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Neutrino-mass determination from tritium b decay: Corrections to and prospects of
experimental verification of the final-state spectrum
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We have investigated the final-state spectrum of HeT1 and HeH1 following b decay of T2 or TH. For the
electronically bound-state part of the spectrum the effects of a corrected recoil, improved potential curves for
the excited states, nonadiabatic effects, and excitations of the initial molecular state have been investigated. We
also discuss the feasibility of various experimental methods to verify the theoretical final-state spectrum.
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PACS number~s!: 31.15.2p, 23.40.Bw, 14.60.Pq
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I. INTRODUCTION

The question of the neutrino mass remains one of
outstanding problems of physics. Recent measurement
atmospheric and solar neutrinos indicate that oscillations
tween the different neutrino flavors do occur, which impli
that neutrinos indeed are massive@1#. The most direct
method of determining the neutrino mass is, however,
analysis of the shape ofb-decay spectra in the energy regio
close to the maximum of theb-electron energy. The uppe
bound to the~electron anti-!neutrino mass obtained from th
type of experiments is now approaching 1 eV/c2 @2,3#. A
surprising difficulty in reaching a better sensitivity is th
appearance of some unknown systematic effect due to w
most of the more recent experiments have obtained a
value for the neutrino mass squaredmn

2 that lies within the
unphysical negative region@2–7#.

One complication in the neutrino-mass determinat
from b-decay spectra is their dependence on the amoun
energy released in excitations of the atomic or molecu
surroundings. To reduce the complexity of this depende
the experiments were performed with the simplest tritiu
containing compound that is experimentally still possible
handle, the T2 molecule. The full quantum-mechanical trea
ment of the transition probability is nevertheless a com
cated theoretical problem at the level of accuracy needed
the interpretation of the experiments. It is therefore wor
while to make careful investigations whether the unexpec
experimental results may be due to any inaccuracy in
theoretical final-state spectrum.

In a series of papers from the 1980s@8–13# a very careful
calculation of the final-state spectrum was presented. M
recently several articles have addressed the accuracy of
calculations and made several refinements@14–20#. Most of
the more recent refinements within the sudden approxima
have focused on the electronic continuum, i.e., the st
where one of the molecular electrons acquires enough en
to be exerted from the molecule. These states make
roughly 14% of the final-state probability. The aim of th
present paper is to reinvestigate the remaining 86% of
0556-2813/99/60~3!/034601~12!/$15.00 60 0346
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final-state probability, where both molecular electrons
main bound to the HeT1 molecular ion, and in particular the
electronic ground state which constitutes about 57% of
final-state probability. Such an investigation has become
the more important since recent experimental results@7,3#
indicate that the source of the negativemn

2 anomaly lies close
to the end-point of theb-electron spectrum, i.e., in the en
ergy region most influenced by the low-energy final molec
lar states. A refined table of the final-state spectrum cont
ing the results of this paper and those of Ref.@19# will be
published separately@21#.

The refinements of the theoretical calculations discus
in this article include: a relativistic correction to the molec
lar recoil ~caused by the emittedb electron!, decay from
initially rotationally excited T2 molecules, nonadiabatic cor
rections to the Born-Oppenheimer approximation, improv
potential energy curves as well as transition matrix eleme
for the excited states, and isotope effects~assuming an im-
purity admixture of TH!. We will also discuss possible meth
ods of experimental assessment of the accuracy of the fi
state spectrum, and review the available experimental res
that can be used for this purpose.

II. THE NEUTRINO MASS FROM b DECAY

We consider theb-decay process

T2˜
3HeT1~ f !1e21 n̄e , ~1!

wheref designates a molecular state of the daughter ion.
conservation of energy and momentum in the reaction~1!
leads to a continuous distribution of kinetic energies of theb
electron. If the amount of energy released was known w
sufficient accuracy, then one could in principle deduce
neutrino mass from the maximum measured energy of thb
electron. However, the knowledge of the energy releas
limited due to the insufficient accuracy of the nuclear mas
involved. In addition, this is not a practical approach sin
near the end-point energy~i.e., the maximum energy of theb
electron! the spectral intensity is very weak, and approach
the background smoothly. Instead one studies theshapeof
©1999 The American Physical Society01-1
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the spectrum near the end-point energy. The intensityI (Eb)
is a function of the kinetic energyEb of the b electron, its
momentumpb5AEb

212mec
2Eb/c, and, most importantly,

depends parametrically on the neutrino massmn @12#,

I ~Eb!5AF~pb!pb~Eb1mec
2!(

f
Pf~K !

3~W02Ef2Eb!Q~W02Ef2Eb2mnc2!

3A~W02Ef2Eb!22mn
2c4, ~2!

F~pb!5
2ph

12exp~22ph!
, ~3!

h5mee
2/\pb . ~4!

Here A is a normalization constant,F(pb) is the so called
Fermi function, h the Sommerfeld parameter,W0 is the
maximum kinetic energy of the electron if one would have
vanishing neutrino mass, i.e.,mn50, K the recoil momen-
tum of the molecule, andEf , Pf , are the energy and prob
ability of the final molecular statef. The Heaviside step func
tion Q ensures that the intensity is real. The experimen
data are fitted to the form~2! with A, W0, andmn

2 ~as well as
experimental parameters such as the background! as free pa-
rameters. Thusmn is neither determined from the absolu
strength of the intensityI (Eb), nor from the maximum
b-electron energy, but manifests itself in theshapeof the
intensity over a range ofb-electron energies, i.e., by th
quality of the fit. From Eq.~2! one sees that the modificatio
of I (Eb) due to a nonvanishing neutrino mass will only
nonnegligible whenmnc2&W02Ef2Eb , i.e., whenEb is
close to its maximum valueW02Ef2mnc2.

Because of the small value of the neutrino mass,mn.0,
the statistical fluctuations around this central value will
quire, in order to be able to perform an experimentalx2 fit,
that the form~2! is extended into the regionmn

2,0. On the
other hand, it should be noted that the form~2! is derived
under the physical assumption thatmn

2>0. Such an exten-
sion therefore has no physical content, and is to a cer
extent arbitrary. Indeed different extensions have been u
by different experimental groups, as discussed in Ref.@16#.
A best fit that results in a value of the neutrino mass squa
that lies several standard deviations within themn

2,0 region
therefore has no physical content other than that the exp
mental results do not agree with the theoretical predict
~2!.

Since the fit contains several free parameters, and s
the experimental spectrum contains statistical errors, w
very complex interdependence, it is very difficult to identi
the source for the observed discrepancy between the ex
mental spectrum and the theoretically predicted form. In p
ticular, since the functional dependence ofmn

2 relies only on
the assumption that Fermi theory forb decay is valid, it is
reasonable to search for a discrepancy among the other
oretical or experimental parameters entering the fit. In
Troitsk experiment the source of the anomaly has been id
tified as a ‘‘bump’’ in theb-electron spectrum very close t
03460
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the end point, the inclusion of which in the fit yielded
positivemn

2 value@7,3#. The physical cause of this bump ha
not yet been determined with certainty. Since experime
indicate that close to the end point,I (Eb) does not agree
with the theoretical prediction in Eq.~2!, this turns the atten-
tion to the parametersPf(K) andEf , and in particular to the
molecular states that lie lowest in energy, and thus influe
the shape of theb spectrum close to the end point.

The parametersPf(K) andEf must be obtained by theo
retical calculations. It is evidently important to investiga
the accuracy of these parameters both theoretically and
independent measurements. In any theoretical calculatio
number of assumptions have to be made. We will, exc
when we explicitly declare otherwise, assume that the dec
ing triton is bound in a free T2 ~or TH! molecule, and that the
b electron does not undergo any inelastic processes unde
way to the analyzer. There is a number of external effe
not accounted for here, which may influence theb spectrum,
such as secondary scattering, external electric or magn
fields, decay of impurities~e.g., of HeT1 molecules that ac-
cumulate as the source ages!, and solid-state effects.@A
recipe for introducing solid-state effects into a final-state d
tribution obtained for a free T2 molecule~as presented, e.g
in this work! has been given in Ref.@13#.# Most of these
factors are specific to each experiment, and the corresp
ing statistical uncertainties have been evaluated by the
perimental groups. On the theory side we assume the vali
of Fermi theory forb decay, the validity of the sudden ap
proximation ~which has been analyzed and refined in R
@19#!, and that nonrelativistic wave functions can be used
the molecule.

III. TRANSITION PROBABILITIES TO
ELECTRONICALLY BOUND STATES REVISITED

Let us now turn to the calculation of the final-state en
giesEf and probabilitiesPf in some more detail. Consider
particular rovibrational state of the3HeT1 molecule, f
5$n,v,J,M %, wheren is the electronic state,v the vibra-
tional quantum number, andJ, M are the rotational angular
momentum quantum numbers of the molecule. Assuming
validity of the sudden approximation and ignoring reco
induced electronic transitions~see @18,19#!, and the Born-
Oppenheimer approximation~see Ref.@20# and Sec. III D!,
and that the momentum of the neutrino is much smaller t
that of theb electron~which certainly is true near the end
point energy, since even at 1.3 keV below the end-point
momentum of the neutrino is about 1% of theb-electron
momentum! the transition probability is given by@12#

PnvJM~K !5U E @xvJM
n ~R!#* Sn~R!eiK–Rjv i Ji M i

ni ~R!d3RU2

.

~5!

Herejv i Ji M i

ni andxvJM
n are the usual rovibrational wave func

tions of the T2 and the HeT1 molecule, respectively,Sn(R)
is the overlap of the electronic wave function describing
final staten with the initial ground electronic state of T2. The
exponential arises from the recoil from the emergingb elec-
1-2
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NEUTRINO-MASS DETERMINATION FROM TRITIUMb . . . PHYSICAL REVIEW C 60 034601
tron. The recoil momentum isK52MT /(MHe1MT
12me)kb , wherekb5pb /\. R is the internuclear distance
For the initial ground stateni51, v i5Ji5Mi50 Eq. ~5!
reduces to

PnvJ~K !5~2J11!U E
0

`

Sn~R! j J~KR! f vJ
n ~R!g00

1 ~R!dRU2

,

~6!

where a summation over the rotational quantum numbeM
has been performed. Heref vJ

n (R)/R is the radial part of
xvJM

n (R), gv i Ji

ni (R)/R the radial part ofjv i Ji M i

ni (R), and j J(R)

is the spherical Bessel function.
For the electronic energies of T2 we used the same dat

and procedure as in Ref.@22#. This includes adiabatic, rela
tivistic and radiative corrections to the Born-Oppenheim
approximation. For the ground state of HeT1 we used the
same data as were used in Ref.@9#, namely, the electronic
overlap S1(R) from Ref. @8#, Born-Oppenheimer energie
from Refs.@23–25#, and the adiabatic correction from Re
@25#. The data in Ref. @23# do, however, start atR
50.9 a.u., which we found insufficient. Therefore we add
two points atR50.6 a.u. and 0.8 a.u. from Ref.@8# and
extrapolated the adiabatic correction.

The Born-Oppenheimer energies and the electronic o
laps Sn(R) for the excited states of HeT1 were calculated
using the same method as in the earlier works by Ko
et al., see, e.g., Ref.@8#. This method uses explicitly corre
lated basis functions in prolate-spheroidal coordinates.
using 400 basis functions and three different sets of non
ear exponents the potential energy curves and trans
probabilities displayed in Table I and Fig. 1 were obtain
The energies in Ref.@8# were used in a few cases when th
were lower than ours. However, it may be noted that in
important range ofR values, i.e., in the Franck-Condon r
gion of the T2 ground state, all potential curves obtained
this work are lower than the ones published before. In
calculation ofSn(R) the T2 ground-state wave function from
Ref. @26# was used.

The wave functions of nuclear motion and requiredR in-
tegrals were calculated using adaptions of the progra
LEVEL6.0 @27# and BCONT1.4 @28# by Robert Le Roy. Our
results for the energies of the rovibrational levels agree w
those of Ref.@9# to within 1024 eV. We could also repro-
duce the transition probabilities in Ref.@9# to within
0.00001. The main reason for the difference in energy
probably that less accurate Born-Oppenheimer energies
T2 were used in Ref.@9#. The values used for the lowR part
of the HeT1 ground state may also be slightly differen
Another difference is that we used the 1986 CODATA va
of 1 Hartree5 27.21139 eV, while 1 Hartree5 27.2116 eV
was used in Ref.@9#.

A. Relativistic correction to the recoil

From Eq.~5! we see that the rovibrational excitations d
pend on the energy of theb electron via the recoil. In Ref
@9# the relationpb5A2meEb was used for calculating th
recoil momentum. Since the end-point kinetic energy of
03460
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b electron is 4% of its mass, and since it introduces
additional complication, we instead used the relativistic re
tion pb5AEb

212mec
2Eb/c. For b-electron energies nea

the end-point energy, i.e.,Eb518.6 keV, one then findsK
518.7a0

21, rather than the nonrelativistic resultK
518.5a0

21. This results in an increase of the recoil mome
tum by about 1%. SinceK is large, the Bessel functions i
Eq. ~6! oscillate rapidly, and even small changes in th
argument can give rather large changes in the transi
probability. Examples of this are shown in Table II, where
is shown that the probability of certain transitions changes
as much as 40%. However, since a sum rule for the pr
abilities of all rovibrational levels of a given electronic sta
remains unchanged by the modified recoil@9#,

Pn5(
v,J

PnvJ5E Sn
2~R!@g00

1 ~R!#2dR, ~7!

all changes in the probability of one rovibrational level mu
be compensated for by corresponding changes in other
els. We see in Table II that including the correction to t
recoil has the effect of moving probability from lower t
higher vibrational levels, as one would expect when the
coil momentum increases. In Fig. 2 we observe the sa
trend for the rotational levels. The resulting probability as
function of energy is shown in the second column of Ta
III. The relative change of individual bins compared to t
results in Ref.@9# is up to about 10%. On a larger scale th
changes are however small, since due to the sum rule~7! the
total probabilityP1 of the ground state remains unchange
and the mean excitation energy of the ground st
(v,JP1vJE1vJ changes by only 0.03 eV.

The results presented in Tables II, III and Fig. 2 are all
a b-electron energyEb518.6 keV. As one moves awa
from this end-point energy the recoil will decrease. Howev
as noted in Ref.@9# the effect is small as long as the chang
to Eb are on the order of 100 eV. In fact at about 300 e
below the end-point energy the decrease in recoil cancels
relativistic correction, and the results in Ref.@9# are regained.

B. Excited initial state

It is usually assumed that the decaying nucleus is bo
in a T2 molecule being in its ground rovibrational stat
Whether this assumption is valid depends on the experim
tal conditions. If the experiment is performed at room te
perature a significant fraction of the T2 molecules are in an
excited rotational state. Assuming a Maxwell-Boltzmann d
tribution at 273 K only about 1/3 of the T2 atoms will be in
the v50, J50 state. Furthermore at low temperatures t
transition from ortho-T2 to para-T2, i.e., from J odd to J
even, is slow. After a gas of T2 is cooled down to low tem-
peratures one would therefore expect a statistical distribu
between theJ50 andJ51 states, i.e., 75% of the molecule
in the J51 state and 25% in theJ50 state. The rate of the
J51˜J50 transition will depend on the experimental co
ditions. This effect is not present for TH, i.e., there are
long-lived rotationally excited states.
1-3
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TABLE I. Electronic energies in Hartree~upper value! and the squared overlap integralsSn
2(R) ~lower

value! of the excited states 2–6 of HeT1. The numbers marked by asterisks were taken from Ref.@8#.

R 2 3 4 5 6

0.60 20.693 247 94 20.653 023 90 20.357 422 10 20.348 755 33 20.333 100 58
0.043 486 0.103 900 0.000 931 0.007 118 0.025 012

0.80 21.285 543 86 21.201 160 10 20.973 743 68 20.961 723 85 20.945 590 65
0.060 842 0.100 865 0.007 258 0.000 074 0.014 186

1.00 21.609 875 94 21.475 413 44 21.277 621 36 21.259 381 60 21.237 091 88
0.091 445 0.094 181 0.008 140 0.000 057 0.011 484

1.10 21.724 412 22 21.563 071 25 21.378 233 44 21.356 588 78 21.330 750 79
0.109 539 0.090 531 0.008 497 0.000 069 0.010 839

1.20 21.819 950 73 21.631 028 53 21.458 553 59 21.433 562 32 21.404 221 26
0.128 693 0.086 720 0.008 594 0.000 084 0.010 308

1.30 21.901 729 29 21.685 031 06 21.524 216 99 21.496 197 36 21.463 400 89
0.148 365 0.082 811 0.008 434 0.000 100 0.009 794

1.35 21.938 546 79 21.708 062 46 21.552 798 17 21.523 427 88 21.488 908 64
0.158 249 0.080 820 0.008 265 0.000 105 0.009 544

1.40 21.973 072 85 21.728 950 58 21.579 016 04 21.548 451 71 21.512 202 51
0.168 136 0.078 801 0.008 053 0.000 111 0.009 360

1.50 22.036 093 34 21.765 441 29 21.625 519 97 21.592 986 67 21.553 463 28
0.187 748 0.074 742 0.007 530 0.000 119 0.008 816

1.60 22.092 167 26 21.796 356 37 21.665 584 23 21.631 656 74 21.588 835 90
0.207 108 0.070 634 0.006 938 0.000 120 0.008 309

1.80 22.186 926 17 21.846 244 27 21.731 328 46 21.696 361 48 21.646 914 53
0.245 248 0.062 397 0.005 708 0.000 100 0.007 335

2.00 22.262 279 54 21.885 147 54 21.783 297 86 21.749 301 64 21.693 160 92
0.283 344 0.054 367 0.004 556 0.000 056 0.006 393

2.20 22.321 600 45 21.916 554 21 21.825 589 13 21.794 174 32 21.731 150 36
0.322 131 0.046 778 0.003 517 0.000 012 0.005 501

2.40 22.367 696 62 21.942 477 63 21.860 757 69 21.833 119 86 21.762 955 48
0.361 775 0.039 771 0.002 571 0.000 004 0.004 688

2.60 22.403 018 10 21.964 193 49 21.890 552 59 21.867 412 24 21.789 879 85
0.401 757 0.033 385 0.001 702 0.000 086 0.003 903

2.80 22.429 657 52 21.982 582 25 21.916 368 58 21.897 687 04 21.812 798 91
0.441 631 0.027 608 0.000 866 0.000 292 0.003 316

3.00 22.450 350 0* 21.998 807 8* 21.940 243 8* 21.923 993 9* 21.834 218 7*
0.480 53* 0.022 49* 0.000 20* 0.000 64* 0.002 73*

4.00 22.494 049 8* 22.062 147 8* 22.032 845 2* 22.003 562 0* 21.908 003 4*
0.625 62* 0.001 70* 0.004 95* 0.000 06* 0.000 43*
ta
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The analog of Eq.~6! for a rotationally excited initial state
Ji51 is

PnvJ5~J11!U E
0

`

Sn~R! j J11~KR! f vJ
n ~R!g01

1 ~R!dRU2

1JU E
0

`

Sn~R! j J21~KR! f vJ
n ~R!g01

1 ~R!dRU2

. ~8!

If one neglects the coupling between vibrations and ro
tions, i.e., the dependence off andg on J andJi , then Eq.~8!
is just a weighted average betweenPnv(J11) and Pnv(J21)
with Ji50. We thus expect the main effect of an initial r
tational excitation to be a ‘‘smearing’’ of the rotational di
tribution for Ji50. The final-state distributionP(E) for Ji
03460
-

51 is presented in the third column of Table III, where t
zero of the excitation energyEf has been shifted by the
rotational excitation energy 4.9631023 eV of the initial T2

molecule, to make the end-point energy consistent with t
for Ji50.

As seen from Table III a rotational excitation of the initi
T2 state will change not only the probabilities of differe
final rovibrational states but also transfer probability betwe
the different electronic states. If we approximate the integ
over R in Eq. ~5! by the overlap of the electronic wave
functionsSn evaluated at equilibrium nuclear separationRe
of the initial state@see Eq.~37! of Ref. @12## it is easy to see
how this happens. The rotational excitation will increaseRe
somewhat, and through theR dependence ofSn ~see Table II
of Ref. @11#! the total transition probability of the electroni
1-4
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NEUTRINO-MASS DETERMINATION FROM TRITIUMb . . . PHYSICAL REVIEW C 60 034601
state will change accordingly. Since forJi51 the coupling
between vibrations and rotations is small,Re does not
change much, and the resulting change in the integra
probability of the ground state is, according to Table III, on
0.018%. In Table IV we show how the effect increases
the first five rotationally excited states and for the low
lying vibrationally excited states. The change in the to
ground-state probability from rotational excitations is sm
(.0.1%), while a vibrational excitation would change t
ground-state probability on the level of 1%. The ground-st
probability varies almost linearly with the change in the a
erage internuclear separation^R& of the rovibrational state
An elongation of the molecule of 0.04 a.u. would decrea
the ground-state probability by about 1%~see Table IV!.

C. Excited electronic states

Using the improved electronic wave functions and en
gies in Table I we have calculated the final-state probabili
also for the excited states. For the first time this has b
done also for the TH isotope. The resulting transition pro

FIG. 1. Born-Oppenheimer potential energy curves for sta
1–6, with dissociation limits indicated. The energies are taken fr
Table I, and interpolated using cubic splines.E is the electronic
binding energy relative the total break-up threshold,R is the inter-
nuclear separation.

FIG. 2. The probabilityP1J5(vP1vJ of rotational statesJ of the
electronic ground state of3HeT1. The white bars show the result
for a nonrelativistic and the black bars for a relativistic recoil m
mentum. Theb-electron energy isEb518.6 keV.
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ability density for the most prominent states is shown in F
3. All excited states are essentially dissociative~the potential
curve of the first excited state has a shallow minimum aR
.4.0, which can be ignored, since it lies far outside t
Franck-Condon region of the T2 ground state! so the prob-
ability density is a continuous function of energy with pea
corresponding to the different excited states. Since its pr
ability is very small, state 5 has not been included. The m
important difference between the two isotopes is that
distribution for TH is shifted by about 1 eV towards lowe
energies. Since the upper limit onmnc2 approaches this
value in the present experiments@2,3#, it will be important to
account for any impurity admixture of TH in the experime
tal analysis.

Above state 6 there exists an infinite number of Rydb
states, converging to the ionization threshold~i.e., the ground
state of HeT11). Although each of these states carries onl
small transition probability, their added probability might b
appreciable. It should, however, be noted that as long as
sudden approximation remains valid the condition that
total probability adds up to 1 is automatically fulfilled. Th
gives little room for the probability that can be carried b
any additional components, as long as the transition pr
ability to all other states remains unchanged.

In a calculation using a finite basis set it is of course n
possible to determine all the Rydberg states. In our spec
calculation seven additional bound states were found ab
state 6, which~together with state 5! have a total final-state
probability 1.4%. Parts or all of them may be regarded
pseudo states, carrying the integrated final-state probab
of the Rydberg states. We incorporated the effects of nuc
motion through the reflection approximation~which causes a
broadening of the probability distribution similar to that fo
the states displayed in Fig. 3!, and an effective energy shif
due to recoil, as has been described in Ref.@19#. A more
refined calculation could be made using quantum de
theory ~as suggested in Ref.@29#!. However, since their in-
tegrated probability is small, and since the nuclear mot
has the effect of smoothing out all fine details, we judge o
treatment to be sufficiently accurate.

D. Nonadiabatic effects

The form of the transition probability Eq.~5! was derived
within the Born-Oppenheimer approximation. In this a

TABLE II. Transition probabilitiesP1vJ ~in %! to the rovibra-
tional level withJ523 ~for different vibrational statesv), without
~nr! and with~r! the relativistic correction to the recoil momentum
The statev56 is a predissociative resonance. The energyE1vJ is in
eV relative the statev5J50.

v E1vJ P1vJ ~nr! P1vJ ~r!

0 1.08082 0.104 0.060
1 1.28153 0.614 0.470
2 1.46067 1.136 0.994
3 1.61740 1.175 1.128
4 1.75047 0.858 0.888
5 1.85797 0.500 0.552
6 1.93649 0.241 0.279s

-
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proximation the electronic part of the wave function is a
sumed to vary slowly with the internuclear distanceR. Since
the electronic overlapSn(R) does vary appreciably withR
~see Table I and Ref.@8#!, and since we are looking for sma
effects, it is worthwhile to investigate the validity of th
Born-Oppenheimer approximation.

The corrections to the Born-Oppenheimer approximat
arise mainly from the nuclear kinetic-energy operator act
on the electronic wave function. If the correction is smal
can be evaluated in perturbation theory. In Ref.@20# we
show that the first-order correctionPnvJ

(1) to the transition
probability to the rovibrational statev,J belonging to the

TABLE III. Dependence of the transition probability~as a func-
tion of excitation energyEf of the final state! on the initial rota-
tional stateJi of T2. Column 2~3! contains the transition probability
to the electronic ground state of3HeT1 for Ji50 (Ji51). Each
entryPf(Ef) represents the integrated probability to the next hig
energy in the table. The zero energy is located at the dissocia
limit for 3HeT1, 1.89741 eV above its rovibrational ground stat

Ef @eV# Pf(Ef) @%#

Ji50 Ji51

21.90 0.007 0.008
21.80 0.005 0.010
21.70 0.023 0.026
21.60 0.055 0.051
21.50 0.046 0.080
21.40 0.203 0.118
21.30 0.165 0.268
21.20 0.388 0.271
21.10 0.381 0.571
21.00 0.681 0.791
20.90 1.121 1.041
20.80 1.011 1.469
20.70 2.441 2.367
20.60 3.234 3.503
20.50 4.086 4.575
20.40 6.875 6.179
20.30 6.628 5.889
20.20 5.141 5.399
20.10 6.556 6.093

0.00 5.459 4.931
0.10 3.723 3.711
0.20 2.547 2.737
0.30 1.696 1.927
0.40 1.137 1.337
0.50 1.695 1.917
0.75 1.009 1.013
1.00 0.573 0.569
1.25 0.281 0.289
1.50 0.132 0.137
1.75 0.062 0.064
2.00 0.042 0.043
2.50 0.008 0.008
3.00 0.002 0.002

SumP1: 57.412 57.394
03460
-

n
g
t

electronic staten of HeT1 ~described by the wave functio
Cn) due to the nonadiabatic coupling to all other sta
n8,v8,J is

PnvJ
(1) 52 ReH (

n8v8M

1

EnvJ2En8v8J

^Fj000
1 ueiK•RuxvJM

n Cn&

3E f vJ
n ~R!Cnn8~R! f v8J

n8 ~R!dR

3^Cn8xv8JM
n8 ue2 iK•RuFj000

1 &J . ~9!

HereF is the wave function describing the electronic grou
state of the initial T2 molecule, andCnn8 is the coupling
between the electronic states

Cnn8~R!52
1

2m K CnU ]2

]R2
2

1

R2
~Lx

21Ly
2!UCn8L

2
1

m K CnU ]

]RUCn8L ]

]R
. ~10!

In Eq. ~10! m is the reduced mass of the nuclei, andLx , Ly
arex, y components of the electronic angular momentum
term proportional top1•p2 has been neglected, wherepi is
the momentum operator of electroni.

The nonadiabatic Hamiltonian is invariant under rotatio
of the entire molecule. Therefore the rotational quant
numberJ is conserved. This is, however, not true for th
electronic angular momentumL along the internuclear axis
Thus nonadiabatic couplings betweenL50 andL51, i.e.,
betweenS andP states, do exist. Since theS-P coupling is
proportional toAJ(J11) and^J&.23 one could expect it to
be relatively large@30#. The corrections to the final-stat
probability due to theS-P couplings do, however, vanish i
first-order perturbation theory. The reason is that the
matrix element in Eq.~9! requires the electronic staten8 to
be of the same symmetry as the initial T2 state, i.e., ofS
symmetry. Therefore couplings toP states appear only in
second-order perturbation theory, which is proportional
m22 and thus very small. It is therefore sufficient to consid
nonadiabatic couplings only betweenS states.

In Ref. @20# we used an approximate sum rule to estim
Pn

(1)5(vJPnvJ
(1) for the ground state. The largest change

transition probability due to nonadiabatic couplings~about
7.431023%) occurs in the coupling between the grou
state and the first excited state. With the wave functions
nuclear motionf vJ

n in hand we can calculate Eq.~9! without
any simplifying approximation, using the couplingsCnn8 cal-
culated in Ref.@20#. Since the excited states under consid
ation are dissociative, the summation over the vibratio
quantum numberv8 in Eq. ~9! goes over in an integral ove
E8, which designates the asymptotic translational energy
the dissociation fragments. Using the fact th

* f vJ
n (R)Cnn8(R) f v8J

n8 (R)dR5* f v8J
n8 (R)Cn8n(R) f vJ

n (R)dR to

r
on
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TABLE IV. The integrated transition probabilitiesPn to the electronic staten of 3HeT1 for different
initial rovibrational states (v i ,Ji) of the T2 molecule.̂ R& is the mean internuclear distance of T2 in the given
rovibrational state.

EvJ
T2 @eV# ^R& @a.u.# P1 P2 P3 P4 P6

v i50, Ji50 24.59093 1.42835 57.412 17.359 7.761 0.782 0.91
v i50, Ji51 24.58597 1.42907 57.393 17.373 7.758 0.782 0.91
v i50, Ji52 24.57605 1.43052 57.356 17.401 7.752 0.781 0.91
v i50, Ji53 24.56121 1.43268 57.299 17.444 7.744 0.780 0.91
v i50, Ji54 24.54149 1.43556 57.224 17.500 7.732 0.779 0.91
v i50, Ji55 24.51695 1.43915 57.130 17.570 7.718 0.777 0.91
v i51, Ji50 24.28535 1.48330 55.821 18.409 7.531 0.739 0.89
v i52, Ji50 23.98969 1.53947 54.204 19.483 7.298 0.698 0.86
v i53, Ji50 23.70379 1.59070 52.561 20.587 7.064 0.660 0.83
v i54, Ji50 23.42753 1.65602 50.891 21.725 6.828 0.624 0.80
v i55, Ji50 23.16081 1.71672 49.193 22.904 6.591 0.588 0.78
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avoid taking the derivative of the rapidly oscillating wav
function of nuclear motion for the excited state, Eq.~9! re-
duces to

P1vJ
(1) 52~2J11!E dE8

1

EnvJ2E8

3E g00
1 ~R!S1~R! j J~KR! f vJ

1 ~R!dR

3E f J
2~E8,R!Cn8n~R! f vJ

1 ~R!dRE f J
2~E8,R!

3S2~R! j J~KR!g00
1 ~R!dR ~11!

for couplings between the electronic ground state and
first excited one of HeT1. The results forJ523 are pre-
sented in Table V. We see that the relative change of

FIG. 3. The probability density for transitions to states 2, 3,
and 6~see Table I!, which are the dominating excited states belo
the ionization threshold. The solid curve is for3HeT1, the dashed
one for 3HeH1.
03460
e

e

probability of each level is of the order of 1023 or less.
Translated into an absolute change of the integrated tra
tion probability to the ground state this would correspond
about 0.06%. However, we see that in reality some rovib
tional levels gain while others loose probability, the tre
being to transfer probability to higher vibrational states. T
causes a partial cancellation when the changes in probab
of the individual rovibrational levels are added up to the to
change in probability of the electronic ground state, mak
the one order of magnitude smaller estimate from the s
rule more likely. In any event, there is no evidence for
significant effect from nonadiabatic couplings. Therefore
have stopped short of a~very time-consuming! full calcula-
tion.

IV. PROSPECTS OF EXPERIMENTAL VERIFICATION
OF THE FINAL STATE POPULATIONS

The excited states of the HeT1 ion are of course not
stable. Different modes of decay include dissociation, au
ionization, and radiative deexcitation. Monitoring of the va
ous decay yields may provide an independent check of
instantaneous populations of the HeT1 states~i.e., immedi-

,

TABLE V. Transition probabilities~in %! to the bound and
predissociative vibrational levelsv with rotational quantum numbe
J523. P1vJ

(0) is the probability in the adiabatic approximation, whi
P1vJ

(1) is the first-order correction due to the nonadiabatic coupling
the first excited state. The energyE1vJ is in eV relative to the state
v5J50.

v E1vJ P1vJ
(0) P1vJ

(1) P1vJ
(1) /P1vJ

(0)

0 1.08082 0.060 29.631025 21.631023

1 1.28153 0.470 24.731024 21.031023

2 1.46067 0.994 25.531024 25.531024

3 1.61740 1.128 21.431024 21.231024

4 1.75047 0.888 2.731024 3.031024

5 1.85797 0.552 3.931024 7.131024

6 1.93649 0.279 2.931024 1.031023
1-7
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SVANTE JONSELL, ALEJANDRO SAENZ, AND PIOTR FROELICH PHYSICAL REVIEW C60 034601
TABLE VI. Bound-bound rovibrational transition energies~in
cm21) of the 4HeH1 ground state. Experimental values are tak
from the references in the last column, theoretical values have
obtained in this work.

(v i , Ji)˜(v f ,Jf) Experiment Theory Ref.

(0,10)̃ (0,11) 657.221 657.245 @41#
(0,11)̃ (0,12) 701.317 701.336 @41#
(0,12)̃ (0,13) 741.706 741.731 @41#
(0,13)̃ (0,14) 778.224 778.254 @41#
(0,14)̃ (0,15) 810.708 810.745 @41#
(0,15)̃ (0,16) 839.010 839.051 @41#
(0,16)̃ (0,17) 862.984 863.026 @41#
(0,17)̃ (0,18) 882.475 882.520 @41#
(0,18)̃ (0,19) 897.334 897.368 @41#
(0,20)̃ (0,21) 912.242 912.277 @41#
(0,21)̃ (0,22) 911.704 911.736 @41#
(1,10)̃ (1,11) 598.829 598.842 @41#
(1,11)̃ (1,12) 637.767 637.777 @41#
(1,12)̃ (1,13) 672.989 672.996 @41#
(1,13)̃ (1,14) 704.270 704.287 @41#
(1,14)̃ (1,15) 731.430 731.445 @41#
(1,15)̃ (1,16) 754.235 754.254 @41#
(1,16)̃ (1,17) 772.464 772.480 @41#
(1,17)̃ (1,18) 785.837 785.851 @41#
(1,18)̃ (1,19) 793.997 794.019 @41#
(1,19)̃ (1,20) 796.490 796.515 @41#
(1,20)̃ (1,21) 792.616 792.646 @41#
(2,13)̃ (2,14) 627.320 627.333 @41#
(2,14)̃ (2,15) 648.324 648.334 @41#
(2,15)̃ (2,16) 664.559 664.572 @41#
(2,16)̃ (2,17) 675.609 675.619 @41#
(2,17)̃ (2,18) 680.895 680.908 @41#
(2,18)̃ (2,19) 679.586 679.604 @41#
(2,19)̃ (2,20) 670.340 670.362 @41#
(0,1)̃ (1,0) 2843.9035 2844.237 @40#
(0,0)̃ (1,1) 2972.5732 2972.908 @40#
(0,2)̃ (1,1) 2771.8059 2772.134 @40#
(0,1)̃ (1,2) 3028.3750 3028.709 @40#
(0,3)̃ (1,2) 2695.0500 2695.375 @40#
(0,2)̃ (1,3) 3077.9919 3078.327 @40#
(0,4)̃ (1,3) 2614.0295 2614.351 @40#
(0,3)̃ (1,4) 3121.0765 3121.412 @40#
(0,4)̃ (1,5) 3157.2967 3157.630 @40#
(1,11)̃ (0,12) 1855.905 1856.153 @39#
(1,12)̃ (0,13) 1751.971 1752.199 @39#
(2,8)̃ (1,9) 1896.992 1897.143 @39#
(2,9)̃ (1,10) 1802.349 1802.500 @39#
(2,10)̃ (1,11) 1707.543 1705.692 @39#
(1,19)̃ (2,18) 862.529 862.633 @41#
(1,20)̃ (2,19) 745.624 745.721 @41#
(2,17)̃ (3,16) 833.640 833.743 @41#
(2,18)̃ (3,17) 719.769 719.870 @41#
(4,11)̃ (5,10) 901.963 902.056 @41#
(4,12)̃ (5,11) 807.806 807.909 @41#
(6,7)̃ (5,8) 863.378 863.451 @41#
(6,8)̃ (5,9) 782.925 782.993 @41#
(7,3)̃ (6,4) 817.337 817.423 @41#
(7,4)̃ (6,5) 760.259 760.484 @41#
03460
ately after theb decay!. In the following we will review
some of the possibilities, using the results from the preced
sections.

In this context it is important to remember that the ne
trino mass is determined only from the very small fraction
decays resulting in ab electron with an energy close to th
maximum 18.6 keV. This is where theb-electron spectrum
is sensitive to the neutrino mass, as was explained in Sec
However, an independent check of the final-state populati
might involve an experiment which samplesb electrons of
all energies. Since the averageb-electron kinetic energy is
much smaller than the end-point energy, the average of
quantity that depends on the recoil, e.g., the population of
rovibrational levels, will differ significantly from its value a
the end point of theb-electron spectrum.

The transition probability to a particular electronic state
on the other hand, within the sudden approximation, in
pendent of the recoil momentum, as is evident from the su
rule considerations~see Sec. III A!. Thus, provided that the
sudden approximation still holds@18,19#, and that the contri-
bution from the exchange between theb electron and the
molecular electrons is still negligible, the large-scale featu
of the molecular final-state populations~on the level of elec-
tronic states! should not depend on the kinetic energy of t
b electron. To test finer details, arising from the distributi
of rovibrational levels one could make a coincidence m
surement selecting only those decays resulting in
b-electron energy close to its maximum value. Such a se
tion would however reduce the statistics drastically~as is the
case in neutrino-mass experiments!, as well as introduce ad
ditional experimental complications.

Alternatively calculations for all differentb-electron en-
ergies could be made. One must, however, remember
Eq. ~9! was derived under the assumptions that the sud
approximation holds, and that the exchange contribution
well as the momentum of the neutrino can be neglected.
sufficiently low b-electron energies all of these condition
will fail. Comparison between an experiment and the resu
of such a calculation would therefore not be adirect test of
the final-state distribution used in the neutrino-mass deter
nation, but would of course still be a valuable check of t
theory.

A. Mass spectrometry

Early attempts were made to determine the dissocia
probability of the 3HeT1 molecule through mass spectro
metry of the fragments@31,32#. After theb decay the daugh-
ter molecule may either remain bound, or it may dissocia
If the final decay product is a molecular or atomic ion it c
be identified through mass spectrometry~because of the
nearly equal masses, T1 ions and3He1 ions may however
be difficult to discriminate!. Since the mode of dissociatio
is different for different electronic states, the yields of t
various dissociation products can give some information
the relative populations of the electronic states after theb
decay. It is, however, important to know that the dissociat
products really originate from the final state of theb decay,
and not from some secondary process such as dissociatio

en
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TABLE VII. Bound to quasibound, and quasibound to quasibound rovibrational transition energiesE, and
widthsG of the upper quasibound state, for the ground state of various HeH1 isotopes. Experimental value
are taken from the references in the last column, theoretical values have been obtained in this work
sitions marked by asterisk are quasibound to quasibound, for which the width refers to the upper lev~All
quantities in cm21.!

isotope (v i , Ji)˜(v f ,Jf) E ~experiment! E ~theory! G ~experiment! G ~theory! Ref.

4HeH1 (5,12)̃ (6,13) 979.904 980.011 0.103 0.107 @42#
4HeH1 (5,12)̃ (7,11) 938.2 937.865 4.1 3.9 @42#
4HeH1 (0,23)̃ (0,24) 891.888 891.920 .0 @43#
4HeH1 (0,24)̃ (0,25)* 870.298 870.331 4.331027 @43#
4HeH1 (0,25)̃ (0,26)* 837.180 837.213 0.0189 0.019 @43#
4HeH1 (1,21)̃ (1,22) 781.245 781.288 .0 @43#
4HeH1 (1,22)̃ (1,23)* 760.232 760.376 5.431027 @43#
4HeH1 (1,23)̃ (1,24)* 724.933 724.978 0.092 0.070 @43#
4HeH1 (2,20)̃ (2,21) 650.613 650.645 6.231027 @43#
4HeD1 (5,20)̃ (7,19) 944.720 944.895 1.831022 1.631022 @42#
4HeD1 (5,20)̃ (6,21) 1003.329 1003.425 1.031023 4.431024 @42#
4HeD1 (4,22)̃ (6,21) 1088.373 1088.552 8.131024 4.431024 @42#
4HeD1 (9,4)̃ (13,5) 1073.475 1073.330 2.731022 4.531022 @42#
4HeD1 (9,6)̃ (13,5) 911.705 911.398 2.731022 4.531022 @42#
3HeH1 (5,11)̃ (6,12) 981.322 981.404 2.931022 3.231022 @42#
3HeD1 (5,18)̃ (6,19) 1034.144 1034.174 4.531024 4.131025 @42#
3HeD1 (5,18)̃ (7,17) 995.415 995.458 5.631023 4.331023 @42#
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other T2 or 3HeT1 molecules due to collisions with fastb
electrons. In addition, the experiment has to be performe
such a way that recombination of the ions is prevented.

There are five different possibilities for the final3HeT1

molecule. It may dissociate into3He11T, into 3He1T1, or
it may remain bound. Above the threshold for~double! ion-
ization of HeT1 one may also have dissociation into3He1

1T1, and even into3He111T.
The first case, dissociation into3He11T, will be the fate

of molecules ending up in electronic states 2, 4, and 5~see
Fig. 1!, in the Rydberg states@which in the asymptotic limit
converge to He1(1s)1T1, into which the ground state o
HeT11 dissociates, see Sec. III C# as well as in the dominat
ing resonances above the ionization threshold. The th
electronically bound states and the Rydberg states add u
about 19.5% of the final-state probability. This number do
not depend on the kinetic energy of theb electron because
the states have no minima in the relevantR region, and will
therefore always dissociate, regardless of the magnitud
the recoil. The additional contribution from the resonance
difficult to determine exactly, since here dissociation co
petes with ionization which occurs on the same time sc
(.10215 s), an upper limit being thus the integrated pro
ability of the resonances, about 8%. If ionization occurs
fore the nuclei have been separated enough to stabilize
molecule against this process, the dissociation fragments
instead be3He1 and T1 ~since the resonances are locat
under the threshold for double ionization of He!. Thus when
the autoionizing resonances dissociate one3He1 ion will be
produced with certainty, and in some cases also a T1 ion.

The second type of dissociation,3He1T1, will follow all
decays to state 3 and 6, and after decay to the dissocia
03460
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part of the ground state~see Fig. 1!. State 3 and 6 make up
8.7% of the final-state probability, while the dissociatio
probability of the ground states depends on the recoil, i.e.
the energy of theb electron. When the energy of theb
electron is close to its maximum there will be 18.4% pro
ability for decay into the dissociative region of the electron
ground state, and 39.0% probability that the ground s
remains bound. Thus in total, at the end-point energy of
b electron, there is 27.1% probability that the final sta
dissociates to3He1T1. Since the average recoil is smalle
than the recoil at the end point this value can be taken a
upper bound for the probability of this mode of dissociatio
A corresponding lower bound can be obtained by assum
that the ground state never dissociates. For decay of TH
electronic ground state has only a small probability to dis
ciate ~about 1.5% at the end point!, so the probability for
H113He dissociation should be close to this lower lim
i.e., 8.7%.

Within the nonresonant part of the electronic continuu
the ionization will be much faster than the nuclear motio
and for lower energies~less than 80 eV! the dissociation
channel will be3He11T1. At higher energies the two chan
nels 3He11T1, and 3He111 T will compete. Their rela-
tive probabilities will depend on the corresponding probab
ties for the various3HeT11 states~all dissociative within
the Franck-Condon region for T2 @33#! to be the final state of
the ionization process. The integrated final-state probab
of this part of the electronic continuum is about 6%, abo
4% of which lies below 80 eV@19#.

All in all we then expect between 0.31 and 0.343He1

ions perb decay, 0.13 to 0.41 T1 ions per decay, 0.39 to
0.57 3HeT1 ions per decay, and a small number~0 to 0.02
1-9
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SVANTE JONSELL, ALEJANDRO SAENZ, AND PIOTR FROELICH PHYSICAL REVIEW C60 034601
per decay! of 3He11 ions, when consideringall b decays.
Since at least some decays will result in dissociation
3He11T1, i.e., two ions, the sum of all3He1, T1, 3HeT1,
and 3He11 per decay should actually be slightly larger th
1. If the 3He1 ions and T1 cannot be discriminated they ad
up to a single component of 0.44 to 0.75 ions per dec
Depending on experimental conditions it may be advan
geous to either measure absolute yields, or the approp
ratios between the yields of different ions. For the dec
resulting inb-electron energies close to its maximum val
we expect 0.31 to 0.343He1 ions, 0.31 to 0.41 T1 ions, and
0.39 3HeT1 ions perb decay.

In the late 1950s a couple of mass-spectrometry exp
ments were done, the results of which are in sharp disag
ment with the theoretical predictions given above. Wex
et al. measured the probability that the daughter ion rema
bound afterb decay of T2 to be 94.560.6%, and after decay
of TH 89.561.1% @32#. Snell et al. measured TH and ob
tained 93.261.9% probability that the daughter ion remai
bound @31#. A possible reason for this disagreement w
however given by Wexler@32#. The mass spectrometers us
‘‘strongly discriminate against ions with appreciable trans
tional energy.’’ Since the translational energies of the dis
ciation fragments from the excited states are 8 to 26 eV,
from the ground state 0 to 3 eV, we find this explanati
plausible. Recombination during the transit to the spectro
eter is also a potential source of errors. It would be v
interesting to see these experiments repeated with mo
technology.

B. Photon yields

Another mode of deexcitation isvia emitting a photon.
The different excited states can be identified by the wa
length of the photons, and the yields at different waveleng
provide information regarding the populations of the diffe
ent excited states, i.e., the final-state probability of the
cited state.

It is of course important to allot for other modes of dee
citation, such as collisions with other molecules. One m
also be careful to separatesecondaryexcitations due to theb
electron passing through the source or due to other c
sional processes. Schmieder has measured the optical
trum of T2 gas in the wavelength region 350–800 nm@34#. A
large number of transitions were observed, almost all
them originating from secondary excitations. Only one p
mary transition was observed,3He1(n54˜n53). The
same transition was observed by Wexler and Porter@35#.

Which other radiative transitions could then be observ
If we first concentrate on transitions between electro
states there will obviously be no transitions from the grou
state. The excited states are all dissociative, with a typ
dissociation of the order of 10215 s. The typical time for
radiative transitions can be estimated by comparing to
times for atomic hydrogen and helium, which yields a typic
time of 10210 s or more. Thus radiative processes are sl
compared to dissociation. Therefore, we expect that o
photons from deexcitations of the dissociation fragments
be observed. State 2 dissociates to the atomic ground s
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He1(1s)1T(1s), which will not be possible to observe
State 3 dissociates to He(1s2s)1T1, which according to the
D l 561 selection rule only can be deexcited through a t
photon transition, which is a very slow process, and it
therefore very likely that deexcitationvia collision occurs.

Thus we are left with states 4, 5, and 6, which make
less than 2% of the total transition probability, and the sta
above the ionization limit, which add up to about 14%. Sin
these states are very close in energy one can expect avo
crossings between the potential curves as the nuclear se
tion R is increased~see Fig. 1!. This leads to large coupling
between the states, which makes it extremely demandin
calculate the exact probabilities for different dissociati
channels (He11T versus He1 T1, and/or different excita-
tions of atomic states! from a given population of the variou
electronic states aroundR51.4 a.u. For the resonances the
is of course the additional complication of the competi
ionization channel. Therefore the calculation required
make this prediction will in fact be more difficult than th
original calculation of the final-state probabilities just aft
the b decay that we want to verify.

It is also possible to study the infrared light emitted
transitions between the rovibrational levels of the grou
state. In fact one such experiment has been made, wher
v51˜v50 transition has been detected@36#. For these
states there is no problem with dissociation, but once ag
one must remember that the population probability to a s
cific rovibrational state is recoil dependent, and thus differ
if the entire b spectrum is integrated over, or if, as
neutrino-mass experiments, only decays resulting in
b-electron energy close to the end point are selected~see the
discussion in the beginning of this section!. The life times of
these states are expected to be long, of the order of millis
onds @37#. Radiative deexcitation will therefore compe
with collisional deexcitations and with recombinatio
through the capture of a free electron.

C. Experiments on HeH1

While the experiments described above aim at a dir
verification of the instantaneous final-state populations
lowing theb decay of T2, it is also possible to test the theor
for the HeH1 molecule by measurements of other propert
of this molecule. The disadvantage of these methods is
course that the part of the theory relating directly to t
b-decay process is not tested. Experimentally this is howe
an advantage, since the experiments do not have to us
dioactive tritium, but can just as well use other isotopes t
are harmless and easier accessible, e.g.,4HeH1.

Even though the calculation of the matrix elements in E
~6! can only be tested in decay experiments, the accurac
the HeH1 wave functions can be tested in experiments
volving other ways of populating the HeH1 states to be
tested. For example, photoabsorption experiments could
performed on HeH1. This process would produce excite
states in a way similar to that ofb decay~although with a
different probability distribution!. The theoretical predictions
for the subsequent dissociation process could then
checked experimentally using, e.g., the methods describe
1-10
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Secs. IV A and IV B, but with the advantage of allowing
selective probing of a certain final-state energy region. T
could, e.g., allow for testing the rovibrational shapes of
electronic states, without complications arising from the
coil. Such theoretical predictions have been made in R
@38#.

Some experiments have been done on radiative transit
between ground-state rovibrational levels in HeH1. These
experiments can be used to verify the calculations of
energy spectrum of HeH1, but give no information on tran
sition probabilities. Still they provide some consisten
check of the calculations.

Tolliver, Kyrala, and Wing@39#, Bernath and Amano
@40#, and Liu and Davies@41# have measured a large numb
of bound-bound rotational and rovibrational transitions in
electronic ground state of4HeH1. In Table VI their results
are compared to our theoretical calculations, using the m
ods described above in Sec. III. We find that the differen
between experiment and theory is less than 1 cm21

.1024 eV, a precision that certainly is more than sufficie
for the neutrino-mass experiments. Carringtonet al. @42#,
and Lie and Davies@43# have also measured some transitio
involving predissociative resonances of the electronic gro
state. The predissociative resonances are sensitive to the
range part of the potential curve, and are therefore m
difficult to calculate accurately. In neutrino-mass expe
ments only theR region within the Franck-Condon region o
the T2 ground state~i.e., R,4 a.u.! is important. The results
in Table VII show that the calculated energies agree w
experiment within 1 cm21. We have also calculated th
widths of the predissociative resonances, using the prog
LEVEL6.0 by Le Roy@27#. In this program the widths of pre
dissociative resonances are calculated using a semiclas
method with Airy-function boundary condition, described
Refs. @44–46#. We see that for the wider resonances t
agreement between theory and experiment is rather g
while for the narrower resonances there is a discrepancy.
exact widths of the resonances are, however, of no imp
tance for the neutrino-mass determination.

V. CONCLUSIONS

We have refined the bound-state part of the HeT1 final-
state spectrum following theb decay of T2 by including the
relativistic correction to the recoil, and by using improv
potential energy curves for the excited states. The calc
st,
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tions have been performed for decay of both T2 and TH, to
allow for interpretation of experiments with TH admixtur
The change in the final-state spectrum due to rotational
citations of the initial T2 molecules has been evaluated, a
found to be proportional to the elongation of the T2 mol-
ecule. Nonadiabatic corrections to the Born-Oppenheim
approximation have been investigated and found negligib

There are various ways by which the theoretical final-st
spectrum could be tested in experiments. Direct meth
would be either to identify the dissociation fragments fro
the HeT1 molecule by mass spectrometry, or to measure
photons emitted when excited final states decay. In prac
due to the short dissociation times, also the latter met
would in fact be a measurement of the dissociation fr
ments. It turns out that it is very difficult to devise an expe
ment that tests exactly the final-state spectrum that is u
for neutrino-mass determination. In most cases prediction
the quantities that could actually be measured require th
retical calculations that appear to be more difficult and th
necessarily less accurate than the calculations needed fo
determination of the instantaneous final-state populati
used for neutrino-mass determination.

Alternatively one may test the accuracy of the molecu
part of the theory via other types of experiments on HeH1.
Although the information from such experiments would n
relate directly to theb-decay process, they would on th
other hand still be useful, and probably be easier to perfo
and interpret.

The available experimental data on rovibrational levels
HeH1 isotopes have been compared to theoretical res
from our calculations. The agreement was in most ca
found to be very good, confirming the validity of the the
retical and numerical apparatus applied.
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