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In this paper we derive quark model results for scattering amplitudes and equivalent low energy potentials
for heavy meson pairs, in which each meson contains a heavy quark. B#fi§ System is an attractive
theoretical laboratory for the study of the nuclear force between color singlets; the hadronic system is relatively
simple, and there are lattice gauge the@r@T) results forVgg(r) which may be compared to phenomeno-
logical models. We find that the quark model potentidter lattice smearinghas qualitative similarities to the
LGT potential in the twdB* B* channels in which direct comparison is possible, although there is evidence of
a difference in length scales. The quark model prediction of equal magnitude but opposite digrOfand
=1 potentials also appears similar to LGT results at intermedialdere may however be a discrepancy
between the LGT and quark modet 1 BB potentials. A numerical study of the two-meson Sclimger
equations in the t(a)(ba) and (ca)(ca) sectors with the quark model potentials finds a single “mol-
ecule,” in thel =0 BB* sector. Binding in other channels might occur if the quark model forces are aug-
mented by pion exchangES0556-28189)03409-3

PACS numbgs): 24.85:+p, 12.38-t, 12.39.Pn, 12.39.Mk

[. INTRODUCTION limit of a very heavy ‘b” quark and introducing sources for

B=bq mesons, one can study the energy of a meson pair as

The origin of the residual strong force between hadrons ig function of separatiofil—6]. (We follow [6] and useB
a complicated problem. Several distinct scattering mechagenerically to refer both to a pseudoscaand a vectoB*;
nisms have been suggested as important c_on.trlbu.tors o "echnicallybq is an anti8 meson, but the results for scatter-
terhadron forces, and it may be difficult to distinguish '[heseing amplitudes and potentials are identigal. lattice B me-
experimentally. A an example, models of thilt force have son has a fixed heavy-quark coordinate, and inZiesys-
been proposed which m_cludech_annel_ meson _exchanges, m one can use this to determine the endfgy(r) of the
sho.rt-r.ange quark-gluon Interactions, Intermediate S'Chanf‘ B pair as a function of center-of-mass separation. The dif-
excnatlpn ofA baryons, and various othe.r effects. Co,mpf"‘“'ference between this energy and that of two isold&atie-
sons withNN data alone may not Qetermlne the reInge 'M-sons provides a natural definition of thg;(r) interhadron
portance of these mechanisms, since one might find an unsstential. By changing the initial and final coordinates of the
physical parameter set that happens to describe the data Wilht.quark Green functions one can in effect vary the light
with a particular scattering mechanism, especially if there arguark flavor, and thereby determine the identiB# (actu-
many free parameters. ally I=1) and distinguishabl&B (I =0) potentials. Chang-

This complication is illustrated by a “confusion theo- ing the meson source angular quantum numbers allows one
rem” which notes that the two mechanisms most often asto infer separat®B, BB* and B*B* potentials, providing
sumed in models of thBN force,t-channel meson exchange that the associated multichannel mixing ambiguities can be
and quark interchange, can easily be misidentified since thesesolved. One may also investigate the importance of differ-
correspond to identical flavor flow. Both scattering mecha-ent scattering mechanisms by evaluating potentials associ-
nisms are of course present in nature, and the problem is tated with different quark lines diagrams, such as direct ver-
determine their relative importance as a function of separasus quark interchange. Finally, in the more difficult full-
tion. One can see that they are physically distinct becaus®@CD simulations one can test the importance of additional
they represent scattering through intermediate states in difq pairs in hadronic forces. Clearly, many questions which
ferent sectors of Hilbert space, one additiongl pair for  are of great importance to model builders may be answered
meson exchange versus no extra pairs for quark interchangey this application of lattice gauge theory.

Lattice gauge theory provides an attractive opportunity to In this paper we evaluate the varioi$ potentials in the
isolate the contributions of the various mechanisms that haveontext of the nonrelativistic quark model, for comparison
been proposed for residual interhadron forces. By taking thavith existing and future LGT results. At present, configura-

tion mixing in LGT constrains the direct comparison to two
B*B* channels, but there is already evidence of qualitative

*Electronic address: barnes@orph01.phy.ornl.gov agreement. Statistically more accurate LGT results and sepa-
TElectronic address: nblack@nomad.phys.utk.edu ration of the variousB and B* spin and isospin channels
*Electronic address: dean@orph01.phy.ornl.gov should allow very interesting comparisons with the various
SElectronic address: swanson@unity.ncsu.edu BB potentials we derive here.
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The paper is organized as follows: Section Il introduces a —
. . A _
the Coulomb plus linear quark model and the technique usec 4 —g—
to evaluate hadron-hadrdnmatrix elements, and carries out
the detailed evaluation with SHO wave functions. Section IlI
gives the general relation between fhenatrix and equiva- 5 7 < D
lent local potentials, and uses this to derive 8 poten- b
tials. Section IV discusses the details of thesB quark
model potentials and compares these to LGT results, anc
studies the possible formation of bound states usingBie a —»

Schralinger equation. Finally, Sec. V gives a summary and 47
conclusions. A_W—
—

Il. BB T-MATRIX FROM THE QUARK-GLUON g ° * 7 i D
INTERACTION b d

A. Method and previous applications

C1

The technique we use to determine quark modgk(r) A ? ‘e
potentials is to evaluate the lowedorn) order T-matrix i
element of the interquark Hamiltonian between two-meson
scattering states, which is then Fourier transformed to give b {
an equivalent low-energy potential. The interaction assumecB > SN = D
is the OGE color Coulomb and spin-spin interaction and lin- T1
ear scalar confinement. The effective interquark Hamiltonian
for this interaction is

a —P c
A ?C

S an || DS 8mas . o - a
H=> HE FA)F (J)HG—3miiji'Sj5(rij) *‘W‘
b——

3b d
—Tl’inr w P ?—q—lbr—/ — 3”7

T2

L FIG. 1. The four meson-meson scattering diagrams.
where the sum runs over all pairisj() of valence quarks and

antiquarks that are in different initial hadronRairs of
quarks in the same hadron contribute to hadron energie4hat reduced nucleon wave-function length sdale; this
rather than to scattering; the partitiontdfinto Ho andH, in may be due to short-distance correlations in the nucleon’s
this formalism is well-known in atomic physics, and is dis- three-quark wave function, which is not included in our
cussed elsewhere in the hadronic contgkg].) The color simple Gaussian formsin all these successfully modelled
generator inH, is as usualF2=\?/2 for quarks andFa= reactions there is of course no one-pion-exchange term, since
—\2T/2 for antiquarks. After a single interaction of thi a three-pseudoscalar vertex is not allowed. There are also no
between a constituent pair in different initial hadrons, quarks-channel resonance contributions; these specific reactions
line interchange is required to give an overlap with the color-Were studied precisely because they do not have the compli-
singlet final meson states. For meson-meson scattering théstion of valenceyq annihilation. Studies of thBIN interac-
gives four diagrams, which are shown in Fig. 1. tion in the quark mode[11], using both perturbative and
This model(incorporating only the spin-spin OGE term, nonperturbative techniques, have found a large short-range
which is dominant in light hadrongives an excellent de- repulsiveNN core interaction due to this OGE interaction,
scription of Swave meson-meson scattering in channelsand similarly conclude that the dominant core interaction at
without valence annihilation, specifically=2 77 [7] and  short distances arises from the OGE spin-spin hyperfine
[=3/2 K7 [9], with 2 and 3 parameters respectively term.
(aslmé, Bsho: Mq/mg). These successful results are im-
pressive in that the parameter values are already well known
from light meson spectroscopy, and the optimum values
found in fitting the scattering data alone are consistent. This
suggests that, at least f@rs Psscattering at moderate ener-  In this paper we evaluate the contribution of all three
gies, Born-order quark-gluon diagrams with external mesorterms in Eq.(1) to the BB T-matrix elementqTs;} and po-
wavefunctions describe the dominant scattering mechanisntentials{Vgg(r)}. These will be presented with separate fla-
KN Swave scattering at low momenta is also excellentlyvor, color, spin and space factors, so 8B case can easily
described by this mode{A good simultaneous fit to higher- be generalized to othé#5 spin channels. Although the spin-
momentumSwave KN scattering however requires a some-spin hyperfine term was found to be dominant in light

B. Evaluation of BB scattering amplitudes
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pseudoscalar-pseudoscatwave scattering, ifBB we also p, = ata’
expect the color Coulomb interaction to be important, since a4 —p T, 2 &
it must dominate at short distances. We will derive {fig}
for general quark masses, with the light (antiquark mass f q
andm the heavy ‘b quark” mass.

To evaluate the meson-meson potential we first calculate b —m — b
the matrix element of the quark Hamiltonian E#)) between p,= l’;”

two-meson initial and final states. Conservation of three-
momentum implies that this matrix element is of the form FIG. 2. Momentum definitions in the quark-quaFkmatrix ele-
ment.

>

S(A+B-C-D). (2)  each diagram can conveniently be written as an overlap in-
tegral of the meson wavefunctions times the underlying
guark levelT-matrix element.

1
(CD|H, |AB)= WTH

[In previous scattering calculations we instead gave result
for a Hamiltonian matrix elemertt;; , which is trivially re- In the quark-quarkT; (Fig. 2) the initial and final con-

lated to the Born-order T-matrix element by hy stituent momenta are,b—a’,b’. It is useful to erze Ehe
=T /(27)3.] In our earlier discussion of 7 scattenng{?] quark-quarkTy; in terms of the linear combinatiors, p;

we distinguished the four scattering diagrams accordmg tand p2, defined byg=a’'—a=b-b’, p,=(a+a’)/2 and
which pair of constituents interacted; these are ‘‘capture p2—(b+b )/2. For the specific case of one gluon exchange,
(C1), “capture,” (C2), “transfer,” (T1) and “‘transfes”  the complete quark-quarK; to second-order in three-
(T2); see Fig. 1. The hadron-hadrdn; matrix element for momenta(suppressing the color fachois

- 1 1 1 i 1. - . 1. . . .
_,—————+—_, —5 . X - . X _— .
(Q,p1,P2) =4mas 32 8m2~ 8m2 2q2(m%51 (g% p1) mgsz (A% p2) 3m1m281 S
1 R i C e e
+ 5| S0 07 35S - ———— (S (aXP2) ~ S (X Py))
m;myq m;myq

3

This follows from taking the matrix element the one-gluon-exchange effective Hamiltgpfiiafy”j” between an initial and
final quark pair, and using the definition E@) of T;;. We have displayed theyyy terms and they;y; terms separately in
this Ty; ; the v;y, terms are proportional to ;m,. This result is valid for both quarks and antiquarks; only the color factor
distinguishes them. For completeness we give the correspofdingtrix element due to linear scalar confinement, which is

(1. - . 1. - .
_§<m_§sl'(q><p1)_m_§52'(q><p2)

R 67'rb

(q P1,P2) = 4

2

>

p1 )
2

ml m;

In the four overlap integrals that result from taking the two-meson matrix elements of theseTgmaitkices(correspond-
ing to the four independent scattering diagrame find thatp, is constrained to equat p; plus a diagram-dependent shift.
These overlap integrals are explicifintroducing\ = (m—m)/(m+m), and usin(;f)E 51 as an integration variabje

T<C1>(AB—>CD)—ffd3qd3pcb @2p+q—(1+M)C)PE(2p—q—2A—(1-\)C)Tsi(q,p,—p+C)

XD a(2p—q—(1+N)A)Dg(2p—q—(1-N)A-2C), (5)

T<CZ>(AB—>CD)—ffd3qd3pq>( 2p+q+2A—(1+\)C)PE(—2p—q—(1-\)C)T4(q,p,—p—C)
XD p(—2p+q+(1—N)A)Dg(—2p+q+(1+N)A-2C), (6)
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-

T{Y(AB—CD)= ffd3qd3pcb (2p+q—(1+N)C)PERp—q—2A—(1-N)C)Tg(a,p,p—

Ot

-

X ®A2p—q—(1+N)A)Pg(2p+q—(1-M)A-2C), (7)

- -

T{I2(AB—CD)= ffd3qd3p®( 2p+q+2A—(1+\)C)PE(—2p—q—(1-\)C)T(q,p,p—A+C)

XD A(—2p+q+(1—N)A)Dg(—2p—q+(1+1)A-2C). (8)

With standard quark model SHO wave functiggs/en in Appendix A each overlap integral above becomes the qiiark
times a shifted Gaussian. The overlap integrals are thkso assuming elastic scattering in the c.m. framgA$e- |C|)

1 N I, 2 . .
T{CY(AB—CD)= ex —W[(1+)\)2A2—2)\(A2+A-C)]JfJd3qd3pexp{—Eg(p—po)2}

1
mB°
xexp{ —Bzm qo>]Tﬂ<&,5,—5+é>, )
1 1 N I 2 . .
T$$2>(AB—>CD)=W3—Eﬁexp{—3—ﬁ2[(1+x)2A2—2x(A2+A-C)]]J Jd3q d3pexp{—?(p—po)2}

3 . . . e .
Xexp{—W(q—qo)z]Tﬂ(q,p,—p—C), (10

1 1 Y xox
TgiTl)(AB—@D):WS—ﬁSexp{—4—B2[(1—>\)2(A2+A-C)]]J fd3q d3pexp{ Bz(p po)}

(@I

1 . . . e s
XeXD{—ﬁz(q—%)z}Tfi(qypap— ) (11)

ffdqu%ex Bz(p po)}

T<T2>(AB—>CD)=Lex - i[(1+>\)2(/32—5- C)]
fi 77336 4B2

1 . . e e o o
XeXD{_ﬁz(q_%)z]Tfi(q,p,p A+C). (12
|
The shiftsp, andq, are diagram dependent, and are These results are for a general quarq,py,ps). In this
- P paper we consider the special casef)pindependent quark
a/a+(A+C)iz, CL interactions, corresponding to puvgr;;) quark potentials in
R q/4+(A-C)l2, C2 coordinate space. This simplification is appropriate for the
Po= .. (13 color Coulomb, linear scalar confinement and spin-spin con-
(A+C)L2, T1 tact hyperfine interactions treated here; the spin-spin hyper-
(A-C)/2, T2, fine term ;imply has an addition'al multiplicati've spin factpr
for each diagram. This assumption is not valid for the spin-
2(—,&+ \C)/3, ClandC2 orbit and tensor interactions, which have expliﬁiidepen—
- . T1 dence; these will be treated in subsequent work. Given a
Go=9 (1+M)(-A+C)/2, (14) quark T-matrix of the form

—(1-M)(A+C)i2, T2 L .
R Ti(d,p1,P2)=Tri(q), (15
Note that the C1 and C2 integrals oyemust be carried out 1(4:Pr-P2 it

before theg integral, since th@, shift depends explicitly on  we can further simplify the SHO overlap integrals above.
g in this case. This gives
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1 1 ) T-matrix element T{%29%™ AB—, C D) = (signaturg(flavor
T{CD(AB—CD) :Wexp{ — 351+ \)2A? facton(color factoy(spin factoj{space overlap We also de-
(2m)"“B B fine a frequently occurring combination

—ZA(/K2+A-5)]} M2=(1-N)2(A+C) 2+ (1+M)2A-C) 2. (2D)
3 . . The results are
Xf d3qexp{—8—32(q—qo)z]
. 1) 257 ag 112
XT(9), 1g Tu=(-DL(-49(-38) ~—F=exp ~ 5z |
T{Y(AB—CD)=T{*Y AB—CD), (17 (22)
T(CD=T4CD, (23
T<T1>(AB_>CD):;exp{ —[(1—))?
f (2m)3283 4p° T (™= (—1)(1)(+4/9)(3/8)
O 23 7ag (1-M2 . . )
><(A2+A-C)]) X| — 3 exp[— 857 (A+C) ] ,
1 . . (24
Xf d"‘qexp{—z—ﬁz(q—qo)z]
T =(—1)(1)(+4/9)(3/8)
XT(q), (18 Pra, EEENCEN
X| ——= exp[— 852 (A=C)“|.
(12) __ 1 1 2 3m A
Tfi (ABHCD)—WGX _W[(1+)\) (25)
x (A2 A. G )]] 2. Color Coulomb contribution

The four color Coulomb overlap integrals can be evalu-

ated similarly using the quark color Couloril in Eq. (20),
J’ d3qex Bz(q qo) which gives the results

XThi(d), (19 T P=(=1)(1)(—4/9(1/2)
- 3 2 2
whereq, for each diagram is given by E¢L4). 2°ma I _ I
do g g y EqL x{ S5 1|:1( 12,3125 25°)© 85

C. Explicit meson-mesonT -matrix elements (26)

We will now evaluate these overlap integrals with the
quark T¢; due to color Coulomb, spin-spin hyperfine and T..(CD=T. (C1) (27)
scalar confinement interactions, in E§) and Eq.(4) and i oo
transform these into equivalent low-eneryyg potentials.

The specific quark interactions we use #&néth color and Tr(™=(=1)(1)(4/9(1/2)
spin factors removed
- F| 1/2, 3/2 A-
Amaglq?, color Coulomb { 1 1( 8ﬂ2 ( S )
T“(a): —(87ias/3mimj), spin-spin hyperfine Xexp[ —z } 29
67b/q*, linear confinement.
(20
T(™=(-1)(1)(4/9)(1/2)

1. Spin-spin hyperfine contribution 22 e (1_)\)2

A A 2
The spin-spin hyperfine contribution is derived using the { 2 1':1( 1/2,3/2; 83° (A+C) )
overlap integrals above and the color and spin matrix ele- 5
ments given in our previous discussionlef2 7 scatter- xexp[ _ I H

ing [7]. The results are presented as the meson-meson 8_,82 29
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TABLE |. Physically allowedBB states.

PHYSICAL REVIEW 60 045202

event constraint in Table 1. FOBB (or BB) the complete
I =1 BB elastic scattering amplitude is then

System Angular quantum numbers
Mesons o S0 S 1 Sui—2 TPE ("D=T,(AB—CD)+T((AB—DC), (34
BB 1 evenL .
0 oddL where T;(AB—CD) is the sum of Eqs(22)—(33) of the
BB* 1 all L previous section. Similarly for=0 BB we find a second,
0 all L symmetrizing diagram, but with an opposite sign:
B*B* 1 evenL odd L evenlL BB (1-0)
0 OddL evenlL OddL Tfi :_Tf|(AB—>CD)+Tf|(AB—)DC) (35)

This gives a spatially antisymmetric scattering amplitude.
Thusl=1 BB is allowed only everL. andI=0 BB is al-
lowed only oddL. Another consequence of the relative signs

3. Scalar confinement contribution

Finally, with the linear scalar confinement; we find

in T?B (1=0,1) above is the relation between Born-or
T D=(—1)(1)(—4/9)(1/2) potentials in systems that differ only in total isospin,
312 2 2 _ _
v ( 12,3721 2) o Ve On == Vi V). (36
54 243 83
(30 lll. Vg POTENTIALS
T;(CD=T1,(CD, (32) A. Potentials from the T-matrix: general formalism

A 2—2 T-matrix can be represented as an equivalent

(M= (— IO
Tri (=D (D)(4/9(172) Born-order potential operatdf,, (x;—x,,V1,V>), between

67b (1+))2 pointlike particles[12]. The definition of this potential op-
X| = —5 1Fy| —1/2,3125——5—(A—C)? erator is
B 8B
p[ HZH S(A+B—C—D)T(A,B,C,D)
xXexp — 32
8 2 1
j fd X1d3X e i(C- x1+D xz)
Ta(T=(~1)(1)(4/19)(1/2) @y
67Tb (1_)\)2 R . Xvop(il_iz,vl,Vz)e+i(A.xl+B'xz). (37)
X [ ~ 5T 1F1( - 1/2,3/2;8T(A+ C)2>
To evaluate this potential operator for a givEmatrix one
12 can write the meson-mesan;(AB—CD) as a function of
xexp ~ gz |- B3 the variablesO=(G—A), B,=(A+C)/2, and P,=(B

+D)/2. A power series expansion in tI{éi} variables is

D. T-matrix elements for physical BB states then performed,

Since theBB and B*B* systems have identical mesons O & (1.0 & 01), &
there are constraints on the physically allowed states; these T1i(AB—=CD)=T(Q)+ Ti"(Q)P1i + T (Q)Py;
are summarized in Table |. The physidaB scattering am- 11 R
plitudes are diagonal in isospin, since we have assumed T Q)P Pojt (38)
equal light quark masses. To extract these isospin-diagonal _ _ _
amplitudes we evaluate tHE-matrix element betweeBB  The{P;} in the T-matrix expansion are replaced by left- and
pairs with definite isospin, for exampl® B~) for I=1. right-gradients in the equivalent potential operator defined
With our phases the (b) andB (g) meson isodoublets are mplicitly by Eq. (37). This procedure gives a local potential

|§O B )= —|bE |b_ d {[B),[BOY ={—| o) operator that reproduces the specified scattering amplitude
i >_ =1 ),[bu); and {|B7), >}T{ _u _> T¢; at Born order. One may confirm that this approach repro-

—|db)}, analogous to the kaon system. Sin B™)  quces the fullO(v%c?) Breit-Fermi Hamiltonian when ap-
=|(bu)(bu)), this implies identical antiquarks as well as p||ed to the one photon exchangée™ Ty, expanded to
quarks As noted in Ref7], in this case there is a second seto(pI ).

of “symmetrizing” quark line diagrams, with quark lines The leadinaterm T©(0) in the P, expansion is a func-
exchanged rather than antiquark lines. These have the effe g (Q P
of interchanging the final mesors and D; when added to on of Q only, and Fourier transforms |nto a loctatic
the antiquark exchange diagrams of the previous section thi§nit) potential that is a function ok —X,=T only. In the
gives a Bose-symmetric scattering amplitude, satisfying theases we consider hefé®(Q) is a function of|Q| only,
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which leads to a local potential that is a functionrabnly.  The three contributions in the square brackets are fildm
The relation betweef;;(Q) andV(r) is T2, and C1+ C2) respectively. The smail-behavior has an
obvious interpretation; for=r,, much less than the wave-
_ 1 - function length scalg 1, the Born-order heavy quark-quark
V(r)=——3 J d*QTO(Q)eQr. (390 interaction termT1 must approach the bare color Coulomb
(2) T .
result —2a¢/9r. The remaining quark-antiquark and
antiquark-antiquark terms retain mean constituent separa-

In this paper we obtain a localga(r) potential by Fourier tions of O(B~1) asr—0 and so have nonsingular limits.

transforming theBB—BB T(°(Q), which we obtain from
the full meson-mesonT;; by changing to the variables

2P 5,=P 2. Spin-spin hyperfine
{Q,P;} and settingP; =P,=0.

In the limit of large quark mass only tHe diagram has a
o o nonzeroTy; with this interaction, which for=1 BB is given
B. Vgg : Individual contributions by Eq.(25) with A=1. Since this is a simple Gaussian, the
1. Color Coulomb Vgg(r) resulting from Eq(39) is also a Gaussian,

As an illustration we shall evaluate the- 1 BB potential
due to the color Coulomb interaction in the infinitelimit 012 |, 5

_ : : . s _ _ 52,2
(A=1), following wﬁlcb we will s!mply guote the remaining vis 1)(r)|spm_spm hyperfing® Uz—jze B2 (43)
results. Thel=1 B" B~ Ty; matrix element we find fon 9m
=1 with this interaction is

3. Linear confinement

2% ray 2° (A—C)? The T-matrix elements of the linear confining interaction
Toe 0= o —2 — Fy| 1/2,312——— for =1 BB are given by Eqs(30)—(33). In thex=1 |
fi 32 2| gt 1] 657 orl= are given by Eqs(30)—(33). In thex=1 large
qguark mass limit the forward-peaked partTof equals
A-C)?2 . ;
—1F1( 1/2,3/2;(272))—1 e (A-O%126% 1 (& et &2
o
) Tfi|direct=_3ﬁ4 _31/21F1<—1/2,3/2@)
—-0). (40)

+,F e~ Q28 (44

32
This is the sum of Eq926)—(29) for A=1, symmetrized as - 1/2'3/2§) +1
in Eq. (34). In this case there is an obvious partition into
“direct meson” and ‘“crossed meson” scattering contribu-
tions; the direct contributions have a forward-peaked Gausg=valuation of the Fourier transform of thi§; requires an

ian in (32=(,5\—(f)2. Since the direct; is a function only integral which is discussed in Appendix B. The result for

of Q2 no expansion inP; is required, and we obtain the Ves(r) is
potential simply by Fourier transforming:

—B%22
1 o LR Vggl)(r)hin conf‘t:£ [Bre_ﬁer/z ]+ 23/2
2
22 &2 +| - BH—E En‘(ﬁr/Z)e‘ﬁZ’Z/2
X 3T/21F1< 1/2,3/2,6?
e~ 36°r%4
(_:)2 —27 . (45)
—.F| 1/2,312— | —1¢. (41
232

We have again grouped terms according to diagram. The first
Evaluation of these integrals is discussed in Appendix B; théquare bracket gives tfid (quark-quarkterm, the second is
result is T2 (antiquark-antiquark and the third is the rather compli-
catedC1+ C2 quark-antiquark term.

As with the Coulomb overlap integrals we could have
anticipated some properties of this potential. First, at small
the interaction of two heavy quarks approaches the bare
Vpu(rpp) times a color and spin factor of 2(¢hstead of the

—4 Erf(,Br/Z)]e*ﬁzrz’z. (42 usualqq color-singlet coefficient 4/3). Thus thiElL potential

_ 2a
Vggl)(r)lcolor Coulomb— — g_rs[1+ (Z/W)llzﬁr
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approaches [(2/9)/(4/3)]br=br/6 for r<p . The
antiquark-antiquarkT2) and quark-antiquark (C£C2) po-
tentials again approach finite limits at smajland give a

PHYSICAL REVIEW 60 045202

The largesindividual diagram contribution at contact is the
positive T2 (antiquark-antiquarkterm; the mean antiquark-
antiquark separation is larger than quark-antiquark, which

contact potential of gives a larger linear-potential matrix element. However there

are two contributing quark-antiquark diagran@, andC2,

b 9312 4 which give equal contributions; their sum is larger thEh
vggl)(r =0)|jn. Conﬁ.:@ —| 7|~ —| (- (400 and opposite in sign, so at contact we find a net attraction. At
77 largerr the sign of this interaction is reversed.

C. VY)(r) final results
The full I=1 BB potential is given by

1/2 3
2 agf

97 1/2 EZ

vz V(r)=— —4Erf(Bri2)}e Frizy —

b
- B%r2/2 - B%r22
e + re
68 [B

23/2 5
. ,6’ re/2 _
+ 1/2e

(47)

2 22 2 2.2
r+—|Erf(Bri2)e FT2——g 387744
B Br (B 12

which is the sum of the color Coulomb, OGE spin-spin andtion, in which there is 8+ B* transition at each “crossed-
linear confinement contributions. V" interaction. At Born order inS-wave scattering the direct-
The potentials for the remainingB potentials can be and crossed-potentials can just be added to give a total ef-
obtained similarly. In all cases we find that flor O there is  fective BB* potential. This total S-wav&B* potential has
a simple relative flavor factor which changes the overall sigrntwice theBB Coulomb and linear potential and2/3 of the
of Vgg, as in Eq.(36). The variousB*B* potentials can be BB spin-spin potential, which makes it identical to t8g,
determined fronVgg above by changing spin overlap matrix =2 B*B* potential. The spin matrix elements for the direct
elements, which are given in Table Il. For example, to con-and crossedB* contributions are given in Table II.
vert the Vi 1)(r) potential in Eq.(47) to VB*B* 2
one multiplies the color Coulomb and linear contributions by
(+1)/(+1/2), and the remainder, the spin-spin hyperfine
term (e ag/m?), by (+1/4)/(+3/8). A. Numerical results for V5V (r)
The BB* potentials require more careful treatment. Just \y/a show the totaN(I U(r) of Eq. (47) and the three

as we found inBB, the BB* T-matrix has forward- and i,iiqual contributions in Fig. 3. The parameters employed
backward-peaked contributions, but they are no longer iden-

tical in magnitude; this was required f&B by Bose sym-

IV. DISCUSSION

metry at the meson level. It is again useful to associate these 0.10 oo T
with a “direct” BB* —BB* potential (from the forward-
peaked contributions to th&-matrix) and a ‘“crossed”
BB* —B*B potential from the backward-peaked contribu- 0.05 | .
TABLE II. 1,,t=1 BB spin matrix elementgfrom Table | of
[7]. s
@ 000
System Operator >
Mesons Siot o=l 0=5;S
BB 0 +1/2 +3/8 005 1
BB* —BB* 1 +1/2 +3/8
BB* —~B*B 1 +1/2 -1/8
*R* L 1 1 L L 1 1 1 1
B*B 2 1 174 01000 02 04 06 08 10 12 14 16 18 20
1 0 +1/2 r[fm]
0 —-1/2 +5/8

FIG. 3. TheV{z ") potential, showing individual contributions.
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are a;=0.5, b=0.18 Ge\? andm=0.33 GeV, which were 0.1 —
used by Scora and Isgur in their recent HQET discussion of

B meson semileptonic decay%3]. They quote several val- 0.0

ues of the variational best-fit SHB for B mesons, specifi-

cally 8=0.43 GeV B), 0.40 GeV 8*) and 0.35 GeM1P 01 i

B; mesong we adopt an intermediate value of 0.40 GeV.
The total =1 BB quark model potential is evidently
strongly attractive at smalt, passes through a node iat ]
~0.28 fm, and is weakly repulsive at largerThe Coulomb, :E
spin-spin hyperfine and linear confinement contributions to 03 |
Vig1(r) for r~0.5-1 fm are all repulsive and are compa-
rable in magnitude. 04 |
The short-range attraction is dominantly due to the color
Coulomb attraction; for<g~! the bound-state wave func-

tions are irrelevant, and we see an unscreened color Coulom| 00 02 04 06 08 10 12 14 16 18 20
potential between the heavy quarks, with a color-spin factor r [fm]

of 2/9. This gives an attractive short distance potential ) (1=159-2) .
Vpo(F)=—2a¢/9r. At small r this quark-quark interaction ~ FIG. 4. Comparison of th¥/g, .. ™ quark model potential

diagram T1 is dominant; at largerthe other color Coulomb (solid is calculated, dashed is smeared &y0.18 fm) with the

diagrams and bound state screening become important, aMgie"~ 9"~ LGT potential of Ref[6].

the Coulomb contribution crosses over to a weak repulsion at

r~0.36 fm. The Coulomb contribution i$8 MeV at 0.5 tailed study to date is by the UKQCD collaboratid]. This

fm, and by 1 fm it has fallen te-2 MeV. work treats theb quark as a static, spinless source, so there
Of course at sufficiently small the OGE Born approxi- are four potentials, labeled by the light antiquarks’ total isos-

mation will be inaccurate, and thebqq system will deform  pin and spin, (3", S9")=(0,0),(0,1),(1,0) and (1,1);

to minimize the dominant smatlcolor Coulomb interaction. these are shown in Figs. 6-9 of R¢6]. Both (0,0) and

In =1 the most attractive channel hiab in a color 3 this ~ (1,1) show strong short-range attraction. (1,1) appears con-

should give a stronger color Coulomb force than our BornSistent with weak repulsion beyond contéttte first lattice

result, and with these deformed wave functions our BornPointis atr~0.18 fm. The (0,0 potential shows a clear rise

order relationv(=9= —v(=1) will not be accurate. to a(probable zero near 0.3 fm, and some evidence for weak
The contribution of the linear confining interaction to fepulsion at larger. The(1,0) and(0,1) potentials are small

VU= D(r) is not large because there are approximate cancel€a*50 MeV) and_ are not yet well characte_rlzed, although

lations between the four diagrams afehlike Coulomb (0,2) shows some intermediate-range attraction, and both po-

there is no regime im in which one diagram dominates. We tentials show evidence of repulsion at contact.

find that the linear contribution tg{; 1) is attractive at short _COmparison of our quark moddi5 potentials to these
LGT results is unfortunately nontrivial except f&,;=2

distances, with a contact value of abouts0 MeV, and * ok . : .
crosses over to a weak repulsiorr at0.38 fm. At 0.5 fm the B*B*, _du_e to the spin degree of*freedom. The lattice static-
quark limit has degenera andB* mesons, so the lowest-

linear confining term contributes 7 MeV and at 1 fm it is . : - light .
16 MeV. energy configuration for give8,5," will not be the external

In light-quark hadrons such as-2 7 and NN(the core source basis statsuch a§BB), as in our quark model cal-

potentialy one finds that the color spin-spin hyperfine term cula;[ion) but i”*Stiad will be the linear superposition|BfB),
makes the dominant contribution to the hadron-hadron inter.BB*) and [B*B*) that gives the lowest expected energy

action. Here we instead find that at modenatke hyperfine, . . .
linear and Coulomb potentials make comparable contribu- “gA direct comparison does appear possible for the UKQCD

tions. The smaller hyperfine contribution to tB8 system St =1 potentials, which correspond to &,=2 B*B*
follows from the absence of both capture diagrams and onB'€S0n pair. These have no S-wave degenes&er B*B
transfer diagram; these vanish due to thei; prefactor in mixing states, and should therefore be similar in physical
H, Eqg. (1). The spin-spin capture diagrams in particular Meaning to ouiS,;=2 B*B* quark model potentials, pro-
made the largest contribution to the 2 7 interaction. We ~ Vided that the tensor coupling to=2 BB is unimportant. In

find that the hyperfine contribution {5 2(r) is repulsive ~ Figs- 4 and 5 we compare tli,1) and(0,1) LGT potentials
to ourl =1,0S,,,=2 B* B* potentials. Clearly there is quali-

(a(ls ilr; |=2 mm), but is much smaller; the contribution to tative similarity, although the quark model potentials appear

YBOBS grrn_a%)df;l\%lgvMaet\:,—VXh;f: falls to-+16 MeV atr to have a larger length scale.

e B ' A more realistic comparison is possible if we apply an

estimated lattice resolution effect “smearing” to our quark

model potential. Lattice resolution can have a dramatic effect
Several references have discussed the determination oh some aspects of the potential, especially mead where

BB potentials using LGT techniqugd—6]. The most de- there is little Jacobian weight. For example it will regularize

B. Comparison to LGT BB potentials
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0.1 . . ' ' ' . w . w numerically integrating the two-meson Sctirmger equation
with the generalizations of Eq47) to the different spin
0.0 channels.
With our standard parameter s@b Sec. IVA) and as-
sumingB andB* masses of 5.288 GeV and 5.325 GeV, we
01 1 find that only one channel has sufficient attraction to form a
bound state; this i$=0 BB*, which has a deuteron-like
3 - | repulsive core and intermediate-range attraction. We find a
o 02 C X . .
by binding energy of just-5.5 MeV with our parameters, typi-
] cal of nuclear binding energies.
03 r ] The most attractive of thé=1 attractive-core channels
areBB* andS,,;=2 B*B*, which have identical potentials.
04 - | The attraction however is not strong enough to overcome the
’ intermediate-range repulsion. As we increasewe do find
that these systems bind, but at an unphysicat 1.0, about
9500 02 04 06 08 10 12 14 16 18 20 twice the usual quark-model value.

In all the DD channels the smaller reduced mass makes
binding more difficult, and we find no bound states.
FIG. 5. Comparison of th&/, >>*~? quark model potential One pion exchange forces are often suggested as an im-
(solid is calculated, dashed is smeared &y0.18 fm) with the ~ Portant component of the meson-meson interaction, and have
v{lion=08ign=1) | GT potential of Ref[6]. l:_)een dlscussed in general by riquist [15] and quantita-

BB tively by Ericson and Kar[16]. Ericson and Karl find that
one pion exchange is not attractive enough to bind mesons
a continuum 17 term, so that the LGTBB potentials ap- lighter than BB, but that thel=0 S,;=2 (oddi) B*B*
proach finite values at contact, as noted by Stewart and Kdhannel will bind from this interaction alone. TBavave 55
niuk [4]. To model lattice resolution effects we introduce achannels with attractive one pion exchange forcesl aré

Gaussian-averaged quark model potential, defined by Siot=0 B*B* [15] and =0 BB* [17]. Since we expect
both one pion exchange and quark-gluon forces to be present

N 1 in nature, one might study the combined effect of the one
V(r):f der’ - 3exp[—(r—r’)z/az}v(r’)_ (48)  pion exchange potential and the analogues of our(&4).in
Ta a search for bound states in other channels that are more
accessible to experiment th#B.

r [fm]

We choose the smearing lengio be the lattice resolution V. CONCLUSIONS

of 0.18 fm estimated by UKQCD for their LGT resuf§]. We have calculated th&matrix and low energy equiva-
The resultingv potentials are shown as dashed lines in Figslent potentials between pairs of heavy-light mesons, the
4 and 5. Except for what appears to be a difference in th& BB” system, in the context of the nonrelativistic quark
length scale, these are qualitatively similar to the LGT po-model. The assumed scattering mechanism is a single inter-
tential. In future we should ideally compare with LGT po- action of the standard quark model Hamiltonian, with OGE
tentials from simulations that have a finer spatial resolutioncolor Coulomb and spin-spin terms and linear confinement.
The isospin dependence of the quark ma8Blpotentials  The parameters used were taken from previous studies of
is a very characteristic feature. The-0 Born-order quark Meson spectroscopy and HQET matrix elements. This model
model potentials are equal in magnitude but opposite in sig the hadron-hadrofi-matrix is known from previous work
to thel =1 potentials. This resuthaybe supported by LGT to give a good description of experiment in the analogous

at intermediate’ [compare the LGT0,0) with —(1,0) and  1l9ht pseudoscalar channels=-2 @ and | =3/2 K. We
(0,2) with —(1,1) in[6]]; (0,2) and(1,1) are also shown in carry out the overlap integrals of this interaction with stan-

our Figs. 4 and 5. At contact however the LGF0 andl ~ dard SHO externabq meson Waveflligcitions in closed form,
— 1 results differ greatly in magnitude; sinte 0 is oddt it ~ @nd so obtain analytic results fofgp ™ Xr) in the various
may be difficult to extract the smaili =0 BB potential, and allowed channels. These are compared to recent LGT results

in any case we expect the Born result to be inaccurate drom the UKQCD Collaboration in the channels where this is

small, because the strong color Coulomb term will domi- POSSible, which aré=0,1, =2 B*B*. We find results
nate. similar to these UKQCD potentials after lattice smearing, but

with a somewhat larger length scale. Qa1 BB potential
however is attractive at small which appears inconsistent
with UKQCD results.
We find that our quark model potentials are sufficiently
Bound meson pairs, known as “molecules,” most easilyattractive to support a bound state in only one chanhel,
form in channels in which the pair can existSwave. From =0 BB*, which has a deuteronlike potential. With pion ex-
Table | theSwave BB channels aré=1 BB, |=0,1BB*,  change added, other channels may have sufficient attraction
and (,S,o1) =(1,0),(0,1) and1,2) B*B*. We have searched to support bound states.
for possible bound states in the# and DD systems by In future work a more detailed comparison with LGT po-

C. Bound states
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tentials, especially below 0.2 fm, will be important as a test .

of the forces assumed in the quark model calculation. It J d3(ae1/2)| P a(are))|*=1. (A5)
would also be very interesting to generate LBB poten-

tials for large but finite quark mass, so the meson spins could The full and relative spatial wave functions are related by
be specified uniquely. One could then compare the LGT and
phenomenologicaBB potentials in all channels unambigu-
ously. Finally, one may extract the spin-dependésyiin-
orbit, spin-spin, tensor and so foJtequivalentB8 meson
channels using similar techniques, and we anticipate that a
comparison with LGT results for these potentials might aIsquth icm=(m;<q+5§qﬁ/(m+a) as usual. These are related

be interesting as a test of the nature of spin-depende% the momentum-space wave functions by
“nuclear” forces.

e*ipcm'xcm

WW( r), (A6)

\I,A()—()cm ,l?)=

ACKNOWLEDGMENTS Dy(Aaa)= !

- 3
We would like to thank N. Isgur, G. Karl, R. Koniuk, C. (2m)
Michael, P. Pennanen and S.R. Sharpe for useful discussions. = . ..
This work was supported in part by the US DOE under Con- Xf f d 3xd 3re1(@Fa) Xem~idre /2
tract No. DE-FG02-96ER40947 managed by North Carolina
State University and under Contract No. DE-ACO05-
960R22464 managed by Lockheed Martin Energy Research
Corp.

XWA(Xemal )- (A7)

The relative spatial wave functicmA(F ) is similarly related

APPENDIX A: MESON WAVE EUNCTIONS to the relative momentum wave functidm, by

In this appendix we present the explicit meson wave func-

tions used in the paper. A single meson state is given by wA(F):(z;)a/J d 3(are|/2)e+i(5re'/2)'F‘I’A(ara ),
aw
IAASS)) A8
5, wherer =x,—X;.
_ — 19e The ground state SHO quark model wave function which
= — 4, S,S,|1/2s,;1/2 ) ; ) ; . X
o1 3 CCSZE;Z (S:Si|1/25,1/25) we use in the potential calculations discussed in the text is
x| | d®ad®as(A-a—a)®a(ae)|qs. oo ), - - ! ;
J f ( JPal rEI)|anansz> Dp(arer) =DPo(arel ):TSIZ exp{ — are 2/8:82}-
B
(A1) (A9)
Whe_Le the Lelative momentum variable iére,=(ﬁé APPENDIX B: OVERLAP INTEGRALS
—ma)/((m+m)/2). The full momentum-space wave func-

In deriving BB potentials as Fourier transforms of the

tion'is scattering amplitudes we encountered shifted-Gaussian over-
lap integrals of the form
D(Aa,a)=0(A—a—a)D(are)- (A2)
2
i i e 02132487 Q
We normalize this state to Ia,cEf d3Qe Q%A +iQ rlFl(aIC;Clﬁ)- (B1)
(A(ASS)[AA',S,S;))= 5(A_AI)539552S;’ To evaluate integrals of this type it is useful to introduce an

(A3)  integral representation of the confluent hypergeometric func-

L . _ . tion. Forc>a>0 we use
and the individual quark and antiquark states are similarly

normalized as

Fi(a c-x)——r(c) 1dt gfat
- -, - PReE=Y T r(@r(c—a
(A(@s.s)la(@ )= 8GE-a)deg.  (Ad) (@ltealo
X (1—t)c a1 (B2)
This implies a relative-momentum wave function normaliza-
tion of which leads to
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a

|32 ca .
C_o) B3F(co—cl)°a1ep><JOdyy""1(y+1)3’2°(k—y)°a1e”y, (B3)
1

B I'(c)
Ia*"_F(a)F(c—a)

wherek=(cq/c;— 1)t and p= B%r?/4c,. For the color Coulomb interaction we have-3/2 andc=a+ 1, so the integral
becomes

32 3/223 - 2 n2
T T T Q TIBE el (ke _ . T _ 2.2
|1/2‘3/2:f d3Qe CoQ“/B“+iQ rlFl 1/2,3/2;(:1_2 =—5 lef dss Y2e—s= (CoCq) 12— Brl4cq Erf(c,Br),

B 2cpey” preJo r

(B4)
wherec,=c, **(cy/c;—1)"Y%2. The special case,=c; is
22
7B 2.2
— —Berelac
L1723 co=c, cor © 0. (B5)

The linear confinement overlap integrals lead to the @ase-1/2 andc=23/2. The required integral is

- L —)2
|—1/2,3/2=f dsQe‘Conlﬁ2+.Q"1Fl( —1/2,3/231%)

203 112 _ -u? 31293
ST G gt (Colcy—1)12 u+i Erf(u)— (2o/e,~1) e T e iAo cy)
2 2 071 2u 32 12 32
Co (Colci—1)"° = 2(cg—cCq)
(B6)
and the special casg=c; is
2 n4
(L P
| 123 cy=c, = 22T Aol (B7)
0
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