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Neutron stars and quark phases in the Nambu–Jona-Lasinio model
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We study the possible existence of deconfined quark matter in the interior of neutron stars using the
Nambu–Jona-Lasinio model to describe the quark phase. We find that typical neutron stars with masses around
1.4 solar masses do not possess any deconfined quark matter in their center. This can be traced back to the
property of the NJL model which suggests a large constituent strange quark mass over a wide range of
densities.@S0556-2813~99!01008-0#

PACS number~s!: 26.60.1c, 12.39.2x, 12.38.Mh
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I. INTRODUCTION

At large temperatures or large densities hadronic matte
expected to undergo two phase transitions: one which de
fines quarks~and gluons! and one which restores chiral sym
metry. Up to now it is an unsettled issue whether these
phase transitions are distinct or coincide. Moreover, it
even unclear whether there are real phase transitions or
rapid crossover transitions. Such transitions have rece
much attention in heavy ion physics as well as in the con
of neutron stars which provide a unique environment
study cold matter at supernuclear densities@1,2#. Even
though a deconfinement phase transition seems intuiti
evident at large enough densities, from a theoretical poin
view a confirmation of the existence of a deconfined qu
phase in neutron stars is so far limited by the uncertaintie
modeling QCD at large densities. All the more it is importa
to study and compare different available models to s
some light on similarities and differences with respect to
behavior of matter at large densities as well as on the co
sponding predictions of neutron star properties like, e.g.
mass and radius. In the future such experience may prov
be useful if either an improved understanding of matter
der extreme conditions provides a more exclusive selec
between the various models or new experimental results
neutron star properties are available to set more string
constraints.

Usually the quark matter phase is modeled in the con
of the MIT bag model@2–4# as a Fermi gas ofu, d, ands
quarks. In this model the phenomenological bag cons
BMIT is introduced to mimic QCD interactions to a certa
degree. The investigation of such a phase was furtherm
stimulated by the idea that a quark matter phase compose
almost an equal amount of the three lightest quark flav
could be the ground state of nuclear matter@2,4–7#. Indeed,
for a wide range of model parameters such as the bag
stant, bag models predict that the quark matter phase is
solutely stable, i.e., its energy per baryon at zero pressu
lower than the one of56Fe. If this is true, this has importan
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consequences in physics and astrophysics@7# leading, e.g., to
the possibility of so called ‘‘strange stars’’@2,7# which are
neutron stars purely consisting of quark matter in weak eq
librium with electrons. Of course, to check the model dep
dence of such findings it is important to perform the cor
sponding calculations also in models different from the M
bag model. In a recent work by Buballa and Oertel@8# the
equation of state~EOS! of quark matter was investigated i
the framework of the Nambu–Jona-Lasinio~NJL! model
with three quark flavors. Applying this model it was foun
that strange quark matter is not absolutely stable. This wo
rule out the existence of strange stars. On the other hand
possibility of quark phases in the interior of neutron stars
in principle not excluded by this result—even though th
possibility gets energetically less likely. Only a detaile
phase transition calculation can answer the question wh
effect the findings in@8# have on the existence of quar
phases inside neutron stars. This is what we are aiming a
the present work.

In principle, for the description of a neutron star whic
consists of a quark phase in its center and a surround
hadronic phase~and, as we shall discuss below, a mix
phase in between! we need models for both phases. The m
favorite case would be to have one model which can relia
describe both phases. So far, there are no such mo
Therefore, we will use various versions of the relativis
mean field model to parametrize the hadronic phase. For
quark phase we follow Buballa and Oertel@8# in using the
three-flavor version of the NJL model. The NJL model h
proved to be very successful in the description of the sp
taneous breakdown of chiral symmetry exhibited by the t
~nonperturbative! QCD vacuum. It explains very well the
spectrum of the low lying mesons which is intimately co
nected with chiral symmetry as well as many other low e
ergy phenomena of strong interaction@9–11#. At high
enough temperature and/or density the NJL model predic
transition to a state where chiral symmetry becomes resto
Despite that promising features which at first sight mig
suggest the NJL model as a good candidate for mode
both the low and high density region of a neutron star t
model has one important shortcoming, namely it does
confine quarks. At low densities, however, the bulk prope
©1999 The American Physical Society01-1



ed
w
fo
tic
h
n
th
in
ha
e

hi
ct

te

re

e
in

s
r
ld
n

he
se
st
is
ro
as
th
iz

th
it
e

no
a

n
ic
S
e

ar
or
us

is

om

t to
an
n

y

,
re-
om

the
m-

of
to

ibed
F

tric
r

he

at

SCHERTLER, LEUPOLD, AND SCHAFFNER-BIELICH PHYSICAL REVIEW C60 025801
ties of strongly interacting matter are significantly influenc
by the fact that quarks are confined there. Therefore,
cannot expect that the NJL model gives reliable results
the EOS at low densities. Thus we will use the relativis
mean field model to describe the confined phase. At hig
densities, however, the quarks are expected to be deconfi
There we expect the NJL model to be applicable since
lack of confinement inherent to this model is irrelevant
that regime. The interesting feature of the NJL model is t
it reflects the chiral symmetry of QCD. Clearly, it would b
preferable to have a Lagrangian for the hadronic phase w
also respects chiral symmetry like, e.g., the one constru
in @12# for the two-flavor case and the SU~3! generalizations
@13,14#. Such Lagrangians, however, are more complica
to deal with. First applications to neutron star matter seem
indicate that the modifications are rather small as compa
to the relativistic mean field models used here@15#. For sim-
plicity, we therefore will restrict our considerations to th
much simpler extensions of the Walecka model which
clude hyperonic degrees of freedom~relativistic mean field
models!.

The paper is organized as follows: In Sec. II we discu
how the EOS for the hadronic phase of a neutron sta
calculated within several variants of relativistic mean fie
models. We keep brief here since such models are freque
used and well documented in the literature~cf., e.g.,@2#!. In
Sec. III we apply the NJL model to the description of t
possible quark phase of the neutron star. Here we pre
much more details as compared to Sec. II since to the be
our knowledge it is the first time that the NJL model
applied to the description of the quark phase in a neut
star. Section IV is devoted to the construction of the ph
transition and to the application of the complete EOS to
internal structure of the neutron star. Finally we summar
and discuss our results in Sec. V.

II. HADRONIC MATTER

Neutron stars cover a wide range of densities. From
surface of the star which is composed of iron with a dens
of e'8 g/cm3 the density can increase up to several tim
normal nuclear matter density (e05140 MeV/fm3'2.5
31014 g/cm3) in the center of the star. Since there is
single theory that covers this huge density range, we
forced to use different models to meet the requirements
the various degrees of freedom opened up at different de
ties. For subnuclear densities we apply the Baym-Peth
Sutherland EOS@16#. The degrees of freedom in this EO
are nuclei, electrons and neutrons. The background of n
trons appears above neutron drip density (edrip'4
31011 g/cm3) when the most weakly bound neutrons st
to drip out of the nuclei which themselves get more and m
neutron rich with increasing density. For a detailed disc
sion of the Baym-Pethick-Sutherland EOS see also@1#. We
also refer to@17# where a relativistic mean field model
extended to also describe this low density range.

At densities of about normal nuclear densitye0 the nuclei
begin to dissolve and merge together and nucleons bec
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the relevant degrees of freedom in this phase. We wan
describe this phase in the framework of the relativistic me
field ~RMF! model which is widely used for the descriptio
of dense nuclear matter@18–20#. For an introduction to the
RMF model see, e.g.,@2#. We use three EOS’s calculated b
Schaffner and Mishustin in the extended RMF model@20#
~denoted as TM1, TM2, GL85! and one by Ghosh, Phatak
and Sahu@21#. For the latter one we use GPS as an abb
viation. These models include hyperonic degrees of freed
which typically appear ate'223e0. Table I shows the
nuclear matter properties and the particle composition of
four EOS’s. The RMF EOS’s are matched to the Bay
Pethick-Sutherland EOS at densities ofe'1014 g/cm3'e0.
Even if the relevant degrees of freedom are specified~in the
RMF case basically nucleons and hyperons! the high density
range of the EOS is still not well understood. The use
different hadronic models should reflect this uncertainty
some degree. In the following we denote the phase descr
by the Baym-Pethick-Sutherland EOS and by the RM
model as thehadronic phase~HP! of the neutron star.

III. QUARK PHASE

To describe the deconfinedquark phase~QP! we use the
Nambu–Jona-Lasinio~NJL! model @22# with three flavors
@23# in Hartree~mean field! approximation~for reviews on
the NJL model cf.@9–11#!. The Lagrangian is given by~cf.
@8,23#!

L5q̄~ i ]”2m̂!q1G(
k50

8

@~ q̄lkq!21~ q̄ig5lkq!2#

2K@detf„q̄~11g5!q…1detf„q̄~12g5!q…#, ~1!

whereq denotes a quark field with three flavors,u, d, ands,
and three colors.m̂5diag(mu ,md ,ms) is a 333 matrix in
flavor space. For simplicity we use the isospin symme
case,mu5md[mq . Thelk matrices act in flavor space. Fo
k51, . . . ,8 they are the generators ofSU(3) f while l0 is
proportional to the unit matrix in flavor space~see@10# for

TABLE I. Nuclear matter properties of the hadronic EOS’s. T
saturation density and the binding energy is denoted byr0 andB/A,
the incompressibility byK, the effective mass bymN* /mn , and the
symmetry energy byasym. The particle compositions are shown
the bottom of the table.

Hadronic EOS TM1 TM2 GL85 GPS

Reference @20# @20# @20# @21#

r0 @ fm23# 0.145 0.132 0.145 0.150
B/A @MeV# 216.3 216.2 215.95 216.0
K @MeV# 281 344 285 300
mN* /mn 0.634 0.571 0.770 0.830
asym @MeV# 36.9 35.8 36.8 32.5
Composition a a a b
~a! n,p,e2,m2,L,S2,S0,S1,J2,J0

~b! n,p,e2,m2,L,S2
1-2
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NEUTRON STARS AND QUARK PHASES IN THE . . . PHYSICAL REVIEW C 60 025801
details!. The four-point interaction term;G is symmetric in
SUV(3)3SUA(3)3UV(1)3UA(1). In contrast, the deter
minant term;K which for the case of three flavors gene
ates a six-point interaction breaks theUA(1) symmetry. If
the mass terms are neglected the overall symmetry of
Lagrangian therefore isSUV(3)3SUA(3)3UV(1). In
vacuum this symmetry is spontaneously broken down
SUV(3)3UV(1) which implies the strict conservation o
baryon and flavor number. The full chiral symmetry—whi
implies in addition the conservation of the axial flav
current—becomes restored at sufficiently high temperatu
and/or densities. The finite mass terms introduce an a
tional explicit breaking of the chiral symmetry. On accou
of the chiral symmetry breaking mechanism the quarks
constituent quark masses which in vacuum are consider
larger than their current quark mass values. In media w
very high quark densities constituent and current qu
masses become approximately the same~concerning the
strange quarks this density regime lies far beyond the p
where chiral symmetry is restored!.

The coupling constantsG andK appearing in Eq.~1! have
dimension energy22 and energy25, respectively. To regular
ize divergent loop integrals we use for simplicity a sha
cutoff L in 3-momentum space. Thus we have at all fi
parameters, namely the current quark massesmq andms , the
coupling constantsG and K, and the cutoffL. Following
@23# we use L5602.3 MeV, GL251.835, KL5512.36,
mq55.5 MeV, andms5140.7 MeV. These parameters a
chosen such that the empirical values for the pion de
constant and the meson masses of pion, kaon andh8 can be
reproduced. The mass of theh meson is underestimated b
about 6%.

We treat the three-flavor NJL model in the Hartree a
proximation which amounts to solve in a self-consistent w
the following gap equations for the dynamically genera
constituent~effective! quark masses:

mi* 5mi24G^q̄iqi&12K^q̄ jqj&^q̄kqk&, ~2!

with ( i , j ,k) being any permutation of (u,d,s). At zero tem-
perature but finite quark chemical potentials the quark c
densates are given by

^q̄iqi&522NcE
pF

i
,upW u,L

d3p

~2p!3

mi*

A~mi* !21pW 2

52
3

p2E
pF

i

L

dpp2
mi*

A~mi* !21p2
, ~3!

where we have taken the number of colors to beNc53. pF
i

denotes the Fermi momentum of the respective quark fla
i. It is connected with the respective quark chemical poten
m i via

pF
i 5Am i

22~mi* !2Q~m i2mi* !. ~4!

The corresponding quark particle number density is given
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d3p

~2p!35
~pF

i !3

p2 . ~5!

For later use we also introduce the baryon particle num
density

r[
1

3
~ru1rd1rs!. ~6!

Equations~2! and ~3! serve to generate constituent qua
masses which decrease with increasing densities from t
vacuum values ofmq,vac* 5367.7 MeV andms,vac* 5549.5
MeV, respectively.

Before calculating the EOS we would like to comme
briefly on the Hartree approximation to the NJL model whi
we use throughout this work. This treatment is identical t
leading order calculation in the inverse number of colo
1/Nc @10#. In principle, one can go beyond this approxim
tion by taking into account 1/Nc corrections in a systemati
way. This amounts in the inclusion of quark-antiquark sta
~mesons! as RPA modes in the thermodynamical calculatio
@24,25#. Several things then change: First of all, these m
sons might contribute to the EOS. We are not aware o
thorough discussion of such an EOS for three flavors w
finite current quark masses. The two-flavor case is discus
in @25#. Qualitatively the masses of the meson states
above the chiral transition point. Therefore, they should
come energetically disfavored and thus less important.
additional technical complication arises due to the fact t
the relation between the Fermi energy and the chemical
tential becomes nontrivial. Instead of Eq.~4! one has to solve
an additional gap equation for each flavor species. These
equations are coupled to the gap equations for the constit
quark masses given in Eq.~2!. We refer to@10# for details.
For simplicity we will restrict ourselves in the following to
the Hartree approximation and comment on the poss
limitations of that approach in the last section.

Coming back to the EOS we also need the energy den
and the pressure of the quark system. In the Hartree appr
mation the energy density turns out to be@8#

eNJL5 (
i 5u,d,s

3

p2E
0

pF
i

dpp2A~mi* !21p21Beff , ~7!

while pressure and energy density are related via

pNJL1eNJL5 (
i 5u,d,s

r im i , ~8!

where the effective bag pressureBeff is given by

Beff5B02B, ~9!

with

B5 (
i 5u,d,s

F 3

p2E
0

L

dpp2
„A~mi* !21p22A~mi !

21p2
…

22G^q̄iqi&
2G14K^ūu&^d̄d&^s̄s& ~10!

and
1-3
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SCHERTLER, LEUPOLD, AND SCHAFFNER-BIELICH PHYSICAL REVIEW C60 025801
B05Buru5rd5rs505~217.6 MeV!4. ~11!

Note thatB depends implicitly on the quark densities via t
~density dependent! constituent quark masses. The appe
ance of the density independent constantB0 ensures that en
ergy density and pressure vanish in vacuum. We note h
that this requirement fixes the density independent par
Beff which influences the EOS via Eqs.~7! and~8! and there-
fore the possible phase transition to quark matter. We
come back to this point in the last section. In what follow
we shall frequently compare the results of the three-fla
NJL model with the simpler MIT bag model@3,4#. For that
purpose it is important to realize that the NJL model pred
a ~density dependent! bag pressureBeff while in the MIT bag
model the bag constantBMIT is a density independent fre
parameter. There usually also the quark massesmi

MIT are
treated as density independent quantities.~An exception is
the model discussed in@26,27# which uses density depende
effective quark masses caused by quark interactions in
high density regime.! In the bag model energy density an
pressure of the quark system are given by

eMIT5 (
i 5u,d,s

3

p2E
0

pF
i

dpp2A~mi
MIT !21p21BMIT ~12!

and

pMIT1eMIT5 (
i 5u,d,s

r im i . ~13!

Suppose now that the densities are so high that in the th
flavor NJL model the effective quark masses have drop
down to the current quark masses. In this case, energy
sity and pressure take the form of the respective express
in the MIT bag model withmi

MIT5mi andBMIT5B0. How-
ever, a word of caution is in order here. Forvery highquark
particle number densities the corresponding Fermi mome
become larger than the momentum cut-offL introduced to
regularize the NJL model. In this case the results of the N
model become unreliable. For example, the upper limit of
momentum integration in Eq.~5! would be no longer given
by the Fermi momentum but by the cutoffL which would be
clearly an unphysical behavior of the model. Thus for
practical purposes one should always ensure that in the
gion of interest the Fermi momenta are smaller than the
mentum cutoffL. Figure 1 shows the Fermi momenta of th
quarks as a function of the baryon particle number den
~for a charge neutral system of quarks and electrons in w
equilibrium; cf. next paragraph for details!. Obviously all
Fermi momenta stay below the cutoffL for the shown re-
gion. We will come back to that point at the end of th
section. As we shall see below concerning the propertie
typical neutron stars we only need the QP EOS up to de
ties of about 3r0 where according to Fig. 1 the Fermi mo
menta stay well below the cutoffL.
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The QP which might be found in the center of a neutr
star consists ofu, d, and s quarks and electrons in wea
equilibrium, i.e., the weak reactions

d→u1e21 n̄e2,

s→u1e21 n̄e2, ~14!

s1u↔d1u

imply relations between the four chemical potentia
mu ,md ,ms ,me which read

ms5md5mu1me . ~15!

Since the neutrinos can diffuse out of the star their chem
potentials are taken to be zero. The number of chemical
tentials necessary for the description of the QP in weak e
librium is therefore reduced totwo independent ones. Fo
convenience we choose the pair (mn ,me) with the neutron
chemical potential

mn[mu12md . ~16!

In a pure QP~in contrast to quark matter in a mixed pha
which we will discuss later! we can require the QP to b
charge neutral. This gives us an additional constraint on
chemical potentials via the following relation for the partic
number densities:

2

3
ru2

1

3
rd2

1

3
rs2re50, ~17!

wherere denotes the electron particle number density. N
glecting the electron mass it is given by

re5
me

3

3p2 . ~18!

FIG. 1. Fermi momenta of the quarks as a function of bary
particle number density for a charge neutral system of quarks
electrons in weak equilibrium.L denotes the cutoff introduced t
regularize the NJL model.r050.17 fm23 denotes nuclear satura
tion density.
1-4
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NEUTRON STARS AND QUARK PHASES IN THE . . . PHYSICAL REVIEW C 60 025801
Utilizing the relations~15! and ~17! the EOS can now be
parametrized by onlyonechemical potential, saymn . At this
point it should be noted that the arguments given here for
QP also holds for the HP. There one also ends up withtwo
independent chemical potentials~e.g., mn and me) if one
only requires weak equilibrium between the constituents
the HP and withone chemical potential~e.g., mn) if one
additionally requires charge neutrality. As we will discu
later, the number of independent chemical potentials pla
crucial role in the formulation of the Gibbs condition fo
chemical and mechanical equilibrium between the HP
the QP.

In the pure QP total energy density and pressure are g
by the respective sums for the quark and the electron sys
i.e.,

e5eNJL1
me

4

4p2 ~19!

and

p5pNJL1
me

4

12p2 , ~20!

where the system of electrons is treated as a massless
gas. One obtains the analogous expressions for the MIT
model if eNJL and pNJL are replaced by the respective MI
expressions~12! and ~13!.

Demanding weak chemical equilibrium~15! and charge
neutrality ~17! as discussed above all thermodynamic qu
tities as well as quark condensates, effective quark ma
etc. can be calculated as a function of one chemical pote
mn . The curves in Fig. 1 as well as in Figs. 2–7 which w
shall discuss in the following are obtained by varyingmn
while obeying simultaneously the constraints~15! and ~17!.

Figures 2 and 3 show the quark condensates and the
fective quark masses, respectively, as a function of
baryon particle number density. Note that we start alread
a density as high as two times nuclear saturation densityr0
50.17 fm23 since we want to describe only the high dens

FIG. 2. Quark condensates as a function of baryon particle n
ber density for a charge neutral system of quarks and electron
weak equilibrium. Note that all condensates have negative va
@cf. Eq. ~3!#.
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regime of the neutron star with quark degrees of freed
while for low densities we use the hadronic EOS describ
in the previous section. Concerning the low density regi
of the three-flavor NJL model we refer to@8# for details.
There it was shown that the energy per baryon of a cha
neutral system of quarks and electrons in weak equilibri
~described by the NJL model and a free electron gas! shows
a minimum somewhat above two timesr0. This implies that
in the density region below this minimum the pressure
negative. We are not interested in the~low density! part of
the EOS with negative pressure since it cannot be realize
a neutron star. In the region of interest Figs. 2 and 3 sh
that the strange quark condensate and the effective str
quark mass stay constant until the strange chemical pote
ms overwhelms the strange quark mass. Only then accord
to Eq. ~4! the strange quark particle number densityrs and
the corresponding Fermi momentumpF

s ~cf. Fig. 1! become

different from zero causing a decrease ofu^s̄s&u and ms* .
Note that all condensates have negative values@cf. Eq. ~3!#.
One might wonder why the dropping of the condensates

-
in

es

FIG. 3. Effective quark masses as a function of baryon part
number density for a charge neutral system of quarks and elect
in weak equilibrium. In addition the strange quark chemical pot
tial ms is plotted in the region where it meets the constituent stra
quark mass. This marks the point where strange quarks appe
the system~see also Fig. 1!.

FIG. 4. The bag pressure~to the power of 1/4! as function of the
baryon particle number density for the same conditions as descr
in Figs. 2 and 3.
1-5
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SCHERTLER, LEUPOLD, AND SCHAFFNER-BIELICH PHYSICAL REVIEW C60 025801
the light up and down quarks does not decrease the str
quark mass~and condensate! due to the last coupling term in
Eq. ~2!. Indeed, strange quark mass and condensate
dropped in the low density region~not shown here! from
their vacuum values down to the plateaus shown in Fig
and 3 due to their coupling to the up and down quark c
densates. In the plateau region, however, these conden
have already decreased so much that their influence on
strange quark mass is diminished. We refer to@8# for details.
As we shall see below, the large plateau value of the stra
quark mass will have considerable influence on the ph
structure in the interior of neutron stars.

Figure 4 shows the bag pressureBeff as a function of the
baryon particle number density. After staying more or le
constant up to roughly 5 times nuclear saturation densit
starts to increase towardsB0 which, however, it will reach
only very slowly. Again the rising ofBeff can be traced back
to the strange quarks which come into play at high densit

Thermodynamic quantities are shown in Figs. 5–7. F
comparison various curves calculated within the MIT b

FIG. 5. Energy per baryon versus baryon particle number d
sity for the NJL model and the MIT bag model for various values
the bag pressure and the strange quark mass. The curve labele
‘‘MIT’’ uses a bag pressure ofBMIT

1/4 5170 MeV and a strange quar
mass ofms

MIT5465 MeV. All other bag model curves use the cu
rent strange quark mass of 140.7 MeV. See main text for deta

FIG. 6. Pressure versus neutron chemical potential for the
model and the MIT bag model for various values of the bag pr
sure and the strange quark mass. See Fig. 5 and main tex
details.
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model are added. The curves labeled with a specific valu
the bag pressure are obtained from Eqs.~12! and ~13! in
weak equilibrium where the respective value ofBMIT and the
current quark massesmq55.5 MeV andms5140.7 MeV are
used. In contrast to that for the curve labeled with ‘‘MIT
we have used the plateau values of the bag pressureBMIT

1/4

5170 MeV ~cf. Fig. 4! and of the strange quark mas
ms

MIT5465 MeV ~cf. Fig. 3!. For up and down quarks we
have used the current quark mass values also here. Figu
shows the energy per baryon as a function of the bar
particle number density. We find that the results of the N
model calculation cannot be reproduced by a bag model
ing the current strange quark mass—no matter which
pressure is chosen. As already discussed above, the re
simply is that in the NJL model up to four timesr0 there are
no strange quarks in a system which is in weak equilibri
~cf. Fig. 1!. On the other hand, in bag models using the mu
lower current strange quark mass one finds a reason
amount of strange quarks already at vanishing press
which typically corresponds to 2–3 timesr0 @26#. In contrast
to that, a bag model with the plateau values for bag press
and strange quark mass~denoted as ‘‘MIT’’ in the figures!
yields a very good approximation to the NJL result for t
energy per baryon up to 6–7 timesr0. For higher particle
number densities the NJL result bends over and can be b
described by bag models using the current strange qu
mass and higher bag pressures~roughly B0). All these find-
ings also apply to the interpretation of Fig. 6 which sho
the total pressure of the system versus the baryon chem
potential. Comparing the two curves with the same bag c
stant labeled with ‘‘BMIT

1/4 5170 MeV’’ and with ‘‘MIT,’’ re-
spectively, one observes that the latter one has a significa
lower pressure. This is due to the use of the much lar
effective strange quark mass ofms

MIT5465 MeV in the latter
case as compared to the current strange quark mass of 1
MeV used in the former. Thep versusmn relation is an
important ingredient for the construction of the phase tran
tion from hadronic to quark matter inside a neutron star. W

n-
f
ith

.

L
-

for

FIG. 7. Pressure versus energy density for the NJL model
the MIT bag model for various values of the bag pressure and
strange quark mass. The upper scale shows the corresponding
ticle number densities.e05140 MeV/fm3. See Fig. 5 and main tex
for details.
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NEUTRON STARS AND QUARK PHASES IN THE . . . PHYSICAL REVIEW C 60 025801
note already here, however, that we need in addition
thermodynamical relations also for a quark-electron sys
away from the charge neutral configuration to describe c
rectly the phase transition~see below!.

The outlined picture concerning the comparison of N
and bag models is somewhat modified when looking at Fi
which shows the total pressure as a function of the ene
density. EOS’s in the formp(e) enter the Tolman-
Oppenheimer-Volkoff@28# equation which in turn deter
mines the mass-radius relation of neutron stars. We see
in the lower part of the plotted energy density range the E
in Fig. 7 is reasonably well described by MIT bag mode
with the plateau valueBMIT

1/4 5170 MeV no matter which
quark masses are chosen~current or effective quark masses!.
The reason is that thep(e) relation is not very sensitive to
the quark masses. This has already been observed in a s
what different context in@26#. Going to higher densities th
strange quarks enter the game and the EOS in Fig. 7 obta
from the NJL model starts to deviate from the EOS of t
MIT bag models with the plateau valueBMIT

1/4 5170 MeV. For
very high densities the pressure determined from the N
model becomes comparable to the one calculated in the
model with a high bag constant~roughlyB0). It is interesting
to note that the deviation between the NJL curve and
‘‘MIT’’ curve starts to increase in Fig. 7 much earlier than
Figs. 5 and 6. This shows that the pressure versus en
density relation is much more sensitive to the detailed m
eling than the relations shown in Figs. 5 and 6.

Before constructing the phase transition inside the neu
star let us briefly discuss the limitations of the NJL model
the form as we have treated it here. As a typical low ene
theory the NJL model is not renormalizable. This is not
obstacle since such theories by construction should be
applied to low energy problems. In practice the results
pend on the chosen cutoff or, to turn the argument arou
the NJL model is only properly defined once a cutoff h
been chosen. This cutoff serves as a limit for the range
applicability of the model. Here we have used one cutoffL
for the three-momenta of all quark species. Concerning
discussion of other cutoff schemes and their interrelations
refer to @10,11#. When the density in the quark phase ge
higher the Fermi momenta of the quarks rise due to the P
principle. Eventually they might overwhelm the cutoff of th
NJL model. At least beyond that point the model is no long
applicable. We have made sure in our calculations that
point is never reached~cf. Fig. 1!. Nevertheless, by inspec
tion of Fig. 1 one finds that the cutoff and the Fermi m
menta have the same order of magnitude. Thus, the cuto
comparatively small, i.e., it is not much larger than the ty
cal momenta under consideration. Owing to the smallnes
the cutoff the obtained results should be interpreted w
care. Consequently we will check in Sec. V the sensitivity
our results to an artificial increase of the cutoff.

In addition, at very high densities one presumably ente
regime which might be better described by~resummed! per-
turbation theory. While the nonperturbative features of
NJL model vanish with rising density, medium effects
mediated, e.g., by one-gluon exchange grow with the den
@26,27#. To summarize, concerning the calculation of t
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EOS it turns out that the NJL model should neither be u
at low densities where confinement properties are impor
nor at very high densities where the NJL model as a l
energy theory leaves its range of applicability. However,
NJL model might yield reasonable results in a window of t
density range where confinement is no longer crucial
chiral symmetry as a symmetry of full QCD remains to
important.

IV. PHASE TRANSITION AND NEUTRON STARS

In the previous sections we have discussed the underl
EOS’s thought to reflect the properties of confined hadro
matter~HP! and deconfined quark matter~QP! in its particu-
lar regime of applicability. Applying these EOS’s we want
calculate in this section the phase transition from the HP
the QP to see which phase is the favored one at which d
sities. ~The existence of a QP inside the neutron star
course requires the phase transition density to be sm
than the central density of the star.!

It is worth to point out which phase structure is in pri
ciple possible if a hadronic model and the NJL model a
connected at a certain density valuerdeconf~which is dynami-
cally determined in the present work by a Gibbs construct
as we shall discuss below!. At densityrdeconf we assume a
first order phase transition from confined hadronic to dec
fined quark matter. Even without a matching to a hadro
model the NJL model already exhibits a transition, nam
from a low density system with broken chiral symmetry to
high density system where chiral symmetry is restored. T
respective density is denoted byrchiral. For densities larger
than rchiral the Goldstone bosons which characterize
chirally broken phase are no longer stable but can decay
quark-antiquark pairs. Ifrchiral was larger thanrdeconf the
following scenario would be conceivable: There would
three phases, namely~i! a hadronic, i.e., confined phase
low densities,~ii ! a phase where quarks are deconfined
massive ~in this phase, e.g., pions would still appear
bound states!, and~iii ! a high density phase where quarks a
deconfined and their masses are so low that all mesons
decay into quarks. Had we neglected all current qu
masses, the quarks in the third phase would be exactly m
less. With finite current quark masses, however, the cons
ent quark masses keep on dropping with rising density in
third phase~cf. Fig. 3!. This definitely interesting scenari
with three phases is not realized in our model. It turns
that the deconfinement phase transition happens far bey
the chiral transition, i.e.,rchiral,rdeconf. Therefore, only the
phases~i! and ~iii ! appear here.

In principle, since we assume the deconfinement ph
transition to be of first order these two phases can coexis
a mixed phase. Indeed, it was first pointed out by Glend
ning that beside a HP and a QP also this mixed phase~MP!
of quark and hadronic matter may exist inside neutron s
@2,29#. ~For a discussion of the geometrical structure of t
MP and its consequences for the properties of neutron s
see@2#.! This possibility was not realized in previous calc
lations due to an inadequate treatment of neutron star m
1-7
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SCHERTLER, LEUPOLD, AND SCHAFFNER-BIELICH PHYSICAL REVIEW C60 025801
as a one-component system~one which can be parametrize
by only one chemical potential!. As we have already dis
cussed, the treatment of neutron star matter as a charge
tral phase in weak equilibrium indeed reduces the numbe
independent chemical potentials to one. But the esse
point is that—if a MP exists—charge neutrality can
achieved in this phase, e.g., with a positively charged amo
of hadronic matter and a negatively charged amount of qu
matter. Therefore it is not justified to require charge neut
ity in both phases separately. In doing so we would ‘‘free
out’’ a degree of freedom which in principle could be e
ploited in the MP by rearranging electric charge betwe
both phases to reach ‘‘global’’ charge neutrality. A corre
treatment of the phase transition therefore only requires b
phases to be in weak equilibrium, i.e., both phases still
pend on two independent chemical potentials. We have c
sen the pair (mn ,me). Such a system is called a two
component system. The Gibbs condition for mechanical
chemical equilibrium at zero temperature between b
phases of the two-component system reads

pHP~mn ,me!5pQP~mn ,me!5pMP. ~21!

Using Eq. ~21! we can calculate the equilibrium chemic
potentials of the MP wherepHP5pQP holds. Figure 8 illus-
trates this calculation. The HP→MP phase transition take
place if the pressure of the charge neutral HP~white line!

FIG. 8. Gibbs phase construction of a two-component syst
Plotted is the pressure surface of the hadronic phase~RMF! and of
the quark phase~NJL! as a function of the two independent chem
cal potentialsmn ,me . EOS of the HP is GPS, EOS of the QP us
the NJL model. The white lines HP and QP show the pressure o
hadronic and the quark phase under the condition of charge neu
ity. At low pressure matter is in its charge neutral HP. The int
section curve MP corresponds to the mixed phase. This curve is
solution of the Gibbs condition~21!. At very high pressure matte
consists of a pure QP. Also shown are the central pressures
typical M51.4M ( neutron star and of anM51.6M ( star. (M (

denotes the mass of the sun.! Clearly neither achieves a centr
pressure necessary to undergo a phase transition to deconfined
ter.
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meets the pressure surface of the QP~NJL!. Up to this point
the pressure of the QP is below the pressure of the HP m
ing the HP the physically realized one. At higher pressure
physically realized phase follows the MP curve which
given by the Gibbs condition~21!. Finally the MP curve
meets the charge neutral QP curve~white line! and the pres-
sure of the QP is above the pressure of the HP, making
QP the physically realized one. For every point on the M
curve one now can calculate the volume proportion

x5
VQP

VQP1VHP
~22!

occupied by quark matter in the MP by imposing the con
tion of global charge neutrality of the MP

xrc
QP1~12x!rc

HP50. ~23!

Here rc
QP and rc

HP denote the respective charge densiti
From this, the energy densitye of the MP can be calculated
by

eMP5xeQP1~12x!eHP. ~24!

Along the MP curve the volume proportion occupied
quark matter is monotonically increasing fromx50 to x
51 where the transition to the pure QP takes place.

Taking ~i! the charge neutral EOS of the HP at low de
sities~Sec. II!, ~ii ! Eqs.~21!, ~23!, and~24! for the MP, and
~iii ! the charge neutral EOS of the QP~Sec. III! we can
construct the full EOS in the formp5p(e). For simplicity
we denote this EOS as thehybrid starEOS. Figure 9 shows
this EOS if we apply GPS for the HP EOS. The hybrid s
EOS consists of three distinct parts. At low densitiese
&7e0) matter is still in its confined HP. At (e'7e0) the first
droplets of deconfined quark matter appear. Above this d

.

e
al-
-
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FIG. 9. EOS in the form pressure versus energy density us
GPS for the hadronic EOS. The shaded region~MP! corresponds to
the mixed phase part of the EOS.e05140 MeV/fm3. The mass
scale in the plot shows the respective neutron star mass if the
responding energy density is regarded as the central density o
neutron star. Obviously around the typical neutron star mass
1.4M ( the neutron stars consist solely of hadronic matter.M (

denotes the mass of the sun.
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NEUTRON STARS AND QUARK PHASES IN THE . . . PHYSICAL REVIEW C 60 025801
sity matter is composed of a mixed phase of hadronic
quark matter. This MP part of the EOS is shaded gray. O
at unaccessible high densities (e*18e0) matter consists of a
pure QP. The preceding statements refer to the use of
for the EOS of the HP. Concerning all the other variants
RMF used here~TM1, TM2, GL85! we have found that the
HP→MP transition does not appear belowe'10e0. As we
will discuss below such high energy densities cannot
reached inside a stable neutron star which is described
one of these EOS.

At this point we should note the essential difference
tween the treatment of neutron star matter as a one- a
two-component system~cf. @29#!. While the former one leads
to the well known phase transition with a constant press
MP ~like in the familiar liquid-gas phase transition of wate!,
we can see in Fig. 9 that the pressure is monotonically
creasing even in the MP if we apply the correct tw
component treatment. This has an important consequenc
the structure of the neutron star. Since we know from
equations of hydrostatic equilibrium—the Tolma
Oppenheimer-Volkoff~TOV! equations@28#—that the pres-
sure has to increase if we go deeper into the star, a con
pressure MP is strictly excluded from the star while a M
with increasing pressure can~in principle! occupy a finite
range inside the star.

To see if the densities inside a neutron star are h
enough to establish a MP or a QP in its center we have
solve the TOV equations with a specified hybrid star E
following from our phase transition calculation. From th
solutions of the TOV equations we get a relation between
central energy density~or central pressure! and the mass o
the neutron star~cf. Fig. 10!. The maximum possible centra
energy density~the critical energy densityecrit) is reached at
the maximum mass that is supported by the Fermi pres
of the particular hybrid star EOS. Above this critical dens
the neutron star gets instable with respect to radial mode
oscillations @2#. We have applied the four HP EOS’s~de-

FIG. 10. Mass of the neutron star as a function of the cen
energy density. Above a central energy density ofecrit'9e0 where
the maximum mass of the neutron star is reached the system
comes instable with respect to radial modes of oscillations.
shaded region~MP! corresponds to stars which possess a mix
phase in their center. The hadronic part of the EOS uses GPSe0

5140 MeV/fm3. M ( denotes the mass of the sun.
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noted by GPS, TM1, TM2 and GL85! to calculate the four
corresponding hybrid star EOS’s.~The one for GPS is shown
in Fig. 9.! We found that inno EOS the central energy den
sity of a typicalM'1.4M( neutron star is large enough fo
a deconfinement phase transition.~Here M ( denotes the
mass of the sun.! The corresponding neutron stars are pur
made of hadronic matter~HP!. In Fig. 9 where GPS is use
also the neutron star masses are shown as a function o
central energy density. There the central energy density
M51.4M ( is aboute'3e0 which is clearly belowe'7e0
which is at least necessary to yield a MP core.~This is also
shown in the context of the Gibbs construction in Fig.
where the central pressure of aM51.4M ( and of a M
51.6M ( neutron star is marked.! In Fig. 9 we can see tha
only near the maximum mass ofM'1.72M ( neutron stars
with a MP core are possible. This, however, only holds
the GPS hybrid star EOS and only in a quite narrow m
range fromM'1.721.72M ( . In the density range up to th
critical density all other EOS’s~TM1, TM2, GL85! do not
show a phase transition at all. The critical energy densi
for these EOS’s are in the range ofecrit'526e0 while the
densities for the HP→MP transition are abovee'10e0. ~The
corresponding maximum masses areM'1.521.8M ( .) Up
to now we have concentrated on the bulk properties of
phases which constitute the mixed phase while neglec
Coulomb and surface effects. The additional inclusion
such effects@30# would cause the MP to become even mo
disfavored. From this we conclude that within the mod
constructed here the appearance of deconfined quark m
in the center of neutron stars turns out to be very unlikel

V. SUMMARY AND CONCLUSIONS

We have studied the possible phase transition inside n
tron stars from confined to deconfined matter. For the
scription of the quark phase we have utilized the NJL mo
which respects chiral symmetry and yields dynamically g
erated quark masses via the effect of spontaneous chiral s
metry breaking. Concerning the application to neutron st
this provides a completely novel approach beyond the u
ally utilized Bag model type equations of state. We fou
that the appearance of deconfined quark matter in the ce
of a neutron star appears to be very unlikely, for most of
studied hadronic EOS’s even impossible. The ultimate r
son for that effect is the high value of the effective stran
quark mass which turns out to be much higher than its c
rent mass value in the whole relevant density range~cf. Fig.
3!. This finding, of course, is based on several assumpti
which need not necessarily be correct. In lack of an E
based on a full QCD calculation at zero temperature a
finite nuclear density, we had to rely on simpler models
the EOS in different density regimes.

Concerning the low density regime we have used vari
relativistic mean field~RMF! models. To some degree th
use of different variants of the RMF model should reflect t
uncertainties of this approach. These models are genera
tions of the Walecka model@31# which describes the had
ronic ground state of nuclear matter at densityr0 quite suc-
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SCHERTLER, LEUPOLD, AND SCHAFFNER-BIELICH PHYSICAL REVIEW C60 025801
cessfully. At somewhat higher densities the used R
models deal with hyperons as additional degrees of freed
Since these RMF models do not have any explicit qu
degrees of freedom we expect them to become unreliab
high densities where the confinement forces are screened
the hadrons dissolve into quarks.

To describe this high density regime we have utilized
Nambu–Jona-Lasinio~NJL! model in its three-flavor exten
sion. The merits of the NJL model are~at least! twofold: For
the vacuum case, it gives a reasonable description of s
taneous chiral symmetry breaking and of the spectrum of
low lying mesons. For sufficiently high density and/or tem
perature, the NJL model exhibits the restoration of ch
symmetry. A shortcoming of the NJL model is that it do
not confine quarks, i.e., there is no mechanism which p
vents the propagation of a single quark in vacuum. There
in an NJL model calculation the quarks significantly contr
ute to the EOS also at low densities.1 This was the ultimate
reason why we considered the NJL model only in the h
density regime where confinement is supposed to be ab
anyway while utilizing the hadronic RMF models to descri
the confined phase. On the other hand, we should recall
energy density and pressure of the NJL model were de
mined such that both vanish at zero density, i.e., in a reg
where we have not utilized the NJL model afterwards. T
procedure determines the effective bag pressureBeff given in
Eq. ~9! by fixing B0 ~11! to (217.6 MeV)4. Clearly, this
procedure is somewhat unsatisfying since the effective
pressureBeff influences the EOS and therefore the onset
the phase transition. Indeed, if we reduceB0 by only 5–10 %
by hand from its original value of (217.6 MeV)4 we already
observe drastic changes in the phase structure of the ne
star favoring deconfined quark matter. On the other hand,
physical requirement that any model should yield vanish
energy density and pressure in vacuum is the only way
uniquely determine the EOS of the NJL model without a
further assumptions. We have also investigated the sens
ity of our results to an increase of the cutoff parameterL. As
mentioned in Sec. III this cutoffL5602.3 MeV is compara-
tively low. However, we found that an artificial increase
L leads to an increase of the effective bag constant and
effective quark masses. According to the considerations
sented above it is obvious that in this case the appearanc
quark matter inside of neutron stars becomes even
likely. On the other hand, we note that the choice for
cutoff ~and for the other parameters of the NJL model! is by
no means arbitrary but chosen such that the vacuum pro
ties of the pseudoscalar mesons are correctly reproduced~cf.
Sec. III!. Thus, a change of the cutoff should come alo
with an appropriate change of the other parameters to re
duce the physical meson properties. For example, we h
also explored the set given in@37# with a somewhat large
cutoff: L5631 MeV, GL251.830, KL559.19, mq55.5

1Actually in the mean field approximation the quarks are the o
degrees of freedom which contribute. For a generalization to
clude meson states as RPA modes in the NJL EOS see@24,25#.
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MeV, andms5138 MeV. The results are very similar to th
ones presented here.

Possible alternatives to the use of the NJL model for
description of the deconfined quark matter are the MIT b
model @2# and the extended effective mass bag mo
@26,27#. The latter includes medium effects due to one-glu
exchange which rise with density~while the effective masse
of the NJL model decrease!. As already discussed at the en
of Sec. III for the regime of very high densities such a r
summed perturbation theory might be more adequate. F
thermore, MIT bag models can be very useful in interpret
more involved models like the NJL model in terms of simp
physical quantities like the bag constant and the qu
masses. Therefore we have frequently compared our
model results with the MIT bag model in Sec. III. For
further discussion of the MIT bag model and its applicati
to neutron stars see@32#.

The distinct feature of the NJL model is that nonpertu
bative effects are still present beyond the phase transi
point. It is reasonable to consider such effects since it w
found in lattice calculations@33,34# that for QCD at finite
temperature the EOS beyond the phase transition point
neither be properly described by a free gas of quarks
gluons nor by QCD perturbation theory@35,36#. Presumably
this holds also for the finite density regime. On the me
field level the most prominent nonperturbative feature of
NJL model which remains present beyond the phase tra
tion point is the constituent strange quark mass which
much larger than the current strange quark mass in the w
relevant density regime~cf. Fig. 3!. This high strange quark
mass has turned out to be crucial for the phase transition
we have shown above the EOS of the QP can be reason
well approximated by an MIT bag EOS up to 5 timesr0

using a comparatively low bag constant ofBMIT
1/4 5170 MeV

and an effective strange quark mass ofms
MIT5465 MeV.

These are the plateau values of the corresponding quan
in the NJL model calculations shown in Figs. 3 and 4.
Figs. 5–7 the curves labeled by MIT use these values for
bag constant and the effective strange quark mass. U
such a bag constant in connection with thecurrent strange
quark mass would allow the existence of a QP inside a n
tron star@2,32#. This, however, does not remain true once
much higher effective strange quark mass is used. Qua
tively, the chain of arguments is that a higher mass leads
lower pressure~cf. Fig. 6!. This disfavors the quark phase i
the Gibbs construction, i.e., shifts the phase transition p
to higher densities. This is the reason why in our calculatio
the existence of quark matter in the center of a neutron sta
~nearly! excluded. Especially for typical neutron stars wi
massesM'1.4M ( the central energy density is far belo
the deconfinement phase transition density~cf. Fig. 7!. This
finding is independent of the choice of the version of t
RMF model. This suggests that it is the NJL model with
large strange quark mass which defers the onset of the
confinement phase transition rather than the modeling of
hadronic phase.

For simplicity we have treated in the present work t
NJL model in the Hartree approximation. In principle, goin
beyond the mean field approximation might influence
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order of the chiral phase transition~for related work towards
that direction for the two-flavor case cf.@38#!. If it turned out
that this would result in a strong first order phase transit
then the effective strange quark mass might change m
drastically and in the region of interest would be perha
much lower than in the case studied in the present work. T
would favor the appearance of quark matter in the interio
neutron stars. Clearly, it would be interesting to study how
more involved treatment of the NJL model beyond the H
,
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tree approximation would influence our findings presen
here. This, however, is beyond the scope of the present w
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