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BB intermeson potentials in the quark model
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In this paper we derive quark model results for scattering amplitudes and equivalent low energy potentials
for heavy meson pairs, in which each meson contains a heavy quark. This ‘‘BB’’ system is an attractive
theoretical laboratory for the study of the nuclear force between color singlets; the hadronic system is relatively
simple, and there are lattice gauge theory~LGT! results forVBB(r ) which may be compared to phenomeno-
logical models. We find that the quark model potential~after lattice smearing! has qualitative similarities to the
LGT potential in the twoB* B* channels in which direct comparison is possible, although there is evidence of
a difference in length scales. The quark model prediction of equal magnitude but opposite sign forI 50 and
I 51 potentials also appears similar to LGT results at intermediater. There may however be a discrepancy
between the LGT and quark modelI 51 BB potentials. A numerical study of the two-meson Schro¨dinger

equations in the (bq̄)(bq̄) and (cq̄)(cq̄) sectors with the quark model potentials finds a singleBB ‘‘mol-
ecule,’’ in the I 50 BB* sector. Binding in other channels might occur if the quark model forces are aug-
mented by pion exchange.@S0556-2813~99!03409-3#

PACS number~s!: 24.85.1p, 12.38.2t, 12.39.Pn, 12.39.Mk
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I. INTRODUCTION

The origin of the residual strong force between hadron
a complicated problem. Several distinct scattering mec
nisms have been suggested as important contributors to
terhadron forces, and it may be difficult to distinguish the
experimentally. As an example, models of theNN force have
been proposed which includet-channel meson exchange
short-range quark-gluon interactions, intermediate s-cha
excitation ofD baryons, and various other effects. Compa
sons withNN data alone may not determine the relative i
portance of these mechanisms, since one might find an
physical parameter set that happens to describe the data
with a particular scattering mechanism, especially if there
many free parameters.

This complication is illustrated by a ‘‘confusion theo
rem’’ which notes that the two mechanisms most often
sumed in models of theNN force,t-channel meson exchang
and quark interchange, can easily be misidentified since
correspond to identical flavor flow. Both scattering mech
nisms are of course present in nature, and the problem
determine their relative importance as a function of sepa
tion. One can see that they are physically distinct beca
they represent scattering through intermediate states in
ferent sectors of Hilbert space, one additionalqq̄ pair for
meson exchange versus no extra pairs for quark intercha

Lattice gauge theory provides an attractive opportunity
isolate the contributions of the various mechanisms that h
been proposed for residual interhadron forces. By taking
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§Electronic address: swanson@unity.ncsu.edu
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limit of a very heavy ‘‘b’’ quark and introducing sources fo

B5bq̄ mesons, one can study the energy of a meson pa
a function of separation@1–6#. ~We follow @6# and useB
generically to refer both to a pseudoscalarB and a vectorB* ;

technicallybq̄ is an anti-B meson, but the results for scatte
ing amplitudes and potentials are identical.! A lattice B me-
son has a fixed heavy-quark coordinate, and in theBB sys-
tem one can use this to determine the energyEBB(r ) of the
BB pair as a function of center-of-mass separation. The
ference between this energy and that of two isolatedB me-
sons provides a natural definition of theVBB(r ) interhadron
potential. By changing the initial and final coordinates of t
light-quark Green functions one can in effect vary the lig
quark flavor, and thereby determine the identicalBB ~actu-
ally I 51) and distinguishableBB (I 50) potentials. Chang-
ing the meson source angular quantum numbers allows
to infer separateBB, BB* and B* B* potentials, providing
that the associated multichannel mixing ambiguities can
resolved. One may also investigate the importance of dif
ent scattering mechanisms by evaluating potentials ass
ated with different quark lines diagrams, such as direct v
sus quark interchange. Finally, in the more difficult fu
QCD simulations one can test the importance of additio
qq̄ pairs in hadronic forces. Clearly, many questions wh
are of great importance to model builders may be answe
by this application of lattice gauge theory.

In this paper we evaluate the variousBB potentials in the
context of the nonrelativistic quark model, for comparis
with existing and future LGT results. At present, configur
tion mixing in LGT constrains the direct comparison to tw
B* B* channels, but there is already evidence of qualitat
agreement. Statistically more accurate LGT results and s
ration of the variousB and B* spin and isospin channel
should allow very interesting comparisons with the vario
BB potentials we derive here.
©1999 The American Physical Society02-1



e
se
t
II

a

n

o
iv
e

lin
ia

gi

s-

ar
or
t

,
-
el

ly
-

ow
e
h
r-
so
is
tly
-
e-

n’s
ur
d
ince
o no
ions
pli-

nge
n,
at

fine

ee

a-

-
ht

T. BARNES, N. BLACK, D. J. DEAN, AND E. S. SWANSON PHYSICAL REVIEW C60 045202
The paper is organized as follows: Section II introduc
the Coulomb plus linear quark model and the technique u
to evaluate hadron-hadronT-matrix elements, and carries ou
the detailed evaluation with SHO wave functions. Section
gives the general relation between theT-matrix and equiva-
lent local potentials, and uses this to derive theBB poten-
tials. Section IV discusses the details of theseBB quark
model potentials and compares these to LGT results,
studies the possible formation of bound states using theBB
Schrödinger equation. Finally, Sec. V gives a summary a
conclusions.

II. BB T-MATRIX FROM THE QUARK-GLUON
INTERACTION

A. Method and previous applications

The technique we use to determine quark modelVBB(r )
potentials is to evaluate the lowest~Born! order T-matrix
element of the interquark Hamiltonian between two-mes
scattering states, which is then Fourier transformed to g
an equivalent low-energy potential. The interaction assum
is the OGE color Coulomb and spin-spin interaction and
ear scalar confinement. The effective interquark Hamilton
for this interaction is

HI5(
i j

H F(
a

F a~ i !F a~ j !GFas

r i j
2

8pas

3mimj
SW i•SW jd~rW i j !

2
3b

4
r i j G J , ~1!

where the sum runs over all pairs (i , j ) of valence quarks and
antiquarks that are in different initial hadrons.~Pairs of
quarks in the same hadron contribute to hadron ener
rather than to scattering; the partition ofH into H0 andHI in
this formalism is well-known in atomic physics, and is di
cussed elsewhere in the hadronic context@7,8#.! The color
generator inHI is as usualF a5la/2 for quarks andF a5
2laT/2 for antiquarks. After a single interaction of thisHI
between a constituent pair in different initial hadrons, qu
line interchange is required to give an overlap with the col
singlet final meson states. For meson-meson scattering
gives four diagrams, which are shown in Fig. 1.

This model~incorporating only the spin-spin OGE term
which is dominant in light hadrons! gives an excellent de
scription of S-wave meson-meson scattering in chann
without valence annihilation, specificallyI 52 pp @7# and
I 53/2 Kp @9#, with 2 and 3 parameters respective
(as /mq

2 , bSHO; mq /ms). These successful results are im
pressive in that the parameter values are already well kn
from light meson spectroscopy, and the optimum valu
found in fitting the scattering data alone are consistent. T
suggests that, at least forPsPsscattering at moderate ene
gies, Born-order quark-gluon diagrams with external me
wavefunctions describe the dominant scattering mechan
KN S-wave scattering at low momenta is also excellen
described by this model.~A good simultaneous fit to higher
momentumS-waveKN scattering however requires a som
04520
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what reduced nucleon wave-function length scale@10#; this
may be due to short-distance correlations in the nucleo
three-quark wave function, which is not included in o
simple Gaussian forms.! In all these successfully modelle
reactions there is of course no one-pion-exchange term, s
a three-pseudoscalar vertex is not allowed. There are als
s-channel resonance contributions; these specific react
were studied precisely because they do not have the com
cation of valenceqq̄ annihilation. Studies of theNN interac-
tion in the quark model@11#, using both perturbative and
nonperturbative techniques, have found a large short-ra
repulsiveNN core interaction due to this OGE interactio
and similarly conclude that the dominant core interaction
short distances arises from the OGE spin-spin hyper
term.

B. Evaluation of BB scattering amplitudes

In this paper we evaluate the contribution of all thr
terms in Eq.~1! to theBB T-matrix elements$Tf i% and po-
tentials$VBB(r )%. These will be presented with separate fl
vor, color, spin and space factors, so theBB case can easily
be generalized to otherBB spin channels. Although the spin
spin hyperfine term was found to be dominant in lig

FIG. 1. The four meson-meson scattering diagrams.
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BB INTERMESON POTENTIALS IN THE QUARK MODEL PHYSICAL REVIEW C 60 045202
pseudoscalar-pseudoscalarS-wave scattering, inBB we also
expect the color Coulomb interaction to be important, sin
it must dominate at short distances. We will derive the$Tf i%
for general quark masses, withm̄ the light ~antiquark! mass
andm the heavy ‘‘b quark’’ mass.

To evaluate the meson-meson potential we first calcu
the matrix element of the quark Hamiltonian Eq.~1! between
two-meson initial and final states. Conservation of thr
momentum implies that this matrix element is of the form

^CDu HI uAB&5
1

~2p!3 Tf id~AW 1BW 2CW 2DW !. ~2!

@In previous scattering calculations we instead gave res
for a Hamiltonian matrix elementhf i , which is trivially re-
lated to the Born-order T-matrix element by hf i
5Tf i /(2p)3.# In our earlier discussion ofpp scattering@7#
we distinguished the four scattering diagrams according
which pair of constituents interacted; these are ‘‘capture1’’
~C1!, ‘ ‘capture2’’ ~C2!, ‘ ‘ transfer1’’ ~T1! and ‘‘transfer2’’
~T2!; see Fig. 1. The hadron-hadronTf i matrix element for
04520
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each diagram can conveniently be written as an overlap
tegral of the meson wavefunctions times the underly
quark-levelT-matrix element.

In the quark-quarkTf i ~Fig. 2! the initial and final con-
stituent momenta areaW ,bW→aW 8,bW 8. It is useful to write the
quark-quarkTf i in terms of the linear combinationsqW , pW 1

and pW 2, defined byqW 5aW 82aW 5bW 2bW 8, pW 15(aW 1aW 8)/2 and
pW 25(bW 1bW 8)/2. For the specific case of one gluon exchan
the complete quark-quarkTf i to second-order in three
momenta~suppressing the color factor! is

FIG. 2. Momentum definitions in the quark-quarkT-matrix ele-
ment.
tor
is

t.
Tf i
OGE~qW ,pW 1 ,pW 2!54pasF 1

qW 2
2

1

8m1
22

1

8m2
21

i

2qW 2 S 1

m1
2 SW 1•~qW 3pW 1!2

1

m2
2 SW 2•~qW 3pW 2! D 2

2

3m1m2
SW 1•SW 2

1
1

m1m2qW 2 S SW 1•qW SW 2•qW 2
qW 2

3
SW 1•SW 2D 2

i

m1m2qW 2
„SW 1•~qW 3pW 2!2SW 2•~qW 3pW 1!…

2
1

m1m2qW 2 S pW 1•pW 22
1

qW 2
pW 1•qW pW 2•qW D G . ~3!

This follows from taking the matrix element the one-gluon-exchange effective HamiltonianmDmn j n between an initial and
final quark pair, and using the definition Eq.~2! of Tf i . We have displayed theg0g0 terms and theg ig i terms separately in
this Tf i ; the g ig i terms are proportional to 1/m1m2. This result is valid for both quarks and antiquarks; only the color fac
distinguishes them. For completeness we give the correspondingT-matrix element due to linear scalar confinement, which

Tf i
lin.~qW ,pW 1 ,pW 2!5

6pb

qW 4 F12
1

2S pW 1
2

m1
2

1
pW 2

2

m2
2D 2

i

2S 1

m1
2 SW 1•~qW 3pW 1!2

1

m2
2 SW 2•~qW 3pW 2! D G . ~4!

In the four overlap integrals that result from taking the two-meson matrix elements of these quarkT-matrices~correspond-
ing to the four independent scattering diagrams! we find thatpW 2 is constrained to equal6pW 1 plus a diagram-dependent shif
These overlap integrals are explicitly@introducingl[(m2m̄)/(m1m̄), and usingpW [pW 1 as an integration variable#

Tf i
(C1)~AB→CD!5E E d3q d3pFC* „2pW 1qW 2~11l!CW …FD* „2pW 2qW 22AW 2~12l!CW …Tf i~qW ,pW ,2pW 1CW !

3FA„2pW 2qW 2~11l!AW …FB„2pW 2qW 2~12l!AW 22CW …, ~5!

Tf i
(C2)~AB→CD!5E E d3q d3pFC* „22pW 1qW 12AW 2~11l!CW …FD* „22pW 2qW 2~12l!CW …Tf i~qW ,pW ,2pW 2CW !

3FA„22pW 1qW 1~12l!AW …FB„22pW 1qW 1~11l!AW 22CW …, ~6!
2-3
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Tf i
(T1)~AB→CD!5E E d3q d3pFC* „2pW 1qW 2~11l!CW …FD* „2pW 2qW 22AW 2~12l!CW …Tf i~qW ,pW ,pW 2AW 2CW !

3FA„2pW 2qW 2~11l!AW …FB„2pW 1qW 2~12l!AW 22CW …, ~7!

Tf i
(T2)~AB→CD!5E E d3q d3pFC* „22pW 1qW 12AW 2~11l!CW …FD* „22pW 2qW 2~12l!CW …Tf i~qW ,pW ,pW 2AW 1CW !

3FA„22pW 1qW 1~12l!AW …FB„22pW 2qW 1~11l!AW 22CW …. ~8!

With standard quark model SHO wave functions~given in Appendix A! each overlap integral above becomes the quarkTf i

times a shifted Gaussian. The overlap integrals are then~also assuming elastic scattering in the c.m. frame, souAW u5uCW u)

Tf i
(C1)~AB→CD!5

1

p3b6 expH 2
1

3b2@~11l!2AW 222l~AW 21AW •CW !#J E E d3q d3p expH 2
2

b2 ~pW 2pW 0 !2J
3expH 2

3

8b2 ~qW 2qW 0 !2J Tf i~qW ,pW ,2pW 1CW !, ~9!

Tf i
(C2)~AB→CD!5

1

p3b6 expH 2
1

3b2@~11l!2AW 222l~AW 21AW •CW !#J E E d3q d3p expH 2
2

b2 ~pW 2pW 0 !2J
3expH 2

3

8b2 ~qW 2qW 0 !2J Tf i~qW ,pW ,2pW 2CW !, ~10!

Tf i
(T1)~AB→CD!5

1

p3b6 expH 2
1

4b2@~12l!2~AW 21AW •CW !#J E E d3q d3p expH 2
2

b2 ~pW 2pW 0 !2J
3expH 2

1

2b2 ~qW 2qW 0 !2J Tf i~qW ,pW ,pW 2AW 2CW !, ~11!

Tf i
(T2)~AB→CD!5

1

p3b6 expH 2
1

4b2@~11l!2~AW 22AW •CW !#J E E d3q d3p expH 2
2

b2 ~pW 2pW 0 !2J
3expH 2

1

2b2 ~qW 2qW 0 !2J Tf i~qW ,pW ,pW 2AW 1CW !. ~12!
t

the
on-
per-
or
in-

n a

e.
The shiftspW 0 andqW 0 are diagram dependent, and are

pW 055
qW /41~AW 1CW !/2, C1

qW /41~AW 2CW !/2, C2

~AW 1CW !/2, T1

~AW 2CW !/2, T2,

~13!

qW 05H 2~2AW 1lCW !/3, C1 and C2

~11l!~2AW 1CW !/2, T1

2~12l!~AW 1CW !/2, T2.

~14!

Note that the C1 and C2 integrals overpW must be carried ou
before theqW integral, since thepW 0 shift depends explicitly on
qW in this case.
04520
These results are for a general quarkTf i(qW ,pW 1 ,pW 2). In this
paper we consider the special case ofpW i-independent quark
interactions, corresponding to pureV(r i j ) quark potentials in
coordinate space. This simplification is appropriate for
color Coulomb, linear scalar confinement and spin-spin c
tact hyperfine interactions treated here; the spin-spin hy
fine term simply has an additional multiplicative spin fact
for each diagram. This assumption is not valid for the sp
orbit and tensor interactions, which have explicitpW depen-
dence; these will be treated in subsequent work. Give
quarkT-matrix of the form

Tf i~qW ,pW 1 ,pW 2!5Tf i~qW !, ~15!

we can further simplify the SHO overlap integrals abov
This gives
2-4
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Tf i
(C1)~AB→CD!5

1

~2p!3/2b3
expH 2

1

3b2@~11l!2AW 2

22l~AW 21AW •CW !#J
3E d3q expH 2

3

8b2 ~qW 2qW 0 !2J
3Tf i~qW !, ~16!

Tf i
(C2)~AB→CD!5Tf i

(C1)~AB→CD!, ~17!

Tf i
(T1)~AB→CD!5

1

~2p!3/2b3
expH 2

1

4b2@~12l!2

3~AW 21AW •CW !#J
3E d3q expH 2

1

2b2 ~qW 2qW 0 !2J
3Tf i~qW !, ~18!

Tf i
(T2)~AB→CD!5

1

~2p!3/2b3
expH 2

1

4b2@~11l!2

3~AW 22AW •CW !#J
3E d3q expH 2

1

2b2 ~qW 2qW 0 !2J
3Tf i~qW !, ~19!

whereqW 0 for each diagram is given by Eq.~14!.

C. Explicit meson-mesonT-matrix elements

We will now evaluate these overlap integrals with t
quark Tf i due to color Coulomb, spin-spin hyperfine an
scalar confinement interactions, in Eq.~3! and Eq.~4! and
transform these into equivalent low-energyVBB potentials.
The specific quark interactions we use are~with color and
spin factors removed!

Tf i~qW !5H 4pas /qW 2, color Coulomb

2~8pas /3mimj !, spin-spin hyperfine

6pb/qW 4, linear confinement.

~20!

1. Spin-spin hyperfine contribution

The spin-spin hyperfine contribution is derived using t
overlap integrals above and the color and spin matrix e
ments given in our previous discussion ofI 52 pp scatter-
ing @7#. The results are presented as the meson-me
04520
-

on

T-matrix element Tf i
(diagram)(AB→CD)5~signature!~flavor

factor!~color factor!~spin factor!@space overlap#. We also de-
fine a frequently occurring combination

P2[~12l!2~AW 1CW ! 21~11l!2~AW 2CW ! 2. ~21!

The results are

Tf i
(C1)5~21!~1!~24/9!~23/8!F2

26pas

35/2mm̄
expH 2

P2

12b2J G ,

~22!

Tf i
(C2)5Tf i

(C1), ~23!

Tf i
(T1)5~21!~1!~14/9!~3/8!

3F2
23pas

3m2 expH 2
~12l!2

8b2 ~AW 1CW ! 2J G ,
~24!

Tf i
(T2)5~21!~1!~14/9!~3/8!

3F2
23pas

3m̄2
expH 2

~11l!2

8b2 ~AW 2CW ! 2J G .

~25!

2. Color Coulomb contribution

The four color Coulomb overlap integrals can be eva
ated similarly using the quark color CoulombTf i in Eq. ~20!,
which gives the results

Tf i
(C1)5~21!~1!~24/9!~1/2!

3F23pas

31/2b2 1F1S 1/2,3/2;
P2

24b2DexpH 2
P2

8b2J G ,

~26!

Tf i
(C2)5Tf i

(C1), ~27!

Tf i
(T1)5~21!~1!~4/9!~1/2!

3F22pas

b2 1F1S 1/2,3/2;
~11l!2

8b2 ~AW 2CW !2D
3expH 2

P2

8b2J G , ~28!

Tf i
(T2)5~21!~1!~4/9!~1/2!

3F22pas

b2 1F1S 1/2,3/2;
~12l!2

8b2 ~AW 1CW !2D
3expH 2

P2

8b2J G . ~29!
2-5
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3. Scalar confinement contribution

Finally, with the linear scalar confinementTf i we find

Tf i
(C1)5~21!~1!~24/9!~1/2!

3F2
33/2pb

b4 1F1S 21/2,3/2;
P2

24b2DexpH 2
P2

8b2J G ,

~30!

Tf i
(C2)5Tf i

(C1), ~31!

Tf i
(T1)5~21!~1!~4/9!~1/2!

3F2
6pb

b4 1F1S 21/2,3/2;
~11l!2

8b2 ~AW 2CW !2D
3expH 2

P2

8b2J G , ~32!

Tf i
(T2)5~21!~1!~4/9!~1/2!

3F2
6pb

b4 1F1S 21/2,3/2;
~12l!2

8b2 ~AW 1CW !2D
3expH 2

P2

8b2J G . ~33!

D. T-matrix elements for physicalBB states

Since theBB and B* B* systems have identical meson
there are constraints on the physically allowed states; th
are summarized in Table I. The physicalBB scattering am-
plitudes are diagonal in isospin, since we have assum
equal light quark masses. To extract these isospin-diag
amplitudes we evaluate theT-matrix element betweenBB
pairs with definite isospin, for exampleuB2B2& for I 51.
With our phases theB̄ ~b! andB (b̄) meson isodoublets ar

$uB̄o&,uB2&%5$2ubd̄&,ubū&% and $uB1&,uBo&%5$2uub̄&,
2udb̄&%, analogous to the kaon system. SinceuB2B2&
5u(bū)(bū)&, this implies identical antiquarks as well a
quarks. As noted in Ref.@7#, in this case there is a second s
of ‘‘symmetrizing’’ quark line diagrams, with quark line
exchanged rather than antiquark lines. These have the e
of interchanging the final mesonsC and D; when added to
the antiquark exchange diagrams of the previous section
gives a Bose-symmetric scattering amplitude, satisfying

TABLE I. Physically allowedBB states.

System Angular quantum numbers

Mesons I tot Stot50 Stot51 Stot52
BB 1 evenL

0 oddL
BB* 1 all L

0 all L
B* B* 1 evenL odd L evenL

0 oddL evenL odd L
04520
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even-L constraint in Table I. ForBB ~or B̄B̄) the complete
I 51 BB elastic scattering amplitude is then

Tf i
BB (I 51)5Tf i~AB→CD!1Tf i~AB→DC!, ~34!

where Tf i(AB→CD) is the sum of Eqs.~22!–~33! of the
previous section. Similarly forI 50 BB we find a second,
symmetrizing diagram, but with an opposite sign:

Tf i
BB (I 50)52Tf i~AB→CD!1Tf i~AB→DC!. ~35!

This gives a spatially antisymmetric scattering amplitud
Thus I 51 BB is allowed only evenL and I 50 BB is al-
lowed only oddL. Another consequence of the relative sig
in Tf i

BB (I 50,1) above is the relation between Born-orderBB
potentials in systems that differ only in total isospin,

VBB
(I 50)~r !52VBB

(I 51)~r !. ~36!

III. VBB POTENTIALS

A. Potentials from the T-matrix: general formalism

A 2→2 T-matrix can be represented as an equival
Born-order potential operatorVop.(xW12xW2 ,¹1 ,¹2), between
pointlike particles@12#. The definition of this potential op-
erator is

d~AW 1BW 2CW 2DW !Tf i~AW ,BW ,CW ,DW !

5
1

~2p!3 E E d3x1d3x2e2 i (CW •xW11DW •xW2 )

3Vop~xW12xW2 ,¹1 ,¹2!e1 i (AW •xW11BW •xW2 ). ~37!

To evaluate this potential operator for a givenT-matrix one
can write the meson-mesonTf i(AB→CD) as a function of
the variables QW 5(CW 2AW ), PW 15(AW 1CW )/2, and PW 25(BW

1DW )/2. A power series expansion in the$PW i% variables is
then performed,

Tf i~AB→CD!5T(0)~QW !1Ti
(1,0)~QW !P1 i1Ti

(0,1)~QW !P2 i

1Ti j
(1,1)~QW !P1 i P2 j1•••. ~38!

The $Pi% in theT-matrix expansion are replaced by left- an
right-gradients in the equivalent potential operator defin
implicitly by Eq. ~37!. This procedure gives a local potenti
operator that reproduces the specified scattering ampli
Tf i at Born order. One may confirm that this approach rep
duces the fullO(v2/c2) Breit-Fermi Hamiltonian when ap
plied to the one photon exchangee2e2 Tf i , expanded to
O(Pi

2).

The leading term T(0)(QW ) in the Pi expansion is a func-
tion of QW only, and Fourier transforms into a local~static
limit ! potential that is a function ofxW12xW25rW only. In the
cases we consider hereT(0)(QW ) is a function ofuQW u only,
2-6



s

to
u-
s

e

th

-
k
b

d
ara-

e

n

or

first

-

ve
ll
are

BB INTERMESON POTENTIALS IN THE QUARK MODEL PHYSICAL REVIEW C 60 045202
which leads to a local potential that is a function ofr only.
The relation betweenTf i(QW ) andV(rW ) is

V~rW !5
1

~2p!3 E d3QT(0)~QW !eiQW •rW. ~39!

In this paper we obtain a localVBB(r ) potential by Fourier
transforming theBB→BB T(0)(QW ), which we obtain from
the full meson-mesonTf i by changing to the variable

$QW ,PW i% and settingPW 15PW 250.

B. VBB : Individual contributions

1. Color Coulomb

As an illustration we shall evaluate theI 51 BB potential
due to the color Coulomb interaction in the infinitem limit
(l51), following which we will simply quote the remaining
results. TheI 51 B2B2 Tf i matrix element we find forl
51 with this interaction is

Tf i
BB (I 51)5

23

32

pas

b2 F 22

31/21F1S 1/2,3/2;
~AW 2CW !2

6b2 D
21F1S 1/2,3/2;

~AW 2CW !2

2b2 D 21Ge2(AW 2CW )2/2b2
1~CW

→2CW !. ~40!

This is the sum of Eqs.~26!–~29! for l51, symmetrized as
in Eq. ~34!. In this case there is an obvious partition in
‘‘direct meson’’ and ‘‘crossed meson’’ scattering contrib
tions; the direct contributions have a forward-peaked Gau
ian in QW 25(AW 2CW )2. Since the directTf i is a function only
of QW 2 no expansion inPW i is required, and we obtain th
potential simply by Fourier transforming:

VBB
(I 51)~r !5

1

32p2

as

b2E d3QeiQW •xW2QW 2/2b2

3H 22

31/21F1S 1/2,3/2;
QW 2

6b2D
21F1S 1/2,3/2;

QW 2

2b2D 21J . ~41!

Evaluation of these integrals is discussed in Appendix B;
result is

VBB
(I 51)~r !ucolor Coulomb52

2as

9r
@11~2/p!1/2br

24 Erf~br /2!#e2b2r 2/2. ~42!
04520
s-

e

The three contributions in the square brackets are fromT1,
T2, and (C11C2) respectively. The small-r behavior has an
obvious interpretation; forr[r bb much less than the wave
function length scaleb21, the Born-order heavy quark-quar
interaction termT1 must approach the bare color Coulom
result 22as /9r . The remaining quark-antiquark an
antiquark-antiquark terms retain mean constituent sep
tions of O(b21) as r→0 and so have nonsingular limits.

2. Spin-spin hyperfine

In the limit of large quark mass only theT2 diagram has a
nonzeroTf i with this interaction, which forI 51 BB is given
by Eq. ~25! with l51. Since this is a simple Gaussian, th
VBB(r ) resulting from Eq.~39! is also a Gaussian,

VBB
(I 51)~r !uspin-spin hyperfine51

21/2

9p1/2

asb
3

m̄2
e2b2r 2/2. ~43!

3. Linear confinement

The T-matrix elements of the linear confining interactio
for I 51 BB are given by Eqs.~30!–~33!. In thel51 large
quark mass limit the forward-peaked part ofTf i equals

Tf i udirect5
4pb

3b4 F231/2
1F1S 21/2,3/2,

QW 2

6b2D
11F1S 21/2,3/2,

QW 2

2b2D 11Ge2QW 2/2b2
. ~44!

Evaluation of the Fourier transform of thisTf i requires an
integral which is discussed in Appendix B. The result f
VBB(r ) is

VBB
(I 51)~r !u lin. conft.5

b

6b H @bre2b2r 2/2 #1F23/2
e2b2r 2/2

p1/2 G
1F2S br 1

2

br DErf~br /2!e2b2r 2/2

22
e23b2r 2/4

p1/2 G J . ~45!

We have again grouped terms according to diagram. The
square bracket gives theT1 ~quark-quark! term, the second is
T2 ~antiquark-antiquark!, and the third is the rather compli
catedC11C2 quark-antiquark term.

As with the Coulomb overlap integrals we could ha
anticipated some properties of this potential. First, at smar
the interaction of two heavy quarks approaches the b
Vbb(r bb) times a color and spin factor of 2/9~instead of the
usualqq̄ color-singlet coefficient 4/3). Thus theT1 potential
2-7
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approaches @(2/9)/(4/3)#br5br/6 for r !b21. The
antiquark-antiquark~T2! and quark-antiquark (C11C2) po-
tentials again approach finite limits at smallr, and give a
contact potential of

VBB
(I 51)~r 50!u lin. conft.5

b

6b H F 23/2

p1/2G1F2
4

p1/2G J . ~46!
n
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The largestindividual diagram contribution at contact is th
positive T2 ~antiquark-antiquark! term; the mean antiquark
antiquark separation is larger than quark-antiquark, wh
gives a larger linear-potential matrix element. However th
are two contributing quark-antiquark diagrams,C1 andC2,
which give equal contributions; their sum is larger thanT2
and opposite in sign, so at contact we find a net attraction
larger r the sign of this interaction is reversed.
C. VBB
„I …
„r … final results

The full I51 BB potential is given by

VBB
(I 51)~r !52

2as

9r
$11~2/p!1/2br 24 Erf~br /2!%e2b2r 2/21

21/2

9p1/2

asb
3

m̄2
e2b2r 2/21

b

6b H bre2b2r 2/2

1
23/2

p1/2
e2b2r 2/22S br 1

2

br DErf~br /2!e2b2r 2/22
2

p1/2
e23b2r 2/4J , ~47!
-
-
l ef-

ct

ed
which is the sum of the color Coulomb, OGE spin-spin a
linear confinement contributions.

The potentials for the remainingBB potentials can be
obtained similarly. In all cases we find that forI 50 there is
a simple relative flavor factor which changes the overall s
of VBB , as in Eq.~36!. The variousB* B* potentials can be
determined fromVBB above by changing spin overlap matr
elements, which are given in Table II. For example, to co
vert the VBB

(I 51)(r ) potential in Eq.~47! to V
B* B*
(I 51,Stot52)

(r )
one multiplies the color Coulomb and linear contributions
(11)/(11/2), and the remainder, the spin-spin hyperfi
term (}as /m̄2), by (11/4)/(13/8).

The BB* potentials require more careful treatment. J
as we found inBB, the BB* T-matrix has forward- and
backward-peaked contributions, but they are no longer id
tical in magnitude; this was required forBB by Bose sym-
metry at the meson level. It is again useful to associate th
with a ‘‘direct’’ BB* →BB* potential ~from the forward-
peaked contributions to theT-matrix! and a ‘‘crossed’’
BB* →B* B potential from the backward-peaked contrib

TABLE II. I tot51 BB spin matrix elements~from Table I of
@7#!.

System Operator

Mesons Stot O5I O5SW ā•SW b̄

BB 0 11/2 13/8
BB* →BB* 1 11/2 13/8
BB* →B* B 1 11/2 21/8
B* B* 2 11 11/4

1 0 11/2
0 21/2 15/8
d

n

-

t

n-

se

tion, in which there is aB↔B* transition at each ‘‘crossed
V’’ interaction. At Born order inS-wave scattering the direct
and crossed-potentials can just be added to give a tota
fective BB* potential. This total S-waveBB* potential has
twice theBB Coulomb and linear potential and12/3 of the
BB spin-spin potential, which makes it identical to theStot
52 B* B* potential. The spin matrix elements for the dire
and crossedBB* contributions are given in Table II.

IV. DISCUSSION

A. Numerical results for VBB
„I 51…

„r …

We show the totalVBB
(I 51)(r ) of Eq. ~47! and the three

individual contributions in Fig. 3. The parameters employ

FIG. 3. TheVBB
(I 51) potential, showing individual contributions.
2-8
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areas50.5, b50.18 GeV2 and m̄50.33 GeV, which were
used by Scora and Isgur in their recent HQET discussion
B meson semileptonic decays@13#. They quote several val
ues of the variational best-fit SHOb for B mesons, specifi-
cally b50.43 GeV (B), 0.40 GeV (B* ) and 0.35 GeV~1P
BJ mesons!; we adopt an intermediate value of 0.40 GeV

The total I 51 BB quark model potential is evidentl
strongly attractive at smallr, passes through a node atr
'0.28 fm, and is weakly repulsive at largerr. The Coulomb,
spin-spin hyperfine and linear confinement contributions
VBB

(I 51)(r ) for r'0.5–1 fm are all repulsive and are comp
rable in magnitude.

The short-range attraction is dominantly due to the co
Coulomb attraction; forr !b21 the bound-state wave func
tions are irrelevant, and we see an unscreened color Coul
potential between the heavy quarks, with a color-spin fac
of 2/9. This gives an attractive short distance poten
Vbb(r )522as/9r . At small r this quark-quark interaction
diagram T1 is dominant; at largerr the other color Coulomb
diagrams and bound state screening become important,
the Coulomb contribution crosses over to a weak repulsio
r'0.36 fm. The Coulomb contribution is18 MeV at 0.5
fm, and by 1 fm it has fallen to12 MeV.

Of course at sufficiently smallr the OGE Born approxi-
mation will be inaccurate, and thebbq̄q̄ system will deform
to minimize the dominant small-r color Coulomb interaction.
In I 51 the most attractive channel hasbb in a color 3̄; this
should give a stronger color Coulomb force than our Bo
result, and with these deformed wave functions our Bo
order relationV(I 50)52V(I 51) will not be accurate.

The contribution of the linear confining interaction
VBB

(I 51)(r ) is not large because there are approximate can
lations between the four diagrams and~unlike Coulomb!
there is no regime inr in which one diagram dominates. W
find that the linear contribution toVBB

(I 51) is attractive at short
distances, with a contact value of about250 MeV, and
crosses over to a weak repulsion atr'0.38 fm. At 0.5 fm the
linear confining term contributes17 MeV and at 1 fm it is
16 MeV.

In light-quark hadrons such asI 52 pp and NN~the core
potentials! one finds that the color spin-spin hyperfine te
makes the dominant contribution to the hadron-hadron in
action. Here we instead find that at moderater the hyperfine,
linear and Coulomb potentials make comparable contri
tions. The smaller hyperfine contribution to theBB system
follows from the absence of both capture diagrams and
transfer diagram; these vanish due to the 1/mimj prefactor in
HI Eq. ~1!. The spin-spin capture diagrams in particu
made the largest contribution to theI 52 pp interaction. We
find that the hyperfine contribution toVBB

(I 51)(r ) is repulsive
~as in I 52 pp), but is much smaller; the contribution t
VBB

(I 51)(r 50) is 126 MeV, which falls to116 MeV at r
50.5 fm and13 MeV at r 51 fm.

B. Comparison to LGT BB potentials

Several references have discussed the determinatio
BB potentials using LGT techniques@1–6#. The most de-
04520
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tailed study to date is by the UKQCD collaboration@6#. This
work treats theb quark as a static, spinless source, so th
are four potentials, labeled by the light antiquarks’ total iso
pin and spin, (I tot

l ight ,Stot
light)5(0,0),(0,1),(1,0) and (1,1)

these are shown in Figs. 6–9 of Ref.@6#. Both (0,0) and
(1,1) show strong short-range attraction. (1,1) appears c
sistent with weak repulsion beyond contact~the first lattice
point is atr'0.18 fm!. The~0,0! potential shows a clear ris
to a~probable! zero near 0.3 fm, and some evidence for we
repulsion at largerr. The ~1,0! and~0,1! potentials are smal
~ca.650 MeV! and are not yet well characterized, althou
~0,1! shows some intermediate-range attraction, and both
tentials show evidence of repulsion at contact.

Comparison of our quark modelBB potentials to these
LGT results is unfortunately nontrivial except forStot52
B* B* , due to the spin degree of freedom. The lattice sta
quark limit has degenerateB andB* mesons, so the lowest
energy configuration for givenStot

light will not be the external
source basis state~such asuBB&, as in our quark model cal
culation! but instead will be the linear superposition ofuBB&,
uBB* & and uB* B* & that gives the lowest expected ener
@14#.

A direct comparison does appear possible for the UKQ
Stot

light51 potentials, which correspond to anStot52 B* B*
meson pair. These have no S-wave degenerateBB or B* B
mixing states, and should therefore be similar in physi
meaning to ourStot52 B* B* quark model potentials, pro
vided that the tensor coupling toL52 BB is unimportant. In
Figs. 4 and 5 we compare the~1,1! and~0,1! LGT potentials
to our I 51,0Stot52 B* B* potentials. Clearly there is quali
tative similarity, although the quark model potentials app
to have a larger length scale.

A more realistic comparison is possible if we apply
estimated lattice resolution effect ‘‘smearing’’ to our qua
model potential. Lattice resolution can have a dramatic eff
on some aspects of the potential, especially nearr 50 where
there is little Jacobian weight. For example it will regulari

FIG. 4. Comparison of theV
B* B*
(I 51,Stot52)

quark model potential
~solid is calculated, dashed is smeared bya50.18 fm! with the
VBB

(I l ight51,Slight51) LGT potential of Ref.@6#.
2-9
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a continuum 1/r term, so that the LGTBB potentials ap-
proach finite values at contact, as noted by Stewart and
niuk @4#. To model lattice resolution effects we introduce
Gaussian-averaged quark model potential, defined by

Ṽ~r !5E d 3r 8
1

p3/2a3
exp$2~r2r 8!2/a2%V~r 8!. ~48!

We choose the smearing lengtha to be the lattice resolution
of 0.18 fm estimated by UKQCD for their LGT results@6#.
The resultingṼ potentials are shown as dashed lines in Fi
4 and 5. Except for what appears to be a difference in
length scale, these are qualitatively similar to the LGT p
tential. In future we should ideally compare with LGT p
tentials from simulations that have a finer spatial resoluti

The isospin dependence of the quark modelBB potentials
is a very characteristic feature. TheI 50 Born-order quark
model potentials are equal in magnitude but opposite in s
to theI 51 potentials. This resultmaybe supported by LGT
at intermediater @compare the LGT~0,0! with 2(1,0) and
~0,1! with 2(1,1) in @6# #; ~0,1! and ~1,1! are also shown in
our Figs. 4 and 5. At contact however the LGTI 50 andI
51 results differ greatly in magnitude; sinceI 50 is odd-L it
may be difficult to extract the small-r I 50 BB potential, and
in any case we expect the Born result to be inaccurat
small r, because the strong color Coulomb term will dom
nate.

C. Bound states

Bound meson pairs, known as ‘‘molecules,’’ most eas
form in channels in which the pair can exist inS-wave. From
Table I theS-waveBB channels areI 51 BB, I 50,1 BB* ,
and (I ,Stot)5(1,0),(0,1) and~1,2! B* B* . We have searched
for possible bound states in theseBB and DD systems by

FIG. 5. Comparison of theV
B* B*
(I 50,Stot52)

quark model potential
~solid is calculated, dashed is smeared bya50.18 fm! with the
VBB

(I l ight50,Slight51) LGT potential of Ref.@6#.
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numerically integrating the two-meson Schro¨dinger equation
with the generalizations of Eq.~47! to the different spin
channels.

With our standard parameter set~in Sec. IV A! and as-
sumingB andB* masses of 5.288 GeV and 5.325 GeV, w
find that only one channel has sufficient attraction to form
bound state; this isI 50 BB* , which has a deuteron-like
repulsive core and intermediate-range attraction. We fin
binding energy of just25.5 MeV with our parameters, typi
cal of nuclear binding energies.

The most attractive of theI 51 attractive-core channel
areBB* andStot52 B* B* , which have identical potentials
The attraction however is not strong enough to overcome
intermediate-range repulsion. As we increaseas we do find
that these systems bind, but at an unphysicalas'1.0, about
twice the usual quark-model value.

In all the DD channels the smaller reduced mass ma
binding more difficult, and we find no bound states.

One pion exchange forces are often suggested as an
portant component of the meson-meson interaction, and h
been discussed in general by To¨rnqvist @15# and quantita-
tively by Ericson and Karl@16#. Ericson and Karl find that
one pion exchange is not attractive enough to bind mes
lighter thanBB, but that theI 50 Stot52 ~odd-L) B* B*
channel will bind from this interaction alone. TheS-waveBB
channels with attractive one pion exchange forces areI 51
Stot50 B* B* @15# and I 50 BB* @17#. Since we expect
both one pion exchange and quark-gluon forces to be pre
in nature, one might study the combined effect of the o
pion exchange potential and the analogues of our Eq.~47! in
a search for bound states in other channels that are m
accessible to experiment thanBB.

V. CONCLUSIONS

We have calculated theT-matrix and low energy equiva
lent potentials between pairs of heavy-light mesons,
‘‘ BB’’ system, in the context of the nonrelativistic quar
model. The assumed scattering mechanism is a single in
action of the standard quark model Hamiltonian, with OG
color Coulomb and spin-spin terms and linear confineme
The parameters used were taken from previous studie
meson spectroscopy and HQET matrix elements. This mo
of the hadron-hadronT-matrix is known from previous work
to give a good description of experiment in the analogo
light pseudoscalar channelsI 52 pp and I 53/2 Kp. We
carry out the overlap integrals of this interaction with sta
dard SHO externalbq̄ meson wavefunctions in closed form
and so obtain analytic results forVBB

(I 50,1)(r ) in the various
allowed channels. These are compared to recent LGT res
from the UKQCD Collaboration in the channels where this
possible, which areI 50,1, Stot52 B* B* . We find results
similar to these UKQCD potentials after lattice smearing, b
with a somewhat larger length scale. OurI 51 BB potential
however is attractive at smallr, which appears inconsisten
with UKQCD results.

We find that our quark model potentials are sufficien
attractive to support a bound state in only one channeI
50 BB* , which has a deuteronlike potential. With pion e
change added, other channels may have sufficient attrac
to support bound states.

In future work a more detailed comparison with LGT p
2-10
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tentials, especially below 0.2 fm, will be important as a t
of the forces assumed in the quark model calculation
would also be very interesting to generate LGTBB poten-
tials for large but finite quark mass, so the meson spins co
be specified uniquely. One could then compare the LGT
phenomenologicalBB potentials in all channels unambigu
ously. Finally, one may extract the spin-dependent~spin-
orbit, spin-spin, tensor and so forth! equivalentBB meson
channels using similar techniques, and we anticipate th
comparison with LGT results for these potentials might a
be interesting as a test of the nature of spin-depend
‘‘nuclear’’ forces.
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APPENDIX A: MESON WAVE FUNCTIONS

In this appendix we present the explicit meson wave fu
tions used in the paper. A single meson state is given by

uA~AW ,S,Sz!&

5 (
c,c̄51

3
1

A3
dcc̄ (

sz ,s̄z

^S,Szu1/2,sz ;1/2,s̄z&

3E E d 3ad 3ād~AW 2aW 2āW !FA~aW rel!uqaW sz

c
q̄

āW s̄z

c̄
&,

~A1!

where the relative momentum variable isaW rel5(m̄aW

2māW )/„(m1m̄)/2…. The full momentum-space wave func
tion is

FA~AW ,aW ,āW !5d~AW 2aW 2āW !FA~aW rel!. ~A2!

We normalize this state to

^A~AW ,S,Sz!uA~AW 8,S8,Sz8!&5d~AW 2AW 8!dSS8dSzSz8
,

~A3!

and the individual quark and antiquark states are simila
normalized as

^q~aW ,s,sz!uq~aW 8,qz8!&5d~aW 2aW 8!dszsz8
. ~A4!

This implies a relative-momentum wave function normaliz
tion of
04520
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E d 3~arel/2!uFA~aW rel!u251. ~A5!

The full and relative spatial wave functions are related

CA~xW cm ,rW !5
e1 ipW cm•xWcm

~2p!3/2
cA~rW !, ~A6!

with xW cm5(mxWq1m̄xW q̄)/(m1m̄) as usual. These are relate
to the momentum-space wave functions by

FA~AW ,aW ,āW !5
1

~2p!3

3E E d 3xcmd 3re2 i (aW 1āW )•xWcm2 iaW rel•rW/2

3CA~xW cm ,rW !. ~A7!

The relative spatial wave functioncA(rW ) is similarly related
to the relative momentum wave functionFA by

cA~rW !5
1

~2p!3/2E d 3~arel/2!e1 i (aW rel/2)•rWFA~aW rel !,

~A8!

whererW5xWq2xW q̄ .
The ground state SHO quark model wave function wh

we use in the potential calculations discussed in the text

FA~aW rel !5F0~aW rel !5
1

p3/4b3/2
exp$2aW rel

2/8b2%.

~A9!

APPENDIX B: OVERLAP INTEGRALS

In deriving BB potentials as Fourier transforms of th
scattering amplitudes we encountered shifted-Gaussian o
lap integrals of the form

I a,c[E d3Qe2c0QW 2/b21 iQW •rW
1F1S a,c;c1

QW 2

b2 D . ~B1!

To evaluate integrals of this type it is useful to introduce
integral representation of the confluent hypergeometric fu
tion. Forc.a.0 we use

1F1~a,c;x!5
G~c!

G~a!G~c2a!
E

0

1

dt extta21

3~12t !c2a21, ~B2!

which leads to
2-11
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I a,c5
G~c!

G~a!G~c2a!S p

c0
D 3/2

b3
c0

a

c1
c21 ~c02c1!c2a21 e2r3E

0

k

dyya21~y11!3/22c~k2y!c2a21e2ry, ~B3!

wherek5(c0 /c121)21 andr5b2r 2/4c0. For the color Coulomb interaction we havec53/2 andc5a11, so the integral
becomes

I 1/2,3/25E d3Qe2c0QW 2/b21 iQW •rW
1F1S 1/2,3/2;c1

QW 2

b2 D 5
p3/2b3

2c0
2c1

1/2

e2r

r1/2 E0

kr

dss21/2e2s5
p2b2

r
~c0c1!21/2e2b2r 2/4c0 Erf~c2br !,

~B4!

wherec25c0
21/2(c0 /c121)21/2/2. The special casec05c1 is

I 1/2,3/2uc05c1
5

p2b2

c0r
e2b2r 2/4c0. ~B5!

The linear confinement overlap integrals lead to the casea521/2 andc53/2. The required integral is

I 21/2,3/25E d3Qe2c0QW 2/b21 iQW •rW
1F1S 21/2,3/2;c1

QW 2

b2 D
5

p2b3

2

c1
1/2

c0
2

e2b2r 2/4c0 H ~c0 /c121!1/2 S u1
1

2uDErf~u!2
~2c0 /c121!

~c0 /c121!3/2

e2u2

p1/2 J 1
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and the special casec05c1 is
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