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Fermionic symmetries: Extension of the two to one relationship between the spectra of even-eve
and neighboring odd mass nuclei

Larry Zamick and Y. D. Devi
Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08854-8019

~Received 7 April 1999; published 18 October 1999!

In the singlej shell there is a two to one relationship between the spectra of certain even-even and neigh-
boring odd mass nuclei; e.g., the calculated energy levels ofJ501 states in44Ti are at twice the energies of
corresponding levels in43Ti( 43Sc) withJ5 j 57/2. Here an approximate extension of the relationship is made
by adopting a truncated seniority scheme; i.e., for46Ti and 45Sc we get the relationship if we do not allow the
seniorityv54 states to mix with thev50 andv52 states. Better than that, we getveryclose to the two to one
relationship if seniorityv54 states are admixed perturbatively. In addition, it is shown that for theJ50 T
53 state in 46Ti and for the J5 j T55/2 state in 45Sc ~i.e., the states of higher isospin! there are no
admixtures in which the neutrons have seniority 4.@S0556-2813~99!03811-X#

PACS number~s!: 21.60.Cs, 27.40.1z, 21.10.2k
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I. INTRODUCTION

Single j-shell (j 57/2 in particular! configurations are no
only simple but also offer ideal situations for realizing
wide variety of relationships in the otherwise complex sp
tra. Although the semimagic Ca isotopes are quite ext
sively studied@1#, the existence of such relations for ope
shell nuclei is doubtful due to the presence of the prot
neutron interaction. However, it was noted by McCulle
Bayman, and Zamick~MBZ! @2# that in a singlej-shell (j
5 f 7/2) calculation for nuclei with open shells of both ne
trons and protons~e.g., scandium and titanium isotope!
there were in some cases striking relations in the calcula
spectra of even-even nuclei and neighboring odd-even
clei. For example, the excitation energies of theJ501 states
in 44Ti were at twice the energies ofJ5 j states in43Sc ~or
43Ti). It was further shown in MBZ’s technical report tha
the wave functions for the even-even and even-odd nu
bear a striking visual relationship. The wave functions for
were written as

c Ja5 (
LpLnvpvn

DJa~vpLpvnLn!u~ j !2vpLp ;~ j !nvnLn ;J&

~1!

and those of Sc as

c Jb5 (
vnLn

CJb~vnLn!u j 1vp51Lp5 j ;~ j !nvnLn ;J&. ~2!

In the above equationDJa(vPLpvnLn) is the probability am-
plitude that in a statea with total angular momentumJ the
protons couple to angular momentumLp with seniority vp
and the neutrons toLn with seniorityvn ; a similar definition
holds forC(vnLn).

In the case of43Sc (J5 j 57/2) and44Ti (J50) the rela-
tionship is

D0~vLvL !5Cj~vL !, ~3!
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for a state in44Ti which is at twice the excitation energy o
the corresponding state in43Sc.

This relationship also holds for other pairs as well, e.
(48Ti, 49Ti), ( 52Fe,53Fe).

Note that the dimensions of the column vectors in the t
cases is the same. For43Sc J5 j and the possible values o
Ln are 0, 2, 4, and 6. For44Ti, J50 and the allowed@LpLn#
states are@0,0#, @2,2#, @4,4#, and @6,6#. In both cases the di-
mensions are the same, i.e., four and four. This is neces
in order to have anexacttwo to one relationship.

A comparison between theory and experiment was car
out by Zamick and Zheng@3#, focusing on the excitation
energies of high isospin states. For example, for48Ti the
experimental T54 J50 excitation energy is 17.379 MeV
while in 49Ti the excitation energy of theT57/2 J5 j
57/22 state is 8.724~the ground states have isospinsT52
andT55/2, respectively!. The deviation from a two to one
relation is20.40%. For52Fe and53Fe the excitation ener
gies of theT52 andT53/2 states are, respectively, 8.55
and 4.25 MeV and the percent deviation is 0.69%. Ot
cases are considered where there is no exact two to one
in the theory, e.g.,46Ti and 47Ti, where the percent deviation
is 21.54% and44Ti and 45Ti where the percent deviation i
20.98%. The agreement with the two to one relation is s
prisingly good for these pairs. However, in these nuclei
two to one ratio is not expected to hold for states of low
isospin.

In the following section we show the exactness of the t
to one relationship in neighboring pairs of nuclei with tw
and one particles~or holes!, respectively, in thej 57/2 shell.
The approximate extension of the relation to certain ot
pairs of nuclei with more valence particles/holes is discus
in Sec. III and the absence of seniority 4 contributions to
higher isospin states in these nuclei is shown in Sec. IV
Sec. V higher seniority component admixtures are trea
perturbatively. Finally, some additional remarks are made
Sec. VI.

II. EXACT TWO TO ONE RELATION FOR †

44Ti, 43Sc‡
„AND †

48Ti, 49Ti ‡, AND †

52Fe, 53Fe‡…

The amplitudes of the wave function of Eq.~1! for the
titanium isotopes satisfy the normalization condition
©1999 The American Physical Society17-1
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(
LpLnvpvn

uDJa~vpLpvnLn!u251 ~4!

and the completeness relation

(
a

uDJa~vpLpvnLn!u251. ~5!

The coefficients can be regarded as parts of a colu
vector representing the wave function such th
uDJa(vpLpvnLn)u2 is the probability that in a given statea
with angular momentumJ, the protons couple tovp , Lp and
the neutrons tovn , Ln . However, from now on we drop th
seniority and other labels~their significance will be dis-
cussed explicitly wherever necessary! and adopt a simplified
notation based on angular momentum labels.

To obtain the wave function we have to diagonalize
Hamiltonian matrix, a typical matrix element of which is

^@Lp8Ln8#JuVu@LpLn#J&.

Normally what one tries to do, and this was indeed do
by MBZ @2#, is to reduce this to sums over two partic
matrix elements of the form̂( j 2)JuVu( j 2)J& J50,1, . . . ,7.
However, we will not follow that procedure. Rather we w
first consider the matrix element of the even-even nucl
44Ti and we will manipulate the expression so that we c
get rid of the coordinates of one of the particles and th
establish a relationship with43 Sc ~and its mirror 43Ti).
Even though we focus our attention exclusively on the p
(44Ti, 43Sc), the discussion here is more general as it is
plicable to several other pairs as mentioned in the sec
heading. We will assume charge symmetryVnn5Vpp .

The matrix element of an even-even Ti is written as

M ~Ti!5^@~ j 2!Lp8Ln8#JuVu@~ j 2!LpLn#J&.

We can break this into~a! an interaction between the pro
tons,~b! an interaction between the neutrons, and~c! an in-
teraction between neutrons and protons.

For ~a! and ~b! we get

@^LpuVuLp&1^LnuVuLn&#dLp8Lp
dLn8Ln

.

For the interaction between neutrons and protons we ha

Vproton-neutron5^@~ j 2!Lp8Ln8#JuV~p;neutrons!u@~ j 2!LpLn#J&.

We can use the Racah algebra to couple the second pr
to the neutrons. It is convenient to use the unitary Ra
coefficients defined by

@@ab# j abc#J5(
Jbc

U~abJc; j abj bc!@a@bc# j bc#
J.

They are related to the more familiar 6j symbols by
05431
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U~abcd;e f!5~21!a1b1c1dA~2e11!~2 f 11!

3H a b e

d c fJ .

We get

Vproton-neutron5$11~21!L82L%

3(
I X

U~ j jJL n8 ;Lp8I X!U~ j jJL n ;LpI X!

3^@ j p@ j pLn8# I X#JuVu@ j p@ j pLn# I X#J&. ~6!

SinceL andL8 are even for two protons in a singlej shell,
the factor$11(21)L2L8%52.

We now specialize toJ50 states of44Ti for which Lp
andLn are equal. From the unitarity condition,

U~ j j 0Ln8 ;Lp8I X!5d I Xj .

Thus

Vproton-neutron52^@ jL n8# j uVu@ jL n# j&.

Invoking charge symmetry we find that th
proton-proton1neutron-neutron interaction equa
2^LnuVuLn&dLnLn8

dLpLn
. But this is just twice the corre-

sponding matrix element between two neutrons in43Sc. We
thus see that a given matrix element for theJ50 state of
44Ti is twice that of the corresponding matrix element for t
J5 j state in 43Sc. Thus the column vectors will have iden
tical numbers and there will be a two to one ratio for t
energy levels.

We show the energies and column vectors for44Ti in
Table I, as they were originally calculated by MBZ and pu
lished in their technical report@2#. This table can be easily
adjusted to give the calculated spectrum ofJ57/2 states in
43Sc. For such an adjusted table, in the column forLp , all
entries take the valuej 57/2; the energies in Table I are to b
divided by 2 and the isospinT52 changes to the value o
3/2.

It should be emphasized that even if we do not ha
charge independence but still have charge symmetry, the
to one relation will hold. There will be isospin mixing, o
course, but the fact thatVproton-neutronis a factor of 2 larger for

TABLE I. Two to one relation in44Ti, 43Sc.

Eigenvalues and wave functions forJ50 levels in 44Ti
Energy 0.0 6.5007 8.3449 10.8567

Lp Ln T52
0 0 20.7608 0.4006 20.5000 0.1037
2 2 20.6090 20.6995 0.3727 0.0317
4 4 20.2093 0.4156 0.5000 20.7304
6 6 20.0812 0.4213 0.6009 0.6744
7-2
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TABLE II. Approximate two to one relation in46Ti, 45Sc.

Eigenvalues and wave functions forJ50 levels in 46Ti
Energy 0.0 5.1973 7.1207 9.2493 11.4350 12.9491

Lp Ln T53
0 0 0.8224 20.3982 0.1527 20.0724 0.1913 20.3162
2 2 0.5420 0.5245 20.1105 0.3756 20.3333 0.4082
4 4 0.0861 20.4461 20.2342 20.5244 20.4046 0.5477
6 6 20.0127 20.1454 0.3367 0.1686 0.6353 0.6583
2 2* 0.0563 0.4309 0.6819 20.5783 20.1082 0.0000
4 4* 20.1383 20.4006 0.5755 0.4645 20.5228 0.0000

Eigenvalues and wave functions forJ57/2 levels in45Sc
Energy 0.0 2.6204 3.2255 4.9559 5.5225 6.4779 6.64

Lp Ln T55/2
7/2 0 0.8210 20.4154 0.0811 20.0536 0.2068 20.3162 0.0343
7/2 2 0.5434 0.5555 0.1042 0.1420 20.4362 0.4082 0.0904
7/2 4 0.0846 20.4740 20.4599 20.0533 20.2079 0.5477 20.4588
7/2 6 20.0130 20.1496 0.3570 20.0695 0.5429 0.6583 0.342
7/2 2* 0.0428 0.2197 0.1706 20.9142 0.0160 0.0000 20.2912
7/2 4* 20.1462 20.4540 0.6329 20.0354 20.6030 0.0000 0.0850
7/2 5 20.0120 20.1319 20.4625 20.3638 20.2554 0.0000 0.7556
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44Ti (J501) than it is for 43Sc (J5 j ), still holds. Of
course, in Ref.@2# we used charge-independent matrix e
ments.

III. APPROXIMATE TWO TO ONE RELATIONSHIP
FOR 46Ti AND 45Sc

As an example consider the pair45Sc,46Ti. The basis
states for45Sc withJ5 j 57/2 consist of a single proton with
Lp5 j and four neutrons with angular momentaLn
50,2,4,6,2* ,4* ,5* , where the states 2,4,6 have seniority
and the states 2* , 4* , and 5* have seniority 4. TheJ50
basis states for46Ti are @0,0#, @2,2#, @4,4#, @6,6#, @2,2* #, and
@4,4* #.

The dimension being 7 for45Sc and 6 for46Ti, it does not
appear to give rise to any obvious exact two to one relati
ship.

Suppose, however, we make the approximation that
the lowest lying states we can omit the seniority 4 adm
tures. The dimensions then become 4 and 4, so there is
for getting a two to one relationship. In the following par
graphs we will show that this hope is realized.

The wave functions and energy levels for46Ti and 45Sc,
as calculated by MBZ@2#, are shown in Table II.

For J50 states in46Ti the wave functions are of the form

uc0a&5 (
L,v,v8

D0a~L,v,L,v8!u@LL#0&;

i.e., the angular momentum of the two protons must eq
the angular momentum of the four neutrons. As mention
before there are twoL52 andL54 states corresponding t
senioritiesv52 andv54.
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Just as in Eq.~6! in the previous section, the Hamiltonia
matrix is of the form

^@L8Ln8#0uHu@LLn#0&5Vpp
L8dL8L1V~ f 7/2

4 !LndLnL
n8

12U~ j j 0L8;L8 j !U~ j j 0L;L j !

3^@ j @ jL 8# j #0uVpnu@ j @ jL # j #0&. ~7!

The last factor is equal tô @ jL 8# j uVpnu@ jL # j&, i.e., the
proton-neutron interaction in45Sc. The unitary Racah coef
ficients are both equal to unity because of the zero on the
side of the semicolon. Once again it should be noted that
as in the previous section the discussion here could be
evant for several other pairs of nuclei, with minor modific
tions, even though we focus on46Ti- 45Sc pair.

Consider the interaction between the neutrons. At fi
glance it does not seem possible that the interaction betw
four neutrons could equal that of two protons. But there
the remarkable result discussed in De Shalit and Talmi@4#
and in Talmi’s more recent work@5# that with any two-body
effective interaction between identical particles in thef 7/2
shell, seniority will be conserved and the resulting spectr
which depends only on seniority and angular momentum
not on the number of particles. Therefore if we limit ou
selves to seniorityv50 andv52 states we have

V~ f 7/2
4 !n

L5V~ f 7/2
2 !n

L1const.

A consequence of this result is that the seniority two state
all the isotopes described by (f 7/2)

n configurations have
nearly the same spectra. Therefore, if we truncate to senio
0 and seniority 2 states, we find
7-3
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^@LL#0uHu@L8L8#0&5~Vpp
L 1Vnn

L !dLL8

12^@ jL 8# j uHu@ jL # j&1const.

By charge symmetryVnn
L 5Vpp

L and so the spectrum o
46Ti will be double that of45Sc provided we limit ourselves
to v50 andv52. This approximation should be quite goo
for the first few states of the two nuclei. We shall see in
next section that the situation is even better for states
higher isospin—they do not have components in which
four neutrons couple to seniorityv54.

IV. HIGHER ISOSPIN STATES

In this section we will assume that charge independe
~as well as charge symmetry! holds so that the states hav
definite values of isospin.

In the singlej shell all but one of theJ50 states in46Ti
have isospinT51. The other state has isospinT53. If we
compare the wave function of this state with the higher i
spin state in45Sc withJ5 j 57/2, we see that the numbers
the column vectors are the same. Furthermore, there ar
seniority 4 neutron state components in the wave functio

We can explain the result as follows.46Ti(T53)J501 is
the double analog of theJ501 ground state of46Ca, a
nucleus with only valence neutrons. Thus the amplitu
D(vpLpvnLn)J50T53 should be two-particle fractional par
entage coefficients:

u46Ca(J50)&5 (
I 0 ,v,v8

^~ j 4! I 0v~ j 2! I 0v8u% j 6J50v50&u

3@~ j 4! I 0v~ j 2! I 0v8#J50v50&

5(
I 0 ,v

^~ j 4! I 0v j u% j 5J5 j v851&

3^~ j 5! jv851 j u% j 6J50v50&

3U~ I 0 j ~J50! j ; j I 0!u@~ j 4! I 0v~ j 2! I 0v8#J50&.

~8!

Here the one-particle coefficient of fractional parenta
~cfp! ^( j 5) jv851 j u% j 6J50v50& is equal to 1 as the cou
pling of five particles to the sixth particle to give angul
momentum zero and a seniority zero state is unique and
other one-particle cfp has nonzero values for seniorityv
50 andv52 only. Once again, sinceJ50, the U coeffi-
cient is equal to 1. Hence the two-particle c
^( j 4) I 0v( j 2) I 0v8u% j 6J50v50& is equal to the one-particle
cfp ^( j 4) I 0v j u% j 5J5 j v851&. Therefore the nonzero num
bers in the column vectors~or wave functions! for the T
53 state in 46Ti and T55/2 ~which correspond to thev8
51, J5 j with five particles in thej 57/2 shell! state in45Sc
are the same and they correspond to the nonzero value
the cfp’s and they can be analytically calculated@5,6# as ~it
should be noted that the cfp’s can be calculated to within
overall phase!,
05431
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^~ j n21!0v50 j u% j nJ5 j v851&5A~2 j 122n!

~n!~2 j 11!
,

^~ j n21! I 0v52 j u% j nJ5 j v851&52A 2~n21!~2I 011!

~n!~2 j 11!~2 j 21!
.

However, it should be noted that although the numbers
the column vectors for the higher isospin states in45Sc (J
5 j ) and 46Ti (J50) are exactly the same, it does not me
that the excitation energies should be exactly in a two to
ratio, and indeed they are not. The excitation energy of
T53 state in 46Ti is calculated to be 12.9491 MeV while
twice the excitation energy of theT55/2 state in 45Sc is
12.9558 MeV. The reason for the discrepancy is that
excitation energy is the difference of the energies of
higher isospin state and the ground states. The coeffici
for the ground states of the two nuclei are slightly differe
and it is this fact that causes a small but real deviation fr
the two to one ratio.

V. HIGHER SENIORITY ADMIXTURES
IN PERTURBATION THEORY

The approximate two to one relationship for46Ti and
45Sc also applies to the cross conjugate pair in which prot
and neutron holes are interchanged as well as neutrons
proton holes. The pair in question is50Cr and 51Cr. If we
examine the Nuclear Data Sheets@7#, we find that there is not
sufficient data for the pair@46Ti, 45Sc#; i.e., even though the
T53 01 state in 46Ti is observed at 14.153 MeV, the co
respondingT55/2,7/22 state in 45Sc is still missing, but
there is for@50Cr,51Cr#. TheT532T51 splitting in 50Cr is
13.222 MeV and theT55/22T53/2 splitting is 6.611 MeV.
This is amazing; the two to one relationship holds to fo
significant digits.

The closeness of the results leads us to ask if we h
gone as far as one can go in the previous sections. The
swer is no. From Table II we can evaluate the calcula
percent admixtures ofv54 components in the ground state
of 46Ti and 45Sc. The respective values are 2.232% a
2.335%. They are almost the same. The results are no
good for higher excited states.

Let us therefore consider seniority 4 admixtures in pert
bation theory. Suppose we have obtained approxim
ground states for46Ti and 45Sc by not allowingv54 admix-
tures. The approximate wave functions will be

46Ti: uf0&5 (
L;v50,2

D̃~vLvL !u@LL#0&,

45Sc: uf j&5 (
L;v50,2

C̃~vL !u@ jL # j&.

Let us now consider the matrix element which coup
seniority 4 admixtures in46Ti:

M5 (
L8v50,2

D̃~vL8vL8!^@L8L8#0uVu@L~Lv54!#0&.
7-4
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There will be no contribution from the proton-proton inte
action because of the orthogonality of the neutron wa
functions ^L8vÞ4uLv54&50. There will be no contribu-
tion from the neutron-neutron interaction because^L8v
Þ4uVuLv54&50; i.e., as mentioned before seniority is
good quantum number for particles of one kind in thef 7/2
shell @5#.

The only contribution is from the proton-neutron intera
tion. Using the same techniques~which are independent o
seniority! as in previous sections we obtain

M52 (
L8v50,2

D̃~vL8vL8!^@ jL 8# j uVu@ j ~Lv54!# j&.

This is exactly twice the corresponding mixing matrix e
ment for 45Sc, except for the fact that for45Sc one can have
L55, v54, but not in 46Ti.

In perturbation theory the energy shift is given by

DEa5(
i

u^ iv54uVuf0
a&u2

~Ea2Ei !
,

where i is a state in which the four neutrons have senior
four. We shall see that we have to consider the energy
nominators with considerable care.

It should be noted that the matrix element^@Lp50Ln
50v50#0uVu@LpLnv54#0& vanishes; i.e., there is no direc
coupling from a state in which the neutrons have seniorit
to one in which the neutrons have seniority 0. This is due
the fact that the coefficients of fractional parenta
^(7/2)3k57/2;7/2u%7/24Lv54& vanish for allLv54 states.
Thus the nonvanishing of the matrix element^ i ,v
54uVuc0

a& comes from the presence ofv52 admixtures in
uf0

a&, the most important component in the ground state
ing L52, v52.

Let us next look at the four-neutron excitation energi
i.e., the calculated spectrum of44Ca. The results in MeV are
as follows:

J v52 J v54

2 1.509 2* 3.853
4 2.998 4* 2.463
6 3.400 5* 4.117

8* 5.709

Concerning the energy denominatorEa2Ei , if it were a
factor of 2 larger in46Ti than it is in 45Sc, then the energy
shift DEa would also be a factor of 2 larger in46Ti than in
45Sc. However, this is not precisely true. This can be see
Eq. ~7!. The neutron-proton interaction is increased by a f
tor of 2—this is good. But consider the diagonalnn andpp
interactions.

In 46Ti the expression is

Vpp
L 1V~ f 7/2

4 !L,

whereas in45Sc it is justV( f 7/2
4 )L. As mentioned before for

seniority 2 states,
05431
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V~ f 7/2
4 !L5V~ f 7/2

2 !L1const.

However, this is not the case forv54 states. The dominan
‘‘ v54’’ admixture in the ground state of46Ti is (Lp54Ln
54* # with amplitude of 20.1383; in 45Sc it is C@ jL n
54* # with an amplitude of20.1462.

The closeness of the results can be explained by the a
dental fact that theL54, v52 and L54, v54 states are
rather close in energy, 2.998 MeV and 2.463 MeV, resp
tively. This means that indeed the energy denominator
46Ti is almost twice that in45Sc and hence the energy sh
DEa is almost a factor of 2 larger.

Our explanation above is rather detailed and not so pre
but it is accurate. It relies on being able to use perturbat
theory, and this can only be justified when the dominanv
52 admixture hasL52 and notL54, i.e., for the ground
states of the two nuclei. There will be no energy shifts for t
states of higher isospin because they have nov54 admix-
tures.

The spectroscopic strength for the proton pickup reacti
e.g., 46TiJ50a(d,3He)45ScJ5 j b, can be calculated as twic
the square of the overlaps of the corresponding wave fu
tions given in Table II. We find that the strength is large f
severala,b combinations. For example, from the groun
state of46Ti to the ground state of45Sc one exhausts 99.96%
of the total strength. From the first excited state in46Ti to the
first excitedJ5 j state the value is 93.5%. From theT53
double analog state in46Ti to the T55/2 single analog state
in 45Sc the value is 100%. There is one more pair with
rather large strength of 86.0%. However, for the other co
binations where theL55 neutron component admixtures a
large in 45Sc ~which are absent in theJ50 states of46Ti),
the spectroscopic strengths are rather small. Therefore s
troscopic strength analysis not only corroborates our per
bative analysis for the ground state but also extends its sc
to other excited states.

Thus for selected states the two to one ratio holds be
than we would expect from merely truncating
seniority—it holds when higher seniority states are admix
in perturbation theory.

VI. ADDITIONAL REMARKS

As mentioned in@3#, Sherr@8# noted that a simple inter
actiona1bt1t2, wherea andb are constants, will lead to a
two to one ratio for excitations of states of higher isosp
not only in the nuclei covered thus far but also for the pa
44Ti, 45Ti, and 46Ti, 47Ti. Indeed the percent deviation fo
these nuclei is small,20.98% and21.54%, respectively.
However, these nuclei do not have any two to one relati
ship predicted for the states of lower isospin and the cou
ing of states is quite different. In44Ti there are 4J50 states
in the f 7/2 shell while in 45Ti there are 17J5 j states. The
corresponding values for46Ti and 47Ti are 6 and 17.

There is one comment worth making about the senio
content of theJ501

1 state in 46Ti and the j 57/22 state in
45Sc. While theLn52, v52 probability in the states is
much larger than theLn52, v54, we find that forLn54,
thev54 probability is somewhat larger thanv52. This can
7-5
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be understood in terms of boson models. Roughly speak
the Ln52, v52 state corresponds to a singled boson
whereas theLn52, v54 state corresponds to twod bosons
coupled toLn52. It is not surprising that one-d-boson ad-
mixture in the ground states should be larger than the t
d-boson admixture.

For Ln54 the v52 state corresponds to oneg boson
while thev54 state corresponds to twod bosons@6#. Theg
boson is at about twice the energy of thed boson and this
e
,

05431
g,

-

fact causes the admixture of twod bosons to be comparabl
to the amount of oneg boson in the ground state.
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