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Shell-model and Hartree-Fock calculations for even-mass O, Ne, and Mg nuclei
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Shell-model and deformed Hartree-Fock plus BCS calculations are reported for even-even nuclei18230O,
18236Ne, and 20242Mg; shell-model calculations additionally included38,40Ne and 44,46,48Mg. Ground-state
binding energies and 21

1 quadrupole moments are calculated by both models. Shell-model calculations, aided
by a new truncation method, include 21

1 excitation energies and magnetic moments. Hartree-Fock calculations
with SkI6, RATP,Zs* , and SkX Skyrme forces include ground-state deformations and rms radii; SkI6 gives the
best overall agreement with experiment. The two models are compared with each other and with experiment.
Two-neutron separation energies, evidence for a neutron halo or skin in heavy O isotopes, and deformation of
Ne and Mg isotopes are discussed. Both models indicate disappearance of the shell gap atN528 ~Mg!, and the
shell model does so additionally atN520 ~Ne and Mg!. @S0556-2813~99!05109-2#

PACS number~s!: 21.10.Dr, 21.10.Ky, 21.60.Cs, 21.60.Jz
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I. INTRODUCTION

The objective of the present study is to calculate and co
pare shell-model~SM! and Hartree-Fock~HF! results on
even-even oxygen (Z58), neon (Z510), and magnesium
(Z512) nuclei in the mass rangeA518–48. This region
offeres a unique opportunity to carry out both SM and H
calculations up to and beyond the two-neutron drip line. T
capabilities of the two models can be combined to provid
comprehensive description of nuclear low-energy propert

Mean-field methods have been applied to the nuc
many-body problem for decades. In a qualitative and su
mary way, the original single-particle SM of 1949@1# is a
mean-field model. Subsequent development of the model
included first two and then several interacting valence nu
ons in the mean field of a passive core of closed shells.

Following early work on valence nucleons in the 1p shell
by Cohen and Kurath@2#, Wildenthal and Brown and thei
associates have made a thorough study of 2s1d nuclei since
the 1980’s@3#. Similar work by Brown’s group is now ex
tended to the 1f 2p shell @4#. In this line of work, the SM is
applied as a numerical scheme with phenomenological in
No explicit mean field is assumed or derived; the sing
particle energies~SPE! are taken from fits to experimenta
data. Also the effective interactions between the valence
ticles are taken as two-body matrix elements~TBME! ob-
tained from the same fits. The resulting Hamiltonian mat
for the problem with many valence nucleons is diagonaliz
in a basis as large as is practically possible.

In the present work we follow Warburtonet al. @5,6#,
whose SM space combines thesd and f p shells. Our calcu-
lations extend their O-Ne-Mg results@6# from N524 to N
536. With enhanced computing power and a new effici
truncation method@7#, we have also recalculated some of t
earlier cases in larger SM spaces to present uniform sys
atics. Our calculations parallel the recent work of Caur
et al. @8#, with a different SM space and effective interactio
0556-2813/99/60~3!/034312~9!/$15.00 60 0343
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detailed comparisons will be made below.
Nuclear Hartree-Fock~HF! calculations are modeled afte

atomic HF calculations; for a review of early work, se
Ripka @9#. A HF calculation starts from an effective intera
tion and derives a mean field and a self-consistent se
SPEs. The most widely used effective interaction is the t
parameter Skyrme force@10,11#. Its parameters are usuall
fitted to experimental properties of double-closed-sh
nuclei.

When the Skyrme-HF model is applied to an open-sh
nucleus, pairing must be included in the effective interacti
The simpler way is to add Bardeen-Cooper-Schrieffer~BCS!
pairing to the Skyrme Hamiltonian; the more complicate
but theoretically more satisfactory, way is to include pairi
self-consistently via a HF-Bogoliubov~HFB! calculation.

A HF calculation uses either a spherically symmet
~SHF! or deformed~DHF!, axially symmetric or triaxial,
mean field. The SPEs, the ground-state binding energy,
other ground-state properties, e.g., root-mean-square
and static deformation parameters, are then calculated.

Our present HF application consists of axial DHF1BCS
with Skyrme forces which have not been used in this reg
before. Indeed, very few nonrelativistic deformed HF calc
lations have been reported for even-even O-Ne-Mg nuc
Tajima et al. @12# calculated12228O, 16232Ne, and18238Mg
using the SIII force, and Terasakiet al. @13# used the SIII
and SLy4 forces to study22240Mg. Furthermore, the finite-
range Gogny effective interaction was used in axial DH
calculations by Blumel and Dietrich@14# for selected even-
even isotopes with 2<Z<16, and by Bergeret al. @15# in a
triaxial HFB model. Although many Skyrme parametriz
tions are known to give similar results for nuclei close
stability, it is of particular interest to extend their comparis
to the particle drip lines.

The paper is organized as follows. Section II reports
SM calculations of ground-state binding energies and of1

1

excitation energies and quadrupole and magnetic mome
©1999 The American Physical Society12-1
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Our HF calculations are described in Sec. III. Binding en
gies, proton and neutron deformations, and rms radii are
culated. The presence of a neutron skin or halo is inve
gated for heavy O isotopes, while deformations and m
radii are studied for Ne and Mg isotopes. In Sec. IV, w
compare SM and HF, and Sec. V is a summary.

II. SHELL-MODEL CALCULATIONS

A. Interactions and truncations

We undertook SM calculations of even-even nuc
18230O, 18240Ne, and20248Mg using the codeOXBASH @16#.
The basic configurations and important excitations of th
nuclei occur in thesd–f p shell. Accordingly, we chose ou
model space to include all single-particle~SP! orbits of the
sd and f p shells. In this region isospin is a rather goo
quantum number, so we performed the calculations in
isospin formalism. The practical advantage of this is t
calculations are reduced to manageable size.

Notable examples of earlier SM works in this mass
gion, especially on the so-called island of inversion,
Refs. @17# (sd–f 7/2 shell gap!, @18# ~beta decay nearN
520), @8,19# ~role of intruder configurations aroundN520
and 28!, and@20# ~deformation of32Mg).

The interaction was taken from Warburton, Becker, a
Brown @6# ~WBB!. That interaction, designated WBMB
consists of four separate parts. Thesd part is the highly
successful USD fit by Wildenthal@21#. It has constant SPEs
but its TBMEs have a mass dependence (A2n)20.3 when the
valence space is (sd)A2162n( f p)n. The f p part is McGrory’s
fit @22#. The cross-shell matrix elements were generated fr
the Millener-Kurath potential@23# as modified by WBB. The
last part of WBMB is a center-of-mass correction.

For a given symmetry characterized byJpT, the excita-
tions from thesd to the f p shell are in our work restricted to
n\v excitations with a single value ofn, where n is the
number of particles lifted from thesd shell @24#. This is
because the WBMB interaction is so devised that a singn
value is presupposed for any one calculation. In our calc
tions only one or two lowest possible values ofn, for a given
parity, were considered. Denoting the smallestn by n0, we
are thus concerned with calculations characterized bn
5n0 andn5n012.

Because of the large dimensions involved, we had to tr
cate our basis in many cases. This was done by a proce
due to French and Ratcliff@25# and further developed by
Horoi et al. @7#. The method works so that partitions~con-
figurations! whose calculatedm-scheme energy exceeds
user-determined limit are excluded from the SM basis.

In the m scheme, a particular partitionk has a certain
energy expectation value, or energy centroid,Ek5Hkk and a
corresponding widthsk5A(H2)kk2Ek

2, which depend on
the SPEs and TBMEs. LetEmin be the lowest energy centroi
among the various partitionsk. Partitions whose energy ex
ceeds a certainEcut are discarded. This cutoff energy is co
veniently stated in terms of the averages̄ of the sk ~the sk
have a roughly constant value!,

Ecut5Emin1as̄, ~1!
03431
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wherea is a user-chosen parameter. Convergence probl
inherent in the software and hardware limitations resulted
a'2 –3 in our calculations using the cutoff method. Th
truncation procedure is logically and physically consiste
because it is based on partition energies for a partic
Hamiltonian.

The maximal dimensions of the Hamiltonian matrix we
kept about the same for the entire mass range: roug
25 000 for theJT and 240 000 for the unprojectedm basis of
the 21 states. For comparison, the maximumJT dimension
of WBB was restricted to about 11 000.

B. Binding energies

Coulomb energies and the binding energy of the16O core
must be included when we wish to calculate binding energ
in the isospin formalism. The binding energy forZ59 –20 is
then given by@6,26#

EB52Eg.s.~T!1DC~Z!, ~2!

where

DC~Z!5EB~16O!1~18 247.802950.495Z

2162.025Z2145.29dZ,odd! keV. ~3!

This equation contains the experimental binding ene
EB(16O)5127 620 keV, which is used for all O isotope
without the additional terms of Eq.~3!. The energyEg.s.(T)
is the ground-state energy, with respect to the16O core, cal-
culated by the SM in isospin formalism. The calculated bin
ing energy to be compared with experiment is thenEB .

The ground state was found to be given byn5n0 in
nearly all cases considered in this work, i.e.,EB(n0)
.EB(n012). The exception is the region called the isla
of inversion in WBB. The first excited state came out as1

except for 28O, where it was 32 ~like the second excited
state of16O). This exception follows from the doubly magi
nature of28O: the ground state is of 0\v character while the
lowest excited states must ben51 giving rise to negative
parity and possibleJ53.

The calculations of WBB are identical to ours when t
same restrictions are used. However, we extend the calc
tions further to the neutron-rich side, with much larger m
trix dimensions~we do not use their weak-coupling approx
mation!. The binding energies of thesd-shell nuclei
calculated with the WBMB Hamiltonian are identical t
those predicted by the USD sincen50. According to our
calculations,30Ne and 32Mg are on the island of inversion
where the ground state is of (n012)\v character.

Because of computational limitations, it was not possi
in all cases to calculate highern\v excitations. The nuclei
for which it wasreasonably possible are28,30O, 30,32Ne, and
30,32Mg. However, the weak-coupling results of WBB sho
that for other O, Ne, and Mg nucleiEB(n0).EB(n012); the
only exception is34Mg.

In Table I the value ofn is given. Some of the (n0
12)\v energies which are not listed in Table I can be fou
in Figs. 4 and 5~weak coupling! of WBB. From Table I we
2-2
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observe that26O, 34Ne, and40Mg are the last isotopes stab
against two-neutron emission, as indicated by their maxi
binding energy. The very recent SM calculations of Caur
et al. @8# give 24O, 34Ne, and 38Mg as the last bound iso
topes. Fauerbachet al. @27# point out the model sensitivity o
SM predictions regarding the stability of26O.

The error in the binding energy increases when we

TABLE I. Results of shell-model calculations. Column 2 giv
the n of n\v.

n EB

~MeV!
E(21

1)
~MeV!

Q(21
1)

(e fm2)
m(21

1)
(mN)

8
18O10 0 139.791 2.179 22.08 20.483

8
20O12 0 151.444 1.962 23.25 20.512

8
22O14 0 162.242 3.376 2.99 20.393

8
24O16 0 168.669 4.180 22.35 20.138

8
26O18 0 169.664 2.327 0.81 0.758

8
28O20 0 168.879 a a a

2 165.923 1.632 22.89 20.206

8
30O22 2 164.484 1.761 23.38 20.385

4 161.578 1.399 24.90 20.173

10
18Ne8 0 132.331 2.179 28.01 2.525

10
20Ne10 0 160.652 1.776 213.45 1.006

10
22Ne12 0 177.764 1.368 213.15 0.745

10
24Ne14 0 191.823 2.145 23.50 1.486

10
26Ne16 0 201.785 2.011 210.26 1.786

10
28Ne18 0 207.726 1.786 21.20 2.119

10
30Ne20 0 210.126 1.883 20.94 2.888

2 210.913 1.005 212.80 0.679

10
32Ne22 2 212.224 1.105 211.89 0.781

4b 210.704 0.784 215.08 0.564

10
34Ne24 4 212.751 0.834 216.29 0.635

10
36Ne26 6 210.941 0.927 215.02 0.622

10
38Ne28 8b 207.548 1.006 25.43 c

10
40Ne30 10b 203.743 1.144 21.32 0.701

12
20Mg8 0 134.954 1.962 212.52 2.566

12
22Mg10 0 168.734 1.368 215.37 1.268

12
24Mg12 0 198.209 1.508 216.36 1.007

12
26Mg14 0 216.661 1.929 212.46 1.610

12
28Mg16 0 231.659 1.543 215.32 1.216

12
30Mg18 0 242.059 1.671 212.06 1.779

2b 236.012 1.131 212.36 0.602

12
32Mg20 0 248.352 1.675 211.13 2.703

2b 248.861 1.046 213.85 0.755

12
34Mg22 2 254.488 1.173 214.15 1.152

12
36Mg24 4 259.303 0.797 218.70 0.750

12
38Mg26 6b 260.412 0.753 217.57 0.795

12
40Mg28 8b 261.167 0.701 218.68 0.590

12
42Mg30 8b 261.013 0.875 211.19 c

12
44Mg32 8b 261.365 1.349 24.86 1.194

12
46Mg34 8b 260.581 1.622 216.47 2.309

12
48Mg36 8 255.319 1.255 27.66 1.371

aNo 21 state from 0\v calculation.
bRestricted calculation.
cCalculation could not be carried out.
03431
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clude high-energy partitions by the Horoi truncation meth
@7#. The error has its maximum value aroundN530 and it
decreases whenN approaches thef p shell closure atN
540 ~in fact, we were able to calculate48Mg without restric-
tions!. The restricted calculations are so marked in Table

Our 21
1 excitation energies~Table I! can be compared

with those of Caurieret al. @8#. Their results are in close
agreement with ourn5n0 results. The only exceptions occu
at N528, where our energies are appreciably lower th
theirs, indicating less of a shell closure. The general cong
ence of the results, however, bears witness to the efficie
of our truncation procedure, since them dimension of Ref.
@8# is about 30 times ours.

C. Electromagnetic moments

The electromagnetic moments of the very neutron-ri
unstable nuclei considered in this work are not experim
tally known @28#. For a detailed study of the dipole an
quadrupole moments in thesd shell, see Refs.@29,30#. In
this work we extend the systematics.

The calculation of electromagnetic moments is imp
mented in theOXBASH package. We use effective charg
ep51.35e and en50.35e, which have been found optima
for the sd shell @31#. For the orbitalg factors we use the
free-nucleon values,glp51 and gln50, while we quench
the spin g factors by the conventional factor of 0.7. Th
effective charges andg factors represent summary corre
tions for mesonic effects and the finiteness of the mo
space.

Table I shows our SM results for the electromagnetic m
ments of 21

1 states. Notable general features are the sm
negative and positive, quadrupole moments of the O isoto
and the large negative quadrupole moments of most Ne
Mg isotopes. Experimental quadrupole moments are av
able @28# only for the stable isotopes18O, 20,22Ne, and
24,26Mg. These nuclei, and additionally20O, also have ex-
perimentally known magnetic moments@28#. The experi-
mental and SM electromagnetic moments are listed in Ta
II for easy comparison. Agreement is seen to be good.
HF quadrupole moments shown will be discussed in Sec.

The Ne and Mg nuclei in Table II have large negati
quadrupole moments and thus are interpreted as prolate
formed in a Bohr-Mottelson description@32#. In that descrip-

TABLE II. Quadrupole moments and magnetic moments of1
1

states calculated by the shell model, and Hartree-Fock quadru
moments from Table III, compared with experiment@28#.

Q(e fm2) m (mN)
SM HF Expt. SM Expt.

18O 22.08 0.00 23.6(9) 20.483 20.57(3)
20O 23.25 0.00 20.512 20.70(3)
20Ne 213.45 26.02 223(3) 1.006 1.08~8!
22Ne 213.15 25.65 219(4) 0.745 0.65~2!
24Mg 216.36 29.59 216.6(6) 1.007 1.02~4!
26Mg 212.46 1.00 213.5(20) 1.610 1.0~3!
2-3
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tion, their 21
1 magnetic moments arem'(Z/A)32 mN . The

values in the table are consistent with this.
Comparison of ourn50 quadrupole moments with th

older sd-shell calculations@30# shows excellent agreemen
This is to be expected since we have the same model s
and the same interaction for thesd shell. However, Carchid
et al. @30# only calculated the experimentally known cas
~with two exceptions!. As in the case of excitation energie
our n5n0 results for the quadrupole moments closely ag
with those of Caurieret al. @8#.

For Ne and Mg the region aroundN524, i.e., mid-shell
betweenN520 andN528, seems to be strongly deforme
according to Table I. The 21

1 excitation energies drop below
1 MeV and the quadrupole moments have the largest n
tive values. Note also that30Ne and 32Mg with N520 have
(n012)\v ground states, small 21

1 excitation energies, and
large negative quadrupole moments. This implies that
N520 shell gap has vanished, as has been recognized
long time@33,34#. Furthermore,40Mg with N528 also has a
small 21

1 excitation energy and a large negative quadrup
moment, which indicates a collapse of the shell gap aN
528. This is surprising in view of a SM interpretation o

16
44S28 which does indicate magic properties@35#.

III. HARTREE-FOCK CALCULATIONS

Ground-state properties of18230O, 18236Ne, and20242Mg
were calculated using the DHF1BCS model with axial sym-
metry using the computer code by Reinhard@36#. Both ab-
solute total-energy minima and potential-energy surfa
were obtained. The coupled static mean-field equations w
solved on a grid in coordinate space. Details of the numer
technique are given in Ref.@37#.

Pairing was treated in the BCS formalism, using a ze
range state-dependent pairing force with different streng
for protons and neutrons. These strengths are adjusted
each Skyrme force individually, because pairing is treated
level-density dependent and is thus different for differe
Skyrme parametrizations. Details of the procedure can
found in Ref.@38#.

The DHF1BCS calculations gave no indication of defo
mation for the oxygen ground states. We therefore car
out their further study in the spherical regime, using Re
hard’s SHF1BCS code @39#. That gave us a handle o
spherical SP states, crucial in the discussion of Sec. III A

The Skyrme parametrizations used in the present st
were SkI6@40#, RATP @41#, Zs* @42#, and the very new SkX
@43#. The SkX force was fitted in the original work of Brow
@43# without the pairing interaction. To use SkX for ope
shell nuclei, we fitted the pairing strength parametersV0 @38#
to 20 spherical nuclei across the periodic table, with the
sult V0p52249.5 MeV fm3 and V0n52223.7 MeV fm3.
However, the SkI6 force gave the best overall agreem
with experiment in the O-Ne-Mg region, and we prese
mainly results obtained with this force. Some data based
the other Skyrme forces are quoted for comparison.

Our main HF results, obtained with the SkI6 Skyrm
force, are collected in Table III. It gives ground-state bindi
03431
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energies, quadrupole deformation parameters for prot
(bp) and neutrons (bn), rms charge radiir̄ ch[^r ch

2 &1/2, and
spectroscopic quadrupole moments.

Quadrupole moments@andB(E2) values# can be obtained
by HF only through the auxiliary mechanism of the Boh
Mottelson rotational model@32#. Since that model is appli-
cable only to nuclei with well-defined large deformation
the results forQ(21

1) in Table III are quantitatively signifi-
cant only for such nuclei. For an axially symmetr
quadrupole-shaped nucleus with a large deformation and
fuse surface, the Bohr-Mottelson intrinsic quadrupole m
ment is@32#

Q05
3

A5p
ZeR0

2bpF11A 20

49p
bp2

4p2

3 S a0

R0
D 2G . ~4!

For R0 anda0 we use the standard values 1.2A1/3 fm and 0.6
fm. In the present application the second and third ter

TABLE III. Hartree-Fock results, obtained in DHF with th
SkI6 Skyrme interaction. The spectroscopic quadrupole mom
are subject to the constraints of the Bohr-Mottelson model as
plained in the text.

EB (MeV) bp bn r̄ ch (fm) Q(21
1)

(e fm2)

8
18O10 140.89 0.00 0.00 2.767 0.00

8
20O12 151.25 0.00 0.00 2.765 0.00

8
22O14 160.38 0.00 0.00 2.771 0.00

8
24O16 167.87 0.00 0.00 2.786 0.00

8
26O18 170.23 0.00 0.00 2.838 0.00

8
28O20 173.37 0.00 0.00 2.889 0.00

8
30O22 171.45 0.00 0.33 2.887 0.00

10
18Ne8 133.67 0.00 0.00 3.011 0.00

10
20Ne10 157.29 0.38 0.37 3.009 26.02

10
22Ne12 176.15 0.33 0.34 2.971 25.65

10
24Ne14 189.40 20.22 20.23 2.956 2.99

10
26Ne16 199.93 0.20 0.16 2.961 23.81

10
28Ne18 207.41 0.17 0.10 2.999 23.44

10
30Ne20 214.83 0.00 0.00 3.034 0.00

10
32Ne22 214.39 0.32 0.26 3.105 27.92

10
34Ne24 214.95 0.40 0.32 3.135 210.86

10
36Ne26 213.84 0.38 0.55 3.147 210.77

12
20Mg8 135.78 0.00 0.00 3.191 0.00

12
22Mg10 168.17 0.40 0.41 3.155 28.51

12
24Mg12 195.15 0.41 0.41 3.126 29.59

12
26Mg14 213.59 20.05 20.05 3.029 1.00

12
28Mg16 229.27 0.34 0.27 3.118 28.97

12
30Mg18 240.94 20.15 20.13 3.107 3.28

12
32Mg20 252.73 0.00 0.00 3.171 0.00

12
34Mg22 256.00 0.32 0.24 3.200 210.06

12
36Mg24 261.17 0.40 0.31 3.247 213.73

12
38Mg26 262.81 0.39 0.33 3.266 213.99

12
40Mg28 264.46 0.39 0.32 3.292 214.64

12
42Mg30 263.64 0.29 0.18 3.290 210.90
2-4
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usually omitted, diminishuQ0u typically by 25%. The Bohr-
Mottelson spectroscopic quadrupole moment, given in
last column of Table III, isQ(21

1)52 2
7 Q0.

Applications of our results to some important phenome
in the O-Ne-Mg region are discussed below.

A. Heavy oxygen isotopes

1. The neutron drip line

For calculations of ground-state properties of even-e
oxygen isotopes, a main point of interest is the location
the two-neutron drip line. The heaviest experimenta
known O isotope is24O. Recent experimental efforts to pro
duce 26O @27,44# and 28O @45# have not been successful.

There are numerous theoretical predictions of particle
bility of the neutron-rich O nuclei. They are based on the S
@27,46#, spherical Skyrme-HF@47#, relativistic mean-field
theory ~RMF! @48#, and the finite-range droplet mode
~FRDM! @49#. Global systematics and extrapolation of e
perimental masses by Audiet al. @50# indicate that the heavi
est O isotope stable against particle emission is24O, while
the FRDM predicts that even26O and 28O are stable. The
latter results agree with predictions by Shen and Ren@47#
using the SkI4 force, and by Renet al. @48# using the RMF.

Our SM predicts two-neutron stability of26O. Our vari-
ous HF calculations predict the heaviest particle-stable
isotope either atA524 (Zs* ) or at A528 ~SkI6, RATP, and
SkX!. The latter result agrees with Nayak and Sapath
work @51# with SI-SIV Skyrme forces. The difference in H
predictions can be understood from neutron SPEs as follo

We compare in Fig. 1 the neutron-number dependenc
the d3/2 and s1/2 energies for different Skyrme forces. Th
crucial difference between the forces is that for 16<N<20
the d3/2 orbital is bound for SkI6, RATP, and SkX, but un
bound forZs* . Therefore, when this orbital starts to fill~pair-
wise! at N518, it leads to particle instability in the case
Zs* , but leavesN518 andN520 stable for the other forces

FIG. 1. Hartree-Fock neutron single-particle energies calcula
with various Skyrme forces.
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For SkI6, RATP, and SkX, two-neutron instability does n
occur until N522 when the unboundf 7/2 starts to fill. SPE
behavior for different Skyrme parametrizations is hard
control far from stability. This is one of the reasons why it
difficult to make accurate HF predictions far from stability

2. Neutron halo or skin?

Halos result from the presence of a bound state clos
the continuum~for a recent review, see, e.g., Ref.@52#!. A
combination of a low separation energy and low angular m
mentum, together with the short range of the nuclear for
allows one or more nucleons to tunnel far beyond the nor
nuclear radius and be present there with an appreciable p
ability. The separation energies of the last neutron~s! in the
well-known halo systems11Li, 11Be, and 6He are 0.3, 0.5,
and 0.97 MeV, respectively, and the halo-neutron orbitals
2s and 1p. The halo appears as a density tail at 5 fm&r
&10 fm, where the density is only about 1/100 of the dens
in the center of the nucleus@53#.

Based on RMF calculations, Renet al. @48# have reported
multineutron halos in24228O. Their conclusion relies on en
hanced rms radii of the 2s1/2 and 1d3/2 neutron SP states; ou
SP radii~Table IV! behave similarly. However, their conclu
sion is not supported by the multineutron binding energi
which are much too high (&10 MeV) by all accounts, in-
cluding their own results and ours as well as experiment~see
Table V!. Moreover, halo formation is not favored by th
high orbital angular momentum of the 1d3/2 state.

We have thus established that there is hardly a case f
neutron halo in the heavy O isotopes and proceed to exp
the possibility of another drip-line phenomenon, namely
neutron skin.

d

TABLE IV. Hartree-Fock results~SkI6! for heavy oxygen iso-
topes. Column 2: neutron pairing energies; column 3: differe
between rms radii of neutron and proton distributions; column
occupation of continuum states. Columns 5–8 give properties
neutronsd single-particle states: energy, rms radius, occupation

Epair

(MeV)
d r̄

~fm!
Ncont Orbital e

~MeV!
r̄ sp

~fm!
Nsp

8
20O12 23.01 0.35 0.034 d5/2 25.45 4.27 3.851

s1/2 23.34 5.79 0.145
d3/2 0.77 9.09 0.034

8
22O14 21.42 0.46 0.029 d5/2 25.58 4.29 5.499

s1/2 23.82 5.66 0.484
d3/2 0.25 7.74 0.028

8
24O16 0.00 0.62 0.000 d5/2 26.51 4.28 6.000

s1/2 23.94 5.71 2.000
d3/2 20.44 6.56 0.000

8
26O18 20.94 0.71 0.000 d5/2 27.17 4.30 5.966

s1/2 24.72 5.53 1.985
d3/2 21.45 5.75 2.048

8
28O20 0.00 0.73 0.000 d5/2 27.88 4.31 6.000

s1/2 25.51 5.40 2.000
d3/2 22.52 5.31 4.000
2-5
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In their HF studies Fukunishiet al. @54# have suggested
quantitative definition of the skin in terms of the ratio
neutron and proton densities. Thus the inner boundary is
termined by the radiusR1 for which rn(R1)/rp(R1)5j1
wherej1 is a constant appreciably larger thanN/Z, the ex-
pected density ratio in the nuclear interior. The outer s
boundary, marking the onset of the halo region, is defined
a radiusR2 for which rn(R2)5j2rn(0) wherern(0) is the
central neutron density. The skin thickness is defined asdR
5R22R1 and the halo region asr .R2.

From our calculated~SHF1BCS, SkI6! densities, and
with the choicej155.0 andj250.01, we deducedR1 and
R2. Figure 2 showsdR ~top panel! and the number of par
ticles within the skin region~middle panel! as functions ofA.
It is clearly seen that the skin thickness and skin occupa
grow monotonically withN. The number of nucleons in th
halo region also grows monotonically withA, but remains
well below unity in all cases.

The bottom panel of Fig. 2 is a plot ofd r̄[ r̄ n2 r̄ p vs the
Fermi-energy differenceDeF[eF

n 2eF
p . The systematics o

Tanihataet al. @55# indicates that forDeF*10 MeV the dif-
ferenced r̄ is about 0.5 fm or greater, which is considered t
criterion for the presence of a neutron skin. This criterion
seen to be well met by24,26,28O. Table IV gives rms radiir̄ sp
for the neutronsd orbitals. They are appreciably larger tha
the conventional nuclear radius 1.2A1/3 fm'3.5 fm. The
table also shows the differencesd r̄ .

TABLE V. Comparison of the shell-model, Hartree-Foc
~SkI6!, and experimental@50# binding energies.

EB (MeV)
SM HF Expt.

8
18O10 139.791 140.89 139.803

8
20O12 151.444 151.25 151.367

8
22O14 162.242 160.38 162.027

8
24O16 168.669 167.87 168.477

8
26O18 169.664 170.23 168.430a

10
18Ne8 132.331 133.67 132.150

10
20Ne10 160.652 157.29 160.641

10
22Ne12 177.764 176.15 177.766

10
24Ne14 191.823 189.06 191.832

10
26Ne16 201.785 199.93 201.596

10
28Ne18 207.726 207.41 206.889

10
30Ne20 210.913 214.83 212.063

10
32Ne22 212.224 214.39 213.272

12
20Mg8 134.954 135.78 134.465

12
22Mg10 168.734 168.17 168.574

12
24Mg12 198.209 195.15 198.254

12
26Mg14 216.661 213.59 216.678

12
28Mg16 231.659 229.27 231.623

12
30Mg18 242.059 240.94 241.627

12
32Mg20 248.861 252.73 249.690

12
34Mg22 254.488 256.00 256.580

12
36Mg24 259.303 261.17 260.262

aStated in Ref.@50# as an extrapolation of experimental values.
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e-

n
y

n

s

It is well known @56# that HF1BCS models may produce
incorrect nuclear radii close to particle drip lines becau
pairs of nucleons scatter into the continuum. To address
problem, we give in Table IV thesd-shell neutron occupa
tion probabilitiesNsp for 20228O. From the table~and Fig. 1!
we then see that the last significantly occupied orbital is w
bound throughout the region. The table also shows dire
that the number of particles in the continuum,Ncont, is
&0.03 in all cases, and thus negligible. Therefore radii c
culated in this work are not affected by nonphysical effec

We conclude from the above considerations that our
model predicts a neutron skin, but no halo, in24,26,28O.
Brown and Richter@34# have likewise predicted a neutro
skin in neutron-rich Na isotopes.

B. Ne and Mg isotopes: Shapes and magic numbers

The heaviest experimentally observed neon and mag
sium isotopes are32Ne @44# and 38Mg @57#. Our HF calcu-
lations with various Skyrme forces predict30Ne or 34Ne as
the last Ne isotope stable with respect to two-neutron em
sion; Table III ~SkI6! shows that30Ne and 34Ne are stable
but 32Ne is not. All our HF calculations predict40Mg as the
last Mg isotope stable against two-neutron emission. Our
spective SM predictions are34Ne and 40Mg.

It is well known~cf. Table II! that some heavy Ne and M
nuclei exhibit large deformations. Our HF results in Table
are in a very satisfactory overall agreement with those of
FRDM model@49# and recent RMF calculations@58#. As one
would expect for the magic numbersN58 andN520, 18Ne
and 30Ne, as well as20Mg and 32Mg, come out spherical
We note from the table that26Mg is nearly spherical, which
coincides with thed5/2 subshell closure atN514. Our only
appreciable oblate deformations are for24Ne and30Mg, both
in line with the FRDM predictions. Finally we note that w

FIG. 2. Top: neutron-skin thicknessdR5R22R1 ~see text!.
Middle: number of neutrons in the skin of thicknessdR and in the

halo (r .R2). Bottom: differenced r̄ of neutron and proton rms
radii as a function of the differenceDeF of the neutron and proton
Fermi energies.
2-6
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do not predict a spherical shape for40Mg, which indicates a
collapse of the magic numberN528.

Comparison of our deformation parameters in Table
with experimental deformations extracted from measu
B(E2) values on the Bohr-Mottelson description@59# shows
that the shell effects discussed above are not fully suppo
by experiment. Experimental deformations for18Ne, 26Mg,
and 32Mg areb*0.5 @59,60#, while our HF predictions are
b'0. The conflict indicates failure, in these cases, of
Bohr-Mottelson dynamics or of the HF results.

All HF calculations published so far~see, e.g., Refs
@12,13,15,61#!, as well as the FRDM@49#, predict the shape
of 32Mg to be spherical, which appears as a natural respo
of the mean field to theN520 shell closure. We have mad
further DHF tests with the four Skyrme forces used in t
study. The results are similar in all cases: the principal m
mum is always atb50 and a secondary minimum occurs
b'0.3–0.4. However, the secondary minimum deepens w
decreasing pairing strength. With no pairing,Zs* produces
the principal minimum atb'0.4 and a secondary minimum
at b50.

Suzukiet al. @62# reported recently experimental effectiv
rms matter radii of some Na and Mg nuclei. They conclud
that the increase of the rms matter radius is mainly due to
increase of the rms neutron radius. The presence of a neu
skin was predicted in heavy Na and Mg nuclei. Spheri
@54# and deformed@12# HF and RMF@63# models were used
to calculate the mass-number dependence of matter rad
heavy even-even Mg.

We have also calculated the rms matter radiir̄ m of
20234Mg by DHF with the various Skyrme parametrization
The results are shown in Fig. 3 together with the experim
tal radii of Suzukiet al. All the Skyrme forces used overpre
dict the experimental data by&3%. On the whole, the
agreement between theory and experiment is similar to
presented in Ref.@62#.

FIG. 3. Matter rms radii of Mg isotopes: calculated by Hartre
Fock with various Skyrme forces and experimental forces@62#.
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IV. COMPARISON BETWEEN SHELL MODEL
AND HARTREE-FOCK

We first note the main qualitative differences between S
and HF. The SM produces nuclear eigenstates as admixt
determined by the particle interactions, of Slater deter
nants. The HF model, on the other hand, produces the in
sic ground state as a single Slater determinant. While the
is used to calculate specific spectroscopic properties,
yields global ground-state properties, particularly the bind
energy and matter and charge distributions.

The essential input into HF consists of the effective int
action, selected to be of the Skyrme type in the present st
Single-particle energies are then predicted by the HF ca
lation. The SM input, on the other hand, consists of a co
plete numerical Hamiltonian expressed in terms of SPEs
TBMEs. Thus the WBMB Hamiltonian@6# used in our
present SM application (sd1 f p) is stated in terms of 7 SPE
and 510 TBMEs; these numbers are from fits to experime
binding and excitation energies in thesd f p region. Although
SM and HF are usually kept apart as disparate disciplin
we note the recent work by Brown and Richter@64# where
they are combined; in particular, SPEs from HF are used
input in SM.

The HF procedure produces the intrinsic nuclear sh
within the constraints imposed: in the present case the a
quadrupole shape for protons and neutrons, with respec
parametersbp and bn . Spectroscopic quadrupole momen
and B(E2) values can then be obtained through the Bo
Mottelson rigid-rotor model, when applicable. Converse
SM results can be interpreted in terms of a nuclear sh
only through the same prescription applied in reverse.

The SM and HF quadrupole moments are quite differ
even qualitatively. All oxygen isotopes haveQ50 by HF,
while the SM values~Table I! are fairly small and mostly
negative. All SM values for neon and magnesium are ne
tive. The HF counterparts of most large negative SM qu
rupole moments are also negative, but the HF results for
and Mg contain also zero and positive values. The HF res
indicate validity of the magic numbersN58 and 20, but not
of 28. With the 16O core, the SM trivially containsN58 as
a magic number. As discussed in Sec. II C,N520 for Ne and
Mg, andN528 for Mg do not display a magic SM characte
Table II shows that the SM quadrupole moments are in m
better agreement with experiment than are the HF ones; a
failure occurs for26Mg.

The nucleus12
32Mg20, already discussed above, has r

ceived considerable attention recently@20,33,60#. For it, our
HF gives zero deformation, whenceQ050. For the 21

1 ex-
citation probability the Bohr-Mottelson rotational schem
gives@32# B(E2)↑5(5/16p)e2Q0

2, which then is zero in this
case. However, this quantity has been measured and foun
be large@60#: 454678 e2fm4. Our SM calculation gives 358
e2fm4, which is in substantial agreement with the experime
tal value. The four-particle, four-hole SM result of Fukunis
et al. @33# is even better, 449e2fm4, but the difference is
mostly due to different effective charges: with their effecti
charges we get 431e2fm4. Their 21

1 excitation energy is
1.17 MeV, while ours is 1.046 MeV~Table I!; the experi-

-

2-7



an
ts

e
it

rg

r
is
i
o
ha

er
ha

ca

t
n

r
i

on

S

s

hod
-
he

es

e
nt.
e

ng-
c-

ere
o-

u-

han

ns
that
ass
to

g
hors
nd
and
ing
.S.

T. SIISKONEN, P. O. LIPAS, AND J. RIKOVSKA PHYSICAL REVIEW C60 034312
mental value is 0.885 MeV@60#.
The binding energy is the only property on which we c

make adirect comparison between our SM and HF resul
for E2 properties HF needs the Bohr-Mottelson schem
Table V gives our calculated binding energies together w
their experimental counterparts where available@50#. Where
Table I lists twon values, i.e.,n0 and n012, for a given
nucleus, we adopt the greater value for the binding ene
That is the one forn5n0 except for 30Ne and 32Mg. The
exceptions lie on the island of inversion of WBB. Howeve
32Ne lies on their island of inversion but not on ours. Th
difference is evidently due to the fact that their calculation
based on a weak-coupling approximation while ours is a n
mal, although restricted, SM calculation. We also note t
our agreement with them is within 3 keV except for36Mg,
where their value is about 5 MeV less than ours; the diff
ence is evidently due to our much larger SM space for t
nucleus.

When we compare the actual numerical values of our
culated binding energies with the experimental values~see
Table V!, we see that the SM values are mostly closer
experiment than are the HF values. This of course is
surprising because the numerical Hamiltonian~WBMB! used
in our SM is the result of a fit to experimental binding ene
gies and low excitation energies, whereas our HF Ham
tonian is the result of a much more global fit to data.

V. SUMMARY

We have made shell-model and Hartree-Fock calculati
of the even-even nuclei18230O, 18240Ne, and 20248Mg.
Ground-state binding energies and 21

1 quadrupole moments
were calculated by both models. Additionally, 21

1 excitation
energies and magnetic moments were calculated by the
and deformations~protons and neutrons! and rms radii
~charge and matter! by HF.

The SM calculations included all SP orbitals of thesd and
f p shells. Where necessary, the many-particle space wa
i.

l.

,

C

e
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stricted on the basis of configuration energies by a met
developed by Horoiet al. @7#. Comparisons with other cal
culations indicate that this is an efficient cutoff method. T
numerical Hamiltonian used is due to Warburtonet al. @6#.

Hartree-Fock calculations were made with Skyrme forc
~SkI6 @40#, RATP @41#, Zs* @42#, and SkX @43#! and BCS
pairing. Most calculations were done with SkI6, which w
judged to give the best overall agreement with experime

Our SM and HF~SkI6! calculations predicted nearly th
same two-neutron drip lines, with26,28O, 34Ne, and40Mg as
the last stable isotopes. Altogether, the SM and HF bindi
energy predictions were within 2 MeV and 3 MeV, respe
tively, of the experimental values.

The SM and HF results on quadrupole moments w
markedly different. Hartree-Fock gave zero quadrupole m
ments, i.e., spherical shapes, at magic numbersN58 and 20,
but not atN528. The SM results of large negative quadr
pole moments, together with low 21

1 excitation energies, in-
dicate thatN520 is not a magic number forZ510 and 12,
and thatN528 is not magic forZ512. The nuclei30Ne and
32Mg lie on the ‘‘island of inversion.’’ The SM quadrupole
moments are in much better agreement with experiment t
are the HF ones.

From our HF study of proton and neutron distributio
and associated radii of the oxygen isotopes we conclude
24228O have neutron skins but not halos. Magnesium m
radii calculated by different Skyrme forces were close
each other and in good agreement with experiment.
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