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pNN vertex function in a meson-theoretical model
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ThepNN vertex function is calculated within a dispersion theoretical approach, including bothpr andps
intermediate states, where thes meson is an abbreviation for a correlated pion pair in a relativeS wave with
isospinI 50. A strong coupling between theps andpr states is found. This leads to a softening of thepNN
form factor. In a monopole parametrization, a cutoffL'800 MeV is obtained as compared toL
'1000 MeV usingpr intermediate states only.@S0556-2813~99!02511-X#

PACS number~s!: 14.20.Dh, 13.75.Cs, 13.75.Gx, 11.10.St
i
th
d

re
on
er

le

-
is
rm
ex
lc

th
on
or
al
e

so
o

rre
e

or
fte

ic
se
th
y

er-
e
,

on-
an

on

the
n-

ion

In
.
not
n-
-
n

-

of
ve

g
on,

l
ional

the

om

for
an
ay

ng
ind
odi-

-

I. INTRODUCTION

The pion nucleon-nucleon vertex function is needed
many different places in hadron physics, such as
nucleon-nucleon interaction@1#, pion-nucleon scattering an
pion photoproduction@2,3#, deep-inelastic scattering@4#, and
as a possible explanation of the Goldberger-Treiman disc
ancy @5–9#. Commonly, one represents the vertex functi
by a phenomenological form factor. The cutoff paramet
employed in the various calculations range fromLpNN

(1)

5300 MeV in pion photoproduction toLpNN
(1) 51700 MeV in

some one-boson exchange models of the nucleon-nuc
interaction, assuming a monopole representation@i.e., n51
in Eq. ~10!, see below#. The Skyrmion model@10,11# gives
LpNN

(1) 5860 MeV. A lattice gauge calculation getsLpNN
(1)

57506140 MeV @12#.
Unfortunately, thepNN form factor cannot be deter

mined experimentally. It is an off-shell quantity which
inherently model dependent. For a given model, the fo
factor—in addition to being a parametrization of the vert
function—summarizes those processes which are not ca
lated explicitly.

The simplest class of meson-theoretical models of
nucleon-nucleon interaction includes the exchange of
meson only. In these models, one needs ‘‘hard’’ form fact
for the following reason. In one-boson exchange potenti
the tensor force is generated by one-pion and one-rho
change. A cutoff below 1.3 GeV would reduce the ten
force too strongly and make a description of the quadrup
moment of the deuteron impossible@13,1#.

This situation changes when the exchange of two co
lated bosons between nucleons is handled explicitly. The
change of an interactingpr pair generates additional tens
strength at large momentum transfers. This implies so
cutoffs for the genuine one-pion exchange@14,15#.

Meson theory allows us to undress the phenomenolog
form factors at least partly by calculating those proces
which contribute most strongly to the long range part of
vertex functions@14,16#. A physically very transparent wa
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to include the most important processes is given by disp
sion theory. The imaginary part of the form factor in th
timelike region is given by the unitarity cuts. In principle
one should consider the full three-pion continuum. A reas
able approximation is to reduce the three-body problem to
effective two-body problem by representing the two-pi
subsystems by effective mesons@17#. An explicit calculation
of the self-energy of the effective meson incorporates
effects of three-body unitarity. In the case of the pio
nucleon form factor, one expects thatpr and ps interme-
diate states are particularly relevant. Here, ‘‘s ’’ is under-
stood as an abbreviation for the isoscalar two-p
subsystem. In many early calculations@7,18#, the effect of
the ps intermediate states was found to be negligible.
these calculations, a scalarspp coupling has been used
Nowadays, such a coupling is disfavored because it is
chirally invariant. In the meson-theoretical model for pio
nucleon scattering of Ref.@19#, the exchange of two corre
lated mesons in thet channel has been linked to the two-pio
scattering model of Ref.@20#. The resulting effective poten
tial can be simulated by the exchange of an effectives me-
son in thet channel, if aderivativespp coupling is adopted.

In the present work, we want to investigate the effect
the ps channel on the pion form factor using a derivati
coupling. The meson-meson scattering matrixT is an essen-
tial building block of our model. Formally, the scatterin
matrix is obtained by solving the Bethe-Salpeter equati
T5V1VGT, starting from a pseudopotentialV. Given the
well-known difficulties in solving the four-dimensiona
Bethe-Salpeter equation, one rather solves three-dimens
equations, such as the Blankenbecler-Sugar equation~BbS!
@21# or related ones@22,23#. The two-body propagatorG is
chosen to reproduce the two-particle unitarity cuts in
physical region. The imaginary part ofG is uniquely defined
in this way, but for the real part, there is complete freed
which leads to an infinite number of reduced equations@23#.
The energies of the interacting particles are well-defined
on-shell scattering only. For off-shell scattering, there is
ambiguity. Different choices of the energy components m
affect the off-shell behavior of the matrix elements. As lo
as one is exclusively interested in the scattering of one k
of particles, e.g., only pions, one can compensate the m
©1999 The American Physical Society12-1
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fications of the off-shell behavior by readjusting the coupli
constants. This gets more difficult as soon as one aims f
consistent model of many different reactions. Moreover,
the calculation of the form factor, the scattering kernelV
may have singularities which do not agree with the phys
singularities due to, e.g., three-pion intermediate states@24#.

In contrast to the Blankenbecler-Sugar reduction, tim
ordered perturbation theory~TOPT! determines the off-shel
behavior uniquely. Moreover, only physical singularities c
responding to the decay into multimeson intermediate st
can occur@25#. For the present purpose, we therefore w
employ time-ordered perturbation theory.

II. THE MESON-MESON INTERACTION MODEL

The Feynman diagrams defining the pseudopotentials
pr and ps scattering are shown in Figs. 1 and 2. We
clude both pole diagrams as well ast-channel andu-channel
exchanges. The transition potential is given by one-pion
change in thet channel~see Fig. 3!. In Ref. @14#, pr scat-
tering has been investigated neglecting theA1 exchange in
the u channel.

The ppr andA1pr interactions are chosen according
the Wess-Zumino Lagrangian@26# with k5 1

2 . Thepps ver-
tex is defined by a derivative coupling@19#. For the sss
vertex we take a scalar coupling@19#. The Lagrangians em
ployed read explicitly

Lppr52gppr ~pW 3]mpW !rW m, ~1!

Lrrr5
1

2
gppr~]mrW n2]nrW m!~rW m3rW n!, ~2!

LA1pr5
gppr

mA1

F ~AW m3]npW !2~AW n3]mpW !

1
1

2
$pW 3~]mAW n2]nAW m!%G~]mrW n2]nrW m!, ~3!

Lvpr5
gvpr

mv
emaln]arW m]lpW vn , ~4!

FIG. 1. Diagrams describing thepr→pr potential.

FIG. 2. Diagrams describing theps→ps potential.
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f

2mp
]mpW •]mpW s, ~5!

Lsss5gsssmssss. ~6!

The completely antisymmetric tensor has the compon
e0123511.

In the presence of derivative couplings, the canonical m
menta conjugate to the fieldsFk ,

pk5
dL
dḞk

,

receive contributions from the interaction Lagrangian. T
corresponding Hamiltonian density

H5(
k

pkḞk2L ~7!

consists of the ususal terms plus additional contact term

H5H02Lint1Hcontact. ~8!

The contact terms ensure that the diagrams of time-orde
perturbation theory are on-shell equivalent to the correspo
ing Feynman diagrams. For our model Lagrangian, the c
tact terms, expanded up to the orderg2, f 2, and f g, are
given by

Hcontact51
gppr

2

2
~rW 03pW !21

f 2

2mp
2

s2pẆ 2

2
f gppr

mp
spẆ •~rW 03pW !

1
gvpr

2

2mv
4 $e i jk~] irW j !~]kpW !%2

1
2gppr

2

mA1

4 $]npW 3~rẆ n2]nrW 0!%2

1
gppr

2

2mA1

2 $~]krW
02rẆ k!3pW %2. ~9!

The Feynman diagrams are replaced by the correspon
time-ordered diagrams and a contact diagram, as, e.g., sh
in Fig. 4 for the case of pion-rho scattering via pion e
change in thes channel.

FIG. 3. Diagram describing thepr→ps transition potential.
2-2
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pNN VERTEX FUNCTION IN A MESON-THEORETICAL MODEL PHYSICAL REVIEW C 60 055212
Form factors are required to ensure convergence.
choose standard monopole (n51) or dipole (n52) param-
etrizations,

G (n)~q2!5S L22m2

L22q2 D n

. ~10!

The cutoff parametersL (n) and the coupling constantsg2/4p
are taken from other investigations. In detail, we employ
following constants. The coupling constantgppr

2 /4p52.84
can be determined from the decayr→pp. We assume
gprA1

5gppr @26#. The corresponding cutoff paramete

Lppr
(1) 51500 MeV andLprA1

(2) 52600 MeV have been take

from Ref. @24#. The decayv→pr→pg gives the coupling
constantgprv

2 /4p57.5 andL (2)52200 MeV @27#. In the
meson-theoretic model for pion-nucleon scattering of Re
@19,28#, the following constants have been determine
gpps

2 /4p50.25, Lpps
(1) 51300 MeV, gsss

2 /4p53.5, Lsss
(1)

52000 MeV.
In Fig. 5, we compare the half-off shell scattering kern

V derived in TOPT and in the BbS reduction for a center-
momentum energyAs51.2 GeV. When the off-shell mo
mentumP is equal to the incoming on-shell momentum, t
potentialsV evaluated in the BbS reduction and in TOPT a
identical ~see the arrow!. In the BbS reduction, the zerot
component of the momentum vectors is not well-defined
off-shell scattering. In Fig. 5 we have chosen on-energy s
components, following Ref.@14#. For theA1 exchange~both
in the s and in theu channel!, both formalisms give fairly
similar results. For the rho exchange in thet channel, theS11

partial wave shows large differences: while TOPT predi
an attractive half-off shell matrix element, the BbS reduct
gets repulsive for momenta larger than 650 MeV.

The singularities in the scattering kernelV due to unitarity
cuts are handled by choosing an appropriate path in the c
plex momentum plane. The scattering equation, after pa
wave decomposition, reads explicitly

T~p,p8!5V~p,p8!1E dkk2V~p,k!GTOPT~E;k!T~k,p8!

~11!

with

k5ukW ue2 iF, ~12!

where F is a suitably chosen angle@29#. GTOPT(E;k) de-
notes the two-body propagator of time-ordered perturba
theory.

The resultingT-matrix is shown in Fig. 6 forAs50.7
GeV and k5153 MeV for the total angular momentumJ

FIG. 4. Decomposition of the pion-pole Feynman diagram i
time-ordered diagrams and a contact term.
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e

e

s.
:

s
-

r
ll

s
n

m-
al

n

50. The potentialV for pion-rho scattering is attractive~up-
per panel!. Iterating thepr diagrams by themselves, the a
traction is enhanced. The inclusion of theps channel en-
hances the attraction even more. This effect is due to
off-shell transition potential~middle and lower panel! which
is larger than the diagonalpr potential. The magnitude o
the transition potential can be traced back to the interac
Lagrangian~see Fig. 5!. The derivative coupling favors larg
momentum transfers. The enhancement of thepr-pr scat-
tering matrixT due to these coupled channel effects will sh
the maximum of the spectral function to lower energies a
thus lead to a softer form factor.

III. THE PION-NUCLEON FORM FACTOR

The present model for thepNN vertex functionF is
shown in Fig. 7. Before coupling to the nucleon, the pion c
disintegrate into three-pion states which are summarized
boths-s andp-r pairs. We first evaluate the vertex functio
in the NN̄ channel. In this channel, thepr andps interac-
tions can be summed. After a decomposition into par
waves, one gets

FNN̄→p5FNN̄→p
0

1 (
n5r, s

E dk k2

3 f p←pn~ t,k!Gpn~ t,k!Vpn←NN̄~ t;k,p0!.

~13!

FIG. 5. Different contributions to the half off-shell potentials fo
pr scattering atAs51.2 GeV for various partial waves as function
of the off-shell momentumP. The arrow indicates the on-shell mo
mentumP corresponding toAs51.2 GeV. The solid line represent
the scattering kernelV of TOPT, while the dashed line refers to th
BbS reduction. The dotted line shows the TOPT result omitting
contact terms. The panels show contributions of specific diagr
of Fig. 1; upper left,A1 pole diagram; middle left,p pole diagram;
lower left, r exchange in thet channel; upper right,A1 u-channel
exchange; middle right,v pole diagram; lower right,v u-channel
exchange.
2-3
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Here,p0 is the subthresholdon-shellmomentum of theNN̄
system@5#. The bare vertex is calledFNN̄→p

0 . We have to
include the self energiesSr andSs of both ther and thes
into the two-particle propagatorsGpr andGps because the
vertex function is needed in the timelike region. The anni
lation potentialVpn←NN̄ has been worked out in Ref.@30#.
The form factor needed for theNN̄→pr(s) transition has
not been determined self-consistently, but taken from R
@30#.

The dressed meson-meson→ pion vertex functionf p←pn
is given by

f p←pn~ t,k!5 f p←pn
0 ~ t,k!1 (

m5r, s
E dk8k82

3 f p←pm
0 ~ t,k8!Gpm~ t,k8!Tpm←pn~ t;k8,k!.

~14!

FIG. 6. The full off-shell T matrices for the transitionspr
→pr ~upper panels!, pr→sp ~central panels!, and sp→pr
~lower panels! are shown forEc.m.51200 MeV andkc.m.

in 5153
MeV~solid lines! as functions of the real part of the complex of
shell momentumP. The T matrix for the transitionpr→pr ob-
tained without coupling to thesp channel is given by the dashe
line. For comparison, also the corresponding scattering kerneV
are displayed~dotted lines!. The real parts of theT matrices are
shown on the left hand side, the imaginary parts on the right h
side.

FIG. 7. ThepNN vertex function.
05521
-
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The bare vertex function is calledf 0. The vertex functionf
requires the off-shell elements of theT matrix for meson-
meson scatteringTpm→pn discussed in the previous chapte
Only the partial wave with total angular momentump

502 of the NN̄→p vertex function is needed.
The form factorG(t) is defined as

G~ t !5
FNN̄→p

FNN̄→p
0 . ~15!

Now we rely on dispersion theory to obtain the form fa
tor G(t) for spacelike momentum transferst @5,7#. We em-
ploy a subtracted dispersion relation

G~ t !511
t2mp

2

p E
9mp

2

` ImG~ t8!dt8

~ t82t !~ t82mp
2 !

. ~16!

The subtraction constant ensures that the form factor is
malized to unity fort5mp

2 . The integration is cut off att
54 mN

2 . Larger values oft would require to incorporate dia
grams with cuts at larger energies. Such processes are
pressed because of the improved rate of convergence o
subtracted dispersion relation.

The imaginary part of the form factor is shown in the le
part of Fig. 8. We confirm earlier findings@7,18# that theps
states by themselves, even if iterated, do not generate
appreciable contribution to the spectral function. Thepr in-
termediate states clearly dominate. Including rescatte
processes in a model with onlypr states, one finds a larg
shift of the spectral function to smaller energies, which e
phasizes the importance of the correlations. The new as
of our work is the large shift induced by the coupling b
tweenpr andps states.

In Ref. @31# Holinde and Thomas introduced an effectiv
p8 exchange contribution to the one-boson exchangeNN
interaction in a phenomenological way in order to shift p
of the tensor force from thep into the p8 exchange. This
allowed them to use a rather soft cutoffLpNN

(1) 5800 MeV to
describe theNN phase shifts. The maximum of the spectr

d

FIG. 8. Real~right panel! and imaginary~left panel! parts of the
pNN form factor as functions of the momentum transfert. Solid
line, coupledpr andps channels; dotted line, only thepr channel
is considered; dashed line, rescattering in thepr channel is omit-
ted; dashed-dotted line, only theps channel is included. The short
dashed line in the right panel refers to a monopole form factor w
L (1)5800 MeV.
2-4
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pNN VERTEX FUNCTION IN A MESON-THEORETICAL MODEL PHYSICAL REVIEW C 60 055212
function shown in Fig. 8 is located at 1.2 GeV (t'75mp
2 )

which coincides with the mass of thep8. Thus thep8 used
in Ref. @31# can be interpreted in terms of a correlat
coupledpr and ps exchange. Note, that the form facto
derived here must not be used in meson-exchange mode
the nucleon-nucleon interaction, such as discussed in
@1#, but only in models which include the exchange ofcor-
relatedpr andps pairs.

The form factors obtained via the dipersion relation a
shown in the right part of Fig. 8. The numerical results c
be parameterized by a monopole form factor. The inclus
of an uncorrelatedpr exchange leads to a relatively ha
form factor ofLpNN

(1) 52100 MeV. In the present model, us
ing pr intermediate states only, the cutoff momentum
reduced toLpNN

(1) 51500 MeV. If one treats the singularitie
of the scattering kernelV by approximating the propagator o
the virtual pion by a static one~see theu-channel exchange
in Fig. 1!, the resultingpr interaction becomes more attra
tive and produces a much softer form factor correspondin
LpNN

(1) 51000 MeV @14#, employing onlypr intermediate
states. The present model, including bothpr andps inter-
mediate states, leads toLpNN

(1) 5800 MeV.

IV. SUMMARY

Microscopic models of thepNN vertex function are re-
quired in order to understand why the phenomenolog
ys

v.

e
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form factors employed in models of the two-nucleon inte
action are harder than those obtained from other source
Ref. @14#, a meson-theoretic model for thepNN vertex has
been developed. The inclusion of correlatedpr states gave a
form factor corresponding toLpNN

(1) 51000 MeV. This is still
harder than the phenomenological form factors required
the description of many other physical processes. Within
framework of Ref.@14#, a further reduction of the cutof
LpNN

(1) is impossible. Correlatedps states were not consid
ered in Ref.@14# because of the results obtained in Re
@7,18#. In the present work we have shown that the findin
of Refs.@7,18# have to be revised. Meson-theoretic analys
of pN scattering strongly suggest a derivativespp cou-
pling. This is shown to enhance the off-shell coupling b
tween pr and ps intermediate states in the dispersio
model for thepNN form factor. A softening of thepNN
form factor is obtained which largely removes the remain
discrepancies between the phenomenological form facto
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@16# D. Plümper, J. Flender, and M. Gari, Phys. Rev. C49, 2370

~1994!.
.

th,

@17# R. Aaron, R.D. Amado, and J.E. Young, Phys. Rev.174, 2022
~1968!.

@18# M. Dillig and M. Brack, J. Phys. G5, 233 ~1979!.
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