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Proton-neutron pairing in Z5N nuclei with A576– 96

Alan L. Goodman
Department of Physics, Tulane University, New Orleans, Louisiana 70118

~Received 29 December 1998; published 16 June 1999!

The ground states of even-evenZ5N nuclei are determined with the isospin generalized BCS equations and
the HFB equation. The calculations permit the simultaneous existence of the following Cooper pairs:pp, nn,
pn(T51), andpn(T50) where the two nucleons in a pair occupy space-spin orbitals which are related by
time reversal, as well aspn(T50) where the two nucleons are in identical space-spin orbitals. There is a
transition fromT51 Cooper pairs at the beginning of this isotope sequence toT50 Cooper pairs at the end
of the sequence. Near the middle of the isotope sequence, there is coexistence of aT50 pair superfluid and a
T51 pair superfluid in the same wave function. The fluctuation in the particle number is reduced if the wave
function contains proton-neutron pairing. The fluctuation in the isospin is eliminated and isospin is conserved
if the wave function contains onlyT50 pairing.@S0556-2813~99!05407-2#
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I. INTRODUCTION

During the past few years there has been a rebirth
interest in proton-neutron pair correlations. There are sev
reasons for this renaissance.~1! Radioactive nuclear beam
have now extended theN5Z line up to 100Sn @1,2#. In N
5Z nuclei, protons and neutrons occupy the same spa
orbitals and have maximum spatial overlap. ThereforeN
5Z nuclei provide the best conditions for findingpn pair
correlations. It is now possible to studypn pairing in
medium-mass nuclei.~2! The new generation of 4p detectors
is providing experimental data which was not available
previous decades.~3! There is considerable interest in dete
mining the location of the proton drip line in medium-ma
nuclei @3–6#. The proton drip line is close to theN5Z line.
In these nucleipn pairing might create additional bindin
energy, and provide stability to some nuclei which wou
otherwise be unstable. Thereforepn pairing could alter the
location of the proton drip line.~4! pn pairing is expected to
play a significant role inb decay@7–9#. Neutrinoless double
b decay has fundamental significance in elementary par
physics.

The initial theory of nucleon pair correlations include
Cooper pairs which contain two protons or two neutro
@10,11#. It did not include Cooper pairs containing one pr
ton and one neutron. In this BCS approximation, the qu
particle operators are defined by a 232 unitary transforma-
tion of the particle operators. In the early 1960’s it w
recognized that this pairing theory was incomplete, and
it needed to be generalized to include proton-neutron Coo
pairs @12#. This generalization occurred during the peri
1964–1972, and it proceeded in several steps@13–23#. ~1!
The BCS theory was generalized to includepp̄, nn̄, andpn̄
Cooper pairs, where the bar indicates that the second nuc
in a pair occupies a space-spin orbital which is the tim
reverse of the first nucleon’s orbital, and the two nucleo
are coupled to isospinT51 @14,16,17#. ~2! A BCS theory
was obtained forpn̄ Cooper pairs, where the two nucleon
are coupled toT50 @15#. ~3! A unified BCS theory was
derived for pp̄, nn̄, and pn̄ Cooper pairs, which include
0556-2813/99/60~1!/014311~17!/$15.00 60 0143
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both T50 and T51 pn̄ pairs @18–20#. In this theory the
quasiparticle operators are defined by a 434 unitary trans-
formation of the particle operators, and the two nucleons
pair occupy orbitals related by time reversal.~4! However,
the Pauli exclusion principle does not prevent a proton an
neutron from occupying thesame space-spin orbital and
forming a pn Cooper pair, if they are coupled toT50.
~Hereafter,pn refers to this particular pair, and not topn̄
pairs.! There is an isospin-generalized BCS theory wh
includespn (T50) Cooper pairs, as well aspp̄, nn̄, andpn̄
(T50 andT51) Cooper pairs@23#. In this theory the qua-
siparticle operators are defined by an 838 unitary transfor-
mation of the particle operators.

From 1967–1970 the isospin generalized BCS theory
the HFB theory were used to calculate the ground state
evenN5Z nuclei in thesd shell @19–23#. For these nuclei
T50 proton-neutron pairing correlations are much stron
than proton-proton and neutron-neutron pairing correlatio
The T50 pairing significantly alters the ground state pro
erties of some of these nuclei. Subsequent calculations@24–
30# investigated the ground states ofN5Z nuclei in thep f
shell andNÞZ nuclei in thesd and p f shells. This early
work is reviewed in Ref.@13#. From 1978–1982 HFB crank
ing calculations@31–33# investigated the effect of rotation
on proton-neutron pairing. They demonstrated thatpn pair-
ing is much more persistent in the presence of rotation t
are the usualpp̄ andnn̄ pairs. Consequently a ground ban
with T51 pairing could be crossed by another band withT
50 pairing at a critical spin@32,33#. In 1983 the finite-
temperature HFB cranking theory@34,35# was used to deter
mine the effect of temperature on proton-neutron pair
@36–38#. The result was that the higher multipoles (J.0) of
the pair fieldD are more resistant against increasing tempe
ture than the standard monopole (J50, T51) pair field.
Including Cooper pairs with all possible values ofJT more
than doubles the critical temperature for the disappearanc
pairing.

Recently there have been many articles devoted to pro
neutron pairing@7,8,39–60#. An experiment on theN5Z
even-even nucleus74Rb finds that theT51 ground band is
©1999 The American Physical Society11-1
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
crossed by aT50 band at a critical spin@44#. This has been
interpreted as the crossing of a band withT51 pairing by a
band withT50 pairing @44,50#. Other calculations find tha
T50 pairing is crucial for determining the crossing fr
quencyvc for such band crossings@58#. The influence of
proton-neutron correlations on back bending has been in
tigated @41,42#. HFB calculations on48Cr find that T50
pairing has a dramatic effect upon the deformation at h
spins@57#. Shell model Monte Carlo calculations in thep f
shell find thatT50 proton-neutron correlations persist
higher temperatures than the correlations between like nu
ons@47–50#. This has a significant effect upon the tempe
ture dependence of the Gamow-Teller strength@48#. EXCITED

VAMPIR calculations forN5Z even nuclei withA572– 84
find thatT50 andT51 proton-neutron pairing both make
significant contribution to the pairing energy@43#. Some ar-
ticles have considered simple model Hamiltonians in orde
compare the isospin generalized BCS approximation w
exact results@51–55#. For example, calculations for th
SO~8! model find that the BCS energies are in good agr
ment with the exact energies@52#.

The purpose of this article is to investigate proton-neut
pair correlations inN5Z even nuclei withA576– 96. The
calculations include all of the pair modes discussed abo
i.e., pp̄, nn̄, pn̄ (T50 andT51), andpn (T50), as well
as the time reverse of these proton-neutron pairs. There
competition between these different pair modes, and a c
petition betweenT50 pairing andT51 pairing. Calcula-
tions will be performed using the isospin generalized B
theory and the HFB theory. These theories permit the sim
taneous coexistence of all pair modes in the same wave f
tion. However, since these theories are derived from a va
tional principle, in a specific case it may be energetica
favorable for all of the occupation probability to be placed
one particular pair mode. In other cases it may be energ
cally favorable to have more than one pair mode coexis
the same wave function. For the nuclei considered here,
the T50 pair modes and theT51 pair modes be mutually
exclusive, or willT50 pairing andT51 pairing peacefully
coexist in the same wave function? The HFB theory tre
pairing and deformation simultaneously and se
consistently. Therefore these calculations can show h
proton-neutron pairing affects the deformation, and v
versa.

II. HAMILTONIAN

The model space includes the 2p1/2, 2p3/2, 1f 5/2, and
1g9/2 shells. A closed core of28

56Ni28 is assumed. This mode
space was used in shell model Monte Carlo calculations
74Rb @50# and in HFB calculations for Sr, Zr, and Mo iso
topes@61#.

The Hamiltonian is

H5(
j

ejCj
†Cj1

1

4 (
i jkl

^ i j uvaukl&Ci
†Cj

†ClCk , ~2.1!

whereej is the single-particle energy,va is the antisymme-
trized effective interaction, andu i & denotesunl jmt&, wheret
01431
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is p or n. The effective interaction was calculated by Ku
from the Paris potential. The monopole terms were modifi
by Nowacki to provide a good fit to the spectra of the
isotopes@62#.

There have been extensive efforts to determine the de
mation of 80Zr @43,61,63–76#. It was found that the ground
state shape is extremely sensitive to the choice of the par
eters in the Hamiltonian@67,72,74#. Small changes in thes
parameters create large changes in the equilibrium sh
Similarly, small changes in the Fermi energy or orbital o
cupation probabilities cause large alterations in the sha
For these reasons, we use three different choices for
single-particle energiesej , which are given in Table I. All
calculations will be repeated for each of these three choi
The purpose is to determine how the pair gaps and sha
depend upon the choice of single-particle energies. Will
pairing properties be as sensitive to this choice as are
deformation properties? Does the competition betweenT
50 pairing andT51 pairing depend upon this choice? Se
tions III B and III C provide additional reasons why mo
than one choice forej is considered. The first choice for th
energiesej is taken from the experimental spectrum of57Ni,
and will be referred to asej (

57Ni). These energies were als
used in the shell model Monte Carlo calculations for74Rb
@50#. The second choice for the energiesej , referred to as
ej (Nilsson), is determined by requiring that the Hartre
Fock spherical single-particle energies for80Zr are equal to
the Nilsson spherical single-particle energies for80Zr. The
rationale for this prescription and the equation used to de
mineej (Nilsson) are given in Sec. III B. The third choice fo
the energiesej is taken from Table II in Ref.@61#, which
uses HFB in the same model space, and determinesej from
experimental spectra in theA'90 mass region. This will be
referred to asej (KFP).

III. HARTREE-FOCK

Solutions to the Hartree-Fock~HF! equation will be ob-
tained. The HF wave functions serve several purposes.~1!
The HF single-particle orbitals will be used as the ba
states for finding the solutions of the isospin generaliz
BCS equations.~2! The HF solutions corresponding t
spherical shapes will be used to examine how the energie
the j shells vary with mass number.~3! The HF states will be
used for a preliminary evaluation of the dependence of
deformation on the choice of the single-particle energiesej .

TABLE I. Single-particle energiesej .

Orbital
ej (

57Ni)
~MeV!

ej (Nilsson)
~MeV!

ej (KFP)
~MeV!

2p1/2 1.113 2.432 0.690
2p3/2 0.000 2.261 0.000
1 f 5/2 0.769 0.000 20.140
1g9/2 3.000 4.178 1.580
1-2
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PROTON-NEUTRON PAIRING INZ5N NUCLEI WITH A576– 96 PHYSICAL REVIEW C 60 014311
A. Theory

The HF eigenvalue equation is

hua&5eaua&. ~3.1!

The HF Hamiltonianh is

h5e1U, ~3.2!

wheree is the single-particle energy andU is the HF poten-
tial

Ui j 5 (
aocc

^ iauvau j a&, ~3.3!

where the sum is on the occupied orbitals. Equations~3.1!–
~3.3! are solved by iteration to obtain the self-consistent
single-particle orbitals

ua&5(
i

Da i u i &, ~3.4!

and the HF single-particle energies

ea5^aueua&1 (
bocc

^abuvauab&. ~3.5!

The energy of the nucleusEHF5^H& is evaluated using the
HF wave function. In the notation aboveua& and u i & include
all nucleon quantum numbers, including the isospin (p or n).
In the remainder of the article,ua& denotes the space-sp
component of the orbital, but not the isospin component.
an N5Z even nucleus, the nucleon orbitals occur in deg
erate quartetsuap&, uan&, uāp&, anduān&, whereuā& is the
time reverse ofua&. The orbital ua& is composed of basis
statesu i & which havem21/2 equal to an even integer.

B. Spherical single-particle energies

For some isotopes the HF equation has a spherically s
metric solution, where the deformationb50 and the HF
orbitals areua&5unl jm&. In these wave functions a particu
lar set of j shells is completely filled, while the remainingj
shells are empty. Also, the energiese j of the empty shells
must be greater than the energies of the filled shells.~In-
verted states, where an empty shell is below a filled shell
not qualify.! These spherical states are only possible for p
ticular values ofZ and N. Except at magic numbers, th
energiesEHF for these spherical HF states are usually grea
than the energies of deformed HF states.

Figure 1 shows the HF single-particle energiese j for the
spherical HF solutions. This calculation uses the sing
particle energiesej (

57Ni), which at first appear to be th
natural choice forej . In 68Se the 2p1/2 and 2p3/2 shells are
full. In 80Zr the 2p1/2, 2p3/2, and 1f 5/2 shells are full. In
100Sn all shells are full. Observe that the ordering of t
energiese j is very mass dependent. There are crossing
the energies of thej shells as the mass number varies. The
crossings are caused by the monopole component of th
fective interaction. Observe that the ordering in57Ni is very
01431
r
-

-

o
r-

r

-

in
e
ef-

different than the ordering in100Sn. Most notably, in100Sn
the 1f 5/2 shell falls below the other shells. How does th
compare with experiment? For the 1f 5/2, 2p3/2, 2p1/2, and
1g9/2 shells in 100Sn, the HF energiese j are 0, 5.33, 5.65,
and 7.55 MeV, whereas the experimental energies are
2.33, 5.18, and 5.79 MeV@2#. ~The energies are shifted by
constant, so that the lowest energy is 0.! Notice that theory
and experiment have thej shells ordered in the same s
quence in100Sn. However there are quantitative differenc
between the two spectra.

In the mass region around80Zr, the deformation can be
very sensitive to the spherical energiese j . Because the
monopole effective interaction causes the energiese j to be
so mass dependent, and the monopole interaction has
adjusted to fit Ni spectra and notA576– 96 spectra, it fol-
lows that selecting the energiesej from the 57Ni experimen-
tal spectrum might not be the best choice forej . To improve
the likelihood that the theoretical ordering of thej shells
closely resembles the experimental ordering for theA
576– 96 mass region, it may be desirable to choose the
ergiesej so that the HF spherical energies for80Zr are equal
to the Nilsson spherical energies

e j~HF, 80Zr,b50!5ej1Uj~HF, 80Zr,b50!

5e j~Nilsson,b50!. ~3.6!

For spherical HF states,Ui j is diagonal, so thatUj5Uj j . The
spherical Nilsson energies are taken from a Nilsson diag
specifically constructed to fit80Zr @67#. The isotope80Zr is
selected for this procedure because it is the onlyN5Z even
isotope in theA576– 96 mass region which has a spheric
HF solution. Equation~3.6! is used to determine the energie
ej , which are given asej (Nilsson) in Table I. These energie
are shifted by a constant, so that the lowest energy is ze

The deformation and pairing properties of a particu
nucleus are determined, in part, by the energiese j . So it is
then useful to compare the energiese j resulting from the
three choices ofej given in Table I. Figure 2 shows th
spherical Hartree-Fock energiese j for 80Zr. The energiese j
are shifted so that the lowest energy is 0. Theej (KFP) spec-
trum is compressed relative to theej (

57Ni) spectrum. How-
ever the two spectra have the levels in the same order

FIG. 1. Spherical Hartree-Fock single-particle energiese j versus
mass numberA. The energiesej (

57Ni) are used.
1-3
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
about the same relative spacings. Theej (Nilsson) spectrum
is also compressed relative to theej (

57Ni) spectrum, and it
has thef 5/2 shell below thep1/2 shell.

C. Deformation

The HF equation is solved for each choice ofej . Triaxial
shapes are considered as well as axially symmetric sha
The first surprising result is the sheer multiplicity of sol
tions. For 76Sr usingej (

57Ni), there are eight distinct HF
states: three are prolate (b50.091, 0.194, 0.382!, four are
oblate (b520.066, 20.134, 20.329, 20.345), and the
ground state is triaxial (b50.350, g5169°). For isotopes
considered here, the typical number of HF states is 4
Axially symmetric HF states are often saddle points, wh
are relative minima inb and relative maxima ing. To deter-
mine which states are saddle points, constraints were
cluded for the quadrupole degrees of freedom

h85h2x20Q202x22~Q221Q222!. ~3.7!

For each HF state, the Lagrange multipliersx20 andx22 are
varied to map out the energy surface in the neighborhoo
the HF state, thereby determining whether the state
saddle point. Of the eight76Sr states listed above, four ar
saddle points.

Figure 3 shows the deformationb for the lowest energy
HF state~ground state!. Figure 4 shows the prolate-obla
energy difference, which is the energy of the lowest prol
state minus the energy of the lowest oblate state. If this
ergy difference is large~small!, then the deformation is stif
~soft! in g. For 76Sr and 80Zr the deformations are large
However,ej (Nilsson) gives a smallerb than the other two
ej , which is probably caused by the larger gap at the Fe
surface shown in Fig. 2. For the heavier isotopes the de
mation decreases with mass number. For the magic nuc
100Sn the model space is filled, and the shape is spher
The different choices forej give different shapes. They als
give very different prolate-oblate energy differences. T
confirms the early finding that the ground state shapes

FIG. 2. Spherical Hartree-Fock single-particle energiese j for
80Zr for three different choices of the energyej .
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these isotopes are very sensitive to the choice of parame
in the Hamiltonian@67,72,74#. For 76Sr, the shape is triaxia
for ej (

57Ni), g-soft oblate forej (Nilsson), and strongly de-
formed prolate forej (KFP). For 80Zr, the shape is triaxial
for ej (

57Ni), and g-soft prolate for the other twoej . For
84Mo, the shape is oblate forej (

57Ni), andg-soft prolate for
the other twoej .

During the past 20 years there have been numerous in
tigations into the shape of80Zr. Early calculations found a
g-soft oblate shape@63#, or a shape which is almost spheric
or g-soft oblate@66,67#. Early and later calculations found
prolate shape@43,61,64,65#, or a g-soft prolate shape
@68,69#. Experiment finds that the shape of80Zr is triaxial or
g-soft with b'0.4 @72#. Apparently experiments have no
yet determined the sign of the quadrupole moment, wh
would signify whether the shape is prolate or oblate.

IV. ISOSPIN GENERALIZED BCS

Although the isospin generalized BCS theory does
provide complete self-consistency in pair and shape deg
of freedom, it still serves several useful functions.~1! This
theory shows how to choose the quasiparticle transfor
tions so that all possible nucleon-nucleon pair modes can
contained in one wave function.~2! The BCS wave functions

FIG. 3. Hartree-Fock quadrupole deformationb. The shapes are
prolate~P!, oblate~O!, or triaxial ~T!.

FIG. 4. Hartree-Fock prolate-oblate energy difference. This
the energy of the lowest prolate state minus the energy of the low
oblate state.
1-4
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will be used as trial input wave functions for HFB calcul
tions. Because the BCS equations are much easier to s
than the HFB equation, this two step procedure is much m
efficient than attempting to use HFB without having the BC
states as starting points. Because the pair gaps and qua
ticle coefficients are complex and the values of the pha
are critical, it would be difficult to begin with HFB withou
having BCS as input.

A. Theory

The conventional BCS theory, which omits proto
neutron pairing, defines the quasiparticle operatorsa† by a
two-dimensional transformation of the particle operatorsC†

S aa
†

aā
D5S ua 2va

va ua
D S Ca

†

Cā
D , ~4.1!

whereua& is a HF single-particle orbital. The isospin gene
alized BCS theory@23# replaces Eq.~4.1! with the eight-
dimensional transformation

S a†~a!

a~a! D5S u~a! 2v~a!

2v* ~a! u* ~a!
D S C†~a!

C~a! D , ~4.2!

wherea†(a) andC†(a) are the four-component vectors

a†~a!5S aa1
†

aa2
†

aā1
†

aā2
†
D , C†~a!5S Cap

†

Can
†

Cāp
†

Cān
†
D . ~4.3!

Observe that each quasiparticle contains both proton
neutron components. In the ground state of a nucleus w
N5Z5 even, time-reversal symmetry and isospin symme
each create a degeneracy factor of two. Then the fo
dimensional matricesu(a) andv(a) acquire the simplified
forms

u~a!5uaI , ~4.4!

whereI is the four-dimensional unit matrix and

v~a!5S 0 va1 va2 va3

2va1 0 va3* 2va2

2va2 2va3* 0 va1*

2va3 va2 2va1* 0

D , ~4.5!

whereua ,va2 are real andva1 ,va3 are complex. The isospin
generalized pairing wave-function for the ground state
evenN5Z nuclei has the form

uF0&5 )
a.0

~ua1va1* Cap
† Can

† 1va2Cap
† Cāp

† 1va3* Cap
† Cān

† !

3~ua1va1Cāp
† Cān

† 2va2Can
† Cān

† 1va3Can
† Cāp

† !u0&.

~4.6!
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This wave function is the vacuum for the quasiparticles
fined in Eq.~4.2!. It includespp̄, nn̄, andpn̄ Cooper pairs,
where the two nucleons are in time-reversed orbitals, as w
aspn Cooper pairs, where the two nucleons are in identi
orbitals. All of these different types of Cooper pairs can c
exist in the same wave-function. Ifva1 andva3 equal zero,
then the proton-neutron pairs vanish, and the wave func
reduces to the usual BCS form with only proton-proton a
neutron-neutron pairing. For eacha, there is a quartet of
single-particle orbitalsuap&, uan&, uāp&, and uān&. Each
one of these orbitals has an occupation probability

va
25uva1u21uva2u21uva3u2, ~4.7!

whereua
21va

251. The wave function~4.6! is used to con-
struct the HF Hamiltonianh and the pair potentialD. In the
BCS approximation one neglects those elements ofh andD
which connect one quartet of orbitals to another quar
Then the HF Hamiltonian is block diagonal in the fou
dimensional matricesh(a), which have the same structur
asu(a) in Eq. ~4.4!. That is,h(a) is diagonal and four-fold
degenerate, where the diagonal elements equal the
single-particle energy

ea5^auej ua&1(
bt8

^atbt8uvauatbt8&vb
2 , ~4.8!

wheret is p or n. Similarly, the pair potentialD is block
diagonal in the four-dimensional matricesD~a!, which have
the same structure asv(a) in Eq. ~4.5!. The components of
the pair potential are

Dap,āp5 (
b.0

^aāT51uvaubb̄T51&ubvb2 , ~4.9!

ReDan,āp5 (
b.0

^aāT51uvaubb̄T51&ub Revb3 ,

~4.10!

Im Dan,āp5 (
b.0

^aāT50uvaubb̄T50&ub Im vb3 ,

~4.11!

ReDap,an5
1

2 (
b.0

@^aaT50uvaubbT50&

1^aaT50uvaub̄b̄T50&#ub Revb1 ,

~4.12!

Im Dap,an5
1

2 (
b.0

@2^aaT50uvaubbT50&

1^aaT50uvaub̄b̄T50&#ub Im vb1 .

~4.13!

The real part ofDan,āp containsT51 Cooper pairs, which
have occupation probabilitiesuReva3u2. The imaginary part
of Dan,āp containsT50 pairs, which have occupation prob
1-5
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
abilities uIm va3u2. HoweverDap,an contains onlyT50 pairs.
Also Dap,āp is real. From the four-dimensional matrice
h(a) and D~a!, one constructs the eight-dimensional BC
energy matrix. The quasiparticle energies are the eigenva
of this energy matrix, which are fourfold degenerate, a
have the form

Ea5@~ea2l!21Da
2 #1/2, ~4.14!

wherel is the Fermi energy, and the pair potentialDa is the
coherent sum of the contributions from each pair mode

Da
25uDap,āpu21uDap,ānu21uDap,anu2. ~4.15!

The eigenvectors of the eight-dimensional energy matrix
be obtained analytically, with the result that

ua5F1

2
@11~ea2l!/Ea#G1/2

, ~4.16!

va5F1

2
@12~ea2l!/Ea#G1/2

, ~4.17!

va152va~Dap,an* /Da!, ~4.18!

va252va~Dap,āp /Da!, ~4.19!

va352va~Dap,ān
* /Da!. ~4.20!

The Fermi energyl is adjusted to constrain the particle num
ber

N5Z52 (
a.0

va
2 . ~4.21!

The coupled Eqs.~4.7!–~4.21! are solved by iteration to ob
tain the self-consistent values ofua andva i . Begin with the
initial trial choices ofua andva i , and use Eqs.~4.8!–~4.15!
to calculate the pair gaps and single-particle energies. T
use Eqs.~4.16!–~4.20! to calculate new values forua and
va i . Repeat this procedure until convergence is obtain
The value ofDa is different for each orbitalua&. So it is
convenient to define average pair gapsD̄ for each of the
different pair modes

D̄pp̄52D̄nn̄5
1

m (
a51

m

uDap,āpu, ~4.22!

D̄pn̄5
1

m (
a51

m

uDap,ānu, ~4.23!

D̄pn5
1

m (
a51

m

uDap,anu, ~4.24!

where p̄ or n̄ means that the nucleon occupies one of
time-reversed orbitalsuā&. The energy of the nucleusEBCS
5^H& is evaluated using the BCS wave function~4.6!.
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B. Pair correlations

The isospin generalized BCS equations are solved for
N5Z even isotopes withA576– 96. The nucleon orbitals
ua& are taken from the HF calculations, and every HF stat
used as the starting point for a BCS calculation. The p
potentialD is calculated with the effective interaction dete
mined from the Paris potential. The pair potential includ
the multipole channelsJ50,1,2,3,4,5,6,7,8,9 and the isosp
channelsT50,1. If ej (

57Ni) is used, then the lowest energ
state for76Sr and80Zr hasD'0.6 MeV, and the pairing is
entirely in theT51 channel. How does this compare to e
perimental values ofD, which are given by odd-even mas
differences? The experimentalD has been parametrized a
@77#

Dexp'
12 MeV

A1/2 . ~4.25!

For A580, this givesDexp'1.3 MeV. The odd-even mas
differences are

Pp5
1

4
@2Sp~N,Z!2Sp~N,Z11!2Sp~N,Z21!#,

~4.26!

Pn5
1

4
@2Sn~N,Z!2Sn~N11,Z!2Sn~N21,Z!#,

~4.27!

where the nucleon separation energiesS are obtained from
Ref. @78#. Figures 5 and 6 show the experimental values oD
given byPp andPn . The lightest Sr and Zr isotopes haveD
in the vicinity of 1.3 MeV. Consequently the calculated va
ues ofD are significantly smaller than the experimental v
ues. As has often been observed in the past, it is not eas
calculate pairing matrix elements from the bare nucle
nucleon interaction with no free parameters, and it is diffic
to use the same effective interaction to obtain good HF pr
erties and good pairing properties. Most nuclear struct
calculations use different effective interactions for the H
and pair potentials. To obtain better agreement between
culated and experimental pair gaps, a pairing scale param
Sp is introduced. Every matrix element of the effective inte

FIG. 5. Experimental proton pair gapDp determined by odd-
even mass differencePp . Equation~4.25! is also shown.
1-6
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action which is used in the evaluation ofD is multiplied by
Sp . Matrix elements of the effective interaction which a
used in the HF potential are left in their original form. Figu
7 shows howD varies with the parameterSp for the lowest
energy BCS state of80Zr. In this state there is onlyT51
pairing. To obtain D'1.3 MeV, the valueSp51.45 is
adopted. Althoughej (

57Ni) andej (Nilsson) give very differ-
ent values ofD at Sp51 ~no scaling!, fortuitously they give
very similar values ofD at Sp51.45. All BCS calculations
are repeated usingSp51.45.

We first consider the lowest energy BCS state for e
isotope. The average pair gapD̄ is shown in Fig. 8. If
ej (

57Ni) is used, then76Sr, 80Zr, and 84Mo haveT51 pair
correlations, whereas88Ru and92Pd have coexistence of th
T50 pair superfluid and theT51 pair superfluid, and96Cd
hasT50 pair correlations. Ifej (Nilsson) is used, then76Sr
has T51 pairing, 92Pd hasT50 pairing, while 80Zr and
96Cd have coexistence of theT50 pair phase and theT
51 pair phase. Ifej (KFP) is used, then76Sr, 80Zr, and96Cd
have T51 pairing, 92Pd hasT50 pairing, and84Mo has
coexisting phases withT50 pairing andT51 pairing. The
claim has been made thatT50 pairing andT51 pairing
never coexist in the isospin generalized BCS theory. T
calculation clearly demonstrates that for a given Hamilton
H, some isotopes have theT50 pairing superfluid and the
T51 pairing superfluid coexisting in the same BCS grou
state wave function.

FIG. 6. Experimental neutron pair gapDn determined by odd-
even mass differencePn . Equation~4.25! is also shown.

FIG. 7. BCS average pair gapD̄ versus the scale parameterSp .
01431
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In order to compare the energy provided by the differe
types of Cooper pairs, the BCS equations are solved in s
eral different ways for every HF state.~1! In the initial trial
wave function choose all components ofva iÞ0. Then the
final self-consistent wave function will contain the types
Cooper pairs which minimize the energy.~2! Choose initial
valuesva2Þ0 and the otherva i50. Then the final wave
function will contain onlypp̄ and nn̄ pairs. @This state is
degenerate with the state containing onlypn̄ (T51) pairs.#
~3! Choose initial values Imva3Þ0 and the other component
of va i50. Then the final wave function will contain onlypn̄
(T50) pairs.~4! Choose initial valuesva1Þ0 and the other
va i50. Then the final wave function will contain onlypn
(T50) pairs. All of these different solutions of the BC
equations are self-consistent.

Figures 9–11 compare the energies obtained with th
four BCS states. All four BCS states are based upon
same HF state, which is the one that leads to the BCS sta
lowest energy. For76Sr and80Zr T51 pairing gives signifi-
cantly more binding energy thanT50 pairing. In several
instances the ground state withT50 pairing andT51 pair-
ing is slightly below the state with onlyT51 pairing; these
include 80Zr using ej (Nilsson), 84Mo using ej (KFP), and
88Ru usingej (

57Ni). In 92Pd T50 pairing provides substan
tially more binding energy thanT51 pairing if ej (Nilsson)

FIG. 8. Average pair gapD̄ versus mass numberA for isospin
generalized BCS calculations.

FIG. 9. Difference between BCS energy and Hartree-Fock
ergy for each type of Cooper pair. Theej (

57Ni) single nucleon
energies are used.
1-7
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
or ej (KFP) are used; however, forej (
57Ni) the ground state

with T50 pairing andT51 pairing is 0.247 MeV below the
state with onlyT51 pairing. For96Cd usingej (Nilsson), the
ground state withT50 pairing andT51 pairing is 0.106
MeV below the state with onlyT50 pairing.

If two mean field states are close in energy, then the
sidual interaction will sometimes connect them, thereby p
ducing a mixed state which incorporates properties of both
the original states. A typical example is two HF states w
different deformation, as prolate and oblate. Another
ample might be two BCS states, where one hasT50 pairing
and the other hasT51 pairing. Mixing these two BCS state
would yield a state with bothT50 andT51 pairing. In the
previous paragraph there are examples of a BCS ground
with bothT50 andT51 pairing which is close in energy t
another BCS state with onlyT50 or T51 pairing. Since the
ground state already includes both types of pairing, it wo
be redundant to mix this ground state with another s
which has only one type of pairing.~Both BCS states use th
same set of HF single nucleon orbitals and the same
deformation.! If the upper state has onlyT50 ~or T51)
pairing, then including a small amount ofT51 ~or T50)
pairing in the upper state and resuming iterations to ob
self-consistency would cause it to become identical to

FIG. 10. Difference between BCS energy and Hartree-Fock
ergy for each type of Cooper pair. Theej (Nilsson) single nucleon
energies are used.

FIG. 11. Difference between BCS energy and Hartree-Fock
ergy for each type of Cooper pair. Theej (KFP) single nucleon
energies are used.
01431
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ground state. Conversely, if one begins with the ground s
and then turns off theT51 ~or T50) pair interaction, then
iterations toward self-consistency will end with the grou
state reverting to the upper state with onlyT50 ~or T51)
pairing.

C. Deformation

Figure 12 shows the deformation for the lowest ene
BCS state. Figure 13 shows the BCS prolate-oblate ene
difference. These can be compared to the corresponding
Figs. 3 and 4. Whereas HF has some triaxial ground sta
the BCS ground states are all axially symmetric. For80Zr the
shape isg-soft prolate forej (Nilsson) andej (KFP), and
oblate forej (

57Ni).

V. HARTREE-FOCK-BOGOLIUBOV

To obtain complete self-consistency in both Hartree-Fo
and BCS degrees of freedom, it is necessary to perform H
calculations.

A. Theory

In the past I have done HFB calculations forpp̄,nn̄, and
pn̄ Cooper pairs, and separately forpn Cooper pairs. How-

n-

n-

FIG. 12. BCS quadrupole deformationb. The shapes are prolat
~P!, oblate~O!, or triaxial ~T!.

FIG. 13. BCS prolate-oblate energy difference. This is the
ergy of the lowest prolate state minus the energy of the low
oblate state.
1-8
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PROTON-NEUTRON PAIRING INZ5N NUCLEI WITH A576– 96 PHYSICAL REVIEW C 60 014311
ever this is the first time I am performing HFB calculatio
which simultaneously includepp̄,nn̄,pn̄ and pn Cooper
pairs. Consequently the isospin structure of the theory
be presented in some detail. Parity is a conserved symm
For each parity, the quasiparticle operatorsa† are defined by
a unitary transformation of the particle operatorsC†

S a†

a D5S U V

V* U* D S C†

C D , ~5.1!

where the vectorsa† andC† are

a†5S a1
†

a2
†

a1̄
†

a2̄
†
D , C†5S Cp

†

Cn
†

Cp̄
†

Cn̄
†
D . ~5.2!

The vectorCp
† has dimensionM and contains the compo

nentsCip
† , whereM is the number of single proton state

u i &5unl jm& with m21/2 equal to an even integer, and sim
larly for the vectorCn

† . The vectorCp̄
† has dimensionM and

contains the componentsCī p
† whereu ī & is the time reverse o

u i &, i.e., (21) j 2m1 l unl j 2m&, and similarly for the vector
Cn̄

† . The vectora1
† has dimensionM with componentsaj 1

† ,

wherej 51,2̄ M , and similarly fora2
† , a1̄

† , anda2̄
† . For the

ground state of a nucleus withN5Z5 even, time-reversa
symmetry and isospin symmetry each create a degene
factor of two in the quasiparticle energies. Then the matri
U andV have the forms

U5S U1 0 0 0

0 U1 0 0

0 0 U1 0

0 0 0 U1

D , ~5.3!

V52S 0 V1 V2 V3

2V1 0 V3* 2V2

2V2 2V3* 0 V1*

2V3 V2 2V1* 0

D , ~5.4!

where the matricesU1 , V1 , V2 , and V3 have dimension
M3M . Also U1 and V2 are real, whereasV1 and V3 are
complex. Combining Eqs.~5.1!–~5.4!, the quasiparticle op-
erators are explicitly given as

aj 1
† 5(

i
@~U1! j i Cip

† 2~V1! j i Cin2~V2! j i Cī p2~V3! j i Cī n#,

~5.5!

aj 2
† 5(

i
@~U1! j i Cin

† 1~V1! j i Cip2~V3* ! j i Cī p1~V2! j i Cī n#,

~5.6!
01431
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aj̄ 1
†

5(
i

@~U1! j i Cī p
†

1~V2! j i Cip1~V3* ! j i Cin2~V1* ! j i Cī n#,

~5.7!

aj̄ 2
†

5(
i

@~U1! j i Cī n
†

1~V3! j i Cip2~V2! j i Cin1~V1* ! j i Cī p#.

~5.8!

The HFB equation will be solved by an iterative procedu
On the first iteration, the HFB trial wave function is given b
the isospin generalized BCS wave function~4.6!, and the
HFB quasiparticle transformation~5.1! is given by the BCS
quasiparticle transformation~4.2!. Therefore on the first it-
eration~but not on later iterations!, the indexj in Eqs.~5.5!–
~5.8! is equivalent to the indexa in Eq. ~4.3!. Then the HFB
starting values are

~U1!a i5uaDa i , ~5.9!

~V1!a i5va1Da i , ~5.10!

~V2!a i5va2Da i , ~5.11!

~V3!a i5va3Da i , ~5.12!

whereDa i is given by the HF orbitals~3.4! andva i is given
by the BCS state~4.6!.

The density matrix and the pairing tensor

r i j 5^Cj
†Ci&, ~5.13!

t i j 5^CjCi&, ~5.14!

are evaluated with respect to the HFB quasiparticle vacu
so that

r5V†V, ~5.15!

t5V†U. ~5.16!

Substituting Eq.~5.4! into Eq. ~5.15!, and using the unitarity
constraint

U†U1ṼV* 5I , ~5.17!

it follows that r is block diagonal

r5S rpp 0 0 0

0 rpp 0 0

0 0 rpp 0

0 0 0 rpp

D , ~5.18!

where

~rt1t2
! i j 5r i t1 , j t2

, ~5.19!

and

rpp5rnn5r p̄p̄5r n̄n̄ , ~5.20!
1-9
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
rpp5V1
†V11V2

†V21V3
†V3 . ~5.21!

The M3M matrix rpp is real and symmetric. The structur
of the pairing tensor is found by substituting Eqs.~5.3! and
~5.4! into Eq. ~5.16!, so that

t5S 0 tpn tpp̄ tpn̄

2tpn 0 tpn̄
* 2tpp̄

2tpp̄ 2tpn̄
* 0 tpn*

2tpn̄ tpp̄ 2tpn* 0

D , ~5.22!

where

~ tt1t2
! i j 5t i t1 , j t2

, ~ tt1t̄2
! i j 5t i t1 , j̄ t2

, ~5.23!

and

tpp̄52tnn̄ , ~5.24!

tpn5V1
†U1 , ~5.25!

tpp̄5V2
†U1 , ~5.26!

tpn̄5V3
†U1 . ~5.27!

The M3M matricestpn , tpp̄ , and tpn̄ are symmetric. Also,
tpn and tpn̄ are complex, whereastpp̄ is real.

The HF Hamiltonian and HF potential are

h5e1U, ~5.28!

Ui j 5(
kl

^ ikuvau j l &r lk . ~5.29!

Sincer is real with the form given in Eq.~5.18!, and since
the nucleon-nucleon interaction is time-reversal invari
and conserves isospin projection, it follows that the H
Hamiltonian has the structure

h5S hpp 0 0 0

0 hpp 0 0

0 0 hpp 0

0 0 0 hpp

D , ~5.30!

where

~hpp! i j 5^ i ueu j &1 (
kl.0,t

@^ ip,ktuvau jp,l t&

1^ ip,k̄tuvau jp, l̄ t&#~rpp! lk , ~5.31!

and theM3M matrix hpp is real and symmetric.
The pair potential is

D i j 5
1

2 (
kl

^ i j uvaukl&tkl . ~5.32!
01431
t

From the symmetries of the nucleon-nucleon interaction
the form of the pairing tensor given in Eq.~5.22!, it follows
that the pair potential has the structure

D5S 0 Dpn Dpp̄ Dpn̄

2Dpn 0 Dpn̄
* 2Dpp̄

2Dpp̄ 2Dpn̄
* 0 Dpn*

2Dpn̄ Dpp̄ 2Dpn* 0

D , ~5.33!

where

Dpp̄52Dnn̄ , ~5.34!

and the subscript notation is the same as in Eq.~5.23!. The
components of the pair potential are

~Dpp̄! i j 5 (
kl.0

^ i j̄ T51uvauk l̄T51&~ tpp̄!kl , ~5.35!

Re~Dpn̄! i j 5 (
kl.0

^ i j̄ T51uvauk l̄T51&Re~ tpn̄!kl ,

~5.36!

Im~Dpn̄! i j 5 (
kl.0

^ i j̄ T50uvauk l̄T50&Im~ tpn̄!kl ,

~5.37!

Re~Dpn! i j 5
1

2 (
kl.0

@^ i jT 50uvauklT50&

1^ i jT 50uvauk̄ l̄ T50&#Re~ tpn!kl ,

~5.38!

Im~Dpn! i j 5
1

2 (
kl.0

@^ i jT 50uvauklT50&

2^ i jT 50uvauk̄ l̄ T50&#Im~ tpn!kl .

~5.39!

The M3M matricesDpn , Dpp̄ , and Dpn̄ are symmetric.
Also, Dpn and Dpn̄ are complex, whereasDpp̄ is real. The
real part ofDpn̄ containsT51 pairs and the imaginary par
of Dpn̄ containsT50 pairs. HoweverDpn contains onlyT
50 pairs.

The HFB energy is

EHFB5^H&5TrF S e1
1

2
UD r1

1

2
Dt†G . ~5.40!

The HFB equation is

S ~h2l! D

2D* 2~h2l!* D S U j

Vj
D 5Ej S U j

Vj
D . ~5.41!

There is a fourfold degeneracy in the quasiparticle energ
Ej . The complex HFB energy matrix has dimension 8M
38M . It include all pair modes discussed in this artic
1-10
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PROTON-NEUTRON PAIRING INZ5N NUCLEI WITH A576– 96 PHYSICAL REVIEW C 60 014311
There are limiting cases: Ifpp̄, nn̄, and pn̄ pairs are in-
cluded, butpn pairs are omitted, then the energy matr
becomes block diagonal, and separates into two 4M34M
matrices. This is achieved by choosingV150 in the trial
wave function, thenV150 in the final self-consistent wav
function. If pp̄ and nn̄ pairs are included, butpn̄ and pn
pairs are omitted, then the energy matrix separates into
2M32M matrices. This is achieved by choosingV15V3
50 in the trial wave function. Ifpn pairs are included, bu
all others are omitted, then the energy matrix separates
four 2M32M matrices. This is achieved by choosingV2
5V350 in the trial wave function. Ifpn̄ (T50) pairs are
included, but all others are omitted, then the energy ma
separates into four 2M32M matrices. This is achieved b
choosingV15V25ReV350 and ImV3Þ0 in the trial wave
function. All of these provide self-consistent wave function
The HFB equation is solved by iteration. On each iterati
the symmetries inr, t, h, andD @Eqs.~5.18!, ~5.22!, ~5.30!,
and~5.33!# are preserved. These are examples of propaga
symmetries.

It has been demonstrated@23# that the HFB ground state
wave function for evenN5Z nuclei can be given in the
simple form of Eq.~4.6!. This is provided by the quasica
nonical basis: The HFB density matrixr is fourfold degen-
erate. The quartet of eigenvectorsuap&, uan&, uāp&, and
uān& correspond to the same eigenvalueva

2 . This basis also
provides a convenient way to characterize the HFB pair
tentialD. Average pair gapsD̄ can be defined for each of th
different pair modes by representingD in the quasicanonica
basis, and then using Eqs.~4.22!–~4.24!.

B. Pair correlations

In Sec. IV B every HF state was used to obtain four d
ferent BCS wave functions, corresponding to different co
binations of pair modes. Now every one of these BCS sta
is used as the initial trial wave function for a HFB calcul
tion. The final result is a multiplicity of self-consistent HF
wave functions, which have different deformations and d
ferent types of Cooper pairs.

Now we consider the lowest energy HFB state for ea
isotope. The average pair gapD̄ is shown in Fig. 14. If

FIG. 14. Average pair gapD̄ versus mass numberA for HFB
calculations.
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ej (
57Ni) is used, then76Sr, 80Zr, and 84Mo haveT51 pair

correlations, while88Ru has coexistence of theT50 (pn̄)
pair superfluid and theT51 pair superfluid, and92Pd and
96Cd haveT50 (pn) pair correlations. Ifej (Nilsson) is
used, then76Sr and80Zr haveT51 pairing, 84Mo and 88Ru
have no pairing, and92Pd and96Cd haveT50 (pn) pairing.
If ej (KFP) is used, then76Sr, 80Zr, and 96Cd haveT51
pairs,84Mo has coexistence of theT50 (pn) pair phase and
the T51 pair phase,88Ru has no pairing, and92Pd has two
degenerate states with different deformations: one withT
50 (pn) pairs and one withT50 (pn̄) pairs. This calcula-
tion demonstrates that for a given HamiltonianH, some iso-
topes have aT50 pair superfluid and aT51 pair superfluid
coexisting in the same HFB ground state wave function.

The HFB energies can be compared for each of the
ferent types of Cooper pairs. This is accomplished by co
paring the lowest energy HFB state to other HFB sta
which originate from the same HF state. These differ
HFB states have different pair modes. The relative energ
of these various HFB states are shown in Figs. 15–17. Fig
15 shows the relative HFB energies forej (

57Ni). For 76Sr
and 80Zr, T51 pairing provides significantly more bindin
energy thanT50 pairing. In 88Ru the mixed phases groun
state withT50 andT51 pairing is slightly below the state

FIG. 15. Difference between HFB energy and Hartree-Fock
ergy for each pair mode. Theej (

57Ni) single nucleon energies ar
used.

FIG. 16. Difference between HFB energy and Hartree-Fock
ergy for each pair mode. Theej (Nilsson) single nucleon energie
are used.
1-11
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ALAN L. GOODMAN PHYSICAL REVIEW C 60 014311
with only T51 pairing. For92Pd the lowest energy state ha
T50 (pn) Cooper pairs, while there is a higher energy st
with the mixed phases containingT50 (pn̄) Cooper pairs
and T51 Cooper pairs. For96Cd T50 pairing gives sub-
stantially more binding energy thanT51 pairing. Figure 16
shows the relative HFB energies forej (Nilsson). For76Sr
and 80Zr, T51 pairing provides substantially more bindin
energy thanT50 pairing. For92Pd and96Cd, T50 pairing
provides significantly more binding thanT51 pairing. For
96Cd the lowest energy state hasT50 (pn) Cooper pairs,
while there is a higher energy state with the mixed pha
containingT50 (pn̄) Cooper pairs andT51 Cooper pairs.
Figure 17 shows the relative HFB energies forej (KFP). For
76Sr and 80Zr, T51 pairing provides significantly more
binding energy thanT50 pairing. For 84Mo the mixed
phases ground state withT50 andT51 pairing is slightly
below the state with onlyT51 pairing. For92Pd theT50
pairing state is 0.241 MeV below theT51 pairing state. For
96Cd the T51 pairing state is only 0.131 MeV below th
T50 pairing state.

C. Deformation

Figure 18 shows the deformation for the lowest ene
HFB state. Figure 19 shows the HFB prolate-oblate ene

FIG. 17. Difference between HFB energy and Hartree-Fock
ergy for each pair mode. Theej (KFP) single nucleon energies ar
used.

FIG. 18. HFB quadrupole deformationb. The shapes are prolat
~P!, oblate~O!, or triaxial ~T!.
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difference. These can be compared to the corresponding
Figs. 3 and 4 and the BCS Figs. 12 and 13. HF, BCS,
HFB give comparable magnitudes for the quadrupole de
mationb. However, whether the shape is prolate, oblate,
triaxial varies, as one goes from HF to BCS to HFB. Als
HF, BCS, and HFB give similar systematics for the prola
oblate energy difference. However, ifej (

57Ni) is used, then
BCS gives smaller magnitudes for this energy differen
than HF, and HFB restores the larger magnitudes. For76Sr,
the shape is oblate for all three choices ofej . However, for
ej (

57Ni) the oblate shape is strongly deformed; whereas
the other two choices ofej the prolate shape is only 0.3–0.
MeV above the oblate shape, so that the oblate shape is
g soft. For 80Zr, the shape is strongly deformed oblate f
ej (

57Ni); however for the other two choices ofej the shape
is very g soft, with almost degenerate prolate and obla
shapes. Forej (Nilsson) the oblate shape is only 0.039 Me
below the prolate shape, and forej (KFP) the prolate shape i
just 0.082 MeV below the oblate shape. For84Mo, the shape
is oblate forej (

57Ni), andg-soft prolate for the other twoej .
For 88Ru, the shape isg-soft oblate forej (

57Ni), andg-soft
prolate for the other twoej . For 92Pd, the shape is almos
spherical forej (

57Ni), g-soft oblate forej (Nilsson), and
g-soft triaxial (g524.5°) for ej (KFP). For 96Cd, the val-
ues ofb are very small for all three choices ofej .

These calculations show that different choices for
single-particle energiesej give different ground state shape
and different prolate-oblate energy differences. This provi
an opportunity for experiment to shed light upon appropri
choices for parameters in the HamiltonianH. For example, if
experiments find that80Zr does not have an oblate shap
then this would eliminateej (

57Ni) as an appropriate choic
for HFB calculations in80Zr with this nucleon-nucleon inter
action. The interpretation would be that the monopole co
ponents of the interaction are not finely tuned to provide
correct shifts in the energies of thej shells as the mass num
ber changes from57Ni to 80Zr. This would not be surprising
since the monopole components of the interaction were
justed to give good spectra for the Ni isotopes, rather th
the Zr isotopes. Correct values for the energies of thej shells
in 80Zr might then be obtained by usingej (Nilsson) or
ej (KFP), rather thanej (

57Ni).

- FIG. 19. HFB prolate-oblate energy difference. This is the e
ergy of the lowest prolate state minus the energy of the low
oblate state.
1-12
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VI. FLUCTUATIONS

Mean field theories include collective modes by violati
symmetries of the nucleon-nucleon HamiltonianH. For ex-
ample, althoughH is rotationally invariant, mean field theo
ries describe deformation by using fields and wave functi
which are not rotationally invariant. The angular momentu
J is not a good quantum number for these wave functio
This approach is adopted in Hartree-Fock and Nilsson ca
lations.

A. Number fluctuations

In a similar manner the BCS and HFB mean field theor
describe pair correlations by using wave functions which
not conserve the particle number. These wave functions h
the correct average proton and neutron numbers@Eq. ~4.21!#,
but there are fluctuations in the proton and neutron numb
DZ and DN. For an evenZ5N nucleus,DZ5DN. The
fluctuation in the neutron number is given by

~DN!25^N̂2&2^N̂&2, ~6.1!

whereN̂ is the neutron number operator and the expecta
values are with respect to the BCS or HFB wave functi
For evenZ5N nuclei, these wave functions have the for
given in Eq.~4.6!. It can then be demonstrated that

~DN!252 (
a.0

ua
2va

212 (
a.0

ua
2va2

2 , ~6.2!

where va is given in Eq.~4.7!. There are several limiting
cases.~1! If there is proton-proton pairing and neutro
neutron pairing, but no proton-neutron pairing, thenva1
5va350 andva5va2 , so that

~DN!254 (
a.0

ua
2va

2. ~6.3!

This is the usual result forpp̄ and nn̄ pairing @79#. ~2! If
there is proton-neutron pairing, but no proton-proton pair
or neutron-neutron pairing, thenva250, so that

~DN!252 (
a.0

ua
2va

2. ~6.4!

Comparing Eqs.~6.3! and ~6.4!, we obtain the interesting
result that the fluctuation in the neutron number (DN)2 is
reduced by a factor of 2 if there is only proton-neutron pa
ing, compared to the case where there is only pairing
tween like nucleons. This is true even when the neutron
bital occupation probabilitiesva

2 have the same values fo
both cases. Why does this happen? It is because the flu
tion (DN)2 includes terms such aŝCan

† Cān
† &^CānCan&,

which equalsua
2va2

2 if there is nn̄ pairing, but this term
equals zero if there is nonn̄ pairing. ~3! If there is T50
pairing, but noT51 pairing, thenva25Reva350, so that
DN is again given by Eq.~6.4!. ~4! If there isT51 (pp̄,nn̄
and pn̄) pairing, but noT50 pairing, thenva15Im va350
andva25Reva3, so that
01431
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~DN!253 (
a.0

ua
2va

2. ~6.5!

The conclusion is that for a given set of neutron orbital o
cupation probabilitiesva

2 , the fluctuation in the neutron
numberDN is largest when there is no proton-neutron pa
ing. Introducing any type of proton-neutron pairing reduc
the fluctuation in neutron number.~Of course, all statement
above also apply to fluctuations in the proton number.!

The fluctuation in the neutron numberDN is given in
Table II for the BCS ground states. These values ofDN are
significantly smaller than those usually found forpp̄ andnn̄
pairing. Forpp̄ andnn̄ pairing, the weak pairing limit gives
DN.A6, and the strong pairing limit givesDN5AN for a
half-filled j shell, where hereN is the number of neutrons in
the j shell @79#. The evenZ5N isotopes considered her
have values ofZ and N which change in steps of 2. Th
fluctuationsDN in Table II are all smaller than 2. Therefor
the major component of these wave functions is centered
the isotope of interest, with substantially smaller compone
from neighboring isotopes.

B. Isospin fluctuations

The nucleon-nucleon strong interaction conserves
isospinT. Do the BCS and HFB wave functions conser
isospin? The isospin vector is

T5Txî 1Tyĵ 1Tzk̂. ~6.6!

For evenZ5N nuclei, the BCS and HFB wave functions a
given by Eq.~4.6!. The isospin is block diagonal in the qua
tets of statesuap&, uan&, uāp&, and uān&, and for each
quartet its representation is

Tm5
1

2 S tm 0

0 tmD , ~6.7!

where m5x,y,z and tm is a 232 Pauli spin matrix. The
expectation value of an isospin component is

^Tm&5Tr~Tmr!, ~6.8!

TABLE II. Fluctuation in the neutron numberDN for BCS
ground states. Results are given for different choices of the sin
nucleon energyej andSp51.45.

Nucleus DNa DNb DNc

76Sr 1.55 1.91 1.63
80Zr 1.63 1.55 1.60
84Mo 1.10 0 1.21
88Ru 1.12 0 0
92Pd 1.71 1.02 1.02
96Cd 1.18 1.40 1.59

aFor ej (
57Ni).

bFor ej (Nilsson).
cFor ej (KFP).
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wherer is the density matrix~5.13!. For the wave function
~4.6!, the density matrix is block diagonal in the quartets
states, and for each quartet

r5va
2 I , ~6.9!

whereva is given by Eq.~4.7! andI is the 434 unit matrix.
Therefore

^Tm&50, ^T&50. ~6.10!

The average value of the isospin vector is zero in the B
and HFB ground state. The fluctuation inT is

~DT!25^T•T&2^T&•^T&5^T•T&5 (
m5x,y,z

^Tm
2 &.

~6.11!

The isospin componentTm is a one-body operator, andTm
2

separates into a one-body operator plus a two-body oper
From Wick’s theorem it follows that

^Tm
2 &5Tr~Tm

2 r!1@Tr~Tmr!#22Tr~Tmr!22Tr~TmtTm* t* !,
~6.12!

where t is the pairing tensor~5.14!. For the wave function
~4.6!, the pairing tensor is block diagonal in the quartets
states, and for each quartet

t52v†~a!u~a!, ~6.13!

where the 434 matricesu(a) and v(a) are given by Eqs.
~4.4! and~4.5!. The first term in Eq.~6.12! is obtained from
the one-body operator part ofTm

2 , while the next three terms
are the HF direct, the HF exchange, and the pairing con
butions derived from the two-body operator component
Tm

2 . From Eqs.~6.8! and~6.10!, it follows that the HF direct
term equals 0. By substituting Eqs.~6.7!, ~6.9!, and ~6.13!
into Eq. ~6.12!, it can be demonstrated that the fluctuation
the isospin is

~DT!254 (
a.0

ua
2va

224 (
a.0

ua
2 uva1u224 (

a.0
ua

2~ Im va3!2,

~6.14!

whereua andva i are taken from the wave function~4.6! and
va is defined in Eq.~4.7!. There are several limiting case
~1! If there is proton-proton pairing and neutron-neutr
pairing, but no proton-neutron pairing, thenva15va350, so
that

~DT!254 (
a.0

ua
2va

2. ~6.15!

So even when there is no proton-neutron pairing, there
fluctuation in the isospin. Furthermore the isospin fluctuat
equals the neutron number fluctuation~6.3!. ~2! If there is
T51 (pp̄, nn̄ and pn̄) pairing, but noT50 pairing, then
va15Im va350, and Eq.~6.15! is again the result. So intro
ducing pn̄(T51) pairing causes no change in the isosp
01431
f
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fluctuation.~3! If there is onlyT50(pn̄) pairing, thenva1

5va25Reva350 andva
25(Im va3)

2, so that

~DT!250. ~6.16!

There are no fluctuations in the isospin. Since every nucl
pair is coupled toT50, the BCS and HFB wave function
have good isospinT50, and isospin is conserved.~4! If there
is only T50(pn) pairing, then va25va350 and va

2

5uva1u2, and Eq.~6.16! is again obtained. There is no iso
pin fluctuation.~5! If there is onlyT50 (pn̄ and pn) pair-
ing, then va25Reva350 and va

25uva1u21(Im va3)
2, and

Eq. ~6.16! is the result. Isospin is conserved.~6! If there is
T50 pairing andT51 pairing, then the isospin fluctuation i
intermediate between Eqs.~6.15! and~6.16!. ~7! If there is no
pairing, then HFB reduces to HF, whereua50, va51 or
ua51, va50, and Eq.~6.16! is obtained.

The conclusion is that the isospin fluctuation is largest
the conventional case where there is only proton-proton
neutron-neutron pairing. Introducing proton-neutron pairi
does not increase the isospin fluctuation. If there is onlyT
50 proton-neutron pairing, then the isospin fluctuation va
ishes, and isospin is conserved.

The fluctuation in the isospinDT is given in Table III for
the BCS ground states. The states with onlyT50 pairing
have DT50. These include two92Pd states and one96Cd
state. The other states withDT50 have no pairing. The
states with small, but nonzero, fluctuations have bothT50
and T51 pairing. The states with the largest fluctuatio
have onlyT51 pairing.

VII. EXPERIMENTAL SIGNATURES
OF PROTON-NEUTRON PAIRING

There are several possible ways to experimentally de
the presence of proton-neutron pairing. First, consider
ground states of odd-oddN5Z nuclei. ForA,40 these iso-
topes have aT50 ground state.~The one exception is34Cl.)
The last proton and last neutron couple toT50 rather than
T51, indicating that the nuclear interaction is stronger in t
T50 channel than in theT51 channel. Most notably, the
deuteron is bound withT50, whereas the dineutron is no
bound. ForA542– 54 the odd-oddN5Z nuclei haveT51

TABLE III. Fluctuation in the isospinDT for BCS ground
states. Results are given for different choices of the single nuc
energyej andSp51.45.

Nucleus DTa DTb DTc

76Sr 1.79 2.21 1.88
80Zr 1.88 1.75 1.85
84Mo 1.27 0 1.37
88Ru 1.07 0 0
92Pd 1.73 0 0
96Cd 0 1.27 1.83

aFor ej (
57Ni).

bFor ej (Nilsson).
cFor ej (KFP).
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ground states, but58Cu reverts toT50. There is little experi-
mental information available regarding the isospin of t
ground state for odd-oddN5Z nuclei with A.70. ~One
notable exception is74Rb.) If this could be determined fo
the A576– 98 mass region, it could be compared with t
systematics I have calculated for the preferred pair mod
even-evenN5Z nuclei in this mass region.

Second, consider pair transfer reactions. They are se
tive to the correlations between the two nucleons which
transferred. The value of the neutron-neutron pair tran
amplitude ^A12uCn

†Cn
†uA& depends upon whether the tw

neutrons form a correlated Cooper pair, and similarly for t
protons.~If the two neutrons are coupled to spin zero, then
the BCS approximation the transfer amplitude is proportio
to the pair fieldD @80#.! Therefore the proton-neutron pa
transfer amplitudêA12uCp

†Cn
†uA& should measure whethe

or not the proton and neutron form a correlated Cooper p
Consequently proton-neutron pair transfer reactions m
provide an experimental signature for the existence
proton-neutron pair correlations. At present this data is
available. Future calculations will compare pair transfer ra
for wave functions which have proton-neutron pairing, a
wave functions where the proton-neutron pairing is omitt
This will show how proton-neutron pairing alters the proto
neutron pair transfer amplitude.

Third, consider the effect of rotation upon pairing. Forpp̄
andnn̄ Cooper pairs, the spins of the two nucleons are a
parallel. When the nucleus is rotated, the Coriolis force
an opposite effect on each nucleon in the pair. The Cori
force tends to align both nucleon spins along the rotat
axis, which breaks the pair and loses pairing energy. Thi
the old Coriolis anti-pairing effect. However, forpn Cooper
pairs, the spins of the two nucleons are parallel. When
nucleus is rotated, the Coriolis force has the same effec
both nucleons in the pair. Forpn pairs rotation aligns both
nucleon spins along the rotation axis without breaking
pair or losing pairing energy. There is no Coriolis antipairi
effect. This permits the scenario in which a ground st
band with T51 pairing is crossed by a band withT50
pairing at a crossing frequencyvc . This is the scenario pro
posed for74Rb @44,50#. If there is a band crossing, how ca
one determine whether it is a crossing of the ground b
with a conventional aligned band~two nucleons aligned
along the rotation axis! or whether it is a crossing of two
bands having different kinds of Cooper pairs? There are
dications that these two types of band crossings corresp
to different numerical values forvc @58#. Much experimental
and theoretical work remains to be done to show more c
clusively how different magnitudes forvc can distinguish
between the two types of band crossings.

Fourth, consider the effect of temperature upon pairi
At a critical temperatureTc the thermal excitations break th
Cooper pairs, and the equilibrium value of the pair fieldD
vanishes. There is a phase transition from the superfl
phase to the normal phase. At this phase transition there
peak in the specific heat, which corresponds to a discont
ity in the derivative of the level density with respect to t
temperature. Therefore experimental level densities m
01431
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provide information regarding this pairing phase transitio
Calculations@37,38# on 24Mg found that if only J50, T
51 Cooper pairs are included, thenTc51.5 MeV. However,
if Cooper pairs with all possible values ofJ and T are in-
cluded, thenTc53.4 MeV. So the abrupt change in the e
perimental level density should occur at a temperature wh
is strongly dependent upon the nature of the Cooper pa
Fifth, proton-neutron pairing is expected to have a signific
effect uponb decay rates@7–9#.

VIII. CONCLUSIONS

Pairing correlations have been calculated for the grou
states of evenZ5N nuclei withA576– 96. The isospin gen
eralized BCS equations and the HFB equation have b
utilized. These calculations simultaneously includepp̄, nn̄,
pn̄(T51), pn̄(T50), andpn(T50) Cooper pairs, as wel
as the time-reverse of these proton-neutron pairs. The H
ground state has the following pairing properties: For
three choices of the single-nucleon energyej , there is a tran-
sition from T51 pairing at the beginning of this isotop
sequence toT50 pairing at the end of the sequence.~The
only exception is96Cd with the KFP choice ofej , where the
T51 pairing state is slightly below theT50 pairing state.!
Near the middle of the isotope sequence, the57Ni and KFP
choices ofej lead to coexistence of aT50 pair superfluid
and aT51 pair superfluid. Here theT50 pair phase and the
T51 pair phase coexist in the same HFB wave function. T
isospin generalized BCS calculations also find this phase
existence in some isotopes. ConsequentlyT50 Cooper pairs
andT51 Cooper pairs are not mutually exclusive in isosp
generalized BCS and HFB calculations.

Deformations have been calculated for these isotopes.
various choices for the single-particle energiesej give differ-
ent ground state shapes and different prolate-oblate en
separations. This confirms the early finding that the grou
state shapes of these isotopes are unusually sensitive t
choice of the parameters in the Hamiltonian@67,72,74#.

Fluctuations in the particle number and isospin were c
sidered. Analytic and numerical results demonstrate that
a given set of orbital occupation probabilitiesva

2 , the fluc-
tuation in the proton number or neutron number is larg
when there is proton-proton pairing and neutron-neut
pairing, but no proton-neutron pairing. If proton-neutro
pairing is introduced, then these number fluctuations are
duced, even when the values ofva

2 are held constant. Simi
larly, analytic and numerical results show that for given v
ues ofva

2 , the fluctuation in the isospin is largest when the
is only proton-proton pairing and neutron-neutron pairin
Introducing T51 proton-neutron pairing does not increa
the isospin fluctuation. If there is onlyT50 proton-neutron
pairing, then the isospin fluctuation disappears, and isosp
conserved.
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