potentials.

B. Fits with only a LN potential

Direct LN potential.For thise50 and hencemL* 5mL .
D(r)5D0

LN(r) which is to a very good approximation pro
5-7
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portional to r as discussed in Sec. III withD0
LN5(420

620)r for V056.1560.05. Then DL5D0
LN(r0)569

63 MeV and all theBL are much too large. IfV0 were
adjusted—without any justification—to giveDL.30 MeV
so as to roughly fit theBL(s) for largeA, then theBL , even
for moderateA, would be much too small~and theLN cross
section also much too small!. This conclusion, as alread
discussed, implies the need for a strongly repulsive contr
tion at larger, in order to giveDL.30 MeV.

LN potential with space exchange.For e.0 the ex-
change contribution is repulsive and could conceivably
such as to give a reasonable fit; for a givenV0 there is now
only the one parametere. For V056.2 our best fit with FF is
obtained for e'0.79 and correspondinglymL* (r0)50.53
mL , with a very largex2.39 and withDL.42 MeV. This
effectively demonstrates that it is impossible to find eve
tolerable fit for aVLN with space exchange. Without a FF th
fit is even worse: much too smallBL for largeA; too large
spacings betweenBL( l ) for different l (mL* is very small!.

Thus aLN potential only—with or without exchange—i
ruled out by the SPBL data.

C. Effect of fringing field „FF…

For the specific effect of the finite range of theLN and
LNN potentials, i.e., of the FF, we consider the theoretica
firmest case:e50, b5`. This case has the least uncerta
ties, in particular about the FF: no space exchange (mL*
[mL) implies there are no approximations involving a
nonlocality of VLN , and b5` (Fb[1) implies theLNN
potential is given by Eq.~6! without any phenomenologicalr
dependence. Thus the only parameter for fixedV0 is W.
Tables III and IV show the dependence ofx2 on W and
Table II the results for the best fits: forV056.2, we obtain
W50.032 without FF, andW50.028 with FF. The dramatic
improvement with a FF@from x2510.3~no FF!, to 3.8~FF!#
is striking and seems strong evidence for its reality. This

FIG. 4. The well depth and its components vs the nuclear ma
densityr. All results are forV056.2 MeV forD; the triplets are the
values ofW,b,e; for DLNN, the doublets are the values ofW,b.
05521
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with FF is overall fair; theBL(s) are well fitted, but the fits
for l .0 are poor. The largerW required without FF reflects
the need for more repulsion than with FF because the sho
range of the SP potential without FF enhances binding. T
for a fixed set of parameters~e.g.,V056.2, W50.032) the
effect of a FF is to give a large decrease ofBL : about 3–4
MeV for A<51 and about 2 MeV for largerA @for BL(s)#.
Some of our best fit SP potentials with and without FF a
shown in Fig. 5 and are discussed further below.

D. Fits without FF

The dependence of thex2 on the potential parameterse,
W ~for b5`) are shown in Tables III and IV. The best fit
are obtained forV056.2 with W50.02,e50.35, and forV
56.1 withW50.02,e50.22. These are excellent fits and a
shown in Tables III and IV. That forV056.2 ~slightly better
than for V056.1) is also shown in more detail in Table
and is close to one we found earlier@11# and is also close to
the r2 nonlocal fits of Milleneret al. with mL* /mL'0.8,
DL'28 @13#. The inclusion of recent data forL

139La and
especially forL

208Pb worsens the fit and shows the importan
of data for largeA. Fb(r),1 ~i.e., bÞ`) and/or inclusion
of a negative CSB worsen the fits, but a rather large posi
CSB improves the fits considerable~Sec. VI!; also L

40Ca(d)
and A,13 are quite well fitted and better than with F

er

FIG. 5. TheL-core nucleus potentials forL
40Ca andL

208Pb. UL is
the potential with FF,D[D@r(r )# is the potential without FF, and
ULNN is the LNN contribution toUL . The full lines are forV0

56.2 MeV, W50.021 MeV, b52, ande50.255, and the dashe
lines are forV056.2 MeV, W50.024 MeV,Fb[1, ande50.11.
5-8
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TABLE III. x2 ~per BL) for interactions withV056.2 MeV. For eachW ~MeV! andb the optimume is
shown. The three values ofx2 are in descending order:x2 for all 24 BL , x2 omitting L

40Ca(d), x2 omitting

L
40Ca(d), and all LC. Values in parenthesis are with a CSB potentialV0

CSB520.05 MeV with FF and 0.1
without FF.

With FF No FF

W(MeV)5 0.028 0.026 0.024 0.021 0.018 0.032 0.026 0.02

b
` e5 0.00 0.06 0.11 0.195 0.28 0.00 0.18 0.35

3.82 2.86 2.52~2.17! 3.25 5.35 10.26 3.9 1.50~0.89!
2.43 2.00 1.96~1.59! 3.14 5.54 9.22 3.7 1.54~0.91!
1.84 1.17 0.94~0.64! 1.87 3.08 10.86 4.6 1.79~0.98!

4 e5 0.05 0.10 0.15 0.23 0.31
5.71 3.71 2.46 2.10 3.41
3.86 2.34 1.53 1.74 3.44
3.82 1.99 0.90 0.72 2.15

2 e5 0.09 0.13 0.18 0.255 0.33
6.32 4.01 2.52 1.77~1.56! 2.78
4.36 2.44 1.45 1.30~1.07! 2.73
4.65 2.36 1.07 0.50~0.36! 1.66

0.1 e5 0.16 0.20 0.24 0.305 0.37
6.31 4.12 2.57 1.66~1.57! 2.46
4.54 2.77 1.61 1.22~1.11! 2.40
5.13 2.94 1.42 0.58~0.55! 1.49
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However, as discussed further in Sec. V, these fits are
reconcilable withL

5He which requires a much smallerW
'0.01.

We also made calculations for the same parametersV0

56.2, W50.02, e50.35) but using the charge distributio
rc instead ofr. This gives a very small decrease of&0.1
MeV in the BL even for smallerA where the difference is
largest. Thus the proton charge distribution is quite in
equate in representing the effect of a realistic FF inspite o
rms radius of 0.8 fm~also Ref.@14#!.

Although a FF field gives a dramatically improved fit
the absence of exchange, the dependence on the exch
fractione and also onW is considerably greater without tha
with a FF~presumably because the SP potentials extend
ther with a FF!, leading without FF to a steeper descent
thex2(e,W) surface, which is then responsible for the som
what better fits without FF whene is switched on. We again
emphasize that the FF is demanded by the physics and t
fit without FF, however good, is difficult to justify.

E. Fits with FF

Systematic searches were made forV056.1, 6.15, and
most completely for 6.2, providing the complete landsca
of the dependence of thex2’s on the potential parameters
Different fits can be comparable because considerable c
pensation can occur: decreasingV0 and increasingW, b, e all
correspond to more repulsion. In particular,e ~whose effect
occurs both through the potential andmL* ) is not very pre-
cisely determined. Nevertheless, as seen from Tables III
IV, a region of minimumx2&2 ~for V056.2) is quite well
05521
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e
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determined. We discuss mostly the fits forV056.2, since the
considerations forV056.1 and 6.15 are quite similar.

The fit for e50 andb5` ~upper left hand of Table III!
was already discussed. For givenb the best fit occurs for
some intermediate value ofW in the range shown; the opti
mum e increases asW decreases as a result of the compe
sation just discussed. In particular, we note that the ra
good fit obtained forb5` with W50.024,e50.11 which is
also shown in Table II. Thus if no modification of theLNN
contribution arising fromFb(r),1 had been made, this fi
would have been considered the best with FF: it is in f
quite good and not much poorer than the best fits to be
cussed below. Again as without FF, this fit, apart from n
being the best ifb is allowed to vary, is not reconcilable with

L
5He, which requiresW.0.01.

For a givenW the best fits with FF occur for smallerb
.0.1– 2, with the optimume increasing asb decreases: the
exchange contribution becomes more repulsive for largee
whereas theLNN contribution becomes less repulsive f
smallb since this implies a less repulsiveLNN contribution
from the surface. There is then a valley of minimumx2

running diagonally from the upper left~large W,b) to the
lower right ~smallW,b) with the lowest values occurring fo
b.0.1– 2, W'0.021 and correspondinglye.0.25– 0.30.
This region of minimumx2&2 is quite well determined. If

L
40Ca(d) is omitted, a significantly smallerx1

2&1.3 is ob-
tained, the parameters of the corresponding best fit reg
changing only very slightly. The further omission of theLC
values give the best values asx2

2&0.6 and changes the be
fit region to somewhat largerb ~for both V056.2 and 6.1!.
This is because theA.13 HN ~which dominatex2 andx1

2)
5-9
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TABLE IV. x2 ~per BL) for interactions withV056.1 MeV and for best fit interactions withV0

56.15 MeV. As for Table III, values are with FF except for last column without FF.

W(MeV)5 0.024 0.022 0.020 0.018 0.02

b
` e5 0.04 0.15 0.23

4.00 5.67 1.68
3.49 5.70 1.65
1.72 3.81 1.98

4 e5 0.07 0.13 0.18
3.38 3.29 3.87
2.39 2.82 3.70
1.26 1.24 2.02

2 e5 0.05 0.10 0.15 0.20
4.33 3.14 2.80 3.26
2.71 2.06 2.21 3.04
2.16 1.14 1.02 1.55

0.1 e5 0.15 0.20 0.24
2.96 2.50~2.29! 2.82
1.84 1.87~1.64! 2.48
1.22 0.80~0.67! 1.31

Best fit interactions forV056.15 MeV
W50.020 MeV

2 e5 0.22
2.27~1.96!
1.84~1.50!
0.70~0.44!

0.1 e5 0.26
2.04~1.79!
1.53~1.25!
0.75~0.53!
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prefer a value ofb which gives too smallBL for LC. Further
related discussion is in Sec. V.

The L
40Ca(d) value does not fit the pattern ofBL(d) val-

ues for any of our fitswith FF. Our best fits with FF all give
BL.3 MeV for L

40Ca(d) as compared with the experiment
BL.1 MeV. This suggests that the experimentalBL should
be confirmed. It is difficult to see how structure effects cou
be large enough to account for the difference. Conceiva
the L in a d state could act as a pseudoneutron, closing
s-d shell; but this would be expected to give more bindi
and is thus in the wrong direction to account for the expe
mental energy. In any case, omittingL

40Ca(d) does not
change the best-fit parameters. We recall that our best
without FF~Table II! give BL'1.5 MeV for L

40Ca(d) as well
as values forLC in good agreement with experiment. If w
do not rule out this fit on the grounds of a theoretical ne
for a FF and of consistency withL

5He then a definitive deter
mination ofBL for L

40Ca(d) becomes critical.
The best fits with FF, apart fromL

40Ca(d) and LC, are
very good and reproduce the experimentalBL very well. The
inclusion of a reasonable negative CSB potential consis
with A54 improves the fits with FF for largeA even further,
whereas our best fits without FF are worsened; however,
latter are considerably improved with a rather largepositive
05521
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CSB potential. Our best fits~shown in Table II! do not differ
too much in theirBL values. ForV056.1 and 6.15~Table
IV ! the pattern of fits is quite similar to that forV056.2.
Although the best fits are quite good, they are somew
inferior to those forV056.2. BecauseVLN is now less at-
tractive, the best fits occur for slightly smallerW.0.02 and
correspondingly smallere.0.23. The best fits are forb
50.1; these are slightly better than forb52, and both give
very similarBL .

F. Best-fit parameters and other quantities

Some fits including our best~marked with * ! together
with the associated well depthDL5D(r0) and its compo-
nents, as well asmL* (r0)/mL are shown in Table V. If with
FF all V056.1560.05, consistent withLN scattering, are
considered equally acceptable, thene.0.2– 0.3, W
50.02– 0.021, correspondingly,mL* (r0)/mL.0.75– 0.82
and Vp /Vs.0.4– 0.6. Our results suggest thatV056.2 is
preferred, in which caseW.0.021, b.0.1– 2 with e
.0.25– 0.3 now being somewhat more precisely determi
and correspondinglymL* (r0)/mL.0.74– 0.78 andVp /Vs

.0.4– 0.5. Our best fits without FF~for V056.1– 6.2) give
W50.02, e50.25– 0.35 andmL* /mL50.72– 0.8, Vp /Vs
5-10
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TABLE V. Well depth, effective mass, and related quantities. All fits are with FF except where indic
Our best fits are marked with asterisks. All energies in MeV,r in fm23.

Values forr050.165
V0 W b e DL D0

LN 2Dx
LN 2DLNN Ds Dp Ds1DLNN mL* /m Dmax rmax

6.2 0.028 ` 0 29.0 72.5 0 43.5 54.1 18.4 10.6 1 30.0 0.14
6.2 0.026 ` 0.06 29.9 72.5 2.2 40.4 54.1 16.2 13.7 0.94 30.6 0.1
6.2 0.24 ` 0.11 31.2 72.5 4.0 37.3 54.1 14.4 16.8 0.89 31.5 0.1
6.2 0.022 2 0.23 29.8 72.5 8.5 34.3 54.1 9.9 19.8 0.79 33.8 0.
6.2* 0.021 2 0.255 30.4 72.5 8.4 32.7 54.1 10.1 21.4 0.79 33.9 0.
6.2* 0.021 0.1 0.305 28.4 72.5 11.2 32.7 54.1 7.2 21.4 0.74 36.5 0.
6.15* 0.02 2 0.22 29.1 69.5 7.9 32.5 51.5 10.1 19.0 0.80 32.7 0.
6.15 0.02 0.1 0.26 27.5 69.5 9.4 32.5 51.5 8.6 19.0 0.78 35.5 0.
6.1 0.022 0.1 0.15 27.4 66.5 5.3 33.9 48.7 12.4 14.8 0.86 35.5 0
6.1* 0.020 0.1 0.20 28.7 66.5 7.1 30.8 48.7 10.6 17.9 0.82 35.4 0.
6.1 0.018 0.1 0.24 30.3 66.5 8.5 27.7 48.7 9.2 21.0 0.79 35.6 0.
No FF
6.2 0.032 ` 0 22.8 72.5 0 49.8 54.1 18.4 4.3 1 26.3 0.11
6.2* 0.02 ` 0.35 28.6 72.5 12.7 31.1 54.1 5.5 17.6 0.72 29.0 0.1
6.1* 0.02 ` 0.23 27.8 66.5 8.1 30.6 48.7 9.5 18.1 0.80 28.1 0.1
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50.3– 0.5. The well depthDL is quite similar for all fits with
and without FF and is quite well determined independen
of V0 : the best fits forV056.2 giveDL.28.5– 30.5 and for
V056.1 and 6.15 giveDL.28– 29.

A new feature of our work is thatFb(r),1 is required
with FF. Our best fits forb50.1– 2 correspond to a reduce
repulsiveLNN contribution from the surface. Since the su
face is relatively more important for smallA, this implies an
effectively less repulsiveLNN potential for smallerA. This
aspect of our fits is discussed in more detail in Sec. V.

Some results forD(r) and its components are shown
Fig. 4 for V056.2. In Table V we also show the maximu
valuesDmax and the corresponding densitiesrmax. The sa-
lient ‘‘saturation’’ feature of D(r), i.e., a maximum at
rmax,r0, is required by all fits and reflects the competitio
between the attractiveLN contributionD0

LN and the repul-
sive LNN contribution DLNN with some help fromDx

LN .
This saturation feature was already clearly pointed out
Millener et al. @13# and was also found in our earlier wor
@11#. The effect ofb,` is quite striking: for smallerb in
particular b52 and especiallyb50.1, D(r) has a larger
maximum value and is more sharply peaked than forb
5`; the maximum occurs atrmax.0.125 forb50.1 and 2
and at somewhat lower values.0.145 forb5` both with
and without FF. Figure 4 also clearly shows how for sma
b the LNN depth DLNN(r) is smaller corresponding to
lessened repulsive contribution from the surface. The
change contributionDx

LN is proportional toe, for a givenr
andV0 , consistent with Eq.~3.14!.

Table V also shows thes- andp-state depthsDs andDp
given by Eq.~46!, as well asDs1DLNN which corresponds
to the even-state contribution inG-matrix calculations which
include theLN2SN, 3S23D contribution whose suppres
sion in nuclear matter is roughly equivalent to a dispers
VLNN . The total well depth is thenDL5(Ds1DLNN)
1Dp . We note that our best-fit interactions giveDs
05521
y

y

r

x-

e

1DLNN.18– 21 MeV, whereas the even-stateG-matrix con-
tributions are.30 MeV @16,17#; this suggests that the latte
are missing about 10 MeV repulsion~see Sec. VII for further
discussion!.

The sp potentials are shown in Fig. 5 forL
40Ca andL

208Pb.
The potential without FF~i.e., zero-rangeLN force! is just
D@r(r )#. This shows the structure corresponding toD(r) in
Fig. 4, in particular a minimum:2Dmax at a value ofr cor-
responding tormax. However, for UL this structure is
smoothed out by the finiteLN range. As already pointed ou
in Ref. @13#, r 0.5(D).r 0.5(r)10.55 fm because of the non
linear ~with r! contributions ofDLNN and to a lesser exten
of Dx

LN (D0
LN;r to a very good approximation!. The 1

2-
value radii ofD@r(r )# and ofUL(r ) are quite close for all
nuclei: r 0.5(UL).r 0.5(D)10.1 fm. Althoughr 0.5 is approxi-
mately the same with and without FF, the FF spreads out
sp potentials. Thus definingDr 5r 0.92r 0.1 we obtain
Dr (D).1.5– 1.7 fm forb5` and .1.3–1.5 fm forb52
whereasDr (UL).3.3– 3.9 fm forb5` and .2.0–3.0 fm
for b52. As expected, reducingb narrows the surface re
gion of the potential.UL for b5` is somewhat shallowe
than forb52; this difference is compensated by the smal
mL* ~largere! and hence larger kinetic energy for the latte
both potentials inclusive ofmL* giving similar BL .

V. THE A AND r DEPENDENCE OF THE EFFECTIVE
LNN POTENTIAL

Our best fits with FF requireb50.1– 2, implying ar
dependence of the effectiveLNN interaction. Equivalently,
this implies anA ~andl! dependence of theLNN strengthW
if the unmodifiedVLNN of Eq. ~6! is used. This equivalence
is quantified in Table VI. This shows theLNN potential
energieŝ VLNN& for the unmodifiedVLNN normalized toW
50.02 and obtained withL-core wave functionsfL for each
A,l corresponding to two of our best fits.~We confirmed that
5-11



60
69
.73

Q. N. USMANI AND A. R. BODMER PHYSICAL REVIEW C60 055215
TABLE VI. LNN energies and the ratiosgA(b). LNN potential energieŝVLNN& ~MeV! are for V0

56.2 MeV, W50.02 MeV, b5`; the ratiosgA(b) are given by Eq.~47!.

^VLNN& gA(2) gA(0.1)

s p d f s p d f s p d f

11C 6.3 0.76 0.63
12C 7.6 2.1 0.82 0.62 0.71 0.43
13C 8.1 2.5 0.81 0.64 0.72 0.48
O 9.6 3.8 0.81 0.68 0.71 0.53
Si 15.0 8.3 0.85 0.75 0.77 0.64
S 16.3 9.4 0.84 0.76 0.77 0.64
Ca 17.6 11.1 6.1 0.85 0.78 0.69 0.76 0.68 0.54
V 22.8 14.8 9.0 0.89 0.82 0.76 0.83 0.74 0.67
Y 25.6 19.6 14.1 9.5 0.90 0.84 0.79 0.72 0.85 0.75 0.70 0.
La 26.5 22.8 18.5 14.3 0.93 0.88 0.83 0.78 0.87 0.80 0.75 0.
Pb 26.5 24.4 21.4 17.9 0.94 0.90 0.86 0.81 0.88 0.84 0.78 0
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the effect of using differentfL corresponding to differen
fits is small if the fits give similarBL and are normalized to
the sameW.! We also show the ratios

gA~b!5^VLNN
~b! &/^VLNN& ~47!

for b50.1 and 2.̂ VLNN
(b) & is calculated in the same way a

^VLNN& but with Eq. ~30! which includesFb(r). The ratio
gA is effectively independent ofW but depends onA and l
~we suppress thel index! and is a measure of the effective
ness ofFb(r). Thus for any given fit, obtained for someW
andb, the strength of the unmodified dispersiveVLNN of Eq.
~6!, which gives the sameBL is given by

WA5gA~b!W. ~48!

gA has the expected behavior: for fixedb the ratiog~b! is
less for smallerA since then the surface is relatively mo
important,gA is close to 1 for largeA, andFb(r) is chosen
so as to givegA51 for nuclear matter withr50.165; gA
decreases for increasingl since the correspondingfL are
then more sensitive to the surface; also for givenA,l it is less
for smaller b since then the repulsiveLNN contribution
from the surface is more strongly reduced. Table VII sho
the values ofWA(b) for W50.021 averaged over the desi
nated groups of HN~and s and p! states using thegA of
Table VI. We use the valueW50.021 since this is appropri
ate to the best fit forb52 shown in Table II.

For independent confirmation of the increase of the eff
tive WA with A, we obtained directly with the unmodifie
VLNN of Eq. ~6! the values ofWA which give the best fits for
the appropriate averages of theBL of each of the groups o
nuclei in Table VII. This was done forV056.2, e50.255
which correspond to our best fit forb52. Table VII shows
that for A.13 the value ofWA is consistent withWA(2),
whereas forA,13 it is closer toWA(0.1).

Figure 6 also showsWA vs 12A22/3, including the ap-
propriate nuclear matter valueW50.021. We also show the
valueW'0.01 obtained forL

5He with VMC calculations for
the dispersiveVLNN of Eq. ~6!. Thus microscopic VMC
05521
s

-

calculations@5# using a realistic Argonnev18 potential@27#
give BL53.1260.02. ~A changedW560.001 givesdBL

'70.25.) Apart from LC, which is discussed below, th
plot is reasonably close to linear, consistent with a surf
effect. The increase of the effective strengthWA with A is
clearly demonstrated even apart from any uncertainties in
interpretation forA,13. In particular, the value forL

5He is
very well consistent with the trend of an increasingly rep
sive dispersiveLNN force for largerA. A value ofW inde-
pendent ofA as in the best fits without FF or with a FF wit
Fb[1 is inconsistent withA55. As previously discussed
this increase in the effective repulsiveLNN strength withA
could arise from the changing effectiveness ofVLNN

2p result-
ing from the associatedLNN correlations and possibly als
from structure effects onVLNN

D , but these issues can only b
resolved by more detailed microscopic calculations.

Modified fits with FF and the A,13 HN. As already re-
marked, theA,13 HN agree better withb50.1 than with
b52. This is confirmed by calculations for justA,13 with
both b52 and b50.1 ~for V056.2, W50.021, e50.255
appropriate to our best fit forb52) which give a much
improved fit for b50.1 of x250.8 ~per BL) compared to
x254 for b52. Noteworthy is that all threeBL(s) which
were poorly fitted withb52 are simultaneously much im
proved forb50.1. We can now obtain a modified fit~shown
in Fig. 1!, albeit with effectively an extra parameter:V0

TABLE VII. Effective LNN strengths.Ā is the averageA for
the designated group of HN.WA(b) ~MeV! is WA obtained forW

50.021 MeV as described in the text.W̄A ~MeV! is the effective
value ofW for V056.2 MeV, e50.255 obtained by direct fits to the
BL .

Ā WA(2) WA(0.1) W̄A

11C-13C 12 0.015 0.0125 0.0135
16O 16 0.016 0.013 0.0165
Si-S-Ca-V 37 0.017 0.016 0.019
Y-La-Pb 173 0.019 0.0175 0.0205
5-12
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56.2, W50.021,e50.255, and withb52 for A.13, but
with b50.1 for A,13. This givesx251.08, and omitting

L
40Ca(d) givesx250.57 ~instead ofx251.77,x1

251.33 with
b52 for all A!. Inclusion of CSB (V0

CSB520.05) further
reduces this tox250.4. These are truly excellent fits a
though admittedly somewhatad hocand with effectively an
additional parameter and with no improvement forL

40Ca(d).
The reduction forA,13 in WA from 0.015 forb52 to

0.125 forb50.1 could well be due to structure effects n
considered in our average approach~except indirectly
throughr! since these could be important forLC where such
effects are expected to be relatively more important than
largerA. Since all theBL(s) for LC are improved simulta-
neously these structure effects would have to be common
all three LC. A likely candidate would be a 2p-exchange
LNN potentialVLNN

2p ~Fig. 2!. In particular, this has an over
all tW1•tW2 factor as well as spin and tensor terms; neglect
the latter gives an overall (tW1•tW2)(sW 1•sW 2) factor. Such
terms, through the associated correlations, could poss
produce a pronounced structure dependence. Also the e
of a (tW1•tW2)(sW 1•sW 2) factor ~see, e.g., Refs.@26,29#! is
strongly dependent on the spatial symmetry of the w
function and in particular on the coupling scheme. Poss
also dispersiveLNN effects could change significantly be
tweenLC andL

16O. Another mechanism which could perha
significantly increaseBL is the coupling of the (1s) L to the
deformedC core nuclei, resulting in ad-stateL component

FIG. 6. The effectiveLNN strengthW̄A for the designated HN
vs 12A22/3.
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and a reducedC deformation@30#. Such questions, including
the effect ofLN spin, spin-orbit and exchange effects c
only be resolved by more detailed microscopic calculatio

VI. CHARGE SYMMETRY BREAKING

The CSB potential is given by Eq.~5!. This is imple-
mented through the changeV0→V01V0

CSB in the CSLN
potential Eq.~2!. This implies CSB state independence, ho
ever, since the exchange~odd-state! contribution is relatively
small, any difference between thep- ands-state CSB poten-
tials would change our results only slightly. The change
BL due to CSB is then to a good approximation

DBL5V0
CSBBL8 S N2Z

A21 D ; BL8 5
dBL

dV0
~49!

which is to be added to the calculated results obtained w
out CSB. SinceDBL is proportional to the neutron exces
we only include CSB for the four heaviest nucleiL

51V(s,d),

L
89Y(s,p,d, f ), L

139La(s,p), L
208Pb(s,p) making a total ofN

510 energies, the ‘‘heavies.’’ The values ofBL8 shown in
Table VIII were obtained numerically and are almost t
same for all our best-fit potentials. Also shown are theDBL

for V0
CSB520.5, which is close to the value preferred b

analysis of theA54 HN @12#. The values ofDBL are rela-
tively small ~.2% of BL for L

208Pb) but can affect the fits
significantly since all theDBL are proportional toV0

CSB.
We note that the best fits without CSB are effective

unchanged if we omit the heavies. This implies that w
CSB the fits including the heavies are not spuriously d
torted by overweighting these ifV0

CSB were allowed to vary
over too large a range. This can happen for poorer fits wit
relatively largex2 which can then be strongly but spurious
reduced.

Table IX shows results for our best-fit interactions~ob-
tained without CSB! with and without FF.Dx2(H) is the
change due to a given CSB in the totalx2(H) for all ten
energies. For each interaction,Dx2(H) is shown for a range
of V0

CSB; also shown are the corresponding minima
Dx2(H) with the associated values ofV0

CSB. For the four
best-fit interactions with FF and also for the bet fit forb
5`, the minima all occur quite close toV0

CSB520.05, com-
pletely consistent with the value obtained from theA
54 HN; positiveV0

CSB are strongly unfavored. The optimum
decreases in the totalx2@'Dx2(H)/10# are moderate, bu
significantly improve the fits obtained without CSB~Tables
1
4
5

TABLE VIII. CSB quantities.DBL in MeV.

N2Z (N2Z)/(A21)

BL8 DBL(V0
CSB520.05 MeV)

s p d f s p d f

L
51V 4 0.08 39 30 20 0.16 0.12 0.08

L
89Y 10 0.11 42 35 28 20 0.24 0.20 0.16 0.1

L
139La 24 0.17 46 40 35 28 0.40 0.35 0.30 0.2

L
208Pb 43 0.21 48 44 39 34 0.50 0.46 0.41 0.3
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TABLE IX. Fits with a CSB potential.Dx2(H) is the total change inx2(H) for all 10 heavy HN
@L

51V(s,p), L
89Y(s,p,d, f ), L

139La(s,p), L
208Pb(s,p)# for the listed values ofV0

CSB. V0 , V0
CSB, W in MeV.

Interaction Dx2(H) Minima
V0 W b e V0

CSB5 20.1 20.05 10.05 10.1 V0
CSB 2Dx2(H)

With FF
6.2 0.021 2.0 0.255 21.1 22.5 16.65 116.9 20.55 2.5
6.2 0.021 0.1 0.305 12.7 20.6 14.6 113.1 20.035 1.0
6.1 0.02 0.1 0.20 10.4 21.8 15.7 115.5 20.045 1.8
6.15 0.02 2 0.22 23.0 23.5 17.5 118.9 20.06 3.5
6.2 0.024 ` 0.11 24.8 24.4 18.4 120.7 20.8 3.2

Without FF
6.2 0.02 ` 0.35 126.7 113.4 27.4 210.8 10.12 11.0
6.1 0.02 ` 0.23 131.2 113.6 29.7 216.2 10.15 16.2
t
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II and III!. The resulting smallx2 indicate that no significan
improvement can be obtained by further variation of the
parameters. A more detailed breakdown of the results sh
that the principal contribution is fromDx2(Pb) with its op-
timum at about the sameV0

CSB as for Dx2(H), and that
Dx2(La) and Dx2(Y) are—as expected—considerab
smaller with very shallow minima at slightly largerV0

CSB

'0.
Without FF there is a pronounced preference for a qu

large positiveV0
CSB'0.120.15. The optimum is quite larg

giving a very significant reduction inx2 ~e.g., for V056.2
from 1.5 to 0.9!. The dominant contributions are now from
Pb(s) and La(p) which account for most ofDx2, also
Dx2(La) and Dx2(Y) separately have shallow minima
about the sameV0

CSB'0.1.
Purely on the basis ofx2 the fits with no FF are preferred

although not strongly so, with a rather large positiveV0
CSB.

However for the reasons previously discussed~theoretical
basis for FF, consistency withL

5He) we must opt for the
results with FF; these moreover confirm the CSB obtain
from the A54 HN which very clearly and directly favor a
negative CSB interaction.

VII. CONCLUSION

We recall that in the absence of core distortion our
proach is exact in the Hartree limit and is also close to
lowest order of the cluster expansion, but goes well bey
this. The fringing field due to the finite range of theLN and
LNN effective interactions is an essential element which
a firm theoretical basis. We summarize our results for
best fits which were obtained by systematically searching
dependence ofx2 on the potential parameters.

~1! A LN potential only, with or without space exchang
is inconsistent with the SP data, quite independently of
scattering data.

~2! The FF gives a significantly more extended a
smoother SP potentialUL than for zero-range forces, bein
relatively more important for smallA. With the unmodified
dispersiveVLNN of Eq. ~6! and without exchange the F
dramatically improves the fits. Including exchange gives
excellent fit without FF forW'0.02 MeV, and a good fit
05521
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with FF for W'0.025 MeV. However, these values are i
consistent with VMC calculations ofL

5He which require
'0.01 MeV.

~3! The best fits with FF are obtained forb'0.122 and
correspond to a larger dependenceFb(r) of the effective
LNN potential of Eq.~30!. This dependence translates in
an A-dependent strength of the unmodifiedLNN potential,
nicely consistent withW'0.01 MeV for L

5He and with
'0.02 MeV for nuclear matter. TheA dependence is inde
pendently confirmed by calculations with the unmodifi
VLNN of Eq. ~6! in which the average strengthWA is ob-
tained for groups of HN of differentA by fitting the appro-
priate BA . The increasing repulsion withA may be inter-
preted in terms of a combination of dispersive and two-p
exchangeLNN potentials, the latter giving an attractive co
tribution for smallA ~as shown by VMC calculations! but
one which becomes less attractive for largerA and perhaps
even repulsive for heavy HN, as a consequence of thA
dependence of the associatedLNN correlations.

~4! A somewhat large attractiveLN strength V0
'6.2 MeV is preferred by our best fits. The exchange fr
tion for V056.2 MeV is e50.2860.025 and correspond
ingly mL* (r0)/mL50.7660.02 andVp /Vs50.4560.1. If all
valuesV056.1560.05 MeV are given equal weight, thene
is not as well determined:e50.2560.05, mL* (r0)/mL

50.7860.03, Vp /Vs50.560.1; but even these values ofe
are considerably better thane.0.120.4 obtained fromLp
scattering. Without FF and forV056.1560.05 MeV we ob-
tain e50.2960.06, mL* (r0)/mL50.7660.04, Vp /Vs50.42
60.12.

~5! Because of competition between the attractiveLN and
the strongly repulsiveLNN forces theL binding to nuclear
matterD(r) shows the characteristic ‘‘saturation’’ feature
The maximum is atrmax'0.145 fm23 for our best fits with
Fb51, both with and without FF. A density dependen
Fb,1 gives a larger and sharper maximum atrmax
'0.125 fm23 for our best fits (b50.1 and 2!.

~6! The well depth for our best fits isDL[D(r0)'29
61 MeV, very well consistent with earlier values.

~7! Charge symmetry breaking is significant for hea
hypernuclei with a large neutron excess, especially for
5-14
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and Pb for which data were obtained only recently. With
FF we obtain a negative~spin independent! CSB strength
V0

CSB'20.0560.02 MeV which is completely consisten
with that obtained from theA54 HN (Lp more attractive
than Ln) and definitely inconsistent with a positive CSB
Without a FF a quite large positiveV0

CSB'0.120.15 is
strongly favored, inconsistent withA54. To obtain a better
estimate ofV0

CSB from theA54 HN we are revisiting these
with more realisticNN forces@31#. However we expect any
changes to be quite minor since calculations for the CSLN
potential are very little changed with use of realisticNN
forces @5#, and would not be expected to change the C
sign. The importance of the new La and Pb data shows
more extensive data for the heavy HN could help to
down the CSB potential.

~8! The experimental valueBL'1 MeV for L
40Ca(d) does

not fit the pattern of calculated values for any of our fits w
FF, the best of which give'3 MeV. Without FF we obtain
'1.5 MeV quite consistent with experiment. Clearly reco
sideration of the experimental value would be importa
There are indications of structure effects common to theLC
HN for which more detailed microscopic calculations wou
be needed.

As noted, without space exchange a FF is strongly p
ferred; however, the stronger dependence one without FF
leads to this being preferred when exchange is included
could be that the approximations involving the nonlocality
the exchange contributions are worse with a FF since
extends considerably outside the density distribution wh
mL* 'mL . Further study of this approximation is needed. W
also note that~spherical! core distortion gives a contributio
DBL.0 which decreases withA, thus simulating an increas
ingly repulsive interaction contribution. However, estima
of DBL ~Ref. @9#! are very small&0.2 MeV even for the
lighter HN. For our calculations ofDBL(1s) we used a den-
sity functional for the core nucleus to obtain its response
the L. For an incompressibility constantK5200 MeV our
most conservative~upper! estimates areDBL.0.2 for A
512 to 0.025 MeV forA5208, with an approximateA22/3

and K21 dependence; butDBL could be considerably less
For l .0 spherical polarization effects will be even smalle
Deformation contributions toDBL are expected to be quit
small for the nuclei we have considered, except forLC, but
need to be estimated.

We have not included a SP spin-orbit potential in o
analysis. Thus the 1-s splittings observed to date~in L

9Be,

L
13C, L

16O) are not significantly different from zero~&0.3
MeV!. Also the relation between the SP 1-s potential and the
basic ~e.g., Nijmegen! OBE LN interaction ~including the
r
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so-called ALS component! is likely to be quite as compli-
cated as for the SP nucleon case~see, e.g., Ref.@32#!, involv-
ing for example tensor components~in particular in theLN
2SN coupling! and/orLNN forces, and the effect of core
excitations~Ref. @33# for L

16O).
We comment briefly on the existing OBE potentia

@18,19# and the associated~lowest-order! G-matrix calcula-
tions of the well depth@16,17#. All the potentials, except ND
~Nijmegen D! give either a very small attractive or sma
repulsive odd-state~i.e., p-wave! contributionDp.21.0 to
3.5 MeV (e.0.5). Only ND gives a significantly attractiv
odd-state contributionDp.8 MeV ~corresponding toe
.0.28) which is comparable to those~.7–12 MeV! ob-
tained for our best-fit interactions~Table V!. The results of
theG matrix and of our FHNC calculations are not expect
to differ too much forDp ~e.g., Ref.@3#!. As already men-
tioned in Sec. IV E, the ‘‘even-state’’G-matrix contributions
are to be compared with our values ofDs1DLNN which are
.16–21 MeV for our best-fit interactions~Table V!,
whereas theG-matrix results are.31–35 MeV~except for
.24 MeV for NS0!. This suggests that theG-matrix calcu-
lations are missing about 10 MeV repulsion due to high
order ~three-body! contributions, in particular fromVLNN

2p .
Such a 10 MeV contribution would in particular bring th
G-matrix results for ND (DL540.5 MeV) into good agree-
ment with two of our best-fit potentials, namelyV0
56.2 MeV, W50.021 MeV, withb52, e50.255 and with
b50.1, e50.305 ~Table V!. All the other OBE potentials,
because of insufficiently attractiveDp , would then give too
small DL&20 MeV. We conclude that our results show
definite preference for ND as compared with the other O
potentials. The situation for the recently published improv
Nijmegen potentials@34# remains essentially unchanged. A
the new potentials givep-state potentials which are too re
pulsive by about 7–10 MeV than our best-fit interaction
suggesting that modifications to thep-state OBE potentials
are needed. We also mention that the CSB of both the
and new potentials is similar with a pronounced spin dep
dence ~the singlet interaction being of the wrong sign!,
which is in disagreement with the analysis of the data,
though the spin dependence of the new potentials is less
that of the old ones. A preliminary version of the prese
work is in the proceedings of the HYP97 Conference@35#.
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