
PHYSI CA L REVIEW C VOLUME 6, NUMBER 6

23 23
Inelastic Effects in the Study of Na and Mg~

DECEMBER 1972

R. O. Nelson
Duke University and Triangle Universities Nuclear Laboratory, Durham, North Carolina 27706,

and North Carolina State University, Raleigh, North Carolina 27607

and

N. R. Roberson
Duke University and Triangle Universities Nuclear Laboratory, Durham, North Carolina 27706

(Received 11 August 1972)

14 states of Na with excitation energies (5.6 MeV and their mirror states in 3Mg have
been studied with the Mg(d, He) Na and Mg(d, t) 3Mg reactions with a bombarding energy
of 21.1 MeV. Differential cross-section measurements indicated significant differences be-
tween established l = 2 transitions and large cross sections for "j-forbidden" 27' and 2'
states. Failure of a distorted-wave analysis to predict these anomalies suggested that in-
elastic effects should not be neglected. Calculations with the coupled-channel Born approxi-
mation (CCBA) have produced agreement with experiment and have shown that multiple-step
processes not only dominate the transitions to the "j-forbidden" states, but have large ef-
fects upon allowed transitions as wel. l. From the CCBA predictions it was possible to iden-
tify mirror states of the nuclei and to establish J' assignments of T+, &+, (& ), (2 ), (&+),
(T+), and (~&~+) for the states in 2~Mg at 2.71, 2.90, 3.86, 3.97, 4.68, 5.29, and 5.45 MeV,
respectively.

I. INTRODUCTION

The mirror nuclei "Na and "Mg have recently
been subjects of considerable experimental and
theoretical work. Studies of angular distributions
for various nucleon-transfer reactions' ' and par-
ticle-y angular correlations' " revealed an en-
ergy spectrum for each nucleus that was reason-
ably well described by rotational bands built upon
single-particle states of the Nilsson model. The
observed spectroscopic factors and y-decay prop-
erties for low-lying states were generally in fair
agreement with the predictions of this collective
model.

Recently, Poletti, Becker, and McDonald' ex-
tended spin and parity assignments in "Na to in-
clude all states below 5.8 MeV in excitation ener-
gy. However, the properties of some of the levels
of "Mg remained uncertain. The present investi-
gation was undertaken to study the higher levels
of "Mg and "Na and to identify mirror states.
Since the outset of this work, states in "Na have
been studied further by nucleon-transfer reac-
tions" "and y-ray decay measurements. "" In
addition McGrory and %'ildenthal" have recently
performed shell-model calculations for the mass-
23 nuclei so that direct comparison of the two
theories and experiment became possible.

The "Mg(d, f) and "Mg(d, 'He) reactions were
chosen for this study, since transitions to states
in both the "Mg and "Na nuclei could be studied
simultaneously, and since the symmetry of the

reactions would aid in the identification of mirror
states. The angular-distribution measurements
revealed striking differences in shape between
established l =2 transitions and relatively large
cross sections for the "j-forbidden"

& states.
The usual distorted-wave Born approximation
(DWBA) failed to predict these anomalies; this
fact suggested that inelastic or multiple-step pro-
cesses might be an important mechanism in these
reactions. Such processes are likely to be en-
hanced due to the collective nature of "Mg. Pre-
dictions of a coupled-channel Born approximation
(CCBA) analysis" which included inelastic effects
in the incident channel gave reasonable agreement
with the experimental distribution and established
a means for identification of levels.

II. EXPERIMENTAL PROCEDURE
AND RESULTS

A 21.1-MeV deuteron beam from the Triangle
Universities Cyclo-Graaf accelerator was used to
bombard a 370-p, g/cm' self-supporting target en-
riched to 99.96% in "Mg. Angular distributions of
scattered 'He and tritons were measured simul-
taneously with counter telescopes in a 60-cm scat-
tering chamber at laboratory angles from 12 to
85'. Each telescope consisted of a 1500-p.m E de-
tector and a totally depleted 50-p, m ~E detector.
Pulses were amplified, summed, and stored in an
on-line computer using a particle-identification
program. "
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Typical energy spectra for the "Mg(d, t)2sMg and
"Mg(d, 'He)23Na reaction are illustrated in Fig. 1.
The 'He spectrum in the lower portion of the fig-
ure has been shifted by an amount comparable to
the difference in the Q values for these reactions
to emphasize the similarities of transitions to
mirror states. These spectra illustrate that much
of the strength of the (d, f) a.nd (d, 'He) reactions
is concentrated in the strongly populated first ex-
cited state. It is also of interest that in each nu-
cleus the —,

' and z' states near 2.0 and 2.7 MeV,
respectively, were excited with moderate strength,
although the shell model predicts negligible g»,
or g, /2 components in the wave function for the
'4Mg target. The total energy resolution was 42
to 55 keV for the (d, t) reaction and 80 to 100 keV
for the (d, 'He) reaction. Doublets near 2.7 and
3.8 MeV in both the (d, t) and (d, 'He) data were
unfolded with a peak-fitting procedure. At some

angles, reactions with target contaminants, "C
and "0, obscured the peaks in the energy spec-
trum for states of "Mg. Only the "C(d, 'He) re-
action interfered with states of the "Na spectrum.

Angular distributions were obtained for 14
states in both "Na and "Mg. The measurements
at different angles were normalized to the number
of elastic counts recorded in a monitor detector,
while the absolute cross sections were deter-
mined from the target thickness (measured from
o. -particle scattering), the solid angle subtended
by the counters (0.41x10 ' sr) and by the beam
integration. The over-all uncertainty of the abso-
lute normalization is believed to be less than 15%.

In order to determine optical-model parameters
for the reaction analysis, angular distributions
were measured for deuteron and 'He elastic scat-
tering from "Mg and "Na, respectively. The
deuteron-scattering experiment was essentially
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FIG. 1. Sample energy spectra for the 3Mg(d, t) 3Mg and Mg(d, 3He) ~Na reactions. The (d, 3He) data have been
shifted to emphasize the similarities of transitions populating states of the mirror nuclei. Peaks in the spectra are
identified by excitation energies (in MeV).
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the same as that for the reaction measurements
except a thicker 100-p, m ~F. detector was em-
ployed to improve the mass resolution. Inelastic
differential cross sections for the first excited
state (2;) exceeded the elastic cross sections at
angles &60 in the center of mass as can be seen
from the angular distributions illustrated in Fig. 2.
The angular distributions for inelastic scattering
from the third (4+) and fourth (2;) excited states
were also measured. The 'He elastic scattering
measurements at bombarding energies of 9.0 and
15.0 MeV were made with a self-supporting NaF
target and counter telescopes with 17-p. m LF. de-
tectors. The angular distributions shown in Fig.
3 were measured at two energies in order to in-
vestigate the sensitivity of the optical-model pa-
rameters to the various 'He energies present in
the reaction exit channel.

III. DATA ANALYSIS

A. Optical-Model Analysis

Theoretical deuteron elastic and inelastic scat-
tering cross sections were obtained from a cou-

pled-channel calculation with optical potentials
with Woods-Saxon form factors modified by a stat-
ic quadrupole deformation. As discussed by
Tamura, "this deformation gives rise to a term
in the total Hamiltonian for the scattering system
which couples the states of a rotational band and

introduces additional terms in the total wave func-
tion. These extra terms account for enhanced in-
elastic scattering from the coupled states and in-
troduce for direct reactions additional transition
amplitudes which correspond to multiple-step
processes. " The calculations were performed
using the Karlsruhe version" of the Tamura code
JUPITOR.

Starting with initial parameters given by
Tjin A Djie et al. '4 for deuteron scattering from
"Mg at 26 MeV, the parameters for scattering
from the ground state and first 2' state were ad-
justed to minimize X'. This search determined
that the deformation parameter P was 0.46, which
is consistent with that obtained by other investi-
gators. "" The parameters from a detailed
search that explored the Vr" ambiguity are shown
in Fig. 4. The solid lines show the results of this
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FIG. 2. Mg(d, d') Mg angular distributions for scat-
tering from the ground state and first 2' state at 1.37
MeV. The solid and broken lines represent the coupled-
channel predictions obtained using parameters from the
Vx" ambiguity (see Fig. 4) with V =70.6 and 105 MeV
(see Table I), respectively.
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FIG. 3. Na( He, ~He)~ Na angular distributions for
elastic scattering at 9.0 and 15.0 MeV. The solid lines
represent optical-model fits obtained with the geometric
parameters listed in Table I and the well depths indicated
with each curve.
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search with the deformed potential and with a
fixed deformation parameter (P=0.46). Also
shown as the broken lines are the results obtained
from fitting only the elastic scattering data with

the usual spherical optical model. The parameters
for both potentials, which are plotted as functions
of real well depth, are quite similar except for
the surface absorption well depth, S~. The lower
values for the deformed potential reflect the ex-
plicit inclusion into the total wave function of the

inelastic scattering from the 2', state. Since the
DWBA and CCBA angular-distribution predictions
were found to be sensitive to parameters from
different points along the ambiguity, this figure
provides a means for selection of equivalent pa-
rameters, and therefore, facilitates meaningful

comparisons between the two reaction theories.
Two fits for the deuteron elastic and inelastic
scattering are shown in Fig. 2.

Starting with parameters determined from the

predictions coupling the ground state and 2', state,
the calculation was expanded to include the 4; and

2,' states. Only the vibration parameter" y for the

2, state and the absorption well depth WD were ad-
justed to optimize the fits. With y =20 and R~ =13
MeV, the fits for these four states are shown in

Fig. 5. Both the shapes and magnitudes of the pre-
dicted distributions for these additional levels
were in good agreement with the data, although
the quality of the resulting fit for the elastic scat-
tering declined somewhat.
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FIG. 4. Optical-model parameters for 21.1-MeV deu-
teron scattering from Mg. The optical-model param-
eters for deformed (spherical) potentials, which yield a
minimum X with fixed deformation P =0.46 (0.0), are
indicated by the solid (broken) line for various real well
depths V. These parameters constitute what is termed
the Vr" continuous ambiguity (see Fig. 6).

FIG. 5. Mg(d, d' ) Mg angular distributions for scat-
tering from the ground state and 2&, 4&, and 22 excited
states. The solid lines represent coupled-channel pre-
dictions for these four states with parameters y=20',
Wz ——13.0 MeV, and the others from the deformed poten-
tial listed in Table I.
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with a real well depth of 150 MeV. With the same
geometric parameters for the potentials, the well

depths were adjusted to give best fit to the 9.0-
MeV data which is also shown in Fig. 3. The well

depths obtained in this calculation differed only

slightly from those for the 15.0-MeV data indicat-
ing the energy dependence of the optical-model
parameters may not be very sensitive over this
energy range. Fitting only the 15.0-MeV 'He scat-
tering data, a search over the pz" ambiguity
yielded the results displayed in Fig. 6.

B. CCBA and DWBA Analysis
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FIG. 6. Optical-model parameters for 15.0-MeV ~He

scattering from Na. The optical-model parameters for
spherical potentials which yield a minimum y are plotted
for various real well depths V . As may be seen from
the second curve from the top, the product Vr ' re-
mains constant over the range of V shown.

Optical-model parameters for the 'He scattering
in the exit channel were determined from a search
analogous to that performed for the deuterons
scattering except only the usual spherical poten-
tials were considered. A more complicated cou-
pled-channel search was considered unnecessary,
since the inelastic scattering at backward angles was
observed to be a factor of 10 weaker than the elas-
tic scattering. The curve shown in Fig. 3 for the
15.0-MeV data represents the fit for minimum g'

In order to investigate the importance of two-

step processes, both CCBA and DWBA cross sec-
tions were computed for comparisons with each
other and with the data. Since the DWBA is a spe-
cial case of the CCBA, all calculations were per-
formed with the Tamura computer code MARS"
which employes the CCBA formalism as discussed
by Penny and Satchler. " Optical-model parame-
ters for the entrance and exit reaction channels
were selected from the continuous ambiguities
shown in Figs. 4 and 6. By varying combinations
of parameters associated with the only two free
parameters, the real well depths, the CCBA fits
were found to be optimized for the values listed in
Table I. The triton parameters were chosen to be
identical with the 'He parameters; only the Cou-
lomb term was different for the Z =1 and Z = 2

particles.
The form factors for the analysis were com-

puted assuming a spherical-well potential with
Woods-Saxon shape with radius p, =1.25 A' ' fm,
diffuseness a =0.65 fm, spin-orbit strength X
= 25.0, and a well depth V, adjusted to give the
correct separation energy for the bound particle.
Proper separation energies for inelastic pro-
cesses should be decreased by the inelastic ex-
citation energy from those required for the com-
peting direct transitions. Since the separation
ener gies for the direct proc esses were large,
this small adjustment was neglected. Similarly,
the use of a spherical potential for the ground

TAB LE L Optical-model parameters.

Channel

~~Mg+ d

~4Mg+ d

'3Na+3He

E~b
(Me V)

21.1

21.1

15.0

0.46

0.00

0.00

V
(Me V)

105

100

150

rp
(fm)

1.041

0.928

1.244

ap
(fm)

0.963

0.918

0.650

W

(Me V)

18.8

WD

(Me V)

15.0

26.7

(fm)

1.31

1.32

1.43

a;
(fm)

rc
(fm)

0.629 1.30

0.664 1.30

0.921 1.40

The deformation parameter p is denoted as 0.0 for channels where inelastic scattering was neglected.
"Optical-model parameters for ~ Na+3He were also adopted for the 3Mg+ t channel.
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TABLE II. 7'alues of the Nilsson coefficients C,.& as obtained from deformed-well calculations (see Ref. 29).

o'[xn, A]
$'[220]

2
[211] 2

[211] $ [202] [200] [101]

1
2

2

2

7
2

2.
2

-0.452

-0.180

0.864

-0.028

0.130

0.0
—0.193

0.970

-0.044

0.138

-0.548

-0.711

-0.425

—0.086

-0.080

0.0

0.0

0.993

—0.042

0.115

—0.705

0 ~ 665

-0.222

0.099

-0.048

0.938

0.347

0.0

0.0

0.0

Calculation with simple Nilsson model with anisotropic harmonic-oscillator potential (g =4.0, K = 0.10, p = 0.16),

TABLE III. Parameters used in bandmixing calculations.

n [vn, w]

—,"[22o]

[211]

[211]

$ [202]

~ [2oo]

[101]

A =8'/2S
(MeV)

0.20

0.21

0.19

0.18

0.17

0.19

EA
0

(Me V)

4.23

0.0
2.28

5.5o b

6.17b

2.77

1.00

0.70

0.20

0.08

0.02

1.00

'Adapted from Ref. 29.
Adjusted to reproduce the band-head energies of ~Na.

state was an additional approximation affecting
the form factor which, according to Rost,"also
introduced small deviations in the theoretical
cross sections relative to calculations employing
a more realistic deformed potential.

Since the direct and indirect contributions to the
cross section add coherently, the CCBA calcula-
tion is not well suited for the direct extraction of
spectroscopic amplitudes for the various contri-
butions. However, through comparisons with ex-
perimental angular distributions, CCBA predic-
tions provide an excellent means for evaluating
the validity of amplitudes defined by various mod-
els. Initially all of the amplitudes were estimated
from the collective model (including band mixing)
with Nilsson coefficients C&„obtained from a cou-
pled-channel calculation for bound states" (see
Table II). The band-head energies E," and inverse
moments of inertia A. required for the calculation
were selected to give a best fit to the energy spec-
trum of "Mg. These parameters and the occupa-
tion number V'„are listed in Table III for each
band included in the calculation. The derived
spectroscopic amplitudes A& for direct and in-

direct transitions from the 2', and 4', members of
the '4Mg ground-state rotational band are in-
dicated in Table IV. Except for the ~ final states,
the CCBA calculations reported in this study do
not include indirect transitions through the 4', and

2, state of "Mg. Recently, all of the CCBA pre-
dictions for states of positive parity have been re-
calculated using the amplitudes obtained from a
truncated shell-model calculation by Wildenthal. "
Table V lists these shell-model amplitudes.

The angular distributions measured for the
"Mg(d, 'He)"Na and "Mg(d, t)"Mg reactions are
shown in Figs. 7-11. Selected angular distribu-
tions are reproduced in Fig. 7 for comparisons
with both the CCBA and DWBA predictions. The
DWBA calculations were made with deuteron op-
tical-model parameters for spherical potentials
selected with nearly the same real well depth as
those used for the CCBA calculations (see Fig. 4

and Table I). Identical 'He parameters for the
exit channel and identical spectroscopic ampli-
tudes and form factors for the direct transitions
were used in both the DWBA and CCBA calcula-
tions. Only collective-model spectroscopic am-
plitudes were employed in the theoretical distri-
butions shown in Fig. 7.

In Figs. 8-11, only the CCBA calculations are
shown and the results for collective-model and
shell-model amplitudes are represented by the
solid and broken curves, respectively. The an-
gular distributions of states identified with each
rotational band are grouped together, and the mir-
ror levels are shown beside one another. The
computer code evaluated absolute cross sections
from the spectroscopic amplitudes and normaliza-
tion constants D,' defined within the program as
2.99 and 3.37 for the (d, 'He) and (d, t) reactions,
respectively. The additional factors N required
to normalize the predictions to the data are shown
for each curve, and deviations from unity reflect
failures of the CCBA theory and/or nuclear model.
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TABLE IV. Pickup spectroscopic amplitudes A, determined from the collective model including band mixing.

Nilsson
orbit

Energy
jn 23Na

(MeV)

0.00

0.44

2.08

2.71

5.53

Spin and

parity
J 1t

A~
for

P+ Jw

-0.218

1.510

—0.053

0.239

0.000

A, for 2+- J"
~ 1

2 2 2

0.025 -0.105 0.704

—0.083 0.153 —0.279

0.000 0.000

0.000 0.000

1.018

0.000

0.000 —0.103 -0.693

A~ for 4+ J"

0.000

0.000

0.000 0.132

0.046 —0.370

0.043 -0.122 0.511

—0.130 0.133 —0.135

0.000 -0.079 —0.703

2.39

2.98

3.92

4.78

3+
2

-0.322

—0.497

—0.080

—0.068

0.000 -0.190 —0.149

0.231 0.207 0.010

—0.251 0.146 0.152

0.000 —0.365 —0.062

0.000 0.000 0.000

0.000 0.000 0.090

0.000 —0.199 —0.199

0.238 0.182 0.013

—,"[220] 4.43

5.38

-0.657

0.707

0.000 -0.124 0.539

-0.481 0.049 -0.574

0.000 0.000

0.000 -0.153

0.000

0.405

[101] 2.64

3.68

3.85

1.326

0.491

0.000

0.000 0.220

—0.839 -0.220

1.055 0.021

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.263

0.000

0.000

0.000

IV. DISCUSSION

A. DW'BA and CCBA Predictions
and Comparisons

In a single-step direct reaction the angular dis-
tributions characterized by the same orbital angu-
lar momentum (l) transfer are usually similar in

shape unless the energies of the scattered parti-
cles differ greatly. In this experiment the data
show rather pronounced differences for l = 2
transitions from neighboring states which are
members of different rotational bands. Angular
distributions shown in Fig. 7 for the —,

' and —,
'

members of the ground-state rotational band and

TABLE V. Pickup spectroscopic amplitudes A, determined from the shell model (see Ref. 30). The excitation en-
ergies are arranged to correspond to the order in Table IV.

Energy
in 2~Na

(MeV)

Spin and

parity
J%

A~
for

P+ J tr

A~ for 2+—J~
) —2

2 2

A; for 4+ J"
2

0.00

0.44

2.08

2.71

5.53

2.39

2.98

3.92

4.78

4.43

5.38

3+
2

g+
2

g+
2

y+
2

g+
2

2+
2

f+
2

g+
2

0.278

1.652

0.000

0.000

0.000

0.473

0.365

—0.164

0.000

0.177

—0.436

—0.095

0.245

0.000

0.000

0.000

0.000

—0.260

—0.299

0.000

0.000

-0.114

0.164

0.000

0.000

0.190

0.190

-0.023

—0.962

0.544

—0.581

—0.985

0.000

0.249

-0.039

-0.187

0.326

-0.242

—0.490

—0.454
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the 2 (2.98-MeV) state of the lowest —,
' band illus-

tra. te typical variations for the (d, 'He) reaction.
As expected, the DWBA predictions for these lev-
els (broken lines) have essentially the same shape.
While the DWBA calculation for the —,'state is
rather good, the prediction for the —', (2.98-MeV}
state in the —,

"band does not describe the shape
of any portion of the distribution. The fit for the
ground-state transition is reasonable at forward
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FIG. 7. Comparisons of DWBA and CCBA calculations.
The solid curves are the results of the full CCBA calcu-
lation which included both direct and indirect terms pop-
ulating the final state. Also shown are the results of
the CCBA calculation where only the direct term was in-
cluded (dotted line). The DWBA calculations (broken
lines) employed a spherical optical-model potential sim-
ilar to the deformed potential used in the CCBA calcula-
tion. The number indicated with each curve is the factor
required to normalize the prediction to the data. This
factor should be near unity (see text).

angles, but it fails to predict the behavior at back
angles. Neither the shape nor the magnitude
(N = 360) of the theoretical DWBA cross section
agree with angular distribution for the "j-for-
bidden"

& state.
CCBA predictions were computed for these

same states where indirect transitions through the
first 2' state of "Mg were first excluded (dotted
lines) and then included (full lines). As seen in

Fig. 7, the predictions of this first calculation,
analogous to DWBA but employing optical-model
wave functions obtained from a coupled-channel
calculation, did not describe the data, but, in fact
nearly reproduced the DWBA predictions. How-
ever, by including the two-step processes for the
full CCBA calculation, reasonable agreement was
obtained for all levels. It should be emphasized
that this agreement must be attributed to the in-
clusion of inelastic processes rather than a for-
tuitous choice of optical-model parameters, since
identical CCBA calculation without these indirect
terms produced essentially the same results as
the usual DWBA.

Several features of the fits shown in Fig. 7 mer-
it further comment. The three predictions for the
0.44-MeV level produced equally good fits to the
data. As seen in Table IV, this —,

"level has a
very large direct term and only weak indirect
contributions. Hence the reaction is essentially
direct, and the good DWBA fit merely reflects
the validity of that approximation for this transi-
tion. On the other hand, the calculated angular
distributions for the 2.98-MeV level changed sig-
nificantly upon the introduction of rather large in-
direct components. The indirect terms tend to
make the predictions more isotropic, particularly
at the backward angles when the direct contributions
are weak. This same trend is seen in the spec-
tacular CCBA fit which explains both the shape
and magnitude (N =2) for the &' level at 2.08 MeV.

The calculated ground-state angular distribu-
tions also changed significantly in shape and am-
plitude, but the change was less encouraging
since the forward stripping peak was reduced with
respect to the second maximum. To investigate
the effect of different relative amounts of direct
and indirect scattering upon the shapes of these
cross sections, the spectroscopic amplitude of
the direct term was increased by a factor of 3
while holding the inelastic terms constant. The
results, represented by the solid curves in Fig.
12(a), give a considerably improved description
of the data for transitions to both "Na and "Mg.
This improvement suggests that the wave function
used in the calculation of the spectroscopic am-
plitude is probably incorrect. Such a conclusion
is consistent with the fact that other pickup re-
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effect upon the shape of the CCBA predictions and
changed the magnitude no more than 20%.

B. Structure of Mg and Na

The CCBA cross-section calculations generally
agreed well with the experimental data shown in
Figs. 8-11. The small differences in shape be-
tween CCBA predictions employing spectroscopic
amplitudes determined by the collective model
and shell model were not considered significant,
since similar changes were also produced with
5-10% variations in the optical-model parameters.
Only a few of the predictions required more than
a factor of 2 in order to normalize the calculated
curves to the experimental data. It is of interest
that the normalization factors N which are given
for each curve have nearly equal values for known
mirror levels populated with the (d, 'He) and (d, t)
reactions. This equality indicated that the charge

asymmetry of the two reactions was correctly de-
scribed by the CCBA and form-factor calculations,
and therefore provides a means of discrimination
between states with angular distributions similar
in shape but different in magnitude. The CCBA
calculations also discriminated between the two z'
shell-model states" predicted to lie between 4 and

5 MeV; the upper &, was identified with the 4.78
(4.66}-MeV state in "Na("Mg}, since the spectro-
scopic amplitudes for the ~, state were too small
to give agreement with experiment.

On the basis of the CCBA fits it was possible
to obtain new J' assignments for seven states
in "Mg through identification with the mirror
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FIG. 11. 4Mg(d, He) 3Na and Mg(d, t) ~Mg angular
distributions identified with transitions to the second
K = 2+ band. See Fig. 8 for additional comment.

FIG. 12. Comparisons of CCBA calculations for vari-
ations in the spectroscopic amplitudes. Part (a) shows
that the prediction for the ground-state transitions may
be improved by increasing the spectroscopic amplitude
for the direct term by a factor of 3 (solid lines). The
unmodified fits of Fig. 8 are reproduced here for corn-
parisons (broken lines). Part (b) shows the sensitivity
of a J =&~' angular distribution to the amplitudes as-
sumed for the indirect coupling terms. For each case
illustrated the amplitudes satisfy ed3~2' Pd&g2 where
e2+ P~ =constant.
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states in "Na. To establish a pair of states as
analogs, it was necessary that the CCBA pre-
dictions give reasonably good fits and similar
no~malizations for both angular distributions with
identical coupling schemes and spectroscopic am-
plitudes. In this way J assignments of &, &,
(z ), and (z ) were established for levels at 2.'tl,
2.90, 4.68, and 5.29 MeV with identification of the
mirror states in "Na at 2.71, 2.98, 4.78, and 5.38
MeV, respectively. The determination of these
mirror states was considerably simplified as
there were no angular distributions with similar
shapes and magnitudes lying near in excitation en-
ergy. The proximity of states at 3.86 and 3.97
MeV in "Mg and similarity of the structure of the
angular distributions hindered identification of
these levels. Fortunately, the magnitudes dif-
fered significantly, indicating that the 3.86- and
3.97-MeV levels were the mirror states of the &,
and& levels in "Na at 3.92 and 3.85 MeV, re-
spectively. If these assignments were reversed
as in previous work, ' the normalization factors N
would not agree as they should for mirror states.
The present parity assignments are consistent
with the Coulomb energy systematics for the sd
shell as noted by Everling" and are in excellent
agreement with a Coulomb energy calculation of
de Meijer, van Royen, and Brussaard" which

predicts the mirror for the 3.92-MeV z state of
"Na to lie at 3.88 MeV in "Mg.

The recent identification" of an —", state in "Na
prompted our CCBA calculations which included
indirect transitions through the 4', state of "Mg.
These calculations give essentially the correct
shape for the distributions but not the proper
magnitudes. The —'," assignment in "Mg is re-
garded as tentative. Figure 13 displays the en-
ergy-level diagram which summarizes the J" as-
signments from this work and from previous
studies. The energy levels from the collective-
model calculations are also compared with exper-
iment. A similar comparison for the shell-model
calculation is given in Ref. 17.

Experimental spectroscopic factors for 1=0, 1,
and 2 transitions were calculated to facilitate
comparisons with other work. Since these values
could not be obtained from the usual normalization
of DWBA fits, the spectroscopic factors were cal-
culated from an ad hoc approach as the product of
the square of the theoretical spectroscopic am-
plitude for the direct transition times the normal-
ization factor N given for each CCBA prediction.
In cases where the theoretical cross sections were
dominated by direct contributions, this number
was equivalent to the usual spectroscopic factor.
Values from CCBA calculations with shell-model
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FIG. 13. 3Na and SMg energy-level diagrams and collective-model predictions. The J" assignments for 3Na were
taken from Refs. 7 and 15, and those for Mg were obtained from the present study and Refs. 9 and 14. The energy
spectrum predicted by the collective-model calculation with parameters from Tables II and III is also illustrated.
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and collective-model spectroscopic amplitudes
were averaged. As seen in Table VI, the spectro-
scopic factors obtained by this procedure are in
general agreement with those determined from
different reactions measured at higher energies
and analyzed with DWBA.

The application of the sum rules with the experi-
mental spectroscopic factors taken from columns
4 and 5 of Table VI shows that for positive-parity
states, Q C'S = 3.0 for "Na and "Mg where the
shell-model limit is QC'S=4. The concentration
of the spectroscopic strength in the ground-state
rotational band, QC'S= 2.4, exceeds the limit of
2 for a single Nilsson orbit thereby implying that
band mixing is necessary in the collective model
for "Na and "Mg. The shell-model calculation
correctly predicts this large strength. The nega-
tive-parity strength, QC'S=2. 0; (2.7), for the

[101]band in "Na("Mg) indicates that most of
the total p-shell strength (limit QC'S= 6) is as-
sociated with higher unobserved states.

In contrast with the over-all success of the

present treatment, the predictions for the —,
' [220]

rotational band (Fig. 10) with states above 4 MeV

gave poor agreement with experiment. With the
exception of the 4.36-MeV level in "Mg, the
structure of the angular distributions calculated
with collective spectroscopic amplitudes were
fairly well described, but the magnitudes were a
factor of -10 too large. On the other hand, cross-
section predictions with shell-model amplitudes
gave reasonable agreement with the magnitudes
but not the shape of the distributions.

The CCBA calculations with shell-model am-
plitudes for the -,

' members of the ground-state
rotational band also failed to give agreement with
the data or with the collective-model prediction.
Inspection of Tables IV and V shows that the j = 2

and —,-' amplitudes have a rela, tive sign change for
the shell model, whereas those of the collective
model do not. Although the magnitudes of these
amplitudes do not differ greatly, the CCBA pre-

TABLE VI. Spectroscopic results of the 4Mg(d, ~He) ~Na and "Mg(d, t)~~Mg reactions and predictions of the nuclear
models.

Energy Energy Spin and
23Na 2~Mg par i.ty

(Me V) (Me V) J
(d, 3He)

(21 MeV)

C~S Collective Shell
(d, t) (d, He) (d, He) (P, d) model ~ model ~

(21 MeV) a (52 MeV)" (82 MeV) c (34 MeV) d K" C2S C S

0.00

0.44

2.08

2.39

2.64

2.71

2.98

3.68

3.85

3.92

4.43

4.78

5.38

5.53

0.00

0.45

2.05

2.36

2.77

2.71

2.90

3.79

3.97

3.86

4.35

4.68

5.29

5.45

g+
2

2+
2

7+
2

~+

2

g+
2

g+
2

2

(~p )

g+
2

f+
Y

(2 )

($ )

(11+)

0.26 3'

2.1

0.19

1.6

0.15

0.43

0.014

0.064

0.21"

2.2

0.18

2.3

0.14

0.36

0.014

0.053

0.21 h

0.24

3.78

0.30

2.64

0.17

0.93

0.02

0.12

0.49

0.47

2.90

0.25

2.10

0.34

0.85

0.08

0.42

0.36

2.83

0.10

1.70

0.85

0.05

0.27

0.052 0.078

2.28 2.73

0.003

0.10 0.22

1.76

0.057

0.25 0.13

0.24

0.00

0.006 0.027

0.43 0.032

0.005

0.50 0.19

0.00

' Present study. Here C S =NA. ~where N is the additional normalization factor indicated for each curve in Figs.
8—11. The A,. are the direct transition spectroscopic amplitudes listed in Tables IV and V.

Reference 12.' Reference 11.
d Reference 2.
'C S=A, of Table IV.

C S =A of Table V.
~ HereA, =3A, of Table IV. N is taken from Fig. 12(a).
h Values only from shell-model calculations.
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dictions exhibited a strong sensitivity to the phase
and provided a test of the wave function not avail-
able in the usual DWBA.

The general consistency of the spectroscopic
factors listed in Table VI suggested a brief in-
vestigation of the CCBA analysis for reactions in-
duced at higher bombarding energies. Calcula-
tions were performed to describe several angular
distributions from the '4Mg(d, 'He)"Na reaction
measured by Kramer, Mairle, and Kaschl" at 52
Me V. Employing slightly modified optical-model
parameters from those given by Kramer, Mairle,
and Kaschl and the deformation parameter ob-
tained from this study, the CCBA predictions were
found to be essentially identical whether or not
the indirect terms were included. Furthermore,
since they agreed with the DWBA fit obtained by
Kramer, Mairle, and Kaschl, the CCBA analysis
appears equivalent to the usual DWBA treatment
for reaction studies at higher bombarding ener-
gies.

V. CONCLUSION

Our calculations have shown that the CCBA can
successfully describe the multiple-step processes
present in the single-nucleon pickup reactions of
this study. These processes were found not only
to dominate the transitions to the "j-forbidden'*

states, but to have significant effects upon the

angular distributions for allowed transitions with

l ~2 as well. Calculations with spectroscopic
amplitudes from both the collective model and

shell model indicated that the CCBA predictions
exhibit a sensitivity to many terms of the nuclear
wave functions not considered by the usual DWBA.
Of course this sensitivity is strongly enhanced if
the angular distributions are measured at bom-
barding energies where the inelastic scattering is
large relative to elastic scattering. For the study
of sd-shell nuclei with the (d, t) and (d, 'He) reac-
tions, energies near 20 MeV appear optimum.
Hence we feel that the measurements and calcula-
tions as reported in the paper provide a new and

powerful means for the evaluation of model wave
functions.
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The Sr(p, n) Y and Sr(p, ny) Y reactions have been used to study the excited states of
Y up to an excitation energy of 1832 keV. Determinations of the excitation energies of 18

levels to an accuracy of +1 and +2 keV, for levels with excitation energies less than and
greater than 800 keV, respectively, have been made. Angular distributions of five y rays
deexciting states at 232, 393, 706, and 766 keV were measured and analyzed according to
the statistical-model theory. This analysis confirms assignments of J values of 5, 1',
2, and 0+ to these respective states. Of particular interest is the 2 level at 706 keV. The
intensities of neutrons from the Sr(P, n) Y reaction exciting levels up to 1832 keV have been
compared with statistical-model calculations of the neutron yields to the respective states
for particular assumed spin values. Consistent spin-parity assignments are given for many
of the levels observed.

I. INTRODUCTION

The levels in "Y have been studied in a number
of experiments. ' ' The principal components of
the levels below an excitation energy of 2.5 MeV
have been described in terms of particle-hole
multiplets. ""There is general agreement
about the spin-parities of the ground state and the
excited states at 232, 393, and 766 keV. There
is still extensive confusion about the levels in the
vicinity of 706 keV of excitation energy of "Y.
There is evidence for a triplet of states near this
energy"'" having spin-parities of 6' and//or
7' and 1', 2 or a variety of other possibilities.
Dutt and Gabbard' have observed excitation of the
level(s) near 706 keV through the "Sr(p, n)"Y re-
action. Statistical-model analysis of the (p, n) data
indicates J' = 2 for the level observed. This anal-
ysis gives an unambiguous preference for the 2
assignment. The energy resolution of the experi-
ment was about 15 keV, leaving a question as to
whether the neutron group observed excites a
single level. Another problem concerns levels
near 1250 keV of excitation in "Y.'" There is
disagreement as to the spin-parities of these
states.

In an attempt to unravel this state of affairs,
the y decay of the low-lying states of "Y produced
through the "Sr(P, ny)"Y reaction has been studied.

The (P, n) excitation of levels in "Y selectively
populates low-spin states for which an orbital
angular momentum transfer of less than five units
is required. Levels with spins of 6 or higher are
not expected to be observable.

The principal configurations of the low-lying
states of "Y are expected to be proton-parti-
cle -neutron-hole states including (P„,g„, '),
(Pl/2pl/2 )r (Pl/2P3/2 )i (g9/2gg/2 )s (g9/2pl/2 )t
(pl/ f5/2 2) (g9/2P&/2 ) d (g9/2f5/2
scribed by Comfort and Schiffer. " There is also
evidence from "Sr(d, P)"Sr and "Sr(P, d)"Sr for
low-lying neutron states containing the neutron con-
figuration [v(lgg„) '(2d», )].'" Recent results of
Holden, Kolata, and Daehnick" indicate configura-
tions of the form [7/(2P„,)v(lg„, ) '(2d„,)]~~, in
the ground state of "Rb. Here, v designates a
proton and v designates a neutron. Therefore, it
seems reasonable that the [v(2P», )v(lg„, ) '(2d„,)]
would be present in "Y at relatively low excita-
tion energy. The [v(lg9„)v(lf», ')] and the
[x(lf5/, ) 'v(lg9„) '] might be expected to mix with
this [P„,(g», ) 'd„,] configuration in the formation
of 2 and 3 states. Evidence for the f», proton-
hole configuration in the ground state of "Sr has
been given by Richard et al."

The work reported here provides additional evi-
dence that the level at 706 keV (Ref. 7) has a d'
of 2 and provides information concerning higher


