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Three-pion exchange: A gap in the nucleon-nucleon potential

J. C. Pupin and M. R. Robilotta
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The leading contribution to the three-pion-exchange nucleon-nucleon potential is calculated in the frame-
work of chiral symmetry. It has pseudoscalar and axial components and is dominated by the former, which has
a range of about 1.5 fm and tends to enhance the one-pion-exchange potential. The strength of this force does
not depend on the pion mass, and hence it survives in the chiral limit.@S0556-2813~99!07805-X#

PACS number~s!: 13.75.Cs, 13.75.Gx, 12.39.Fe, 11.30.Rd
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I. INTRODUCTION

The nucleon-nucleon~NN! interaction has been studie
for more than 50 years, but it is still not fully understoo
The research program proposed around 1950@1# and based
on the idea that the outer part of the interaction is due
meson exchanges proved to be very successful. Quite ge
ally, the spatial features of a given process are determine
the mass exchanged in thet channel and lighter systems co
respond to longer interaction ranges. The lightestNN ex-
change, associated with the one-pion-exchange pote
~OPEP! became a consensus in the 1960s, giving rise t
generation of models in which waves withL.5 were treated
theoretically@2#.

The second layer of the interaction is much more comp
and was studied in the following two decades by means
detailed treatment of the two-pion-exchange poten
~TPEP! @3,4#. This process depends on an intermediate pi
nucleon (pN) scattering amplitude and reflects strongly
dynamical content.

In the present decade, most of the research work on
NN potential was aimed at constructing the TPEP in
framework of chiral symmetry. This symmetry was dev
oped around 1960 for systems in which pions and nucle
were considered as elementary. Nowadays, one beli
QCD to be the basic theory of strong interactions and,
cordingly, that pions and nucleons are made of light qua
interacting by means of gluon exchanges. As the QCD
grangian predicts that gluons can interact among themse
calculations at low and intermediate energies are very d
cult. The usual strategy for overcoming this problem cons
in working with effective theories that treat pions and nuc
ons as elementary and include, as much as possible, the
features of the basic theory. The fact that the masses of tu
and d quarks are close to each other and very small in
hadronic scale means that QCD is approximately invar
under the chiral group SU~2!3SU~2!. One therefore require
the effective theories to possess approximate chiral sym
try, besides the usual Poincare´ invariance.

In low energy processes, chiral symmetry is realized
the Nambu-Goldstone mode and the vacuum is filled wit
condensate that allows the excitations of massless collec
states, identified with the pions. The breaking of the symm
try, due to the quark masses at the fundamental leve
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associated with the small pion masses in the effective th
ries.

Chiral symmetry is very important in the theoretical trea
ment of two-pion exchange because it constrains the in
mediatepN amplitude. At low and intermediate energies
is given by a nucleon pole contribution, superimposed ont
smooth background@5#. The symmetry is responsible fo
large cancellations within the nucleon sector that, at on
settle the scale of the problem and amplify the role of
background. The latter is very important, since the ch
nucleon sector in isolation does not suffice for explaini
pN experimental data.

The construction of the TPEP in the framework of chir
dynamics motivated most of the research of this decade,
ginning with the work of Ordo´ñez and van Kolck@6#, who
considered a system containing just pions and nucleons.
eral works followed, dealing with complementary aspects
the problem@7,8#, and nowadays this part of theNN interac-
tion is well understood. Predictions forNN observables pro-
duced by just the OPEP and the chiral TPEP, assume
represent the full interaction for distances larger than 2
were calculated and shown to agree well with experim
@9#. Therefore the effort based on chiral symmetry led to
important refinement of the outer part of this interaction a
brought theoretical constraints to waves withL>3.

In the case of theNN interaction, it is worth noting that
the importance of chiral symmetry depends strongly on
process one is considering. In the case of the OPEP,
instance, it is completely irrelevant, for predictions from ch
ral pN Lagrangians coincide with those arising from inte
actions without any symmetry. All Lagrangians, symmet
and nonsymmetric, produce exactly the same basic p
nucleon vertex, showing that chiral symmetry is compati
with and, at the same time, irrelevant for the OPEP@10#.

In the case of the TPEP, on the other hand, the symm
is crucial. It produces internal cancellations in the interme
ate pN amplitude which yield a central potential that va
ishes in the chiral limit.

To our knowledge, only contributions due to the e
changes of one and two pions have been so far studied in
framework of chiral symmetry. In order to extend this pi
ture, here we study the component of theNN potential due to
the exchange of three uncorrelated pions. This system h
mass around 450 MeV and its effects should be longer t
those of the vector mesons usually present in one-bos
©1999 The American Physical Society03-1
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FIG. 1. Diagrams for pion production.
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exchange potentials. The basic interaction is closely rela
to the amplitude for the processpN→ppN, and hence we
review briefly the main features of this reaction in Sec. II a
calculate the potential in Sec. III.

II. PION PRODUCTION

The NN interaction mediated by the exchange of thr
uncorrelated pions is derived fromTcba , the amplitude for
the processpa(k)N(p)→pb(q)pc(q8)N(p8). This ampli-
tude is given by the diagrams of Fig. 1 and written as
sum ofTcba

p , representing the class of processes with a p

pole in the t channel, and a remainder, denoted byT̄cba ,
whose dynamical content is indicated in Fig. 1. In the fram
work of chiral symmetry, this last amplitude is given by
basic family of diagrams, involving only pions and nucleon
supplemented by other processes, involving delta, r
omega, and thepN sigma term.

There are many alternative ways of implementing ch
symmetry. In particular, the subset of diagrams in the p
pion-nucleon sector, corresponding to the minimal reali
tion of chiral symmetry in this problem, may be evaluated
means of nonlinear Lagrangians withpN couplings that may
be either pseudovector~PV! or pseudoscalar~PS!. Denoting
the pion field byf, and definingf 5( f p

2 2f2)1/2, we have

LPV5Lp1c̄H igmF]m1 i
f3]mf

f p~ f 1 f p!
•

t

2G2mJ c

1
gA

2 f p
c̄gmg5tc•S ]mf2

]m f f

f 1 f p
D , ~1!

LPS5Lp1N̄i ]”N2gN̄~ f 1 i t•fg5!N, ~2!

where

Lp5F1

2
~]m f ]m f 1]mf•]mf!1 f pm2f G . ~3!

In these expressions,c and N are the nucleon fields with
nonlinear and linear transformation properties,m and m are
the pion and nucleon masses, andf p , g, andgA are, respec-
tively, the pion decay, thepN coupling, and the axial deca
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constants. It is important to stress that these Lagrangian
spite of their different aspects, have the same dynamical c
tent and physical results do not depend on the partic
version one adopts, as demonstrated on general grounds@11#.

The pion production amplitude has the general form

iTcba5ū@dbcta~Ap1Ā!1dactb~Bp1B̄!1dabtc~Cp1C̄!

1 i ecbaĒ#g5u, ~4!

where the tagsp and overbar refer to the pion-pole and bac
ground contributions. At threshold, this amplitude is usua
written as

iTcbau th52ms•k@D1~dactb1dbatc!1D2dcbta#, ~5!

whereD1 andD2 are dynamical coefficients. Their empirica
values may be obtained from the following specific pr
cesses:

~p2p→p1p2n!→ iTu th52&ms•kD1 , ~6!

~p1p→p1p1n!→ iTu th5&ms•k~D11D2!. ~7!

The pion-pole amplitude for on-shell nucleons is

iTcba
p 52

mgA

f p
@ ūtdg5u#

Tdcba
pp

~p82p!22m2
, ~8!

whereTdcba
pp is the pion scattering amplitude. At tree level,

is given by

Tdcba
pp 5

1

f p
2 $daddbc@~q1q8!22m2#1dbddac@~k2q8!22m2#

1dcddab@~k2q!22m2#% ~9!

and yields

Ap52
mgA

f p
3

~p82p2k!22m2

~p82p!22m2
. ~10!

The contributions toĀ, calculated with the PV Lagrang
ian, are given by
3-2
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Ā5S mgA

f p
D 3H q” 8k”

~q8212p8•q8!~k212p•k!
1

k”q” 8

~k222p8•k!~q8222p•q8!
1

q”k”

~q212p8•q!~k212p•k!

1
k”q”

~k222p8•k!~q222p•q!
1

q” 8q”

~q8212p8•q8!~q222p•q!
1

q”q” 8

~q212p8•q!~q8222p•q8!

2
1

m
S k”

k212p•k
1

k”

k222p8•k
D 1

121/gA
2

4m2 F22
k”

m
1

~k”1q” 8!q”

q222p•q
1

~k”1q” !q” 8

q8222p•q8
1

q” ~k”1q” 8!

q212p8•q
1

q” 8~k”1q” !

q8212p8•q8
G J ,

~11!

the corresponding expressions forB andC are obtained by makingk→2q andk→2q8 respectively, andĒ is

Ē5S mgA

f p
D 3H q” 8k”

~q8212p8•q8!~k212p•k!
2

k”q” 8

~k222p8•k!~q8222p•q8!
2

q”k”

~q212p8•q!~k212p•k!

1
k”q”

~k222p8•k!~q222p•q!
1

q” 8q”

~q8212p8•q8!~q222p•q!
2

q”q” 8

~q212p8•q!~q8222p•q8!
J . ~12!
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For future purposes, one notes that if the PS Lagrang
were used, one would obtain the same structure withgA51
and the last term of the equation forĀ would vanish. In the
PS case, the signature of chiral symmetry is the contac
teractions due to the functionf in Eq. ~2!, which give rise to
the terms proportional to 1/m in Eq. ~11!.

In order to estimate the accuracy of the pion product
amplitude derived from Eq.~1!, we consider the contribu
tions to the amplitudesD1 andD2 ,

D1
p5

gA

2 f p
3
A 2m

E1m

m~2v2m!

2m~E2m!1m2
, ~13!

D̄152
gA

3

4 f p
3
A 2m

E1m F 2m

2m1m S 12
m

2E2m D
2S 12

1

gA
2 D S 12

m

m
2

m

2E2m
1

m

2m1m D G , ~14!

and

D2
p52

gA

2 f p
3
A 2m

E1m

3m2

2m~E2m!1m2
, ~15!

D̄252
gA

3

4 f p
3
A 2m

E1m F 4m2

2mv2m2 S m

m
1

m

2E2m D
2

m

2m1m S 11
4m

2E2m D22S 12
1

gA
2 D

3S m

m
1

m

2E2m
2

m

2m1m D G , ~16!

where v5@m(4m15m)#/@2(m12m)# and E5m12m
2v. Expanding these amplitudes in powers ofm/m, one has
01400
n

n-

n

D15@D1
p#1@D̄1#.F gA

8 f p
3 S 31

3

2

m

m
1¯ D G

2F gA

8 f p
3 S 222

m

m
1¯ D G , ~17!

D25@D2
p#1@D̄2#.2F gA

8 f p
3 S 31

9

2

m

m
1¯ D G

2F gA

8 f p
3 S 4

m

m
1¯ D G . ~18!

The results for the full amplitudes at threshold, name
D15gA(117m/2m)/8f p

3 and D252gA(3117m/2m)/8f p
3 ,

coincide with those obtained in the framework of chiral pe
turbation theory@12#. In order to assess the role of chir
symmetry in this problem, we note that a Lagrangian witho
any symmetry, containing just a PSpN interaction, would
give rise to the same pion-pole contribution and an amplitu
Ā corresponding to just the six first terms in Eq.~11!, which
involve two nucleon propagators. Therefore the full elimin
tion of chiral symmetry would yieldD̄1→gA(2)/8f p

3 and

D̄2→2gA(2413m/m)/8f p
3 , indicating that chiral symme-

try does play a role in this problem. On the other hand, t
role is not as large as in the case ofpN→pN, where the
same procedure would change one of the scattering len
by a factor of 200. Numerical results for the amplitudes a
given in Table I and show that predictions from the minim
chiral model are close to empirical values, although there
some room for improvement inD2 .

In this work we are interested in the construction of t
NN interaction due to the exchange of three pions, which
based on the amplitudeT̄cba . As indicated in Fig. 1, the
complete evaluation of this amplitude would require the c
culation of a large number of diagrams. However, long a
3-3
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TABLE I. SubamplitudesD1 andD2 in units ofm23. Experimental results correspond to a best fit quo
in Ref. @12#.

D1
p

D̄1
D1 D2

p
D̄2

D2

Eqs.~13!–~16! 1.78 20.91 0.87 22.02 20.30 22.32
ChPT,a Eqs.~17!, ~18! 1.81 20.96 0.85 22.06 20.33 22.39
Experiment 0.80 23.20

aChiral perturbation theory.
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Olsson and Turner@13# showed that the leading contributio
to this amplitude comes from the following effective L
grangian:

L̄5
gA

8 f p
3

c̄gmg5tc•f]mf2. ~19!

It gives rise to the following contribution toĀ:

Ā5
2gA

8 f p
3 ~2m2k” !, ~20!

and, as before,B̄ andC̄ are obtained by makingk→2q and
k→2q8, respectively. This corresponds to the followin
threshold amplitudes:

D̄152
gA

8 f p
3
A 2m

E1m S 21
m

mD.2
gA

8 f p
3 S 21

m

mD , ~21!

D̄25
gA

8 f p
3
A 2m

E1m S 2m

m D.
gA

8 f p
3 S 2m

m D , ~22!

showing that the effective Lagrangian given by Eq.~19! re-
produces correctly the leading contribution at threshold.

III. NUCLEON-NUCLEON INTERACTION

The basic element in the construction of theNN potential
due to the exchange of three uncorrelated pions is the co
sponding Born amplitude for the processN(p1)N(p2)
→N(p18)N(p28), associated with the diagrams of Fig. 2. D
noting this amplitude byF, one has

F5
1

3! E d4Q

~2p!4 E d4Q8

~2p!4 D~k!D~q!D~q8!T̄cba
~1! T̄cba

~2! ,

~23!

FIG. 2. Leading contribution to the three-pion-exchange pot
tial.
01400
re-

where the factor 1/3! is due to the symmetry of the interm
diate three-pion state,D is a pion propagator, andT̄cba

( i ) is the
pion production amplitude for nucleoni.

We adopt the following external kinematic variables:

W5p11p25p181p28 , ~24!

D5p182p15p22p28 , ~25!

z5@~p11p18!2~p21p28!#/2. ~26!

As the nucleons are assumed to be on-shell, they are
strained by

W•z5W•D5z•D50. ~27!

For the internal variables we define

Q5~q1q81k!/2, ~28!

Q85~q82q!/2, ~29!

so that

k5Q2D/2, ~30!

q5Q/21D/42Q8, ~31!

q85Q/21D/41Q8, ~32!

and the condition of momentum conservation readsq1q8
2k5D.

As discussed in the previous section, the leading con
bution to the amplitudeT̄ comes from the effective Lagrang
ian given by Eq.~19!, which yields the following intermedi-
ate effective vertex for nucleon~2!:

T̄cba
~2! 5 i S gA

4 f p
3 D ~ ūgmg5u!~2!@dbcta

~2!~q1q8!m

1dactb
~2!~q82k!m1dabtc

~2!~q2k!m#. ~33!

The corresponding expression for nucleon~1! has the same
form, but is globally multiplied by~21!, due to the senses o
flow of internal momenta. Using these results in Eq.~23!, we
have

F~D!5S gA

4 f p
3 D 2

t~1!
•t~2!~ ūgmg5u!~1!~ ūgng5u!~2!I mn~D!,

~34!

whereI mn is given by
-

3-4
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I mn~D!5
1

3! E d4Q

~2p!4

1

@~Q2D/2!22m2#
E d4Q8

~2p!4

@3QmQn2QmDn/22DmQn/2127DmDn/414Qm8 Qn8#

@~Q82Q/22D/4!22m2#@~Q81Q/21D/4!22m2#
. ~35!
ud
f t

e

ss

b

n
This function is evaluated in the Appendix and reads

I mn5DmDnm4I p~D!1gmnm6I a~D!, ~36!

with I p and I a given by Eqs.~A12! and~A13!, respectively.
Using the nucleon equation of motion, one has

F~D!52S gA

4 f p
3 D 2

t~1!
•t~2!@4m2m4~ ūg5u!~1!

3~ ūg5u!~2!I p~D!2m6~ ūgmg5u!~1!

3~ ūgmg5u!~2!I a~D!#. ~37!

This expression corresponds to the exchanges of pse
scalar and axial systems. In order to make the strength o
interaction more transparent, we eliminategA in favor of g,
by means of the Goldberger-Treiman relationgA5g fp /m,
and write

F~D!52g2t~1!
•t~2!S m2

2 f p
2 D 2F ~ ūg5u!~1!~ ūg5u!~2!I p~D!

2
m2

4m2 ~ ūgmg5u!~1!~ ūgmg5u!~2!I a~D!G . ~38!

For future purposes, it is worth noting that the corr
sponding amplitude for one-pion exchange reads

Fp~D!5g2t~1!
•t~2!F ~ ūg5u!~1!~ ūg5u!~2!

1

D22m2G .
~39!

Going to the nonrelativistic limit in the center-of-ma
frame, one has

F~D!

4m2 → f ~D!52S g

2mD 2

t~1!
•t~2!S m2

2 f p
2 D 2

3@2s~1!
•D s~2!

•D I p~D!1m2s~1!
•s~2!I a~D!#.

~40!

This result allows the configuration space potential to
written as

V3p~x!52
m

4p E d3D

~2p!3 F4p

m
f ~D!Ge21D•r

5S gm

2m

m2

2 f p
2 D 2 m

4p
t~1!

•t~2!@s~1!
•“x s~2!

•“xU
p~x!

1s~1!
•s~2!Ua~x!#, ~41!
01400
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where theU(x) are integrals of Yukawa functions, written i
terms of the variablex[mr and given by Eqs.~A19! and
~A20!.

Using the result

s~1!
•“x s~2!

•“xF S 11
3

ax
1

3

a2x2D e2ax

x3 G
5

a2

3 Fs~1!
•s~2!S 11

7

ax
1

27

a2x2 1
60

a3x3 1
60

a4x4D
1S12S 11

10

ax
1

45

a2x2 1
105

a3x3 1
105

a4x4D G e2ax

x3 ,

~42!

with S1253s(1)
• x̂ s(2)

• x̂2s(1)
•s(2), in Eqs. ~A19! and

~A20!, we obtain

V3p~r !5
1

3 S gm3

4m fp
2 D 2 m

4p
t~1!

•t~2!$s~1!
•s~2!@U0

p~x!

13Ua~x!#1S12U2
p~x!%, ~43!

where

U0
p~x!5

1

~4p!4

1

6 E0

1

daE
0

1

dg ga4$@31~122a!2#

3~122g!212@12~122a!2#~122g!

1@271~122a!2#%S 11
7

ax
1

27

a2x2

1
60

a3x3 1
60

a4x4D e2ax

x3 , ~44!

U2
p~x!5

1

~4p!4

1

6 E0

1

daE
0

1

dg ga4$@31~122a!2#

3~122g!212@12~122a!2#~122g!

1@271~122a!2#%S 11
10

ax
1

45

a2x2

1
105

a3x3 1
105

a4x4D e2ax

x3 , ~45!

Ua~x!52
1

~4p!4

8

3 E0

1

daE
0

1

dga~12a!g3~12g!a5

3S 11
6

ax
1

15

a2x2 1
15

a3x3D e2ax

x4 , ~46!

and
3-5
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a5A 1

12g
1

4

g@12~122a!2#
. ~47!

The structure of this result is similar to that of the OPE
which is given by

Vp~r !5
1

3 S gm

2mD 2 m

4p
t~1!

•t~2!

3H s~1!
•s~2!S e2x

x D1S12F S 11
3

x
1

3

x2D e2x

x G J .

~48!

The profile functions of the spin-spin and tensor comp
nents of the three-pion-exchange potential are displaye
Fig. 3, where it is possible to note that all the curves sh
the typical divergent behavior of unregularized potentials
the origin. Therefore we assume that our results are real
for internucleon distances larger than 0.7 fm, the usual
radius. Inspecting the figure for the spin-spin channel,

FIG. 4. Profile function for the spin-spin~SS! and tensor~T!
components of theVp ~dashed line! andVp1V3p ~solid line!.

FIG. 3. Profile function for theV0
p , V2

p , andVa component of
the three-pion-exchange potential.
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learns that the contribution of the axial component is qu
small and hence the three-pion-exchange potential is do
nated by the pseudoscalar channel. In bothVSS and VT its
contribution tends to add to the OPEP and is visible up to
fm, as shown in Fig. 4. The influence of this component
the force over observables will be discussed elsewhere.

In order to produce a feeling for the structure of the fun
tions U(x), in the Appendix we have evaluated approx
mately the integrals in Eqs.~44!–~46! and obtained the fol-
lowing asymptotic results (x→`):

U0
p~x!→

p

~4p!4

80

)
S 11

3

x
1

13

3x2 1
10

3x3 1
10

9x4D e23x

x4 , ~49!

U2
p~x!→

p

~4p!4

80

)
S 11

4

x
1

20

3x2 1
16

3x3 1
16

9x4D e23x

x4 , ~50!

Ua~x!→2
p

~4p!4

16

3)
S 11

2

x
1

5

3x2 1
5

9x3D e23x

x5 , ~51!

which are compared with the exact ones in Fig. 5.
A last point we would like to address here concerns

nature of the force in the chiral limit. The potential given
Eqs. ~43!–~47! incorporates two kinds of approximation
The first of them is associated with the assumption thatL̄,
Eq. ~19!, represents the leading contribution to theNNppp
vertex. The other one is related to the nonrelativistic lim
taken in Eq.~40!. On the other hand, no approximation
besides the neglect of contact interactions were performe
the calculation of the three-pion propagator represented
the functionsI (D). Therefore the corresponding configur
tion space expressions, given by Eqs.~44!–~46! also do not
contain approximations and can be used to evaluate the f
of the interaction in the chiral limit. The strength ofV3p(r ),
as given by Eq.~43!, is proportional tom7. Recalling that
x5mr , we obtain the following results whenm→0:
m7U0

p(x)→140/@(4p)4r 7#, m7U2
p(x)→245/@(4p)4r 7#, and

FIG. 5. Ratios between the approximate expressions~49!–~51!
by the corresponding functions~44!–~46!. All ratios are identical.
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m7Ua(x)→25/@(4p)4r 7#. Thus the three-pion exchangeNN potential survives in the chiral limit, where it has the form

V3p~r !→
1

3 S g

4m fp
2 D 2 1

~4p!5 t~1!
•t~2!@125 s~1!

•s~2!1245 S12#
1

r 7 . ~52!

Note added in proof.For an early work on three-pion-exchangeNN potential, see Ref.@14#.
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APPENDIX: INTEGRALS

In this appendix we evaluate the integralI mn given by Eq.~35!, using the following results:

X~K;m,j!5E d4Q

~2p!4

1

@~Q2K/2!22m2#@~Q1K/2!22m2j2#
5

i

~4p!2 E
0

1

daFr02 lnS 12
K2

m2S2D G , ~A1!

Xm~K;m,j!5E d4Q

~2p!4

Qm

@~Q2K/2!22m2#@~Q1K/2!22m2j2#
52

i

~4p!2 KmE
0

1

daS 122a

2 D Fr02 lnS 12
K2

m2S2D G ,
~A2!

Xmn~K;m,j!5E d4Q

~2p!4

QmQn

@~Q2K/2!22m2#@~Q1K/2!22m2j2#
5

i

~4p!2 H KmKnE
0

1

daS 122a

2 D 2Fr02 lnS 12
K2

m2S2D G
1

m2

2
gmnE

0

1

da
S2@12~122a!2#

4 S 12
K2

m2S2D Fr12 lnS 12
K2

m2S2D G J , ~A3!

where

S25
4@a1~12a!j2#

@12~122a!2#
, ~A4!

andr0 andr1 are constants associated with the dimensional regularization procedure. In order to perform the integra
is convenient to use the following representation for the logarithm:

lnS 12
K2

m2S2D5E
0

1

dbS 1

b
1

m2S2/b2

K22m2S2/b D . ~A5!

Quite generally, constants appearing in these results correspond to contact interactions, since they do not dependD. As
we are interested in the long-range part of the potential, these constants will be neglected in the sequence and we

X~K;m,j!52
i

~4p!2 E
0

1

daE
0

1

db
m2S2/b2

K22m2S2/b
, ~A6!

Xm~K;m,j!5
i

~4p!2 E
0

1

daE
0

1

db
m2S2/b2

K22m2S2/b F S 122a

2 DKmG , ~A7!

Xmn~K;m,j!52
i

4~p!2 E
0

1

daE
0

1

db
m2S2/b2

K22m2S2/b H S 122a

2 D 2

KmKn2FS2@12~122a!2#~12b!

8b Gm2gmnJ . ~A8!

The integral inQ8 can be performed using these results, and one has
014003-7



J. C. PUPIN AND M. R. ROBILOTTA PHYSICAL REVIEW C60 014003
I mn8 5E d4Q8

~2p!4

@3QmQn2QmDn/22DmQn/2127DmDn/414Qm8 Qn8#

@~Q82Q/22D/4!22m2#@~Q81Q/21D/4!22m2#

5~3QmQn2QmDn/22DmQn/2127DmDn/4!/m2X~Q1D/2;m,1!14Xmn~Q1D/2;m,1!

52
i

~4p!2 m2E
0

1

daE
0

1

db
l2

b

1

@~Q1D/2!22m2l2#
$@31~122a!2#QmQn

2@12~122a!2#~QmDn1DmQn!/21@271~122a!2#DmDn/42l2@12~122a!2#~12b!m2gmn/2%, ~A9!

where

l25
4

b@12~122a!2#
. ~A10!

The functionI mn is then given by

I mn~D!5
1

3! E d4Q

~2p!4

I mn8

@~Q2D/2!22m2#
52

i

~4p!2

1

3!
m2E

0

1

daE
0

1

db
l2

b
$@31~122a!2#Xmn~D,m,l!

2@12~122a!2#@DmXn~D,m,l!1DnXm~D,m,l!#/21@271~122a!2#X~D,m,l!DmDn/42l2@12~122a!2#

3~12b!X~D,m,l!m2gmn/2%

5DmDnm4I p~D!1gmnm6I a~D!, ~A11!

where

I p~D!52
1

~4p!4

1

24E0

1

daE
0

1

dbE
0

1

dgE
0

1

de
l2u2

be
$@31~122a!2#~122g!212@12~122a!2#~122g!

1@271~122a!2#%
1

@D22m2u2#
, ~A12!

I a~D!5
1

~4p!4

1

48E0

1

daE
0

1

dbE
0

1

dgE
0

1

de
l2u2

be
$4l2@12~122a!2#~12b!1u2@31~122a!2#@12~122g!2#

3~12e!%
1

@D22m2u2#
, ~A13!
th
i

th
with

u25
4@g1~12g!l2#

e@12~122g!2#
. ~A14!

Results presented in this appendix are covariant. On
other hand, the calculation of the potential is performed
the center of mass of theNN system and we useD5(0;D)
→D252D2.

The potential in configuration space is determined by
functionsU(x), given by

U~x!5
4p

m E d3D

~2p!3 e2 i D•r I ~D!, ~A15!
01400
e
n

e

wherex[mr . Using the result

E d3D

~2p!3

e2 i D•r

D21m2u2 5
m

4p

e2ux

x
, ~A16!

we have

Up~x!5
1

~4p!4

1

24E0

1

daE
0

1

dbE
0

1

dgE
0

1

de
l2u2

be

3$@31~122a!2#~122g!212@12~122a!2#

3~122g!1@271~122a!2#%
e2ux

x
, ~A17!
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Ua~x!52
1

~4p!4

1

48E0

1

daE
0

1

dbE
0

1

dgE
0

1

de
l2u2

be

3$4l2@12~122a!2#~12b!1u2@31~122a!2#

3@12~122g!2#~12e!%
e2ux

x
. ~A18!

The integrations ine andb can be performed analytically
and we have

Up~x!5
1

~4p!4

1

6 E0

1

daE
0

1

dg ga2$@31~122a!2#

3~122g!212@12~122a!2#~122g!

1@271~122a!2#%S 11
3

ax
1

3

a2x2D e2ax

x3 ,

~A19!

Ua~x!52
1

~4p!4

8

3 E0

1

daE
0

1

dg a~12a!g3~12g!a5

3S 11
6

ax
1

15

a2x2 1
15

a3x3D e2ax

x4 , ~A20!

where

a5A 1

12g
1

4

g@12~122a!2#
. ~A21!
.

.

in

. C

01400
The integrals overa and g can be evaluated approx
mately for large values ofx. In this case, the exponential ha
a sharp minimum fora51/2,g52/3 and varies very rapidly
around it. Thus all the elements in the integrand but
exponential may be taken as constants, and we have

Up~x!5
1

~4p!4

80

3 S 11
1

x
1

1

3x2D 1

x3 E
0

1

daE
0

1

dg e2ax,

~A22!

Ua~x!52
1

~4p!4 16S 11
2

x
1

5

3x2 1
5

9x3D 1

x4

3E
0

1

daE
0

1

dg e2ax. ~A23!

In order to perform the last integral, we first use a ne
variableu, related toa by

a5
1

2
2F1

4
2

1

412gu2A~423g!/g~12g!1gu4G 1/2

,

~A24!

and then another variablev, related tog by

g5
31~31v2!27A48v2144v2112v61v8

2~31v2!2 , ~A25!

where the~2! and ~1! signs refer to the intervals 0<g
<2/3 and 2/3<g<1, respectively. We then obtain

E
0

1

daE
0

1

dg e2ax5
p

3)

e23x

x
. ~A26!
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