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We present a generalization of the Hartree-Fock (HF) method incorporating two-body cor-
relations. The correlations are introduced by means of a unitary operator ef, where F is
a Hermitian one- and two-body operator to be determined by the variational principle. As-
suming that the matrix elements of F are small so that powers of F higher than the second
may be neglected, a set of linear equations determining F is obtained. The relation between
our method and methods used to treat singular interactions is discussed. The method is ap-
plied to two recently suggested models and is compared with the HF method, second-order
perturbation theory, and with the random-phase approximation, It is found that our method
yields very good results within the range of validity of our approximations, which seems to
call forth applications to more realistic problems. Possible applications to the study of col-
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lective phenomena in nuclei are indicated.

I. INTRODUCTION

In a previous introductory note some features of
a new approximate treatment of the nuclear many -
body problem were sketched.' In the present pa-
per we would like
(a) to present and discuss this method in more de -
tail;

(b) to present results of its application to two mod-
els which are more complicated and (hopefully)
more realistic than the model employed in I;

(c) to comment on further possible applications of
the method, particularly in regard to the study of
collective phenomena in nuclei.

The nuclear Hamiltonian, being a Hermitian op-
erator, may be diagonalized by a unitary trans-
formation. This unitary transformation may be
represented by the unitary operator ¢'f, where F
is a Hermitian many -body operator. In Sec. II we
start by considering the Hartree-Fock (HF) meth-
od as a particular scheme for an approximate cal-
culation of the operator F. The main virtue of
these considerations is that this form of the HF
method readily suggests both a generalization and
a further approximation. These form the main
subjects of that section. Our method is essential -
ly based on the assumption that the interaction is
nonsingular. At the end of Sec. II we discuss the
relationship of our approach to methods used in
treating singular interactions. It is seen that de-
spite some outward formal similarities, the meth-
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ods are basically different. The source of the dif-
ference lies (of course) in the different assump-
tions made about the interaction. The application
of the method to two solvable models is dealt with
in Sec. III. Both models may be regarded as gen-
eralizations of the two-level Lipkin model consid-
ered in I. One of them is a two-level model due to
Abecasis, Faessler, and Plastino (AFP),2 which
has a nontrivial HF solution for any values of its
parameters. The other model is a three-level mod-
el proposed by Li, Klein, and Dreizler (LKD) 3'*
(this model has nontrivial HF solutions only in the
“strong-coupling” case, which is not considered
in the present paper). The results of our approach
are compared with the exact ones and with those
of standard approximations, viz., the HF method,
the random -phase approximation (RPA), and sec-
ond-order perturbation theory. We regard these
applications as an intermediate stage between the
testing of the method by the Lipkin model! and the
two-level pairing model® and an application to real
nuclei. Indeed, the results obtained so far (in
Refs. 1 and 5 and in the present paper) seem to
warrant the application of the method to realistic
problems, especially along the lines to be suggest-
ed in Sec. IV. The applications of the method to
the solvable models suggest possible simplifica -
tions and variations of the method, which may be
particularly suitable to treating collective phenom -
ena in nuclei. These possibilities are discussed

in the last section.
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II. GENERALIZATION OF THE
HARTREE-FOCK METHOD

We study an N-fermion system with a Hamilto-
nian H,

1 T,1
H=Z}taﬂa;ra5 +;§) Vas, y60aapa5ay - (2.1)
oB aBys
Here, a; is a creation operator for a single -fer -

mion state, the index o represents all the relevant
quantum numbers, and Vgg,s is the antisymme -
trized matrix element of the interaction. Let us
start by a brief review of the HF method in a for-
mulation which most naturally leads to our gener -
alization. The HF method (see, e.g., the work of
Villars® for a detailed discussion) is a variational
principle for the determination of the best single -
particle wave functions. Let the set {A]} repre-
sent single -particle creation operators which are
a solution of the HF problem, and let lxo> be the
corresponding HF ground state, i.e.,

N
Ixo>=IIIAJIO>. (2.2)
pre
The variational principle applied to |x,) leads
immediately (see Ref. 6) to the “Brillouin condi-
tion” and to the HF equation, which is a nonlinear
equation determining the set {A}}. However, we
may adopt a slightly different point of view.” Let
|®,) be the Slater determinant representing the un-
perturbed ground state, i.e.,®

N
|€,)=IT a}|0). (2.3)
#=1

The two single-particle sets {A]} and {a]}are re-
lated through a unitary transformation

Al=e'fale ¥, (2.4)

and the two approximate ground states |&,) and
| xo) are related through

[xo) =€'"|@,) , (2.5)

where F is a Hermitian single-particle operator.
In general, the Hamiltonian may be diagonalized
by a unitary transformation ‘¥ and the real ground
state is related to |®,) by an equation similar to
(2.5), where K is a Hermitian many-body operator.
In the HF approach, one restricts K to be a single -
particle operator, and a solution of the HF prob-
lem is equivalent to the determination of F [Eqgs.
(2.4), (2.5)] from the variational principle

& xo|H| xo) = @l e T He'F |@,) =0 . (2.6)

Obviously, the variation in Eq. (2.6) is with re-
spect to the matrix elements of F, and, in general,
it leads to a set of nonlinear equations (of infinite
order) for these matrix elements. In this respect,

this point of view of the HF method seems to be of
no use as a means to an exact solution of the HF
equation. However, this point of view does sug-
gest a possible approximate solution of the equa-
tion for F. Suppose that the initial set {a;r} is not
too bad an approximation to the set {A}, and es-
pecially that |®,) is not too bad an approximation
to Ix,,). Under these assumptions it seems plaus-
ible that the matrix elements of F are small so
that higher powers of F than the second may be
neglected. Writing

F=Efopaf,au +H.c., (2.7)
on

expanding (®,|e”**He'" |®,) up to second order in
F, and carrying out the variation, one obtains a
set of linear equations for the matrix elements of
F.

Now, the above form of the HF problem suggests
an obvious generalization incorporating two-body
correlations. In analogy to Eq. (2.4), let us now
introduce new fermion operators b,I via the uni-
tary transformation

bl =eFaleiF (2.8)

where now F is a one- and {wo-body Hermitian op-
erator

Tt
F=ZOV_;“fc,uaf,all + OZM)D Sfor.w@oasa,a,+H.c.
(2.9)

Formally, the ot operators behave as single-par -
ticle fermion operators and, again in analogy to
the HF problem, we may use the variational prin-
ciple to determine the best ground state ]4:,,) which
is a Slater determinant of the bT’s, i.e., it has the
form

N
[4o) =TI b, 10) . (2.10)
p=1
Obviously, |¢,) is related to the unperturbed
ground state |®,) through

[4)=€'"|@,),

and the variational principle now consists in min-
imizing

E(F) =, |H| py) =(@,| e *FHe'F | )

with respect to the independent variational param -
eters fou, for,uys fEu, and f¥%, ,,. Clearly, this
operator F [Eq. (2.9)] is expected to be a much bet-
ter approximation to the operator K, which was
mentioned previously, than the operator F[Eq.
(2.7)] of the HF problem, and we expect the states
formed by the b' operators to be a much better
approximation to the exact eigenstates of the sys-
tem than the HF states. Of course, since F is de-
termined from the variational principle for the

(2.11)

(2.12)
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ground state, we may expect an improved descrip-
tion mostly for the low-lying states.

However, all these expectations depend to a
large extent on the possibility of solving the vari-
ational problem exactly. But, even more than in
the HF case, carrying out the exact variation of
Eq. (2.12) to all orders in F will not yield any
tractable set of equations. Still, in analogy to the
approximate treatment of the HF problem,” we
may attempt an approximate treatment of the vari-
ational problem. Let us note that within the frame-
work of the shell model, the low-lying unperturbed
states usually furnish a rather satisfactory de-
scription of the single-particle properties of nu-
clei, and this is especially true for the shell-mod -
el ground state. In addition, the single-particle
shell-model Hamiltonian with a residual (rather
weak) interaction is successful even at explaining
collective phenomena in nuclei.® Under these cir-
cumstances it seems reasonable to assume (cf.
the work of da Providéncia!?) that the matrix ele-
ments f oy and fo, ,, are small enough so that an
expansion in powers of F may be terminated after
the second power. The validity of this assumption
and of the whole approach should, of course, be
checked separately for every case to be consid-
ered. But, at least the internal consistency of our
method is easily checked, since once we have
solved the equations determining F we can imme-
diately observe whether our assumption comes
true and the matrix elements of F are indeed
small.

Let us now return to the problem of the varia-
tion of Eq. (2.12). Up to second order in F, the
expression to be varied reads

E(F)=(®,|H|®,) +i®,|[H, F]|®,)
+31%®,|[[H, F], F]|®,) . (2.13)

Before proceeding further, we find it convenient
to introduce a more compact notation (cf. the work
of Rowe!'). This will facilitate both the writing of
the set of equations obtained from the variation
and the discussion in Sec. IV. Denote the set of
one - and two-body operators {af,a“, al, al a, a,} by
the set {A;r }» and denote the set of matrix ele-

ments {fou, for,ut by {fi}. In this notation the op-
erator F reads

F=%f,A] +H.c. (2.14)
i

Define now the matrices # and w as follows:
ki =3(@,1[A,, [H, ATl @,) +(2,[[[A,, H), A]l€,)),
(2.15)

wiy=3((2,l[A, [A,, H]]I®4) +(@,|[[H,A,],4,]]2,)).
(2.16)

Also define'?

VIE(‘DQI[HyAi”Qo>- (2.17)

Using the above definitions, the set of equations
obtained after varying Eq. (2.13) with respect to
the f’s and f*’s reads

o 1) ()= (74)

From Eq. (2.18) it is clear that for the case when
the residual interaction is not too strong, the as-
sumption that the matrix elements of F are small
is likely to be valid.

Once the equations determining F' have been
solved, we may follow either of two possibilities
which are completely equivalent. One possibility
is as follows: The transformation (2.8) can be in-
verted to yield the a"s in terms of the b"’s,

(2.18)

al=e 'Fplelt .

(2.19)

It is easily verified that in terms of the b opera-
tors F reads®®

F=3 foubbby+ 3 foruwbiblb b, +H.c. (2.20)

op oTHY

Using Eqgs. (2.19) and (2.20) we can express H in
terms of the b" operators, and the b"’s now play
the role of single-particle creation operators,
completely similar to the role of the A;’s (repre-
senting the solution of the HF problem) in HF the-
ory. Since the operator F defining the b7 oper -
ators [Eq. (2.8)] includes a genuinely essential
two-body part (whereas, in the HF case F is
strictly a single-particle operator), it is obvious
that H expressed by means of the b operators is a
many -body operator (while in the HF case express-
ing H in terms of the A,’s leaves us again with a
two-body operator). This drawback is offset by
the fact that as a consequence of our fundamental
assumption we ought to express H in terms of the
b’s only up to second order in F, and this means
that the expression of H in terms of the &’s is at
the most a four-body operator. The second possi-
bility'* is, once we have obtained F, to use (as in
I) the unitary operator e'¥ to define a new Hamil-
tonian H':

H'=e '*FHe'T (2.21)

which has, of course, the same spectrum as H and
its eigenfunctions are related to those of H via the
transformation e'f. To the extent that we have
succeeded in including in F important two-body
correlations, these very same correlations will

be absent in H’ and, to that extent, H’ describes
“dressed particles” interacting more weakly than
the “bare particles” described by H.'* The unper-
turbed states corresponding to these “dressed par-
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FIG. 1. Comparison of exact and approximate results
for the AFP model. Excitation energy of the first excit-
ed state versus the number of particles for a fixed inter-
action strength NV/e =0.6. (The results of our approxi-
mation are denoted by F.)

ticles” are expected to be a better zero-order de -
scription of the system than the corresponding
states of the “bare particles” and in the same vein
it is expected that any approximation method which
could have been applied to H would yield even bet-
ter results when applied to H’. In practice, we
hope that already the diagonal matrix elements of
H' (i.e., first-order perturbation theory applied to
H') are sufficient to provide a rather accurate de-
scription of the low-lying energy levels of the sys-
tem.

At this point, it seems worthwhile to comment
on the relation between our method and methods
devised to cope with singular interactions. Our
method is appropriate for dealing with relatively
weak interactions. This is indeed the case when
one considers the shell-model Hamiltonian with a
residual interaction, and the usual microscopic
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FIG. 2. The same as Fig. 1 for the excitation energy
of the second excited state.
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FIG. 3. The same as Fig. 1 for fixed interaction
strength NV/e =—1.0 (for N >24 the F approximation
practically coincides with the HF approximation).

descriptions of collective states in nuclei are
based on this kind of Hamiltonian.® ¢ On the other
hand, the interaction between free nucleons (as
determined from nucleon-nucleon scattering) is
usually considered to include a short-range hard-
core component. Methods which are suitable to
deal with a weak long-range force!” seem by their
very nature to be unfit for dealing with strong
short-range forces, and vice versa. Indeed, in
terms of Feynman diagrams one deals with a weak
long -range force by summing diagrams which dif-
fer in the number of interacting particles they con-
tain, while the case of short-range forces is treat-
ed by summing diagrams grouped together accord-
ing to the number of interacting particles they con-
tain. In the latter case, in any given term the sig-
nificant factor is the number of interacting parti-
cles rather than the number of interactions.!® This
means that the theory for dealing with strong

NV/e=-1.0
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N

FIG. 4. The same as Fig. 3 for the excitation energy
of the second excited state.
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short-range correlations is essentially a cluster
theory,!® and indeed the more recent developments
of the Brueckner method (see, e.g., Refs. 9 and
18), as well as the Jastrow method!® and the Vil-
lar’s unitary -model-operator approach,®2%2! all
resort to some version of a cluster expansion.

To see how the different assumptions concern-
ing the nature of the interaction lead to different
formalisms, let us return to the expression of H
in terms of the b operators (or, alternatively,
return to H’). H as a functional of the b operators
(or H' as a functional of the a'’s) is an infinite
power series in the matrix elements of F. In our
approach we have assumed that these matrix ele-
ments are small so that the series may be trun-
cated at the second power of F. This assumption
seems to hold when the interaction is not too strong
[see Eq. (2.18)]. However, for an interaction con-
taining a hard core this assumption is certainly
wrong and one has to perform partial summations
in order to obtain nondivergent results. One nat-
ural way of performing these summations is to ex-
press H as a sum of a one-body operator, two-
body operator, etc.® in terms of the b operators,
ie.,

H=3 tygblbg+ 3 uly 1sblbhbsb, ++ -,
afl aBys
(2.22)

where® 2!
u$3,ys=(aBle F2(t +t,+v,)etF1z = (t, +4,)|y0) .
(2.23)

Here, e'f12 defines the action of ¢'% in the space

of two-particle wave functions, and |aB) =ala}|0).
A general procedure for computing the many -body
terms implicit in Eq. (2.22) is discussed in Ref.
21. Equation (2.22) is the starting point of the uni-
tary -model-operator approach.®:2° It represents
a particular method of summing the infinite power
series in F and constitutes a cluster expansion of
H [or of H', if we substitute the a operators for
the b operators in (2.22)]. This seems to be the
proper treatment of a strong short-range interac-
tion, while for a weak long-range interaction our
approach seems appropriate.

Finally, let us point out an essential difference
between the approximate solution of the HF prob-
lem (Ref. 7) and the approximate treatment of the
Hamiltonian suggested in the present paper. The
method of Ref. 7 is, af best, merely an approxi-
mate solution of the HF equations. It can be con-
sidered as a good approximation to the low-lying
states of the system only insofar as two condi-
tions are satisfied, namely, that it is a good ap-
proximation to the HF problem, and the HF states
furnish a good description of the low-lying states.
On the other hand, the method of the present pa-
per does not depend on the HF solution being a
good one. In fact, in the next section we shall see
that our method is a much better approximation to
the exact solution than the HF method.

III. APPLICATIONS

In the present section we apply the method pro-
posed in I and in the previous section to two solv-
able models?3 which simulate the nuclear shell

TABLE I. Comparison of exact and approximate results for the first five excitation energies in the LKD model.

Values of the

E —E, E,—E, E,—E, E,-E, E.—E,
parameters € — € €y — €4 € —€y € — € €y — €4
N=6 ¢=1.8 Exact 1.900 2.299 3.577 4.200 4.785
y=2=0.5 x=1.0 F appr. 1.833 2,227 3.667 4.117 4.616
NW;;=0.8 Pert. 1.625 2.369 4.007 4.225 5.034
NW3=0.4 RPA 1.633 1.958 3.591 5.224 5.549
NW,y;=0.2
N=6 €=1.8 Exact 2.007 2.326 3.728 4.199 4.647
x=—0.8 y=0.4 z=0 F appr. 1.988 2.292 3.803 4.190 4.610
NW;,=0.8 Pert. 1.880 2.404 4.064 4.312 4.890
NWi3=0.4 RPA 1.915 2.155 4.070 4.310 5.745
NW,y;=0.2

As above except Exact 1.925 2.190 3.742 4.248 4.852
for x=y=2=0.8 F appr. 1.682 2.109 4.037 4.081 4.182
Pert. 1.731 1.978 4.139 4.395 4,732

RPA 0.570 1.787 3.507 4.067 4.637

N=20 €=1.8 Exact 0.839 1.094 1.738 2.093 2.595
x=0.4 F appr. 0.800 1.104 1.680 2.037 2.446
y=2=0.5 Pert. 0.784 1.088 1.651 1.980 2.421
NW;;=0 RPA 0.562 0.649 1.124 1.773 2.047
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model with a residual interaction. These models
were suggested recently for testing new approxi-
mation methods in the nuclear many-body problem.
Both models are more complicated than the Lipkin
model?? employed in I, and therefore may be ex-
pected to be more realistic than the Lipkin model.
We study the excitation energies of states which
may be reached from the ground state by the ap-
plication of one- and two-particle operators.
These are the states which are usually studied
within the RPA.

A. AFP Model (Ref. 2)

The feature of this model which makes it more
realistic than the Lipkin model is that it yields a
nontrivial HF solution for all values of the inter-
action strength. The model consists of N fermions
distributed between two single -particle energy
levels. The two levels are separated by an energy
difference €, and each level is N-fold degenerate.
The creation operators for the single -particle
states are denoted by a;, where o =+1 (-1) de-
notes the upper (lower) level, and p=1, ..., N
denotes all the other quantum numbers. The Ham -
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2.377

2.357

[
< [
¢
® ~N

- Eo)/ (52— €)

—2.298

(E
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N

iltonian for the system is

1 T 1 T T
H=3€3,0ap 00 +5V ), B0papp), YAqyays -
™ faB ays

(3.1)
Introducing the quasispin operators
J,=Jdl=ya], a,_,, (3.2)
»
I =30 Q000 , (3.3)
o

Je=35(d, +d.), (3.4)
J2=y(J, J_+J_d)+d2, (3.5)

the Hamiltonian may be expressed in terms of
these quasispins,®”

H=€d ,+VJ, +VJ2=VJ 2. (3.6)
The unperturbed ground state is obviously
N
|€,) =11 a, _,10) 3.7
=1

and in the quasispin representation it belongs to
the irreducible multiplet with J = 3N, and is an
eigenstate of J, with m= —3N. The unperturbed

2.486
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2474
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2437
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FIG. 5. Comparison of exact and approximate results for the two lowest excitation energies in the LKD model as func-
tions of the number of particles N: (a) excitation energy of the first excited state, (b) excitation energy of the second

excited state.
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states in this ground-state multiplet are denoted

by |4N,m), m=-3N, ..., sN. For this model, our

operator F reads
F=fdJd,+f,d2+H.c. (3.8)

Calculating E (F)=(¢,|e”**He'F | &) up to second
order in the f’s and minimizing, we get

iV[8e = 3(N -=1)V]|
-1)V][2e =(N=-1)V]-(N =1)V?"’

(3.9)

fi= 8le - (N

iV[2e = (2N - 3)V]
“8le-(N-1)V][2e = (N-1)V]-(N =1)V2"

(3.10)

jé:

The simplest procedure is to approximate the
eigenenergies of the system by the expectation
values of H'=e™**He'F (up to second order in the
f’s). From the expressions (3.9) and (3.10) it is
clear that our approximation will break down when
the interaction strength NV is too big (i.e., of or-
der €) since in this case the f’s become too big.
This furnishes an immediate criterion for the re-
gion where our method is applicable.

In Figs. 1-4 we compare the results of our meth-

APPROACH TO THE NUCLEAR

T I T |

1.5361~ Nw,,=0.4 x:06 ]
NW3:04 y=0.4

15081~ nw,,=0.2 zzo. ]
€ =18

u

1.480 ]
1452 B
1.424 ]
=
| 1.396F - ]
N
~ \
X 1368 ]
o \
w .
I__"340_ e ]
ui \
1312~ "'\ N
1284 \ 7
1.256f__ ExACT\"' ]
—TReAT
12281 T oERT PP, |
-~ (a)
1.200 L L1
4 8 12 16 20 24

MANY-BODY PROBLEM...II 421

od with the exact results, with the HF results,>”
with second-order perturbation theory, and with
the RPA. The results of the RPA in the figures
have been calculated using the HF basis. We have
checked and found out that (as may be expected)
this provides an improvement over an RPA calcu-
lation with respect to the unperturbed basis {a},}.
As the HF energies we took the expectation values
of the Hamiltonian in the appropriate HF eigen-
states. The calculations of perturbation theory
were done with respect to the unperturbed basis
{a;;}. From the figures it is obvious that the re-
sults of our method are very good. Similar re-
sults have been obtained for other values of NV /e
and also for the excitation energies as functions of
the interaction strength NV /e for fixed values of N,
as long as the basic condition for the validity of
our method (i.e., small f’s) is fulfilled. Finally,
we should point out that although the results of our
method are better than those of the other approxi-
mations, this does not imply that the other approx-
imations are really bad. Indeed, a mere glance at
the fine scale used in the figures is sufficient to
convince us that although our method yields better
results, the other approximations are not too far
off.
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FIG. 6. The same as in Fig. 5 for different values of the parameters: (a) excitation energy of the first excited state,
(b) excitation energy of the second excited state.
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B. LKD Model (Ref. 3)

This model (see Ref. 3 for a more complete dis-
cussion of the model) is a three-level generaliza-
tion of the two-level Lipkin model. The LKD mod-
el consists of N fermions distributed among three
N-fold degenerate single-particle levels with en-
ergies €,<¢€,<¢€,. A single-particle state is speci-

AND GROSS

|

fied by the quantum numbers m and a, where
m=1, 2,..., N numbers the substates within a
level, and ¢ =1, 2, 3 designates the different lev-
els. A two-body interaction of the monopole-
monopole type is assumed between the levels.
This interaction scatters particles between the
levels without changing the value of m. The Ham-
iltonian for the system is therefore taken as?®®

Tt
H=3 €00 e +V Z}'(alza;.zamllam +H.c.)+ Vlaz)l(a:,aa:f, 19l 1Oy, +H.CL) + stzl(amsamlsam nlmy +H.C.)
mo mm mm mm

+Wy,3, (@)@ G rp@my +H.C.) +W2, (@)@t @ rgam, +H.C.) +W,s 3, (@) s 1@y +H.C.) . (3.11)
The unperturbed ground state for the model is |®,),
N
|84)= T al 10 . (3.12)
m=1

As in the Lipkin and AFP models, the Hamiltonian is immensely simplified by using its symmetries. De-
fine the nine operators?®

Gaa,=2a,1,'uam,; a,a’'=1,2,3. (3.13)
m
These operators satisfy the commutation relations
[Gas, G76]= 6B)'chs_ 60«56767 (3.14)

and are therefore the generators of a U(3) algebra. This becomes an SU(3) algebra upon imposing particle
number conservation, which means that the particle number operator 333.,G,, has the fixed eigenvalue N.
In terms of N and of the SU(3) generators, H reads

3
H=73 €4Gyq +V1p(G15% + Gy %) +V 15(G 13 + Gy %) + Vg Gpg® +Gyp”) +W 15( G, G,y + Gy Gy + Gy = N)
a=1

+W 13(G13Gyy + Gy, G 13+ Gy = N) +Wy5(Gy3Gyy + Gy Gyg + Gy = N) . (3.15)
We restrict ourselves to the ground-state band, consisting of the irreducible SU(3) multiplet containing
|®,) and the states which may be reached from it by the application of the SU(3) generators. The Hamil-
tonian has no matrix elements between a state belonging to this multiplet and a state outside this multiplet.
The unperturbed states in the ground-state band may be represented in the form?

b, @)= [‘iﬂ’—‘ﬂ]"z(cu)'(cm)“ 2.,

Niplq! (3.16)

which stands for a normalized state with p particles in the second level, g particles in the third level, and
N - p — g particles in the first level.
For the present model our operator F reads

F= f1621 + fzcsx + -f3G212 + chzu2 + fscﬂcn +H.c. (3.17)

The coefficients f, ..., f; are determined by expanding (®,|e”**He'" |®,) up to second order in the f’s
and minimizing, to get®*

h=r=1=0, (3.18)
1. ViaVos _V12[€3 —€, +2(N —2)W13J
=zt 3.19
fs=z Vye2 —le, —€, +2(N =2)W ,Jle, —€, +2(N -2)W ] ’ ( a)
L ViaVas = Viale, — €, +2(N = 2)W ]
=1
CE v P -€,+2(N =2)W ,]le, - €, +2(N -2)W ] * (3.19p)



6 APPROACH TO THE NUCLEAR MANY-BODY PROBLEM...II 423

3.040 T T T T 1 33— 17T T T 7
NW,,=0.8 NW,,= 0.8
2.9431 2 3271\ NW. 0.4 _
2.845 3.228
2.748 3,185
-~ 2.651— = 3.42
v |
'~ 2.554 < 3100
) N
~N —
o
- 2.457 S 3.057
w I
1
o 2.360 LN 3.014
2.262 2.971
2.165 2.929
—— EXACT
068~ —-—F APP — 2.886
2.068~ —~ FAF
~—--— PERT. APP. (a) -
1.971 - P 2.843
] | 1 1 | | 4
0 02 04 06 08 10 1.2 14 0 02 04 06 08 1O 12 14
X X

FIG. 7. Comparison of exact and approximate results for the two lowest excitation energies in the LKD model as func-
tions of the interaction strength x [see Eq. (3.22)]: (a) excitation energy of the first excited state, (b) excitation energy of
the second excited state.

Again, in our approximation we take the eigen en- that in this model there are two levels which may
ergies of the system to be the diagonal matrix ele- be considered as representing one-particle —-one -
ments of H', i.e., hole excitations, i.e., the states |1,0) and |0, 1),

and three levels which may be considered as two-

E = “tFHetF . 3.20
#(b, ) =(pdle el ( ) particle-two-hole excitations, i.e., |2,0); |0, 2);
The results of our approximation were compared |1,1). Therefore in Table I we present a sample
with the exact ones, with the RPA and with second- of characteristic results for the first five excita-
order perturbation theory. It should be noticed tion energies. Following Ref. 3 we have used the
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FIG. 8. Comparison of exact and approximate results for the two lowest excitation energies in the LKD model as func-

tions of the interaction strength y [see Eq. (3.22)]: (a) excitation energy of the first excited state, (b) excitation energy
of the second excited state.
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following conventions for the parameters of the
model:

€,20; €-€,=1; 2"S=¢>1, (3.21)
€ —€,;
xgﬂxz_; yglﬂn; 2= NVas (3.22)
€, —€, € €, —€,

In Figs. 5-8 we present characteristic results for
the two lowest excitation energies as functions of
N and of x and y. Similar results were obtained
for negative values of x and y. The dependence of
the energy levels on z was found out to be very
weak. All the results obtained show that on the
average our method yields very good results. It
sometimes happens that for particular values of
the parameters and for a particular excitation en-
ergy the RPA or second-order perturbation theory
yields a slightly better result than our approxima-
tion. But, this does not hold for the other excita-
tion energies at the same values of the parame -
ters, and the over -all results of our approxima-
tion are much better than those of the other ap-
proximations. As we have pointed out for the case
of the AFP model, this does not mean that the
RPA and second-order perturbation theory are
really bad approximations. As is obvious from
the figures, although the RPA and second-order
perturbation theory seem sometimes far away
from the exact results, in many cases this is due
merely to the fine scale we are using in the fig-
ures.

IV. DISCUSSION

In the former sections and in I we have proposed
a method for dealing with two-body correlations in
nuclear systems and have applied it rather suc-
cessfully to several solvable models. One of the
important assumptions that we have made is that
one may truncate the expression in powers of F at
the second power. This leads to a set of linear?s
equations which for the cases of the models con-
sidered (in the present paper, in I and in Ref. 5)
is very easily solved. However, for more realis-
tic cases, taking into account the two-particle -
two-hole states induced by the two-body part of F
may well yield in Eq. (2.18) a matrix of such enor-
mous dimensions as to make its inversion imprac-
tical in many interesting cases. Obviously, to
make the method work for real nuclei, the dimen-
sions of the matrices involved have somehow to
be drastically reduced. As a matter of fact, we
have clear-cut examples of such a reduction in all
the cases of the models considered (in the present
paper, in I, and in Ref. 5). It should be realized
that in principle in all those cases we should have
had to invert matrices which are approximately of
the order of N*XN*, where N is the degeneracy of

AND GROSS 6

each of the levels in the models. However, by
using the symmetries of the models we were left
with (at the most) 2 X2 matrices. In the cases of
the models this enormous reduction is exact, due
to the symmetries. Now, when we investigate how
this reduction has been formally achieved, we find
out that it is done through the use of the “collec-
tive” operators J,, G,,, G,, (in the present paper
and in I) and L,S_.° We employed these operators
to define the operator F, instead of employing the
general one-particle —one-hole and two-particle -
two-hole operators af,a,, and af,alauav. Those
“collective” operators (and their powers) acting
on the unperturbed ground state generate the
ground-state band which is the set of “collective”
states in which we are interested. For the solv-
able models this ground-state band is exactly sep-
arable from any other set of states, and therefore
restricting ourselves merely to the “collective”
operators is exact. But, this treatment naturally
suggests a similar approach to more complicated
systems, i.e., restricting oneself to a few collec-
tive operators (which should somehow be analo-
gous to J,, G,,, G,,, or L,S_.) instead of dealing
with the far too numerous general one-particle—
one -hole and two-particle -two-hole operators. In
this connection, let us recall that the experiments
tell us that usually the low-lying excited states of
nuclei do no! coincide with the enormous number
of one -particle —one -hole or two-particle —two-
hole states. In fact, the lowest-lying excited
states consist usually of a very small number of
collective states that are described fairly well (at
least to lowest order) by a coherent combination
of one -particle —one-hole states or two-particle -
two-hole states. These states often form, togeth-
er with the ground state, some kind of a collec-
tive “multiplet.” The matrix elements of the Ham -
iltonian between states belonging to this “multiplet”
and states outside the “multiplet” are relatively
small and electromagnetic transition probabilities
are especially enhanced between particular mem-
bers of that multiplet. These observations point
to a possible modification of our method which
may perhaps be considered more phenomenologi-
cal than the original form (as put forward in Sec.
I and in I), but may be quite easy to handle in
practice. This version is very easily formulated
by using the form of F in Eq. (2.14),

F=3f,A] +H.c.
i

In this equation we now consider the set {4} not
as representing the set {aja,, alala,a,} but rath-
er as representing a small number of collective
one -body and two-body operators (analogous to the
collective operators J,, J,%, G,,, G,,, G,?, G2
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G,,G,,, and L,S_ of the solvable models). The
system of equations resulting from the variation
is formally the same as Eq. (2.18), but its dimen-
sions will be incomparably smaller.

Possible choices of both the one-particle—one -
hole and two-particle ~two-hole collective opera -
tors for this modified version of our method are
the one -particle —one-hole and two-particle -two-
hole creation parts of the one- and two-phonon op-
erators of the RPA or of the Tamm-Dancoff (TD)
approximation. By means of such a choice we may

presumably take into account the interaction be -
tween the one- and two-phonon states of the RPA
and thus account for the well-known anharmonic-
ities discovered over the recent years in the spec-
tra of even-even nuclei. It should be noted that
our treatment of the solvable models followed that
prescription. Indeed the operators J,, G,,, G,,,
J.%, G, G,72 G,,G,, are the one-particle—one-
hole and two-particle -two-hole creation parts of
the RPA (TD) one- and two-phonon operators.
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