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Exchange part of the reala-nucleus potential

M. Ismail, M. M. Osman, and F. Salah*

Physics Department, Faculty of Science, Cairo University, Giza, Egypt
~Received 30 March 1998; published 10 August 1999!

We improved the accuracy of calculating the exchangea-nucleus real potential by suggesting a simple
expression for the nondiagonal density matrix ofa-particle$ra(rW,rW8)%. We found that this expression reduces
the error in calculating the totala-nucleus potential by more than 20% compared with using the density matrix
expansion method to treatra(rW,rW8). @S0556-2813~99!04903-1#

PACS number~s!: 24.10.Ht, 21.30.Fe, 25.55.Ci
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The double folding model is widely used to calculate t
real parts ofa-nucleus and nucleus-nucleus optical potenti
@1,2#. For many scattering processes the heavy-ion~HI! po-
tential is dominated by strong absorption and the elastic s
tering data are sensitive to the value of the real optical
tential only in the surface and tail regions. However, in so
cases of nuclear rainbow scattering observed ina and light
HI systems@3# the scattering data is sensitive to the HI o
tical potential over a wider radial domain. For these cases
simple double folding model in which the finite range e
change nucleon-nucleon~NN! force is replaced by a zer
range pseudopotential@4# failed to give good results. It wa
found that the refractivea-scattering data require an accura
treatment of both density dependence of the effectiveNN
interaction@5# and the exchange part of thea-nucleus poten-
tial which comes from applying the Pauli principle@6#. The
exchange part contains the nondiagonal density matrix of
a particle that is usually approximated using the density m
trix expansion~DME! method@7#.

Recently, we tested the accuracy of calculating the
change part of thea-nucleus potential@8# using the DME
method to simplify the nondiagonal density matrixr(rW,rW8).
We found that this method produces a large error in the va
of the totala-nucleus potentialU. The error is mainly due to
derivingr(rW,rW8) for thea particle@ra(rW,rW8)# from the DME
method and using the extended Thomas-Fermi approxi
tion @9# to calculate thea-particle kinetic energy density
(ta).

In the present Brief Report we show that the error
calculatingU can be largely reduced if we calculatera(rW,rW8)
using oscillator model wave functions or even if we use
DME method withta derived from the oscillator model. In
the oscillator model the nondiagonal density matrix for thea
particle is simply given by

raS RW 81
1

2
sW ,RW 82

1

2
sW D5(

i
f i* S RW 81

1

2
sW Df i S RW 82

1

2
sW D

5ra~R8!expS 2
s2

4b2 D , ~1!
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where b is the harmonic oscillator parameter. For a targ

nucleus with nondiagonal densityr(rW,rW8), the DME ap-
proximation is

rS RW 81
1

2
sW ,RW 82

1

2
sW D5r~R8! ĵ 1@Keff~R8!s#, ~2!

whereRW 8 andsW are the center of mass and relative vectors
the two interacting nucleons, respectively.ĵ 1(x)5 j 1(x)/x
andKeff is given by@10#

Keff
2 ~R8!5

5

3r~R8! Ft~R8!2
1

4
¹2r~R8!G . ~3!

As pointed out in Ref.@10#, Eq. ~2! is a very good approxi-
mation for thea particle if t is calculated from single par
ticle wave functions and not from the Thomas-Fermi a
proximation@9#.

Proceeding as in Ref.@8#, the real part of thea-nucleus
potential as a function of the distance between the center
the two interacting nuclei~R! is given by

U~R!5E rN~rW1!ra~rW2!vD~s,r!drW1drW2

1E rN~rW1 ,rW11sW !ra~rW2 ,rW22sW !vex~s,r!

3expS iKW ~R!•sW

M
D drW1drW2 , ~4!

where the first and second terms are the direct (UD) and
exchange (Uex) parts of thea-nucleus potential. In Eqs.~4!
vD andvex are the direct and exchange parts of the effect
nucleon-nucleon potential,rN is the matter density distribu
tion of the target nucleus, andK(R) is the relative-motion
momentum given by

K2~R!5
2mM

\2
@Ec.m.2U~R!2VC~R!#, ~5!

where M and Ec.m. are the reduced mass and the relat
energy in the center of mass system, respectively,m is the
nucleon mass, andVC(R) is the Coulomb potential.

For the nondiagonal density of the target nucle

rN(rW,rW8) we use the DME approximation given by Eq.~2!
an
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first, then we calculate it exactly by building it from
oscillator-model wave functions. In the first case we use
~3! to calculateKeff with t given by one of the following
Thomas-Fermi approximations@9,11#:

tN~R8!5
3

5
K f

2rN~R8!1
1

3
¹2rN~R8!1

1

36

u¹W rN~R8!u2

rN~R8!
,

~6a!

tN~R8!5
3

5
K f

2rN~R8!1
1

3
¹2rN~R8!1

1

4

u¹W rN~R8!u2

rN~R8!
,

~6b!

whereK f
25@ 3

2 p2rN(R8)#2/3.
In the present work we considered the two scattering p

cessesa-16O anda-40Ca at the following three values of th
incident energy~in laboratory system! per projectile particle:
Elab/AP50, 20.7, and 46.6 MeV. In all our calculations w

used Eq.~1! to calculatera(rW,rW8). For the nondiagonal den

sity matrix of the target nucleusrN(rW,rW8), we first calculate
it using harmonic oscillator wave functions and denote
a-nucleus potential calculated in this way byUexact(R). Sec-
ond we calculateU(R) using the DME method to approxi

materN(rW,rW8). We denote byU1(R) andU2(R) the poten-
tials calculated using approximations~6a! and~6b! for tN of
the target nucleus, respectively. The nucleon-nucleon fo
considered in the present calculations are the dens
dependent M3Y forces~BDM3Y1 and BDM3Y3! proposed
in Ref. @9#. These forces reproduced correctly both the f
tures of the normal nuclear matter and the microscopic
sults of the nucleon optical-model potential. Moreover th
generate different values of nuclear matter incompressib
coefficientK. Khoa et al. @2# have used BDM3YNN forces

TABLE I. The percentage error DUi5„Uexact(R)
2Ui(R)…/Uexact(R)3100 for the potentialsU1(R) andU2(R) cal-
culated for three values of the separation distanceR at two different
values of the laboratory energy per projectile particle (Elab/Ap

50.0 and 20.7 MeV! for a-O16 anda-Ca40 by using the density-
and energy-dependentNN forces~BDM3Y! derived in Ref.@6#.

Pair
Elab

Ap
~MeV! R(fm!

BDM3Y1 BDM3Y3
DU1 DU2 DU1 DU2

0.0 20.3 0.7 1.1 1.8
0.0 3.0 20.1 4.3 0.2 4.6

6.0 20.4 9.5 0.4 9.1
a-16O 20.7 0.0 20.2 0.6 0.8 1.4

3.0 20.0 3.0 0.1 3.6
6.0 20.4 6.0 0.4 6.6
0.0 20.2 0.2 21.4 20.8

0.0 4.0 0.7 2.2 0.6 2.3
8.0 20.3 1.7 21.9 0.9

a-40Ca 0.0 20.2 0.2 21.1 20.6
20.7 4.0 0.4 1.6 0.4 1.8

8.0 0.0 0.5 0.0 0.5
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to derive thea-nucleus potential whose internal region
sensitive to the value ofK. They used them to fit the data fo
refractivea-nucleus scattering which is also sensitive to t
value of the real potential at small distances. This permits
determination of the incompressibility coefficient for co

FIG. 1. The reala-O16 interaction potential at energyElab/Ap

50.0 MeV calculated from Eq.~4! for the twoNN forces BDM3Y1
~upper part!, BDM3Y3 ~lower part!. The solid line and dashed line
representUexact(R) andU2(R), respectively.

FIG. 2. The same as Fig. 1 but fora-Ca40.
3-2
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nuclear matter. This recent application ofa-nucleus potential
needs a correct real potential at all distances.

Our results are shown in Table I and Figs. 1 and 2. T
figures show two examples of our calculations where the
density-dependent nucleon-nucleon interactions, nam
BDM3Y1 and BDM3Y3 of Ref.@9# have been used to ca
culate the a-16O and a-40Ca potentials at Elab/AP
50.0 MeV.

The figures and the table indicate that the exchange
of the reala-nucleus optical potential can be calculated c

rectly if Eq. ~1! is used forra(rW,rW8) and Eqs.~2!, ~3!, ~6a!
are used to approximate the density matrix of the tar
nucleus. In this case the maximum error in the potentialU1
for the two considereda-nucleus scattering pairs is less th
2% for BDM3Y3 force and 0.7% for BDM3Y1 force. I

ra(rW,rW8) is calculated from Eq.~6a! the maximum error in
U1 jumps to more than 25% fora-16O @8#. Equation~6b!
produces an error in tail region of about 10% fora-16O
nd
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scattering pair. As the mass number of the target nucl
increase the modified Thomas-Fermi approximation fot
@Eq. ~6!#, becomes more correct and the maximum errorsU1

andU2 are reduced to less than 2% and 3%, respectively,
a-40Ca scattering pair. Table I shows that the error in cal
lating bothU1 andU2 is reduced by increasing the incide
energy. Moreover the error corresponding to the fo
BDM3Y3 ~K5275 MeV is usually larger than that fo
BDM3Y1 NN force ~K5232 MeV!. The reason for this is
the difference in the shape of the density dependent funct
of the twoNN forces.

At the end of this Brief Report we can say that th
a-nucleus real potential can be calculated with very go

accuracy using the very simple expression forra(rW,rW8)
given by Eq.~1! together with the DME approximation give
by Eq. ~2!, ~3!, ~6a! for the target nucleus nondiagonal de

sity rN(rW,rW8).
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