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Nonelastic interactions corresponding to continuum-state transitions are calculated using
the intranuclear-cascade evaporation approach. Spallation yields, energy- and angle-depen-
dent spectra, particle multiplicities, and nonelastic cross sections are calculated for inci-
dent nucleons and 7t' mesons with energies below 3 GeV on complex nuclei. Comparisons with
experimental data are made and, in general, the agreement is good. Discrepancies in these
comparisons are discussed with respect to the deficiencies in the model.

INTRODUCTION

A powerful method for calculating nonelastic
reactions of nucleons and n mesons with complex
nuclei has evolved over the years. This is the
method of intranuclear cascades followed by
evaporation. In this approach, the continuum-
state transitions of high-energy particles (Ea 100
MeV) on nuclei are treated as a two-step process.
The first step is the fast cascade where the reac-
tion is described by a series of individual particle-
particle reactions that occur within the nucleus,
and the second is the evaporation of particles from
the excited nucleus remaining after the cascade.
Monte Carlo calculational techniques are general-
ly employed. The method has proven to be suc-
cessful in the energy region below that where pion
production is important, ' ' and it has been shown
to be valid in predicting the high-energy' and low-
energy' spectra of secondary nucleons for incident
nucl. cons on complex nuclei at energies M GeV.

The work described in this paper is an exten-
sion of earlier work presented elsewhere. ' The
present model incorporates better data pertaining
to all of the particle-particle reactions in which
pions are involved. The validity of the present
model is tested by comparing predicted values
with experimental results for the following:
(a) pion-nucleus nonelastic cross sections; (b) sec-
ondary nucleon and pion multiplicities from reac-
tions involving incident nucleons and m mesons;
(c) angle-energy-correlated pion spectra for in-
cident nucleons; and (d) spallation-product cross
sections for incident nucleons and m mesons. It is
shown that the predictions of the theory are in rea-
sonable agreement with most of the experimental
data, and where consistent discrepancies are ob-
served, they can usually be attributed to specific
deficiencies of the model. It was deemed neces-
sary to carry out these extensive comparisons for

a variety of energies, incident particles, and tar-
get elements in order to ferret out the deficien-
cies that might be overlooked in a cursory survey.

The fact that so much experimental data can be
subjected to theoretical interpretation illustrates
the extreme power of the approach, particularly
when there are no arbitrary constants that can be
adjusted to fit the particle-nucleus data. To be
sure, not all of the particle-particle data that
have been incorporated into the model are free
of constants. But adjustments were only made
to fit the experimental data for free particle-par-
ticle reactions. An example of this is the angular
distribution of the isobars, which will be discussed
later.

COMPARISON WITH GI.AUBER THEORY

It is interesting to compare the basic assump-
tions generally used in the intranuclear-cascade
model with those of the high-energy collision theo-
ry formulated by Glauber' and to compare the ef-
fects that are incorporated in each. Basic to both
approaches is that ka» 1, where k is the wave
number of the incident beam and a is the range
of the nuclear forces. In the Glauber theory one
assumes that V/E «1, where V is the nuclear po-
tential and E is the kinetic energy of the incident
particle. This is not necessary in the theory of
intranuclear cascades, and hence the cascade the-
ory can be applied at lower energies. In the Glaub-
er theory it is assumed that all scatterings with
bound nucleons are at small angles, and conse-
quently only small momentum transfers are per-
mitted. Attempts to modify this restriction some-
what have been made with reasonable success."
However, in the theory of intranuclear cascades,
all scattering angles and momentum transfers con-
sistent with the exclusion principle are permitted.
In the formulation of a time-dependent Glauber
theory, the time dependence of particular opera-
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tors is neglected (this is consistent with small
momentum transfers), which is equivalent to ne-
glecting the differences in relative energies be-
tween the incident beam and the various moving
but bound nucleons. These differences are accu-
rately calculated in the cascade theory, which

leads to more reasonable estimates of the pion-
production thresholds for incident particles on
complex nuclei.

Effects that are included in the Glauber theory
but not in the cascade theory are the interference
from multiple scattering, the correlations of the
bound nucleons, and, if desired, spin-dependent
and velocity-dependent interactions can be includ-
ed. The velocity dependence of the interactions
has been tested in the cascade theory, and the ef-
fects were found to be small. " A particular cor-
relation effect arising from the hard core of the
nucleon-nucleon potential was investigated by Chen
et al. ' Because the core is hard, successive col-

125

lisions cannot take place within its spatial region,
and to approximate this effect successive colli-
sions were forbidden to take place within about
1 F of each other in the cascade. The effect was
found to be significant, and it compensated for the
discrepancy with particle-nucleus data that was
introduced when refraction effects were included
in the cascade calculation. ' In the model used
here, neither the hard-core effects nor the re-
fraction effects are included. The only correla-
tion effect that is taken into account is that of the
absorption of pions on nucleon pairs.

The main difference between the Glauber theory
and that of intranuclear cascades is that in the
former, all of the nuclear effects are used to mod-
ulate the incident wave. Pion production, for ex-
ample, is treated as an absorption. The modulat-
ed wave is used to describe the elastic and non-
elastic differential cross sections for the incident
beam. In the cascade theory there is no modula-
tion. This is equivalent to giving arbitrary phase
to the waves that are scattered off of each bound
nucleon, and hence the method is not applicable
to those reactions where the Glauber theory has
its greatest strength, i.e. , in the calculation of
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FIG. 1. Proton-proton total and elastic cross sections:
L, D. V. Bugg etal. (see Ref. 15); V, U. E. Kruse etal.
[quoted by F. F. Chen, C. P. Leavitt, and A. M. Shapiro
Phys. Rev. 103, 211 (1956)]; 0, T. Ferbel et al. , in Pro-
ceedings of the 1962 International Conference on High-
Energy Physics at CERN, edited by J. Prentki (CERN,
Geneva, 1962), p. 76; 0, S. P. Kruchinin et al. , Yadern.
Fiz. 1, 317 (1965) [transl. : Soviet J. Nucl. Phys. 1, 225
(1965)]
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FIG. 2. Proton-neutron total and elastic cross sections:
k., D. V. Bugg etal. (see Ref. 15); C, J. H. Atkinson etal. ,
Phys. Rev. 123, 1850 (1961); 8, P. H. Bowan etal. , Nucl.
Phys. 22, 640 (1961).
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FIG. 4. Cross sections for producing single x mesons in p-n collisions: 0, J. G. Rushbrooke et al. , Nuovo Cimento
33, 1509 (1964); g, Yu. M. Kazarinov and Yu. N. Simonov, Joint Institute of Nuclear Research Report No. JINR-P-2462,
1965 (unpublished); 6, Yu, D. Hayukov etal. , Nucl. Phys. 4, 61 (1957).

reactions, and hence it has shed no light (so far)
on the spallation products resulting from high-
energy inter actions.

NUCLEAR MODEL

The details of the nuclear model are described
elsewhere. ' It is sufficient to say that the dif-
fuseness of the nuclear edge, the motion of the
bound nucleons, the exclusion principle, and a

local potential for nucleons and pions are includ-
ed, but reflection and refraction of the incident
particles' and nuclear correlations~ are not. The
latter are included only in that pions are assumed
to be absorbed on nucleon-nucleon pairs within the
nucleus.

PARTICLE-PARTICLE INPUT DATA

General Features
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Wherever possible, free-particle experimental
cross sections were employed, and where these
data were lacking, they were estimated by the use
of isospin concepts or phase-shift analyses. Scat-
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FIG. 5. Cross sections for producing two r mesons in
p-p and p-n collisions.

FIG. 6. Fraction of the n-p elastic scattering in the
backward direction. The symbols represent results of
integrations of the following data: 0, N. S. Amaglobeli
et al. , in Proceedings of the Tenth Annual International
Conference on High-Energy Physics, 1960 (see Ref. 20),
p. 64; 0, A. P. Batson etal. , Proc. Roy. Soc. (London)
A251, 233 (19S9); 6, J. L. Freides etal. , Phys. Rev.
Letters 15, 38 (196S), who estimated the illustrated
fraction.
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sumed to decay at the space point where it was
created. All kinematics calculations were carried
out relativistically. A cross section at any re-
quired energy was obtained by linear interpolation
of the cross sections that were tabulated at specif-
ic energies. Further details and discussions of
some of these points, for example, the neglect of
pion absorption via isobar reactions, are given
elsewhere. '

tering reactions, and single-w-meson- and double-
m-meson-production reactions were included in
nucleon-nucleon collisions. In pion-nucleon col-
lisions, scattering, charge-exchange, absorption,
and single- m-meson-production reactions were
taken into account. Pion absorption was assumed
to take place on nucleon pairs. ' The Sternheimer-
Lindenbaum isobar model was used to describe the
branching ratios and the kinematics in all of the
pion-production reactions. " The isobar was as-

'TABLE II. Composite isobar angular distribution in
the center-of-mass system for nucleon-nucleon single-
and double-n -meson-production reactions.

IOO----- ——

$ of each distribution
contributing to composite

Isotropic Forward Backward

Laboratory kinetic
energy range

(Me+

80

Single production

100E &500
0 4 0

12.512.5500 ~E&1000

1000~E & 1300
1300~ S& 2500

50

25

25 20
ST IC37.5 37.5

50 502500 ~ E &3500
0

500 1000 1500
LAB ENERGY {MeV)

2000 2500
Double production

All energies 50 50 FIG. 8. The m +p total and elastic cross sections:
For de6nition of symbols see Fig. 7.

FIG. 7. The ~++p total and elastic cross sections: &&, V. S. Barashenkov and V. M. Naltsev, Fortschr. Phys. 9, 549
(1961);+, P. M. Ogden etaI, , Phys. Rev. 137, B1115 (1965); +, P. Bareyre etal. , Phys. Letters 10, 27 (1963); ~, J. A.
Helland etal. , Phys. Rev. Letters 10, 27 (1963); 4, L. W. Jones etal. , in Proceedings of the 1962 International Confer-
ence on High-Energy Physics at CERN, edited by J. Prentki (CERN, Geneva, 1962), p. 591; 6, T. J. Devlin etaI, , Phys.
Rev. Letters 14, 1031 (1965); 0, A. N. Diddens etaI, ibid, 10, 262 (1963).
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FIG. 9. The 11 + p charge-exchange scattering cross section: ~, V. S. Barashenkov and V. M. Maltsev, Fortschr.
Phys. 9, 549 (1961); ~, V. G. Zino and S. M. Korenchenko, Zh. Eksperim. i Teor. Fix. 38, 1399 (1960) [transl. : Soviet
Phys. —JETP 11, 1010 (1960)];0, V. V. Baren etal. , in Proceedings of the Sienna International Conference on Elementa-
ry Particles, Sienna, Italy, 1963, edited by G. Bernardini and G. P. Puppi (Societh, Italianna di Fisica, Bologna, Italy,
1963), p, 213; A, , C. B. Chiu, UCRL Report No. UCRL-16209, 1965 (unpublished), p. 91.

Nucleon-Nucleon Reactions

The nucleon-nucleon cross sections that were
utilized are illustrated in Figs. 1-6 and in Ta-
ble I. The elastic proton-neutron cross section
at energies from 360 to 920 MeV was calculated
using the difference o,(pn) —o,~(pn) (the total and
single production cross sections, respectively),

while at energies &1200 MeV it was calculated
from the relation

1 o,P =0).(p )=2,'(p» o. (p» '.(pp),

which comes from isospin considerations. o,(E=0)
is the contribution to the total cross section from
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FIG. 10. The x +p elastic scattering cross section.
FIG. 11. The pion-proton cross section for producing

one ~ meson.
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TABLE IO. Composite isobar angular distribution in

the center-of-mass system for pion-nucleon single-n-
meson-production reactions.
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FIG. 12. Energy spectra of cascade protons emitted
into the laboratory angular interval 7 to 17' from 660-
MeV protons on Cu. The solid-line histogram repre-
sents the results of the calculation described in this re-
port and the dashed-line histogram is from Ref. 5. The
error bars are due to the statistical nature of the calcu-
lation and represent 1 standard deviation.

n')+ p and m'+ n

(Assumed to be the same as 71 + p)

Cu
"C.~

2800 l

65Cu&i
Cie'Cu

3s

1'600
E

b
1200

O
3

O
X
LLI

Z 3

2I-
ILJ
Z'

Al

400
~ ~

C~~IC

I

200
l i I I

400 600 800 1000 1200 1400 1600
INCIDENT m ENERGY (MeV)

FIG. 13. Nonelastic cross section vs incident m ener-
gy for C and Pb targets. Solid lines connect the experi-
mental data points. Dashed lines connect the theoretical
values. %'hen error bars are not shown, they are small-
er than the symbols. The symbols are as follows: Q,
theoretical; for experimental: ~, V. S. Barashenkov
et al. , Joint Institute of Nuclear Research Report No.
JINR-P2-4068, 1968 (unpublished); 6, M. Crozon etal. ,
in Proceedings of the International Congress on Nuclear
Physics, Paris, 1964, edited by P. Gugenberger (Centre
National de la Recherche Scientifique, Paris, France,
1964), Vol. II, p. 222.
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FIG. 14. The average number of neutrons emitted per
interaction of protons with carbon, aluminum, and cop-
per. %here error bars are not indicated, they are
smaller than the symbols. The symbols are as follows:
~, theoretical; for experimental: E, R. G. Vasil'kov
eta/. , Yadern. Fiz. 7, 88 (1968) ttransl. : Soviet J.
Nucl. Phys. 7, 64 (1968)J; '7, W. E. Crandall and G. P.
MQlburn, J. Appl. Phys. 29, 698 (1958).
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the isotopic spin I =0 state, which was taken from
the paper by Bugg et al." To fill in between 920
and 1200 MeV a smooth curve was arbitrarily
drawn. The values of the cross sections at zero
were calculated so that the trapezoid formed by
connecting a straight line from the cross section
at zero to that at 20 MeV would yield the same
integral from 1 to 20 MeV as

I
20

a „„(F.)dZ,
1

where a» is the n-p or p-p cross section deter-
mined by experimental data. " Only on rare oc-
casions would a particle-particle reaction occur
in which the relative kinetic energy would be below
1 MeV, and since the cross section is evaluated in
the calculation by linear interpolation between val-
ues tabulated at 20-MeV intervals, this method
was deemed appropriate. A lower-energy limit
was not used in order to avoid the extreme ineffi-
ciencies of the sampling techniques'7 when large
peaks occur in the cross sections.

The p-p single-n-meson-production cross sec-
tion (Fig. 3) was taken to be the sum of the exper-

imental cross sections for the p+p-P+p+n and

P+P- p+n+ w' reactions. The p-n cross section
for producing one w meson was taken to be
o(p+n p-+n+w ) +2o(p+n p-+p+w ), where

these partial cross sections, along with the sin-
gle-production cross section, are illustrated in

Fig. 4. Because there were no experimental data
above 1 GeV, the cross sections at the higher en-
ergies were estimated as follows: the slope of
the P+n-P+P+m cross-section curve was taken
to be equal to that for the p+p-P+P+m reaction,
and the curve of the p+p+g cross section was
simply extended beyond 1 GeV with this slope.
The equality,

o(p+n- p+n+w') =-,'o(p+p- n+p +~')

+o(p+n-p+p+m )

~( p+p- p+ p+ &),
was used to evaluate the m -production cross sec-
tion above 1 GeV. The justification for these pro-
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FIG. 15. The average number of neutrons emitted per
interaction of protons with lead. Where error bars are
not indicated, they are smaller than the symbols. The
symbols are as follows: ~, theoretical; for experimen-
tal: 6, R. G. Vasil'kov et al. , Yadern. Fiz. 7, 88 (1968)
[transl. : Soviet J. Nucl. Phys. 7, 64 (1968)]; 0, M. Ber-
covitch et al. , Phys. Rev. 119, 412 (1960).
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FlG. 16. The average number of neutrons emitted per
interaction of protons with uranium. Where error bars
are not indicated, they are smaller than the symbols.
The symbols are as follows: ~, theoretical; for experi-
mental: 0, M. Bercovitch etal. , Phys. Rev. 119, 412
(1960); 6, R. G. Vasil'kov et a/. , Yadern. Fiz. 7, 88
(1968) [transl. : Soviet J. Nucl. Phys. 7, 64 (1968)); p,
W. E. Crandall and G. P. Millburn, J. Appl. Phys. 29,
698 (1958).
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TABLE IV. Total nonelastic cross sections for incident
n mesons.

Target
Energy
(MeV) Theory Exp

Nonelastic cross section
(mb)

80

70

Be 485
598
894

1256

216
256
350
485
598
600
894
970

1200
1256
1510

165+ 7
182+ 7
217+ 7
218+ 7

414+ 9
360+ 7
239+ 5
217+8

233+5

271~ 5
262+ 5

258 +5

184+6b
179+6b
189~5b
200 +6

350 ~ 24
326 ~31
166 + 21
231~ 7b
226+7b
216 + 10
233+ 6b
252 ~ 13
246 ~14
239+ 5
240 + 14

60

50
E

b 40

30

20

Al

CU

Sn

970

970

970

477 + 13 442+ 20

819+12 806+ 35

1194+ 17 1199+ 52

Io —~4

pb 216
256
970

1510

2022+ 21
1906+ 20
1712+ 18
1700 + 18

2356 + 152
2430+ 183
1690 + 100
1600 ~ 95

0
400 500 600 700 800

INCIDENT PROTON ENERGY (MeV)

900 &000

' Unless otherwise indicated the data are from the com-
pilation of V. S. Barashenkov, K. K. Gudima, and V. D.
Toneev, Joint Institute for Nuclear Research Report No.
JINR-P2-4068, 1968 (unpublished).

M. Crozon et al., Congres International de Physique
Nucleaire, Paris, 1964, edited by P. Gugenberger
(Centre National de la Recherche Scientifique, Paris,
1964), Vol. II, p. 222.

FIG. 17. The x~-production cross section for protons
on carbon. %here not illustrated, the error bars are
smaller than the symbols. The symbols are as follows:
~, theoretical; for experimental: 0, A. F. Dunaitsev
and Yu. D. Prokoshkin, Nucl. Phys. 56, 300 (1964}; 'V,

A. M. Segar and R. Rubinstein, Nucl. Phys. 14, 222 (1959).
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FIG. 18. Energy spectrum of x emitted at 21.5' from 450-MeV protons on carbon. ~, experimental data of Z. Lille-
thun, Phys. Rev. 125, 665 (1962); histogram, theoretical results for the angular interval 10-30'.
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FIG. 19. Energy spectra of ~' emitted at 0' from 660-MeV protons on carbon. Experimental data: 0, R. P. Haddock,
M. Zeller, and K. M. Crowe, University of California at Los Angeles Technical Report No. MPG-64-2, UCLA-34P106
{unpublished) {incident proton energy, 725 MeV); 4„, %'. Hirt et aI, CERN Report No. 69-24, 1969 {unpublished), incident
proton energy 600 MeV; histogram, theoretical results for the angular interval 0-10'.
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FIG. 20. Energy spectra of x emitted at 0 from 660-MeV protons on carbon. Experimental data of Haddock etal.
and Hirt et al. (see Fig. 19 for references and symbols) and an angular interval of 0-20 used for the theoretical results.
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cedures comes from isospin considerations.
The p-p and p-n cross sections for producing

two w mesons (Fig. 5) were calculated by subtract-
ing the sum of the elastic and single production
cross sections from the total cross sections. All
of the data described above were tabulated at
every 20-MeV interval.

The differential cross section in the center-of-
mass system for p-p elastic scattering below 500
MeV was assumed to be isotropic. ' Between 0.5
and 1 GeV the data were taken from Ref. 18 and
tabulated at six energy intervals. Above 1000 MeV
the data were taken from Ref. 19.

The differential cross section for elastic p-n
scattering in the center-of-mass system below
740 MeV was unchanged. ' At the higher energies,
data exist for either forward scattering or back-
ward scattering, and, in general, the data for the
scattering in the forward directions are at differ-
ent energies from those for the backward direc-
tions. Hence, the data in the forward direction
were treated as a separate distribution from those
in the backward direction. To utilize these data
an estimate was made of the fraction of the scat-
tering that is backward by integrating the differen-
tial cross sections, and the result is illustrated in
Fig. 6. The forward- and backward-scattered data
were taken from Ref. 20.

TABLE V. Total nonelastic cross sections for incident
n+ mesons.

Target

r+

Energy
(Me~

Nonelastic cross section
(mb)

Theory Exp. '

Be 442
2500
2860

162 + 7 238 + 20
190+7

192 +8

442
2500
2860

220+5
241+ 8

238 +20

213+8

Al 442
2500
2860

388 + 11 410+25
434+ 11

428+F5

Cu 442
2500
2860

756+ 16 686 + 106
778 ~16

Cd 442 1074 + 20 754 + 200

From the compilation of V. S. Barashenkov, K. K.
Gudima, and V. D. Toneev, Joint Institute for Nuclear
Research Report No. JINR-P2-4068, 1968 (unpublished).

0.010

660-MeV p ON C

21 5o

0.008—

0.006

L

E 0004

0.002

0
100 200 500

I

400 500 600

CASCADE ~ ENERGY (MeV)

FIG. 21. Energy spectra of x emitted at 21.5' from 660-MeV protons on carbon. ~, experimental data of Hirt et al.
(see Fig. 19 for reference); histogram, theoretical results for the angular interval 15-25'.
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I

660-MeV p ON C

56

0.006

0.004—

E

0.002

Ioo 200 500 400 500
CASCADE ~ ENERGY (MeV)

600 700

FIG. 22. Energy spectra of 7( emitted at 56 from 660-MeV protons on carbon. ~, experimental data of L. S. Azhgi-
rei etaL. , Zh. Eksperim. i Teor. Fiz. 34, 1357 (1958) [transl. : Soviet Phys. —JETP 34, 939 (1958)]; histogram, theoret-
ical results for the angular interval 51-61'.

Pion-Nucleon Reactions

Figures 7 through 11 illustrate the pion-nucleon
elastic scattering, charge-exchange scattering,
and single-pion-production data that were used in
the calculation. The m p scattering data (Fig. 10)
were calculated from the relation

production cross section was calculated from

(+p) 3oll 3o81 t

where v» and cr» are the cross sections for pro-
ducing single pions through the total isospin —,

' and
—,
' states, respectively, and were taken to be

oag =oqp(1T p)

where a,„is the charge-exchange cross section.
The single-pion-production cross sections for the
m'p and the m p reactions were calculated by sub-
tracting the elastic cross section from the total
cross section for the m'p case and by subtracting
the sum of the elastic and exchange cross sections
from the total in the m p reactions. The gp single-

o„= ',o,p(w p) -——,'o, p(m'p).

Pion reactions with neutrons were taken to be the
same as the charge-symmetrical reactions with
protons.

All of the pion-nucleon elastic and charge-ex-
change differential cross sections were calculated

TABLE VI. Experimental [R. G. Vasil'kov et al .(Ref. 28)] and theoretical average number of neutrons emitted per
inelastic event for incident protons on various elements.

400 MeV
Theoretical

Target Cas. Kvap. b Total Exp.

Proton energy
500 MeV

Theoretical
Cas. Evap. Total Exp.

660 MeV
Theoretical

Cas. Evap. Total Exp.

Al

Cu

082
1.2
1.6
2.2

2.2

0.36

0.7
2.7

9.3
11.7

1.18

1.9
4.3

11.5
13.9

2.1 +0.3 1.3
3.7+0.4 1.8
9.4 + 1.0 2.1

14.1 + 1.4 2.7

0.8 2.1

3.Q 4.8
10.4 12.5

12.9 15.6

0.98 0.45 1.43 1.4+ 0.2
2.3 + 0.3
3.9+0.4

11.2 + 1.0
14.7+ 1.3

1.05 0.57

1.45 0.96

2.1 3.3
3.1 12,1

3.3 14.5

1.62

2.41

5.4

15.2

17.8

1.5+ Q.2

2.8 +0.3
4.4 + 0.4

11.9+ 1.0
16.8 + 1.2

All cascade neutrons emitted with angles greater than 20' to the incident beam.
Evaporation neutrons emitted in all directions.
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0.10
I

660-IVleV p ON Cu
00

0.08

0.06O

~ OOO

~ ~

0.02

0
0 100 200 500 000 500 600 700

CASCADE ~+ ENERGY (MeV)

FEG. 23. Energy spectra of x' emitted at 0' from 660-MeV protons on copper. Experimental data, same as sho~ in
Fig. 19; histogram, same as in Fig. 19.

0.025
660-MeV p ON Cu

0'

0.020

) 0.015

—0.010E

0.005

0
0 100 200 500 400 500

CASCADE m ENERGY (MeV)

600 700

F/G. 24. Energy spectra of m emitted at 0' from 660-MeV protons on copper. Experimental data of Haddock etal.
and Hirt et aL. (see Fig. 19 for references and symbols) and an angular interval of 0-20' used for the theoretical results.
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0.04
I

660-MeV p ON Cu

45'

0.03—

0.02

E

O.OI

0
0 I OO 200 300 400

CASCADE ~ ENERGY (MeV)

500 600 700

FIG. 25. Energy spectrum of n emitted at 45' from 660-MeV protons on copper. ~, experimental data of A. G. Mesh-
kovskii, Ia. Ia. Shalamov, and V. A. Shebanov, Zh. Eksperim. i Teor. Fiz. 33, 602 (1957) [transl. : Soviet Phys. —JETP
6, 463 (1958)]; histogram, theoretical results for the M~ular interval 35-55 .

from the energy-dependent phase shifts of Don-
nachie, Kirsopp, and Lovelace. " Some criticism
of this phase-shift data has been published, "but
the small discrepancies observed in the differen-
tial cross sections would be totally masked by the
statistics of the calculation. The phase-shift anal-
ysis used in calculating the differential cross sec-
tions includes angular momentum states up to L =4.
The details of this calculation are published else-
where. ' The phase shifts of Donnachie, Kirsopp,

and Lovelace covered the energy range from 0 to
2 GeV. They were arbitrarily extrapolated to 2500
MeV by using both the plots of phase shifts vs en-
ergy and the Argand diagrams as a guide. "

Isobar Model

All pion-production processes were assumed to
be described by the Sternheimer-Lindenbaum iso-
bar model, '» and with the exceptions described

0.020
l

660- MeV p ON Cu

45'

0.0 I 5—

0.010

E

0.005

0
0 !00

I

200 300 400 500
CASCADE ~ ENERGY (MeV)

600 700

FIG. 26. Same as Fig. 25 with an rms radius used for the target in the theoretical calculations (described in the text).



NONE LASTIC INTERACTIONS OF NUC LEONS. . .

O. IO
I

660-MeY p ON Pb
00

0,08
L

0.06

E—0.04

0.02

0
0 IOO 200 300 400 500 600 700

CASCADE ~ ENERGY (MgV)

FIG. 27. Energy spectra of n' emitted at 0' from 660-MeV protons on lead. Experimental data of Haddock et al. and

Hirt etal. (see Fig. 19 for references and symbols) and an angular interval of 0-20 used for the theoretical results.

0.04

0.03

660-MeV p ON Pb
00

)
0 002

E

O.OI

0
0 I 00 200 300 400 500 600 700

CASCADE ~ ENERGY (MeV)

FEG. 28. Energy spectra of x emitted at 0' from 660-MeV protons on lead. Experimental data of Haddock etal. and
Hirt et al. (see Fig. 19 for references and symbols) and an angular interval of 0-30' used for the theoretical results.
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Al TARGET

TABLE VII. Average number of cascade particles per
star whose charge is 1 from protons on heavy emulsion
nuclei.

100

Incident proton
energy (MeV)

Theoretical
Average No. of

cascade particles
p 7t+ 7I. Total Exp. b

20

130
460
500
660

0.78 0 0.78 0.74 + 0.15
1.52 ~ 0.30

1.62 0.06 0.03 1.71
1.83 0.12 0.05 2.00 1.87 +0.37

10
24

Na

&T
l ~l
V
I t

I

[I

The statistical error is less than 3%%up. The target is
100Ru

V. I. Qstroumov, Zh. Eksperim. i Teor. Fiz. 32, 3
(1957) ttransl. : Soviet Phys. —JETP 5, 12 (1957)].

20

100

50

$ THEQRETICAl

$ EXPERIMENTAL

Ll

b 20

2

18F

T
I

J.

[[
I

i) J
II

""ii
&(

Ll

b

20

10

0,5

II
I
I

G

L
i|

72
G

72As" y

\

72se

10 0.2

150
0.1 72Z

l

0.05—

0.02

0.5
0.1 0.2 0.5

INCIDENT PROTON ENERGY (GeV)

10

0.01
—3 0

Z-Z

FIG. 29. Spallation cross sections for protons on alu-
minum. The symbols are as follows: 0, theoretical;
for experimental: 0, G. Friedlander etal. , Phys. Rev.
99, 268 (1955); 6, J. B. Gumming etal. , ibid. 111, 1386
(1958).

FIG. 30. Spallation cross sections for the isotopes of
mass 72 from 2.9-GeV protons on arsenic. Experimental
data are from S. Kaufman, Phys. Rev. 126, 1189 (1962).
The solid line, from Kaufman, is the Gaussian curve
that best fits the experimental points. He takes Zz-—32.
The symbols are as follows: $, theoretical; Q, experi-
mental.
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TABLE VIII. Average number of singly charged particles per star from 950-MeV protons on heavy emulsion nuclei.

Theoretical ~

Evaporation
Deut. Trit.

Cascade
7r Total Exp.

Ratio of
n particles
to protons

Theor. Exp. b

2.96 0.47 0.08 0.23 0.21 0.17 4.12 4.26" + 0.18 5.54 +0.78 0.11 0.36

The statistical error is about 3%. The case calculated was 1-GeVP on 44Ru.
W. O. Lock, P. V. March, and R. McKeague, Proc. Roy. Soc. (London) A231, 368 (1955).
G, Philbert, Comp. Rend. 241, 944 (1955).

below, its implementation is as described pre-
viousl. y.'

The major improvement in the use of this model
is that the angular distribution of the isobars were
determined phenomenologically by comparing the
calculated results with experimental data. '4 This
distribution had been previously assumed to be
energy-independent and such that the isobars were
distributed isotropically 50% of the time, straight
forward 25%, and straight backward 25% of the
time. The new distributions are given in Tables
II and III.

Several variables, not given by the isobar model
itself, are needed to determine the final charge
states in all but the p-p or n'p collisions. One is
k„defined by

where the cross sections are those for producing
two isobars through the total isospin 0 and 1 states.
The variables k, was cal.culated from the relation-
ship

o„(np) = ~„(pp)(l + 00),

where the cross sections are the double m-meson
production cross sections for p-p and n-p reac-
tions illustrated in Fig. 5. In order to calculate
the final charge states in n-p double production
reactions, ko must be determined.

The variables a and p, defined below, must be
calculated in order to specify the final states in

pion-nucl. eon reactions other than g'p.

p =o»/2o», a = 2v'p/5 cosP .
The cross sections v» and vyy were defined pre-
viously, and ft) is the phase angle between the ma-
trix elements for producing an isobar through the
isospin —,

' and —,
' states. These variables were cal-

culated using

p =o,p(w'p)/2o„

and

2 17 27 o(w +p- w +p+wo)
a ~+~p

5 25 10 0'x).

where o(w +p- w +p+w') is an experimentally
determined cross section. " The values of kp p,
o(w +p- w +p+w ), and a vs energy are illustrat-
ed in the work of Bertini, Guthrie, and Culkowski. "

COMPARISON O'ITH PREVIOUS
CALCULATION

It was stated in the earlier work' that the lack
of accurate pion data would not greatly influence
the secondary nucleon spectra from incident nu-
cleons on complex nuclei. A comparison of the
results of a typical case in which the less accu-
rate pion data were used' with those from the pres-
ent calculation is illustrated in Fig. 12 for the sec-
ondary proton spectra from 660-MeV protons on
copper. There is little difference. Other corn-

TABLE IX. Average number of charged pions per
star from m on heavy emulsion nuclei.

TABLE X. The cross section for the emission of x 's
from 660-MeV protons on several elements.

energy
(GeV)

Theoretical '
Total Exp b Target

Cross section (mb)
Exp. ~ Theor.

1
1.3
1.5

0.24 0.80

0.32 0.90

1.04

1.22
1.85

Al
Cu
Pb

45.9 + 2.6
73.4 +4,2

143 +8

60 +4
109*6
200 + 12

Target, &+4Ru. Statistical error ~2%.
G. D. Gordon et a/. , Phys. Rev. 108, 1315 (1957).

'A. F. Dunaitsev and Yu. D. Prokoshkin, Nucl. Phys.
56, 300 (1964).
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parisons of this type are illustrated in Ref. 26.
Comparisons with the calculations of Metropolis
et al. ' were shown in Ref. 5.

COMPARISONS WH'8 EXPERIMENT

Statistical Error

All error limits on the theoretical results repre-
sent the limits of the standard 68% confidence in-
terval, i.e. , plus or minus 1 standard deviation.
They appear solely because of the statistical na-
ture of the calculation (Monte Carlo).

Total Nonelastic Cross Sections

Comparisons of the theoretical total nonelastic
cross sections for incident neutrons and protons
with experimental data have been made elsewhere, '
and reasonable agreement was found. Compari-
sons of the theoretical nonelastic cross sections
with experimental data for incident w and n' me-
sons on several elements at various energies are
illustrated in Tables IV and V. The comparisons
for 7T on carbon and lead are illustrated graph-
ically in Fig. 13. The comparisons indicate that
the agreement of the theoretical predictions with
the experimental data is quite reasonable.

Secondary-Particle Multiplicities

Neutrons

The average number of neutrons emitted per in-
teraction is shown in Figs. 14-16 for protons be-
low 1 GeV on elements ranging from carbon to
uranium. The agreement of the theoretical values

TABLE XII. Comparison of theoretical and experi-
mental average forward momentum transfer from the re-
actiOn Al( p, p zt+) 2'Mg.

TABLE XIII. Theoretical and experimental cross sec-
tions for the production of various radionuclides from
2.9-GeV protons on 33As.

Nuclide
Cross sections (mb)

Theoretical Experimental ~

with the experimental data is quite good. In the
case of a copper target (Fig. 14), the calculations
were performed for a "Cu target, and the calculat-
ed multiplicities from this neutron-rich isotope
overestimates the experimental data. The ca1cu-
lation was repeated at 500 MeV for a "Cu target,
and the result agrees with the experimental value.
The theoretical values somewhat overestimate the
neutron multiplicities for lead (Fig. 15), but they
are in reasonable agreement with the data for ura-
nium. However, if the theoretical values were
about four neutrons less at all energies for the
heavy elements, the agreement would still be rea-
sonable. This point will be discussed in more de-
tail in the section on spallation products.

Since the effect of fission is not included in the
present calculation, the agreement with the exper-
imental data for uranium may indicate that the
residual excitation energy, whether residing in a
nonfissioned nucleus or shared by fission frag-
ments, is lost by the evaporation of approximate-
ly the same number of neutrons. This point will
be discussed in the following article. "

The experimental results of Vasil'kov et al."at
400, 500, and 660 MeV did not include neutrons
emitted into a 20' forward cone. All of the theo-
retical results illustrated at these energies were
calculated by including all evaporation neutrons
but excluding the cascade neutrons that went into
a forward 20 cone. The total solid angle subtend-
ed by this cone is small, and the number of evap-
oration neutrons, assumed to be emitted isotrop-

Incident proton
energy (GeV)

Average forward
momentum transfer

(mp c)
Exp. bTheor.

0.5
0.6
1.0
1.5
1.7
2.0
2.5
2.9
3.0

0.37

0.24
0.19

0.15
0.15

0,12

0.37
0.27

0.22

0.19

mo is the proton rest mass.
A. M. Poskanzer, J.B. Cumming, and L. P. gems-

berg, Phys. Rev. 168, 1331 (1968).

30Zn

&&Qa

6?Qa

3i?2Ga

73Qa

32Ge
?2

33As
?i

3723As

33As73

33As74

34Se72

0.4+0.4
4.3+ 1.3
7.8 + 1.7
2.7+ 1,0

3.1+1,1
17+3

6.2+ 1.6
11+2

24+ 3

58+ 5

1.6+0.8

0.025 + 0.003

5.1 ~0.5
8.0 +0.8

2.28+ 0.19

0.62 + 0.07

7.0 +0.6
14.3 + 0.9

17+2

0.45 + 0.08

S. Kaufman, Phys. Rev. 126, 1189 (1962).
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TABLE 3QV. Calculated cross sections for the total
production of nuclides of a given mass from 2.9-GeV
protons on 75As. 20

100

Mass
C4)

73
72
71
70
69
68
67
66

Cross section
(mb)

39+4
32 +4
21 +3
23+3
17~3
21 +3
10 ~2
13~2
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FIG. 31. Total mass yieM from 3-GeV protons on sil-
ver. Experimental data are from S. Katcoff, H. R. Fickel,
and A. %'yttenbach, Phys. Rev. 166, 1147 (1968), which
include measured plus estimated yields. Only represen-
tative error bars are illustrated. The symbols are as
follows: ~, theoretical; 0, experimental.

FIG. 32. Mass yield from 660-MeV protons on bis-
muth. The dashed lines connect the theoretical values
where typical error bars are shown. The symbols are
as follows: —~ —,theoretical; for experimental:, B.I.
Belyaev etaE. , Izv. Akad. Nauk SSSR, Ser. Fiz. 27, 923
(1963) [transl. : Bull. Acad. Sci. USSR Phys. Ser. 27,
907 (1964)]; O, A. V. Kaliamin etal. , At. Energ. (USSR)
4, 196 (1958) [transl. :Soviet J. At. Energy 4, 165
(1958)]; 2, T. V. Malisheva and I. P. Alimarin, Zh.
Eksperim. i Teor. Fiz. 35, 1103 (1958) [transl. : Soviet
Phys. —JETP 35, 772 (1959)].
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TABLE XV. Effect of nucleon&ensity distribution on theoretical "(p, pen)" reactions for I.

Proton energy
(GeV)

"(p p&)"
Non-un. b Un.

cc( p p 3+)fP

Non-un. Un.
"(p,p6n)"

Non-un.

0.25
2.0

5
0.23

68
69

9
1.6

38
11

19
2.3

51
15

A uniform nucleon-density distribution whose radius is the root-mean-square value of the continuous distribution
given by R. Hofstader, Rev. Mod. Phys. 28, 214 (1956).

Diffuse nuclear edge included.

ically in the lab system, would not be greatly al-
tered if those emitted therein were excluded. This
assumption is reasonable for these reactions. Ta-
ble VI contains a breakdown of the contribution to
the multiplicities from the cascade and from the
evaporation, and it is clear that the major con-
tribution for the heavy targets is from the evap-
oration.

Charged Particles

Tables VII to IX illustrate the multiplicities of
various charged particles emitted in the reactions
of protons and?t mesons with heavy emulsion nu-
clei. The theoretical numbers of singly charged
particles from the cascade and those from the cas-
cade plus evaporation are in good agreement with
the experimental data, as shown in Tables VII and
and VIII.

The predicted number of a particles, however,
is underestimated (Table VIII). There are two
probable deficiencies in the mode1 that lead to this
discrepancy. One is that the direct knockout of o.
particles in the cascade is not taken into account, "
and the other is that at the higher energies, the
evaporation model employed in this calculation~
is not sufficiently appropriate. The high angular
momenta transferred to the nucleus enhance the
evaporation of n particles, "and this angular mo-
mentum effect is not presently included.

The predicted number of charged pions is small-
er than that from the experimental data, Table IX.

This is probably due to the fact that only single m-

meson production has been included in the calcula-
tion. This discrepancy will again be manifest in
the (w, w n) reactions that are described in the
section on spallation products.

?t Mesons

Table X and Fig. 17 il.lustrate the 7)' cross sec-
tions from reactions of protons with various ele-
ments, and the agreement is found to be fair with
the theoretical values somewhat overestimating
the experimental data in general.

Secondary-Particle Spectra

The energy spectra of secondary charged pions
that are emitted from the interaction of protons
with carbon, copper, and lead are illustrated in
Figs. 18-28. In general, the agreement of the
theoretical predictions with the experimental data
is quite reasonable. Additional comparisons are
illustrated elsewhere. '

A typical discrepancy in the comparisons with
the data of Lillethun" is shown in Fig. 18 for 450-
MeV protons on carbon. The experimental values
are about as large as those from 660-MeV protons
on carbon (Fig. 21) at the same angle, but the the-
oretical results do not reflect this energy inde-
pendence, being lower at 450 than at 660 MeV.

For 660-MeV protons on carbon and copper, the
shape of the low-energy m spectra is significantly
different from that for the m'. This was noted by

TABLE XVI. Cross sections for producing isotopes of 52Te from protons on 53I.

Proton energy
(GeV)

116+ 11?Te
52

Theo r. Exp Theo r. Exp

Cross sections (mb)
118Te

52

Theo r.
12?Te

52

Exp. '
0.25
0.50
1.0
2.0

82+6
55+ 6
27+4
20 +4

40.2+ 7.8
30.6 + 2.8
20.2 ~ 3.0
7.0+ 1.5

51+4
26+4
19+3
13+3

64.5 + 6.6
38.7 + 1.4
28.5 + 1.0
18.1

0
0
0

2.6 + 1.3

&1.5 + 0.5
&1.7 + 0.3
&1.2+ 0.7
&2,6+ 1.1

' I.-M. Ladenbauer and L. Winsberg, Phys. Rev. 119, 1368 (1960).
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Hirt et al."who argued that this difference was
real by systematically eliminating all potential
experimental causes for it. It is interesting to
note that this difference is indeed predicted by the
theory. The cause for it is postulated to be as fol-
lows": The m' mesons, which are produced at rel-
atively high energies and in greater numbers than
the w for incident protons, undergo secondary
collisions within th~ nucleus in which low-energy
pions are produced. Hence these produced pions,
both m' and m, cause a low-energy peak in both
spectra. But the low-energy peak in the m' spec-
tra is not as significant as that in the m spectra
because there are many more m' than m in gen-
eral. The high-energy m mesons also contribute
to the secondary-production process, but since
their numbers are small, this contribution is neg-
ligible. Figures 20-22 illustrate the changing
character of the g spectrum with angle.

By comparing ratios and magnitudes of the m'

and m spectra for beryllium and carbon, Haddock,
Zeller, and Crowe" suggest that the effect of the
neutron shell in beryllium is visible from the ex-
perimental data. This effect is masked by the sta-
tistics of theoretical results. The theoretical spec-
tra for beryllium are illustrated elsewhere.

To examine the effect that the diffuseness of the
nuclear edge may have on the spectra, a case was
run in which the nucleon density was uniform and
the nucleus had the rms radius of the continuous
charge distribution. The resulting m spectra
are illustrated in Fig. 26 and can be compared
with those in Fig. 25. It is clear that the effect
at the edge of the nucleus for these reactions is
significant.

The agreement with experiment for a lead tar-
get (Figs. 2V and 28) is not as good as for the car-
bon and copper targets.
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TABLE XVII. Theoretical cross sections for the
"(p,pm+)" reactions on ~~Cu following the cascade and
following the cascade and evaporation.

FIG. 33. Reactions of the type (p, pn) for protons on
the targets Qlustrated. The solid and dashed curves are
drawn through the data merely to guide the eye. The
symbols are as follows: ~, theoretical; for experimen-
tal: 0, Markowitz, Rowland, and Friedlander (see Ref.
46); g, J. Hudis et al. , Phys. Rev. 129, 434 (1961).

Incident proton
energy (QeV)

Theoretical cross section (mb)
After cascade

After cascade and evaporation
TABLE XVIII. Theoretical cross sections for several

specific cascade reactions for protons on Cu.

0.5
1.0
1.5
2.0
2.5
3.0

0.61

1.3
3.2
4.6
3.1
3.7

0.12+0.12

0.49 +0.24

0.73 +0.30

1.1 +0.5
1.5 +0.5
1.6 ~0.4

Reaction

Cascade cross section (mb)
Proton energy (GeV)

2.0 2.51.5 3.0

(p, p~+~O)

(p, n2m+)
0.12
0

0.18
0

0.18
0

0.19
0

Cross sections for all other reactions that could
lead to a 65Ni Gnal state were calculated to be zero.
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TABLE XIX. Average value of the forward projection
of the recoil kinetic energy (MeV) for the reaction 65Cu-

(p, p m+)65Ni.

Incident proton
energy (GeV) Cascade calculation ~ PPE b

0.5
1.Q
1.5
2.0
2.5
3.0.

1.6
0 44
0.25
0.18
0.15
0.19

1,29
0.75
0.55
0.49
0.48
0.50

Method of calculation described in text.
b L. P. Remsberg, Phys. Rev. 138, B572 (1965).

Spallation Products

Incident Protons

Spallation yields from protons on "Al, "As,
~'Ag, and ~'Bi will be discussed briefly in this
section, and comparisons with experiment will be
made. Also, (p, pn) and (p, pv') reactions will be
discussed. Comparisons of the calculated yields
with experimental data for protons on carbon and
iodine are illustrated in Ref. 26, but the results
will be described here. The effects of fission on
spallation yields from heavy elements will be dis-
cussed in the following article. "

C. In the proton energy range from about 0.3
to 3 GeV the theoretical spallation cross sections
for producing "C, "C, and 'Li from protons on
~C were calculated and compared with experimen-
tal data. The "C cross sections are overestimat-
ed by about 60$O, the ~C cross sections are in
good agreement, and the 'Li cross sections are
in fair agreement. The term "good" implies that
most of the data points show overlapping error
bars for 1 standard deviation, while "fair" im-
plies that there is an overlap for 2 standard de-
viations. The calculations were repeated using
a uniform nucleon-density distribution with the

rms radius for the continuous charge distribu-
tion, "and it was found that the resulting cross
sections were about a factor of 5 to 10 smaller
than when the diffuse nuclear edge is included.
With the diffuse edge, the theoretical cross sec-
tion for producing 4Be was about a factor of 10
smaller than the measured value, "and it made
little difference whether 'Be instantaneous break-
up was included' in the evaporation calculation
or not. This indicates a probable need to include
fragmentation effects in the evaporation calcula-
tion.

'Al. Spallation-product cross sections for pro-
tons from 0.5 to 3 GeV on aluminum are shown in
Fig. 29 and in Table XI. As illustrated in the fig-
ure, the agreement is excellent for the "Na and
"Fl products, but a discrepancy of factors of 2
to 4 exist for the ' Na and "O. Larger discrepan-
cies exist for the more infrequently produced prod-
ucts (Table XI), but the discrepancies are not sys-
tematic. These cross sections are quite small,
and, as indicated previously, "the theory does not
accurately reproduce these data.

Probably the most interesting product from
these reactions is that of "Mg. Others have as-
sumed that this isotope was produced predominant-
ly through the (P, Pv') mode, " and this was con-
firmed theoretically in that the theoretical cross
section for any other possible mode of production
[for example, (P, Pw's ) or (P, w') followed by pro-
ton evaporation] was either zero or completely
insignificant compared to the direct (p, pv') mech-
anism.

As with the carbon target, the predicted cross
section for producing 'Be completely underesti-
mates the experimental data. ~ The results from
the calculation, as before, are insensitive to the
inclusion or exclusion of instantaneous 'Be break-
up in the evaporation calculation. ~ This calcula-
tion does not include the evaporation of particles
heavier than 'He. Evaporation models that were
modified to permit the evaporation of heavier

TABLE XX. Knockout reactions for light elements from incident 7r+ and n mesons at 180 MeV.

Incident
pion Target

Product
nuclei

Cross section (mb)
Theor. Exp. '

Ratio [0(m )/a(7l )]
Theor. Exp.

12(
12C

14N

'4N

16p
16P

11(
ii C

13N

13N

15P
15P

37+2
91+4

24+ 2
49+3

31+'2

83+3

75 +4
72+6

56+6
53+6

41+4
42+4

0.41

0.49

0.37

1.03

1.Q5

0.98

D. T. Chivers ef al., Nucl. Phys. A126, 129 (1969).
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clusters such as 'Be and "N have been fairly suc-
cessful in predicting their yields from medium-
to heavy-weight targets. ' Although the validity
of the concept may be questionable for a lighter-
weight target, a test of the applicability of the
evaporation concept for 'Be in these reactions
would be worthwhile, since the present model
fails in this regard.

Table XII illustrates the results for the forward
momentum transferred in the (p, pv') reaction,
and the agreement with the experimental data is
fairly reasonable. However, the theoretical re-
sults include all cascade (p, pv') reactions, i.e.,
even those in which high excitation energy is trans-
ferred to the residual nucleus, and hence the cal-
culated forward momentum transferred should be
somewhat greater than the experimental values,
rather than smaller. This discrepancy is difficult
to explain.

As. The spallation-product yields for 2.9-GeV
protons on arsenic are shown in Table XIII, and
the theoretical cross sections are in good agree-
ment with the experimental data. The cross sec-
tions vs Z —Z„, where Z„ is the charge of the
most stable element for a given mass, 4' are plot-
ted in Fig. 30 for the products with mass number
72, and the expected Gaussian variation is ob-
served. Plots such as these are sometimes used
in determining the total mass yields of nuclides
with mass numbers near those for which data are
obtained; i.e., the curve is assumed to be univer-
sal for neighboring mass regions. ~ For example,
Kaufman estimates that the region of constant
mass yield from the reaction under consideration
ranges from 66 to 73. However, indications
from the data in Table XIV are that this region
might be much narrower, and hence considerable
care must be exercised in the extrapolation of

cross-section values into regions in which the
mass yield is not completely determined.

Ag. Reasonable agreement is again found in
the comparison of theoretical and experimental
total mass yields from 3-GeV protons on silver,
as is shown in Fig. 31. Although somewhat masked
by statistics, the calculated values appear to over-
estimate the data in the mass region from about 20
to 60 mass units, and the shapes of the distribu-
tions in the low-mass region appear to diverge.
The prediction from the model is that the cross
section tends to zero for low masses, while the
experimental data show an increase for decreas-
ing mass, and hence this indicates a need to in-
clude fragmentation reactions in the model.

I. Illustrated elsewhere ' are reactions of the
type "(p, pan)" vs proton energy over the range 0.1
to 2 GeV. There are usually several paths to form-
ing the final spallation product when reaction ener-
gies are greater than the pion threshold, and hence
the reactions are not true (p, pxn) reactions. In
these cases, the notation is symbolic designating

0.5

0.2

0.1

TABLE XXI. Cross sections for the production of iiC
and F from 7l- on 37Al. 0.05

65 o + ii 65
&&Cu (p, p m+) &8Ni

n- Energy
(GeV) Theor.

Cross sections (mb)
fiC

6
18F
9

Exp. Theo r. Exp.
0.02

0.45
0.5
0.7
0.9
1.0
1.46
1.5
1.76

0.5 + 0.2

0.9 +0.3

0.7 +0.2

2.2 +0.3

3.8 +0.4
4.2 +0.4

5.8 +0.9

4.9+ 1.0

4+1

5+1

4+1

6.2+ 0.8

6.2+ 0.6
6.8 + 0.5

6.0+1.0

6.6+1.0

A. M. Poskanzer and L. P. Remsberg, Phys. Rev.
134, B779 (1964).

0.0)
0.5 ).0 &. 5 2.0 2.5

INCIDENT PROTON ENERGY (GeV)
3.0

FIG. 34. Reaction of the type (P, p7I+) for protons on
65Cu. The dashed line connects theoretical values calcu-
lated with an exclusion principle bypass, as described in
the text. The solid circles are the theoretical values for
the unmodified calculation. The symbols are as follows:
Q, —--, theoretical; experimental: &, Remsberg (see
Ref. 47).
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the final product and not the reaction path. The
agreement of the theoretical values with the ex-
perimental data of Ladenbauer and Winsberg 4 is
excellent for x up to '7, but the values differ from
the data of Kuznetsova, Mekhedov, and Khalkin"
for a few products. Table XV shows the effects
of the diffuse nuclear edge. Table XVI illustrates
comparisons with the data of Ladenbauer and Wins-
berg" for reactions leading to tellurium, and the
agreement is only fair.

Bi. A significant discrepancy with the exper-
imental data for 660-MeV protons in bismuth is
illustrated in Fig. 32. (One should be aware of the
shifting scale of the abscissa in this figure. } The
predicted mass yield for a given Z peaks at mass-
es quite far removed from the valley of stability
as the atomic number of the spallation product
becomes smaller. One reason for this may be a
breakdown of the evaporation model presently em-
ployed30 for the spallation products in question.
On the average, one gets "„'Pb from the cascade
phase for this reaction, which is in the valley of
stability. The average excitation energy following
the cascade is 179 MeV. The average momentum
of the residual nuclei following the cascade is 598.
On the average, the number of evaporation parti-
cles is 11.7 for neutrons, 1.5 for protons, and
only 0.11 for o particles. A mechanism for en-
hancing the emission of e and other charged par-
ticles would help in alleviating this discrepancy,
and the method suggested that includes the effects
of high angular momentum" should be explored
further. As mentioned before, the theoretical neu-
tron multiplicities for the heavy elements could be
smaller without affecting the agreement with ex-
perimental data.

Another reason for the discrepancy may be the
lack of a process for direct knockout of a particles
in the cascade. If these a particles were emitted
at high energies, they would leave a "cooler" nu-
cleus that would evaporate fewer neutrons.

"(p,pn)" reactions. Reactions of the type "(p,pn)"
for incident protons on several targets are shown
in Fig. 33. The calculation overestimates the
cross section in these reactions for the light tar-
get elements, and the reason for this is complete-
ly obscure. Good agreement is obtained for the

other targets. The experimentally determined
"'Ta cross section was measured for transitions
to the metastable state only, and hence is smaller
than mould be expected if transitions to the ground
state were included. 46

Calculations were carried out for 400-MeV pro-
tons on targets in the mass range 54 to 65 to in-
vestigate the ability of the model to predict the
significantly different (p, pn) cross sections" for
"Fe and "Ni as opposed to "Cu, "Cu, and ' Zn.
No differences, other than statistical, were found.
As discussed by Markowitz, Rowland, and Fried-
lander, 4' these differences might be due to shell-
structure effects that are not included in the model.

"|'P,Pp')" reactions. The cross sections for re-
actions of protons on "Cu leading to a "¹ifinal
state are shown in Fig. 34 where a discrepancy
between the calculated values and the experimen-
tal data is illustrated. The difference in magni-
tude is not as disturbing as the difference in shape
because such a simple mechanism would appear
amenable to reproduction by the cascade theory.
One would expect that the cross section for this
reaction would roughly assume the shape of the
free-particle P-p cross section for singl. e-pion-
production reactions (Fig. 3) as is the case for
the experimental data as shown in Fig. 34. How-
ever, this is not the case for the theoretical re-
sults.

Several possible causes for the discrepancy
were examined, and a satisfactory explanation
was not found in any. For example, Table XVII
contains the theoretical cross sections following
the cascade, and following the cascade and evap-
oration. The cross section following the cascade
more nearly resembles the desired shape, but
this is not reflected in the product yield. The con-
tribution of the cross sections from paths other
than the (p, pw') path was examined and their con-
tributions, shown in Table XVIII are negligible.
Finally, the effect of the exclusion principle was
examined. The connection between this principle
and the discrepancy is that at low energies the
reaction might be inhibited by the exclusion prin-
ciple, since the energies of the emerging nucleons
from particle-particle production reactions would
be small, and at higher energies this effect would

TABLE X3QI. Calculated cross sections for reactions from the cascade that could lead to C final states from 7f. on C.
7i'- Energy

(«v) (7r-, n-) (r ~ 2' )

Cross sections from cascade (mb) ~

(71 Yfon' ) (n—,x n) (n'-, n 7)'On) (7r . 2r p) (7l-, 2xon. -n}

0.9
1.4

7.5
5.7

0.13
0.06

0.39
0.45

20.0
24.6

13.3
19.6

2.3
3.4

0
0.13

'The cross section for all other reactions that could lead to a carbon-11 final state were calculated to be zero.
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essentially vanish. The calculations were repeat-
ed with the exclusion principle bypassed in the
program for nucleon-nucleon single-production
events only, and the resulting cross sections are
illustrated by the dashed line in Fig. 34. There
is only a slight improvement in the shape, and
hence the cause of the discrepancy when the cas-
cade theory is used remains unknown. Remsberg
has been able to better reproduce the shape of this
curve by employing one-pion-exchange theory
(OPE)." The main difference between the OPE
approach and the cascade theory is that the latter
uses the isobar model while the former uses OPE
theory to describe the details of the pion produc-
tion through the individual particle-particle reac-
tions. In both approaches the energy dependence
of the cross section should be the same, and hence
it is difficult to see why a somewhat different de-
scription of the details of the reaction should yield
such differences in the energy dependence of the

(p, pw') cross section.
An additional comparison between the predic-

tions of the cascade theory and the OPE for this
reaction is in the predictions of the average for-
ward kinetic energy of the "Ni shown in Table XIX.
Even though the OPE results require normaliza-
tion, they predict the experimental shape4' better
than the cascade theory. For the cascade results,
the average forward energy was assumed to be
given by

&pcosS&&p&
2A

a large contributer. ~ However, one must essen-
tially give up the theory of direct interactions with
single particles in order to explain the cross-sec-
tion ratios of unity. Clearly these results should
be experimentally confirmed. Table XX illustrates
the comparison of the theoretical predictions from
the cascade theory with the experimental data, and
the theoretical ratios are consistent with the im-
pulse approximations, as is to be expected.

Spallation yields from m on carbon, aluminum,
and argon are illustrated in Figs. 35 and 36, and
in Table XXI. The agreement of the theoretical
results with the experimental data is generally
poor to fair. Probably the most significant defi-
ciency in the model that contributes to these dis-
crepancies is the lack of a mechanism for produc-
ing more than one pion in the individual pion-nucle-
on collisions.

Since only the end product is determined in spal-
lation-product experiments, one must merely spec-
ulate as to which is the dominant path leading to
the formation of the end product. In order to shed
some light on this problem for a specific case, the
reaction leading to "C from m on ~C was studied
in some detail. Table XXII illustrates the predict-
ed cross sections for all cascade paths that might
lead to "C. Although it is generally assumed that
the (w, w n) reaction dominates, note the signifi-
cant contribution from the (w, w w s) mode. Fig-
ure 37 shows the excitation energy distribution for
the residual nuclei for these two reactions. Inte-
gration over these curves from 0 to 9 MeV, which

where p is the recoil momentum of the residual
nucleus from the cascade for the (p, pw') reaction
only, and A is the mass of "Ni. As before, this
reaction can be readily calculated from the com-
puter programs for the cascade phase only, and
this might be a cause for the discrepancy. Further
theoretical analysis of these results in order to de-
termine the cause of the different predictions from
the two theories appears worthwhile.

Incident Pions
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40
E
b
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20
0

10—— -- -i

w +6C 6C+x12 II

The results of a significant experiment have
been published recently where light elements were
bombarded by m' and m mesons with energies at
180 MeV, the peak of the —,', —,

' resonance. ~ Cross
sections for the ~C- "C, "N- N, and "0-"Q
reactions were determined, and the ratio of the
m' to the m cross section for each element was
found to be 1, within a 10% experimental error.
The impulse approximation predicts this ratio to
be about 1/3. Chivers et sl. argue that the cross
section for coherent inelastic scattering could be

0
0.7 0.8 0.9 1.0 I.I 1.2 1.3 1.4 1.5 1.6 1.7

ENERGY (GeV)

FIG. 35. Cross sections for the production of C from
incident n mesons. The experimental error in the data
of Kaufman and Homer is about the size of the symbols.
The symbols are as follows: ~, theoretical; for experi-
mental: &, S. KanffFian and C. O. Homer, Phys. Rev.
154, 924 (1967); 6, , A. M. Poskanzer and L. P. Rems-
berg, Phys. Rev. 134, B779 (1964); 9, P. L. Reeder
and S. S. Markowitz, Phys. Rev. 133, B639 (1964).
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is the binding energy of the most loosely bound
nucleon (a proton for "C},9 gives the fraction of
the cascade cross sections that leads to "C.
Hence, both reactions contribute about equal frac-
tions of their cross sections to the final state.

100

ON 18Ar
80

60
"CI17

CONCLUSIONS

The intranuclear-cascade evaporation model
can predict the nonelastic cross sections, the nu-
cleon multiplicities, the secondary nucleon and
pion angle-energy-correlated spectra, and the
yield of many spallation products with reasonable
accuracy for the continuum-state transitions in-
volving incident pions and nucleons on complex
nuclei at interaction energies ranging from about
100 MeV to 3 GeV. One computer program, with-

out adjustable parameters, can be used in the cal-
culation of these quantities which indicates the
power of the method.

The following are discrepancies observed be-
tween the theoretical predictions and experimen-
tal data that appear to be direct reflections of
deficiencies in the model: (a) The theoretical re-
sults grossly underestimate the production of 'Be
from high-energy protons on carbon and aluminum.
This situation might be ameliorated by the inclu-
sion of 'Be evaporations in the model, or the adop-
tion of some other method for calcul. ating fragmen-
tation reactions. Besides this particular discrep-
ancy, there is experimental evidence that light
elements, such as chlorine, are emitted from 1-
to 3-GeV protons on targets such as lead, ~ "
while the theory incorporating the evaporation of
single nucleons and small clusters of nucleons
fails to yield these light elements. (b) The theo-
retical results overestimate the cross sections
for the relatively simple reactions of the type
(v, v n) at high energies, while the total pion
multiplicity for incident pions is underestimated.
Both discrepancies can be attributed to the lack,
within the model, of a means of producing more
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FIG. 36. Cross sections for producing 39C1 and Cl
from 1t' reactions with argon. The experimental data
are from C. O. Bower and S. Kaufman, Phys. Hev. 144,
917 t,'1966). The experimental error, where not illus-
trated, is smaller than the symbols.
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FIG. 37. Calculated excitation energy distributions
following the cascade for the reactions indicated from
900-MeV 7r on ~2C.
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than one pion in the individual pion-nucleon reac-
tions that occur within the nucleus. (c) The theo-
retical results underestimate the a-to-proton
yield ratio for high-energy protons on heavy tar-
gets, and furthermore the mass yield curves for
given Z's, which are several protons removed
from the target, peak at nuclide values that are
very neutron-deficient. The suggested method of
enhancing a-particle emissions by Gilat and
Grover" should serve as a guide to explore the
resolution of these discrepancies. Additionally,
the effect of direct knockout of a particles in the
cascade could be investigated.

The following are discrepancies observed for
which there are no explanations readily available:
(a) a lack of consistency in the predictions of
spallation-product yields for high-energy reac-
tions. For example, the theoretical cross sec-
tions for producing 22Na from 0.5- to 3-GeV pro-
tons on aluminum are in excellent agreement with
the experimental data, while the predictions for
producing "Na from the same reactions are about
a factor of 2 smaller than the data. (b) The shape
of the (P, Pw') reaction cross sections for "Cu is
not properly reproduced by the theory; and finally,
(c) the ratio of the w' to m cross sections for re-
actions of the type m'+ "C-"C+y at 180 MeV does
not correspond to the experimental values. All of
the discrepancies can be subjects for further theo-
retical investigation.

PROGRAM INFORMATION

The calculation is programmed in FORTRAN with
a few of the subroutines in assembly language. It

operates on the IBM 360/75 and 360/91 computers
The running times on the 360/91 per 1000 incident
particles are about 15 sec for oxygen to 3 min for
lead at reaction energies of 1 GeV. At 3 GeV, the
running time is approximately doubled. The min-
imum number of histories run for this paper was
2000 in calculating the inelastic cross sections,
and the maximum number was 100000 in calculat-
ing some of the secondary-pion spectra at reac-
tion energies of 660 MeV. A large quantity of data
that was generated using this code is available,
and its description and the method for obtaining
it was given elsewhere. " The present cascade
code, MECC-7, is now available from RSIC." It
replaces the earlier version, MECC-3, described
in Refs. 51 and 5.
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