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Neutron-proton ratio of collective excitations
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Using a harmonic oscillator model, it is shown that the isovector giant quadrupole resonance carries little
isoscalar quadrupole strength while the isoscalar giant quadrupole resonance contains an isovector strength
with B(IV)/B(IS)'„(N-Z)/A…2, when a consistency condition is fulfilled. Taking into account the consis-
tency between the one-particle excitation spectra and the vibrational fields is of vital importance in the proper
estimate of the ratio of the contribution by neutrons to that by protons to collective excitations of nuclei with
NÞZ. The ratio may not be properly estimated in the models such as traditional shell models, in which the
Coulomb potential~or interaction! is simulated by using the parametersvp,vn for nuclei with a neutron
excess.@S0556-2813~99!50609-2#

PACS number~s!: 21.60.Jz, 21.10.Re, 23.20.Js, 24.30.Cz
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Because of the recent development of radioactive nuc
ion beams, the experimental study of the structure of nu
far away from b stability lines has become possible. E
amples of interesting exotic structure of those nuclei are
presence of nucleons with very small binding energies an
large difference between the separation energy of neut
and that of protons. In the present Rapid Communication
discuss the neutron-proton ratio in the collective shape os
lations of nuclei with neutron excess. Though our pres
discussion is also applicable tob stable nuclei, such as

82
208Pb126 in which the neutron excess is already appreciab
the ratio (N-Z)/A can be much larger in nuclei on th
neutron-rich side of theb stability line where the conse
quence of the present discussion can be more serious.N
5Z nuclei the isoscalar (t50) excitation modes do not mix
with the isovector (t51) modes to the extent that th
ground state ofN5Z nuclei has isospinT5Tz50. Then, it
is trivial that in those nuclei the isoscalar excitation mod
do not carry isovector strength, and vice versa.

In the self-consistent random-phase approximation,
which the Hartree-Fock~HF! and random-phase approxim
tion ~RPA! calculation are performed using the same eff
tive interaction, it is pointed out@1,2# that the isoscalar gian
resonance contains the isovector (t51) strength of the ap-
proximate ratio„(N-Z)/A…2, while the isovector giant reso
nance carries little of the isoscalar (t50) strength. In Fig. 1
we show the result@1# of a self-consistent calculation of th
quadrupole strength of the nucleus8

28O20, in which the RPA
response function is calculated in the coordinate space s
to take properly into account the continuum effect. The lig
doubly magic nucleus with a large neutron excess is cho
in illustration, in which the peak height of the isoscalar gia
resonance is not too high to be compared with that of
isovector giant resonance. Whether or not the nucleus8

28O20

lies in reality inside the neutron drip line does not matter
the present purpose. The quadrupole strength forEx&14
MeV seen in Fig. 1 is the so-called threshold strength, wh
is not of collective character and comes from the excitati
of excess neutrons with small binding energies. It is sho
that the isoscalar giant quadrupole resonance~GQR! peaking
at Ex517.85 MeV carries an appreciable isovector streng
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while the isovector GQR, of which the strength is split into
few peaks in the region of 26&Ex&35 MeV, contains little
of the isoscalar strength. In particular, it is shown that in
energy region of 26&Ex&35 MeV in Fig. 1 the isoscalar
RPA strength becomes extremely small at every peak en
of the isovector RPA strength. The absence of the isosc
strength at the energy of the isovector GQR is also dem
strated cleanly in the self-consistent but discrete calcula
of the continuum spectra, namely, by expanding the c
tinuum wave functions in terms of harmonic oscillator bas
@2#.

In order to illustrate the role of self-consistency, we us
simple harmonic oscillator model forNÞZ nuclei, which is
worked out in Ref.@3#. In general, the harmonic oscillato
frequency is different for neutrons and protons and, thus,
potential is described as

V~r !5 1
2 Mvp

2r 2 1
2 ~12tz!1 1

2 Mvn
2r 2 1

2 ~11tz!. ~1!

FIG. 1. Isoscalar and isovector RPA quadrupole strength fu
tion of ‘‘a theoretical nucleus’’8

28O20 as a function of excitation
energy. The SgII interaction is used in both the HF and RPA c
culation. The strength of unperturbed neutron p-h excitations is
noted by dotted curves for reference. All unperturbed proton
excitations lie in the region of 26&Ex&32.5 MeV, which are the
excitations either to the bound one-particle levels or to the o
particle resonant levels.
©1999 The American Physical Society03-1
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The quadrupole field interaction consists of the isoscalar
isovector part as

X0(
m

F2m
~0!F2m

~0!†1X1(
m

F2m
~1!F2m

~1!† , ~2!

where

F2m
~0!5r 2Y2m

F2m
~1!5tzr

2Y2m
J . ~3!

In Eq. ~6–78! of Ref. @3# the self-consistent isoscalar qua
rupole coupling constant is obtained as

X0,sc52
4p

5

Mv0
2

A^r 2&
, ~4!

where we will usê r 2&50.87A2/3 fm2. On the other hand, in
Ref. @3# @see Eq.~6–127!#, the expression

X1
BM5

pV1

A^r 4&
~5!

is obtained for the isovector the coupling constant, and
strengthV1 is taken from the isovector part of the phenom
enological Woods-Saxon potential. Equation~5! is obtained
from the consideration that the isovector density variatio
give rise to corresponding variations in the isovector pot
tial, which can be estimated from the isovector componen
the static nuclear potential,

dV5 1
4 V1tz

dr1

r0
. ~6!

See p. 378 of Ref.@3#.
If we takevn5vp5v0 for NÞZ nuclei, the unperturbed

one-particle quadrupole response function contains only
excitation frequency, 2\v0 . Then, the collective isoscala
RPA solution forX150 carries the isovector strength wit
B(IV)/B(IS)5„(N-Z)/A…2, while the collective isovector
RPA solution forX050 contains the isoscalar strength wi
B(IS)/B(IV)5„(N-Z)/A…2. By B(IS) and B(IV) we ex-
press the calculated reduced isoscalar and isovector qua
pole transition probability, respectively. Though those R
solutions have the simple intuitive structure, they are
self-consistent solutions.

Writing

vn5v0S 11a
N2Z

A D
vp5v0S 12a

N2Z

A D J , ~7!

we solve the RPA equation for a given value ofX1 /X0,sc as
a function of the parametera. The unperturbed quadrupol
response consists of two excitations with frequencies 2\vn
and 2\vp , which carry the quadrupole strength proportion
to N/vn andZ/vp , respectively. The latter is obtained fro
the energy-weighted sum rules, which are proportiona
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N^r 2&n and Z^r 2&p , divided by 2\vn and 2\vp , respec-
tively, assuminĝ r 2&p5^r 2&n . The relation^r 2&p'^r 2&n is
valid for b-stable nuclei, while it is obtained also for the co
part of neutron-rich nuclei towards the drip line. The ha
monic oscillator potential does not have two independ
parameters, which express the depth and the radius. In
present model the oscillator frequenciesvn and vp are re-
garded as those expressing the depth of the nuclear pote
or the frequency of one-particle excitation spectra, while
radius of the density distribution is supposed to be influen
by some other origin such as the Coulomb interaction. T
RPA solutions are obtained, of which the higher frequen
solution we call as the IVGQR mode and the lower one
the ISGQR mode. Since the isoscalar~isovector! field inter-
action is attractive~repulsive!, the ISGQR mode is the col
lective isoscalar mode, while the IVGQR mode is the colle
tive isovector mode. In the present work we are intereste
the isoscalar strength carried by the IVGQR mode and
isovector strength by the ISGQR mode. In Fig. 2 we show
numerical example for the parametersZ520, N540, and
X1 /X0,sc522.0. The dotted line in Fig. 2 expresses t
value of „(N-Z)/A…2. It is shown that ata520.50 the
B(IS)/B(IV) value for the IVGQR mode vanishes while th
B(IV)/B(IS) value for the ISGQR mode becomes equal
„(N-Z)/A…2. It is also interesting to observe that ata
510.25 theB(IS)/B(IV) value for the IVGQR mode be
comes equal to„(N-Z)/A…2 while theB(IV)/B(IS) value for
the ISGQR mode vanishes.

Now, in order to obtain an estimate ofV1 in Eq. ~6! we
replace the isoscalar part of the harmonic oscillator poten

for a50,1
2 Mv0

2r 2, by

1
2 Mv0

2r 22~NF12!\v0⇒ 1
2 Mv0

2r 22~ 3
2 A!1/3\v0

for NF@1, ~8!

so that the potential is attractive inside the nucleus. We
fine the average depth of the potential by

FIG. 2. The strength ratioB(IS)/B(IV) carried by the IVGQR
and B(IV)/B(IS) contained in the ISGQR for theZ520 andN
540 system as a function of the parametera defined by Eq.~7!.
The solid and dashed curves are calculated forX1 /X0,sc522.0. The
dotted line shows the value of„(N-Z)/A…250.111 in the present
example. See the text for details.
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V0[

1
2 Mv0

2^r 4&2~ 3
2 A!1/3\v0^r

2&

^r 2&
,0. ~9!

Then, using the expression~7! the variation of the isovecto
field is written as

dV5V02atz

dr1

r0
. ~10!

Comparing expression~10! with Eq. ~6!, we obtain the cor-
respondence

V1 in Eq ~6!⇔8aV0. ~11!

Then, from Eqs.~4!, ~5!, and ~11! the ratio of the self-
consistent isovector quadrupole coupling constant toX0,sc is
written as

X1,sc

X0,sc
525aS 12

~ 3
2 A!1/3\v0

1
2 Mv0

2^r 2&

^r 2&2

^r 4& D 55.0a ~12!

where we have used̂r 2&2/^r 4&50.75 obtained forNF@1.
From expression~12! we obtaina520.4 for X1,sc/X0,sc

522.0. The value ofa520.4 is compared with the valu
of a520.5 in Fig. 2, for which theB(IS)/B(IV) value for
the IVGQR mode vanishes while theB(IV)/B(IS) value for
the IVGQR mode becomes equal to„(N-Z)/A…2. Consider-
ing that relation~12! is estimated forNF@1, the similar val-
ues of the above twoa go very well with the observation tha
in the realistic self-consistent RPA calculation the isosca
GR carries the isovector strength withB(IV)/B(IS)
'„(N-Z)/A…2, while the isovector GR contains little of th
isoscalar strength.

In the present harmonic oscillator model the negat
value of X1,sc/X0,sc corresponds tovp.vn for the N.Z
case. This is consistent with the fact that forN.Z nuclei the
cl.

03130
r

e

depth of the nuclear potential in HF calculations is deeper
protons than for neutrons. It is consistent also with the f
that the average energy of the unperturbed particle-hole~p-h!
quadrupole~the so-calledDN52) excitations in HF calcula-
tions is lower for neutrons than for protons even in theN
.Z nuclei along theb stability line. In contrast, in the tra
ditional shell model calculation in which harmonic oscillat
wave functions are used, the Coulomb interaction~or Cou-
lomb potential! is often not included. The presence of th
Coulomb potential is simulated by adjusting the parame
vp and vn , since the Coulomb potential has anr 2 depen-
dence inside nuclei assuming a constant charge distribu
Then, in the presence of neutron excess the values used
ditionally arevp,vn , which corresponds toa.0. For ex-
ample,a511/3 is used in order to get approximately equ
neutron and proton rms radii inb stable nuclei with neutron
excess@4#. Then, it is unlikely that in such shell model ca
culations the ratio of the contribution by protons to that
neutrons in collective excitations can be properly estimat

In conclusion, using a harmonic oscillator model, we ha
shown that the isovector GQR carries little of the isosca
quadrupole strength while the isoscalar GQR contains an
ovector strength withB(IV)/B(IS)'„(N-Z)/A…2, if the
consistency condition is fulfilled between the parameters
the one-particle excitation spectra and the vibrational fie
What is shown is exactly what is exhibited in realistic se
consistent RPA calculations, of which the Hamiltonian co
tains also the Coulomb interaction. The ratio of the contrib
tion by neutrons to that by protons to collective excitatio
of nuclei with NÞZ can hardly be properly estimated in th
model, in which the consistency condition is not taken in
account. In particular, the shell model with parametersvp
,vn for nuclei with N.Z may be in trouble.
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