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Nucleon form factors in a chiral constituent-quark model
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The electromagnetic form factors of the nucleon have been calculated in a chiral constituent-quark model.
The nucleon wave functions are obtained by solving a Schro¨dinger-type equation for a semirelativistic Hamil-
tonian with an effective interaction derived from the exchange of mesons belonging to the pseudoscalar octet
and singlet and a linear confinement potential. The charge-density current operator has been constructed
consistently with the model Hamiltonian in order to preserve gauge invariance and to satisfy the continuity
equation.@S0556-2813~99!04008-X#

PACS number~s!: 12.39.2x, 13.40.Gp
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I. INTRODUCTION

For a long time constituent-quark models~CQM’s! have
been proposed to explain spectroscopic properties of had
within a nonrelativistic framework@1# ~see also Refs.@2,3#,
and references therein!. In these models the effective degre
of freedom are massive quarks moving in a long-range c
finement potential with the basic SU~6! spin-flavor symme-
try. According to the analysis of Ref.@4# the residual inter-
action responsible for the SU~6! symmetry breaking is
described by the one-gluon-exchange diagram and is ide
fied with the hyperfinelike part of its nonrelativistic redu
tion. Given the fact that the mass of the three constitu
quarks is small, the nonrelativistic approximation is nota
priori justified. In addition some relativistic corrections a
also necessary to account for the observed small spin-o
effects@5,6#. Relativized versions of CQM’s were then di
cussed@7,8#. Alternatively, relativity is considered from th
very beginning in the CQM adopting the light-front forma
ism @9,10# or using the so-called Bakamjian-Thomas co
struction@11# to derive the Poincare´ invariant formulation of
the quark model for baryons@12#.

While rather successful in describing the octet and
cuplet ground states, these models still face some proble
such as, e.g., the wrong level orderings of positive- a
negative-parity excitations, which can be traced back to
adequate symmetry properties of the one-gluon-exchang
teraction.

The existence of an increasing number of near-parity d
blets in the high-energy sector suggests that the approxim
chiral symmetry of quantum chromodynamics~QCD! is re-
alized in the hidden Nambu-Goldstone mode at low exc
tion and in the explicit Wigner-Weyl mode at high excitatio
@13#. Thus the spontaneous breaking of chiral symmetry
the associated appearence of the octet of pseudoscala
sons as the approximate Goldstone bosons induces a c
interaction between quarks that is mediated by such me
@14#. Its spin and flavor dependence modifies the symme
properties of the Hamiltonian and ultimately leads to a c
rect ordering of the positive- and negative-parity states in
baryon spectra@15#.
0556-2813/99/60~2!/025206~6!/$15.00 60 0252
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Various hybrid models have been constructed advoca
meson exchanges in addition to sizeable contributions c
ing from gluon exchanges~see, e.g., Refs.@16–20#!.

Recently, a chiral CQM has been proposed whose ef
tive quark-quark interaction is derived from Goldston
boson exchange alone involving the pseudoscalar meson
tet and singlet@21,22#. The model is capable of providing
unified description not only of the nucleon andD spectra but
also of all strange baryons.

A stringent test of the model would be to probe its eige
solutions in the description of the electromagnetic proper
of baryons. In this paper the nucleon electromagnetic fo
factors are calculated without free parameters starting fr
the nucleon wave functions obtained with the model of Re
@21,22# and using a charge-current density operator con
tently derived along the lines proposed in Ref.@23#. The
model is briefly reviewed in Sec. II, while the expression
the charge-current density operator is given in Sec. III. T
results are presented and discussed in Sec. IV.

II. THE MODEL

The chiral model of Refs.@21,22# is semirelativistic in the
sense that the kinetic energy operator is taken in the rela
istic form:

H05(
i 51

3

ApW i
21mi

2, ~1!

with mi the masses andpW i the three-momenta of the constitu
ent quarks. This form ensures the average quark velocit
be lower than the light velocity, a requirement that is usua
not fulfilled by nonrelativistic models. In addition, by th
choice~1! one excludes negative-energy statesab initio and
simply solves a Schro¨dinger equation for bound states with
out facing all the complications of a fully covariant treatme
of the three-quark system.

The dynamical part consists of a linear confinement
tential,
©1999 The American Physical Society06-1
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Vconf~rW i j !5V01Cri j ~2!

depending on the interquark distancer i j and the two fitting
parametersV0 and C, and a sum of pseudoscalar meso
exchange potentials:

Vx
octet~rW i j !5F (

a51

3

Vp~rW i j !l i
al j

a

1 (
a54

7

VK~rW i j !l i
al j

a1Vh~rW i j !l i
8l j

8GsW i•sW j ,

~3!

Vx
singlet~rW i j !5

2

3
Vh8~rW i j !sW i•sW j , ~4!

wheresW i andlW i are the quark spin and flavor matrices, r
spectively. In the static approximation used in Refs.@21,22#,
the meson-exchange potentials are given by

Vg~rW i j !5
gg

2

4p

1

12mimj
Fmg

2 e2mgr i j

r i j
24pd~rW i j !G ~5!

with mg being the meson masses andgg the meson-quark
coupling constants (g5p,K,h,h8). In the chiral limit there
is only one coupling constantg8 for all Goldstone bosons
Due to the special character of the singleth8 meson, its
coupling constantg0 was allowed to deviate fromg8.

Since one deals with structured particles~constituent
quarks and mesons! of finite extension, one has to smear o
the d function in Eq. ~5!. In Refs. @21,22# a Yukawa-type
smearing was used, i.e.,

4pd~rW i j !˜Lg
2e2Lgr i j

r i j
, ~6!

involving the cutoff parametersLg , which were assumed to
follow a linear scaling with meson masses:

Lg5L01kmg . ~7!

Once the quark masses are fixed, the model has five fit
parameters, i.e., the depthV0 and the slopeC of the confine-
ment potential, the ratiog0 /g8 of the singlet to octet meson
quark coupling constants and the two parametersL0 andk
definingLg .

The specific spin-flavor symmetry inherent in the chi
potential is responsible for the correct level structure. A
cording to the selected values of the quark masses diffe
sets of numerical values for the five free parameters can
duce fits to the baryon spectra of comparable quality.

The Schro¨dinger-type equation for the model is accurate
solved in the stochastic variational method@24# using wave
functions that are expanded in basis functions involving c
related Gaussians as follows:
02520
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g
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FJM,TMT

k ~xW k ,yW k!5xk
lyk

l exp~2bxk
22dyk

21gxW k•yW k!

3@Y l l
L ~ x̂k ,ŷk! ^ x (s0,1/2)S

k #JMx (t0,1/2)TMT

k ,

~8!

depending on the Jacobi coordinates of partitionk,

xW k5rWp2rWq ,

yW k5rWk2
mprWp1mqrWq

mp1mq
, ~9!

whererW i andmi ( i 51,2,3) are the particle coordinates an
masses, and (k,p,q) is an even permutation of (1,2,3). Th
Y l l

L represent the bipolar spherical harmonics

Y l l
LML~ x̂k ,ŷk!5@Yl~ x̂k! ^ Yl~ ŷk!#LML

. ~10!

The spin~isospin! parts arise from coupling single-particl
spins~isospins! following the scheme

x (s0,1/2)SMS

k 5@x (1/2,1/2)s0

(pq)
^ x1/2

k #SMS
,

x (1/2,1/2)s0m0

(pq) 5@x1/2
p

^ x1/2
q #s0m0

. ~11!

For a given total angular momentumJ and isospinT the
stochastic variational method selects basis functions acc
ing to a set of six discrete parameters (L,l,l ,S,s0 ,t0) and
three continuous parameters (b,g,d). L is the total orbital
angular momentum,l and l are the orbital angular moment
corresponding toxW k and yW k , S is the total spin,s0 the spin
and t0 the isospin of the subsystem (pq).

The total wave function is composed of a symmetriz
linear combination of basis wave functions of the form~8!.

The Schro¨dinger equation can also be solved in mome
tum space. The basis functions are of the same form as in
~8! in terms of the corresponding Jacobi conjugate mome
(pW xk

,pW yk
). Assuming the c.m. at rest, the HamiltonianH0 in

Eq. ~1! can be rewritten in terms of the conjugate mome
pyk

alone as

H05 (
k51

3

ApW yk

2 1mk
2, ~12!

where the sum runs over the three possible partitions.
method has the clear advantage of producing analytical
lutions for the total baryon wave function both in momentu
and space coordinates.

III. THE CHARGE-CURRENT DENSITY OPERATOR

The relativistic form of the kinetic energy does not perm
the use of the traditional one-body current density opera
nor is it necessary to adopt sophisticated procedures to
clude relativistic effects, such as those proposed, e.g.
Refs.@7,9,25–27#. For each partition the model Hamiltonia
6-2
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has the same structure of the semirelativistic Hamilton
considered in Ref.@23#, i.e.,

Hk5ApW yk

2 1mk
21Vconf~xW k!1Vx

octet~xW k!1Vx
singlet~xW k!.

~13!

Following the functional derivative formalism proposed
Ref. @23#, a gauge-invariant charge-current density opera
can be derived consistently. It contains both one- and t
body terms. The one-body contribution includes the cha
the convective- and the spin-current operators. For a par
of chargee and massm the matrix elements between fre
particle states are given in momentum space by the follow
expressions, respectively:

^pW 8u j 0~xW !upW &5e
1

~2p!3
ei (pW 2pW 8)•xW, ~14!

^pW 8u jW~xW !upW &5e
pW 1pW 8

EpW1EpW 8

1

~2p!3
ei (pW 2pW 8)•xW, ~15!

^pW 8,s8u jWS~xW !upW ,s&5
ie

EpW1EpW 8

^s8usW 3~pW 82pW !us&

3
1

~2p!3
ei (pW 2pW 8)•xW, ~16!

where

EpW5ApW 21m2, EpW 85
ApW 821m2. ~17!

With respect to the usual nonrelativistic expressions,
the semirelativistic approach only the spatial component
the charge-current density operator are affected, while
time component is simply given by the charge density.
particular, one does not have a Darwin-Foldy term. This te
arises in the nonrelativistic reduction of the Dirac equat
which has negative-energy solutions, whereas the semi
tivistic Hamiltonian does not have such solutions and
charge-current density operator is here obtained without
nonrelativistic expansion. Incidentally, the energy denomi
tor appearing in the current matrix elements reduces to 2m in
the low-energy limit recovering the nonrelativistic approx
mation.

The two-body current operator can be derived direc
from the continuity equation consistently with the Ham
tonian of Eq.~13! ~see, e.g., Ref.@28#!, i.e.,

jWex~pW 1 ,pW 2!52 ie(
g

$@tW (1)3tW (2)#3dgp

1~l4
(1)l5

(2)2l5
(1)l4

(2)!dgK%
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3H gg
2mg

2

12m1m2

pW 22pW 1

~mg
21p1

2!~mg
21p2

2!

2 ~mg˜Lg!J sW (1)
•sW (2). ~18!

The l4,5 matrices are related to the SU~2! V-spin subgroup
contained within SU~3!. Together with the exchange chara
ter of the isospin dependence of the two-body current t
result from the commutator between the quark-quark pot
tial and the charge density that depends onl3 andl8. There-
fore, only pion and kaon exchanges are allowed.

No exchange-current operator can arise from the con
ing potential used in the model Hamiltonian, because i
neither isospin nor momentum dependent. In a relativis
approach, the explicit expression of the confining interact
depends on its Lorentz structure and its nonrelativistic red
tion could give rise to momentum-dependent terms resp
sible for two-body exchange currents@17#. However, the is-
sue is under debate and different options are available in
literature. Moreover, modifying the assumed confining p
tential of Eq. ~2! would destroy the quality of the baryo
spectra obtained in Refs.@21,22#.

IV. THE NUCLEON FORM FACTORS

As a first test of the model the electromagnetic form fa
tors of the nucleon have been calculated. In this case only
one-pion exchange part of the two-body interaction, Eq.~3!,
contributes. The calculation is fully consistent and witho
free parameters. In the following we give results for tw
parametrizations of the chiral constituent-quark model w
different values for the constituent-quark masses. The
parametrization is from Refs.@21,22# with constituent-quark
massesmu,d5340 MeV. The second is a modified versio
with mu,d5250 MeV and accordingly readjusted paramet
of the model in order to obtain baryon spectra of simi
quality.

The electric (GE) and magnetic (GM) form factors are
plotted in Fig. 1 for the proton and in Fig. 2 for the neutro
The thin ~thick! solid lines refer tomu,d5250 ~340! MeV.

Two remarks can be made on the results. First, the fal
of GE

p andGM
p,n as a function ofQ2 is lower than observed

This Q2 dependence reflects the fact that here the constitu
quarks are assumed to be pointlike. As in other constitue
quark models this assumption underestimates the elec
magnetic radii of the nucleon. Second, the value ofGM

p,n at
Q50 does not reproduce the nucleon magnetic mom
However, the ratioGM

p /GM
n is in good agreement with the

corresponding observed ratio of the proton to neutron m
netic moment, a feature common to all nonrelativis
constituent-quark models. The discrepancy atQ50 is due to
two effects.~a! Two-body currents do not contribute to th
nucleon magnetic form factor because the Hamiltonian
Eqs.~3! and~4! does not contain the full axial dipole-dipol
interaction that describes one-pion exchange complet
Therefore, it is not possible to mix different values of th
orbital angular momentum with the same parity.~b! The
semirelativistic form of the one-body current with an energ
dependent denominator suppresses its contribution with
spect to the nonrelativistic case; it would therefore requir
6-3
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rather lower value for the constituent-quark mass in orde
reproduce the nucleon magnetic moments.

In order to improve the quality of the results without d
stroying the agreement with the observed baryon spectra
has to consider that constituent quarks are effective deg
of freedom with some spatial extension@29,9#. As such, a
charge form factorf (Q2) could be appended to the charg
density operator~14! and the convective part of the curre
density operator~15! as well as a magnetic form facto
g(Q2) to the spin part of the current density operator~16!.
This will modify the Q2 dependence. In fact, a rather goo
agreement with data can already be obtained forGM

p,n at
Q2.0.5 (GeV/c)2 assuming a simple dipole form factor

f ~Q2!5
1

@11aQ2#2 ~19!

common to all (u and d) quarks. This is achieved with
rather small quark charge radius, i.e.,r c50.35 fm, almost
independently of its mass. Due to the small radiusr c theQ2

dependence ofGE
p , although largely improved, could not ye

be reproduced.
On the other hand, once constituent quarks are treate

extended objects, it is not unreasonable to introduce

FIG. 1. The electric (GE
p) and magnetic (GM

p ) form factors of
the proton as a function of the four-momentum squaredQ2. The
thin ~thick! solid lines refer to a quark massmu,d5250 ~340! MeV.
The thin~thick! dashed lines formu,d5250 ~340! MeV include the
effects of electromagnetic form factors for quarks~see text!. Experi-
mental points are from Ref.@32# ~solid circles!, Ref. @33# ~open
circles! and Ref.@34# ~triangles!.
02520
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anomalous magnetic momentk in their electromagnetic form
factor. Thus, besides a dipole form forf (Q2), the following
form for g(Q2) has been considered:

g~Q2!5 f ~Q2!1k
1

@11bQ2#3 . ~20!

The actual value ofk has been fixed in order to obtain th
experimental value of the proton magnetic moment. Fo
quark massm5340 ~250! MeV one obtainsk50.867
~0.549!. Correspondingly, the neutron magnetic mome
turns out to be21.828 (21.812) n.m. in good agreemen
with experiment. The other two parametersa andb in Eqs.
~19! and~20! are then fixed by fitting theQ2 dependence of
GM

p . The resulting values for the quark charge and magn
radius arer c50.691 fm andr m51.050 ~0.935! fm with a
quark massm5340 ~250! MeV. It is worth noting that the
extracted value of the quark charge radius is significan
close to the value required by the assumption of vec
meson dominance. Without any free parameter one can
calculate the other nucleon form factors. The results
shown in Figs. 1 and 2 by the thin~thick! dashed lines for
m5250 ~340! MeV. A rather satisfactory agreement is o
tained, especially forGE

p .

FIG. 2. The same as in Fig. 1, but for the neutron. Experimen
points for GE

n are from Ref.@35# ~open circles!, Ref. @36# ~solid
circles!, Ref. @37# ~cross!, Ref. @38# ~triangle! and forGM

n from Ref.
@33# ~crosses!, Ref. @34# ~triangles!, Ref. @35# ~open circles!, Ref.
@36# ~solid circles!, respectively.
6-4
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The electric form factor of the neutron turns out to be t
small in all cases. This is due to the deficiency of the char
density operator~14! derived in Ref.@23#. In order to be
consistent with the semirelativistic Hamiltonian no oth
contributions involving spin-dependent terms, like, e.g.,
Darwin-Foldy correction, are possible and the quark char
add up to a total vanishing neutron charge.

V. CONCLUSIONS

A completely consistent calculation of the nucleon ele
tromagnetic form factors has been performed within the c
ral constituent-quark model proposed in Refs.@21,22#. Con-
sidering pointlike quarks is not sufficient to reproduce t
observed form factors. In particular, the model eigenfu
tions do not permit contributions from two-body curren
arising from pion exchanges and the semirelativistic o
body current alone fails to produce the correct values of
nucleon magnetic moments. However, with the inclusion
suitable electromagnetic form factors for quarks and con
ering an anomalous quark magnetic moment a rather s
factory agreement with data is obtained.

Possible improvements of the dynamic model are ob
ously under discussion. The pseudoscalar tensor term
been neglected in the model Hamiltonian of Refs.@21,22#. In
Ref. @30# its effect on the light-baryon spectrum was es
c

ys
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mated together with that of the Thomas-Fermi precess
spin-orbit contribution arising from the scalar confining i
teraction. The result was that the agreement with the
served spectra was destroyed. The inclusion of vec
(r,v,f,K* ) and scalar-meson (s) exchanges was consid
ered in Ref. @31#. The tensor forces of vector- an
pseudoscalar-meson-exchange interactions have opp
signs and largely cancel each other. The effects of the s
orbit forces from the vector- and scalar-meson-exchange
teractions are rather weak. The problem of the spin-o
force from the Thomas-Fermi precession~which was not
taken into account in Ref.@31#! remains, however. In any
case, pseudoscalar tensor and vector-meson exchange c
butions modify the model eigenfunctions, so that one c
expect that the two-body currents will contribute even in t
simplest case of the nucleon electromagnetic form fact
Work along these lines is in progress.
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