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Three-Body Model for Proton-Induced Reaction on C
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The {p,2p) and the (p, d) reaction cross sections for a C target have been calculated using
a three-body theory that avoids making the Born approximation. Real separable potentials
were used to describe all interactions. The general shape and magnitudeof the reaction cross
section agree with the experimental data. Fine structure details of the experimental cross
sections are not reproduced. Modifications to distorted-wave Born-approximation calcula-
tions are suggested.

I. INTRODUCTION

The recent mathematical impetus to three-body
physics was provided by the work of Faddeev' and

Lovelace. ' Since then separable potentials have
been used in numerous studies' to simplify or to at
least approximately include part of a two-body in-
teraction in a more complicated three-body prob-
lem. Alt, Grassberger, and Sandhas have pro-
vided a perturbation technique where an interac-
tion is split into two parts —a separable part that
is included exactly in a three-body model, and a
residual part that can be included as a perturba-
tion. If the residual second part is neglected then
one has effectively utilized a separable potential.
In analyzing neutron elastic scattering and breakup
on a deuteron target, Aaron and Amado' did use
separable potentials. A generally adequate fit to
the data was obtained. For protons interacting
with heavier nuclei the effective two-body interac-
tion is probably not completely describable as sep-
arable or as real. With heavier nuclei treated as
one body, one can use a complex optical model to
describe the effective two-body interaction. How-
ever a real separable interaction does provide a
starting point for calculations and this was used
quite successfully by Shanley' in his study of deu-
teron scattering on the cy particle.

We assume real separable interactions for a
study of proton-induced reactions on a "C target.
For the (P, d) reaction, the three bodies of the mod-
el are a neutron, a proton, and a "C nucleus. For
the (p, 2p) reactions the three bodies are the two
protons and the "Bnucleus. In general, for a tar-
get of A nucleons, we have a core of (A —l) nucle-
ons which becomes the residual nucleus. The tar-
get nucleus is composed of the remaining nucleon
coupled to the core. The structure of the core
must be identical to the structure of the final nu-
cleus, or else one has a four or more body prob-
lem to consider.

Previous calculations for these reactions have

usually utilized' ' the distorted-wave Born approxi-
mation. The calculations can usually be success-
fully compared to experiment if one or more pa-
rameters of the optical potentials are permitted
to vary, the rest being fixed by elastic scattering
analyses. One would like to do the calculation with-
out making the Born approximation. Off-shell ef-
fects as well are ignored in the distorted-wave cal-
culations to date. Are such effects important? A
three-body model permits inclusion of some off-
shell effects. Whether a separable potential in-
cludes the correct off-shell effects or not is a ques-
tion that is bypassed here. One previous calcula-
tion, by Bencze and Doleschall, ' including possibly
complex l =0 only separable interactions, obtained
reasonable looking cross sections for a 10-MeV
deuteron-stripping calculation on an unspecified
heavy nucleus. Redish, Stephenson, and Lerner"
have shown that off-shell effects are important in
a plane-wave Born-approximation calculation
based on a three-body model for the (p, 2p) reac-
tion on a nucleus reminiscent of "C. Whether
these effects remain in a distorted-wave calcula-
tion has not yet been determined. Here we do not
make the Born approximation but solve the Fad-
deev equations with some simplifying assumptions.

Usually in applications of the Faddeev theory to
three-nucleon calculations the assumption of a
separable potential is the last approximation made.
Here with one heavy body, the core, we further
neglect exchange effects between the nucleons with-
in the core and the nucleons outside the core. For
a (d, p) reaction, such exchange effects have been
shown to be small in a distorted-wave calculation. "
Further the three-body equations are solved in an
approximate manner, rather than "exactly. " The
approximation used appears reasonable. It is com-
pletely described and partially justified below in
the next section. The data analyzed here are in
the 30- to 46-MeV region. Intrinsic nucleon spin is
ignored. The bound state of the target has relative
orbital angular momentum one. Therefore nucleon-

2039



2040 GEORGE L. STROBE L

core interactions are included in states of orbital
angular momentum equal to 0, 1, and 2.

States of orbital angular momentum of the "free
particle" with respect to the interacting pair are
included up through L= 10 when calculating the re-
action amplitude. For protons scattering on "C a
central interaction is usually determined" for the

optical model from a fit to the elastic scattering
data. A spin-orbit potential is found from a fit to
polarization data. The spin-orbit potential is of
secondary importance at these energies unless one

is studying polarization phenomena. In recent
(P, 2P) calculations" using a distorted-wave ap
proximation, no spin-orbit potential was included.
The nucleon core-state description is also simpli-
fied by neglecting spin. Where states were speci-
fied by 4= l + —,', v = (-1)', they are now completely
specified by l, the relative orbital angular momen-
tum. Further the 'S, neutron-proton interaction is
similar, though somewhat weaker than in the 'S,
+ Dy deute ron state . For these reasons, and for
calculational simplicity we neglect the spin of all
three bodies in our model. We also permit the two

nucleons to interact only in a state with l=0. We

can of course calculate only unpolarized cross sec-
tions. For two protons, the 'S, state has J=l=s
=0, and antisymmetry was maintained by the spin
part of the two-nucleon wave functions. We neglect
interactions in all other two-nucleon states. The
deuteron is treated as a I,=O state, with J=0, with

binding energy = 2.226 MeV. We describe the two-
nucleon force by a single attractive separable po-
tential which neglects the hard core interpreted
from two-nucleon phase-shift analyses at 200 or
more MeV. The hard core is important for three-
nucleon bound-state calculations, but its effects
have nearly always been neglected in reaction cal-
culations involving deuterons, nucleons, and a
residual heavy nucleus. In fact, a solely attrac-
tive 5 function (which is also separable) is often
used, and with good success in distorted-wave
calculations of (P, d) reactions. The inclusion of
the hard core can be done approximately with a
separable potential but it has not been done here
for reasons of shortening the calculation.

Fig. 1). Where (ijk) are cyclic permutations of
(123}we have,

q, = (m, p, —m; p, }/(m, +m, ) .

In the center of mass we have

p~+ p2+ p3 = 0 . (2)

n, = m, (m
&

+ m„)/I,
where

M =mq+m2+m~ ~

The two-body parameters we need can be related
to the potential

(~l VI 4) = -l Z r*(~}r(~), (3)

where

r(i) = r,.(i)g(q)

The two-body t matrix T is given by

&=-If)f «I,
where

(4)

ce

t, '=1/X+ q'dqg'(q)/(E+ie —q '/2p) .
40

(6)

The two-body SchrMinger equation for the radial
part 4 of a bound-state wave function is, for a

We take particle 1 to be free initially, particle 2

to be an initially bound nucleon, and 3 to be the

(heavy) core. Particles 2 and 3 are bound together
initially to form the target. Where needed for
clarity the initial momenta of particle 1 will be
labeled by p, . The mass of particle i is labeled
by m, . Reduced masses are defined as

= mg my/(m) + my}

and

II. PARAMETER SELECTION
AND THEORETICAL

APPROXIMATION

We follow the three-body theory of Alt, Grass-
berger, and Sandhas. 4 We consider only separable
interactions and work in momentum space. We
define momenta P, and q„where i =1, 2, or 3,
and where p, is the momentum of particle i in the
over-all center of mass, and q, is the relative
momentum in the j ktwo-body subsyste-m (see

FIG. 1. Illustration of three-body kinematics. p& and

p2 are the momenta of particles 1 and 2 to the over-a11
center of mass.
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separable potential:

(q '/2m+ &&)4' (q)

cussed. Alt, Grassberger, and Sandhas' define
the three-body transition amplitude as

= Kg(q) k dkg(k)4(b) = ),ling(q),
0

7 t'
(12)

(7)
where g can be normalized so that N= 1/X. This
normalization is determined from

(8)

The binding energy of the bound state is indicated
above by BE. The potential-strength parameter A

is given by

q 'dqg'(q)/(q '/2p+&E) .
0

(9)

We take for the form factor g (which is related to
the Fourier transform of the wave function)

g(q) = N q' e '".
The inverse Fourier transform of g is

g(r)~rt -(via) 2

(10)

where b and a are related by b= a'/4. We set a
=1.2A'" fm, where A is the mass of the core in
atomic mass units, then

5 = 0.36A'"

This allows the form factor a nonlocality, or al-
lows the wave function to have, roughly the expect-
ed size of a nucleus. The q' factor provides the
correct threshold behavior for the wave function.
For l=0, and for small q

g(q) ~ 1/(1/b+ q ') .

For ' C, b ' is about 5 MeV' which is of a
similar magnitude as used by Bencze and Dole-
schall. ' For l values which are fitted to a reso-
nance rather than a bound state, A. can be deter-
mined from a principal value form of Eq. (9). Its
value is dependent on the normalization N which
is to be determined by Eq. (8). For resonances
this is not possible to determine and we follow
Lovelace, ' and choose the normalization N as ap-
propriate for a wave function with 2-MeV binding
energy. The l=0 wave function should have a node
in it according to the shell model, for a 2sy/2 level.
The wave function we use has no nodes; its gener-
al shape is that of a 1s wave function rather than
a 2s wave function. It is assumed that this feature
of the l =0 wave function is not critical for calculat-
ing the stripping or breakup reaction from an l =1
bound state. The parameters used in the calcula-
tion are listed in Table I.

The three-body equations we use are now dis-

Here zPy denote which particle is free, while nmr
denote the quantum numbers of the interacting pair.
One expresses the momentum-space matrix ele-
ment of this operator equation, expands in partial
waves, and couples to states of definite total J and

parity. One then has a set of integral equations,
as you must integrate over the intermediate mo-
menta on the right-hand side of Eq. (12). This in-
tegral is replaced by a sum and the integral done

by N-point Gaussian quadrature. Then for a given
value of J and parity, one has the matrix of equa-
tions

T'„' = 0 —(2 i!q tq Tq, + 2,'q I,. Tqo),

TP = Z» (ZP t~ T~ +Z23 f3 T»)io io i j j jo tj j jo

Z'» —Z» (Z» t& T& +Z&2 t2 TP)io io ij j jo ij j jo

(14)

(15)

TABLE I. Separable potential parameters.

System
units

BE A, N l
(Me V) (1/Me V) (Me V fm+2) (5)

n -"C

p iic

p iiB

p-p

18.1
2
0

5
0

-5
16

0
-5

0.30
0.13
5.0
0.62
0.12
4.8
0.32
0.12
4.8

0.07

50
25
10

26
25
10

47
25
10

28

There is a sum over j on the right-hand side of
Eqs. (9)-(11) that is to be understood. Now i (and

j or k) is an arbitrary index label that takes on all
possible values of the set fl Lp)f, where I previous-
ly included in the label n, m, or r, is the orbital
angular momenta for the interacting pair when par-
ticle o. is free. L is the orbital angular momenta
of the free particle z with respect to the over-all
center of mass, and P is representative of one of
the N points that Gaussian quadrature uses to ap-
proximate the integration over intermediate mo-
menta. L is restricted in that it must be chosen
in compliance with conservation of angular momen-
tum and parity selection rules.

The rank of this matrix of equations, Eqs. (18)-
(15) depends on J and parity. If 4=10 and parity
= plus, for a= 1 or 2 (treating neutron-core in-
teractions as occurring in the same states as the
proton-core interactions occur), by assumption I



2042 GEORGE L. STROBEL

can be 0, 1, or 2 only. Then for l = 0, L must be
10 to provide the correct J. For l=1, L can be
9 or 11 to provide the correct J and parity. For
I=2, L can be 8, 10, or 12 and satisfy the J and

parity requirements. For &=3, the core is free
and the two nucleons are assumed to interact in
1 =0 states only. Then L, =10 only.

For the J=10 parity =odd state, T" is zero as
Z" vanishes for this case (see Appendix for de-
tails of Z" calculation).

But for the 10' state, as Eqs. (13)-(15)stand,
one must calculate and invert a complex matrix of
rank 13N or a real matrix of rank 26N to solve for
the transition amplitudes. For some small J val-
ues of course, the rank is less. To shorten such
a calculation, we consider the following. Substi-
tution of Eq. (13) into (14}and (15}, results in,

T2& —Z2&+ Z2& f&Z&2 I2 T21+o(T&1)
tO tO tf f fk k kO

(14')

In this form, Eq. (14') and a corresponding one for
Eq. (15), one would have a matrix of rank of at
least 7N which could be inverted to determine T21

and T" Eq. (.13) would then be solved for T",
once T21 and T" were known. The calculation of
each element of Eq. (14'), is more complicated
than for Eqs. (13)-(15), but there are less ele-
ments to calculate and a smaller matrix to invert.
Now T,", appearing in Eq. (14'} is considered. The
discrete quantum numbers (I, and I,,} of the ele-
ment labeled k of Tk", are restricted to the discrete
quantum numbers of the element labeled i of T',,'.
This restriction is brought about by assuming the
ratio of the mass of a nucleon to the mass of the
core tends to zero in the calculation of Zfk. See
the Appendix for details of this calculation.

Thus if N, the number of points in the Gaussian
quadrature summation were 1, the element k of
T,", would be identical to the element i and (14')
could be solved for T21 as

~21
T21 t0 + 'T'

1 —Z21 t'Z" t'tf f ft
(16)

Rather than truncate N to so unrealistically small
a value (one) we approximate the momentum de-
pendence of T,", in the right-hand side of Eq. (14')
by

where C is an arbitrary (possibly complex) con-
stant, but independent of momentum.

This approximation for the momentum depen-
dence is at least partially correct as the left most
factor of each term in Eq. (14') has Z'„' as a factor,
so a perturbative solution of T't, would have Z';,' as
a factor. Even the momentum dependence asymp-
tomatically of Z" is similar to Z". When this ap-
proximation is substituted back into Eq. (14') one

obtains

T» = A(Z») + o(T3~)

where

(16)

A. = -Q I"„(q,)f„(P()&P) I
T"'I po& .

err
(19)

When one specifies p, and p» the momenta of the
two outgoing bodies, p, and qt are then specified
by Eqs. (1) and (2). The sum indicated in Eq. (19)
goes over each state y for which an interaction has
been assumed and over all three values of n.

Eqs. (18) and (13) can be substituted into (15) re-
sulting in an equation for T" alone. With these ap-
proximations, the resulting real matrix which

must be inverted to determine T" has a rank of
only 2N. The calculations reported on here use
this approximation.

Now tt has a pole at an energy corresponding to
a bound-state two-body binding energy. These
poles are avoided by following a technique utilized
by Hetherington and Schick. " Here the intermedi-
ate momentum p is treated as a complex variable
so p is replaced by

c=pe '

The maximum angle 4 can be is 45'. lf 4 is less
than 45' one can replace the integral dp by contour
integration in the complex p plane, by the integral
dc. The restriction on 4 is necessary to insure
that the contribution to the contour integral van-
ishes at infinity. The value of 4 used in calcula-
tions was 22.5'. Once T", T", and T" have been
determined for a complex momenta, Eqs. (13)-(15)
are used to determine them for real momenta.

One can write p, = Uxt, where xt are the set of
dimensionless points used for Gaussian quadra-
ture for the integral;

J
an N

x'e * f(x) dx = Q W; f(x, ) .
i=1

U corresponds to the momentum units or scale
and was chosen so that the maximum varia, tion of
f(x) occurred between the middle two Gaussian
points. Cross sections for a test case varied by
about 10% as N, the number of points was varied
between 8 and 16. Therefore the calculations re-
ported in the next section were done with N = 10,
as the variation in the relative calculated cross
sections was about only 2% as N varied from 10
to 16.

For breakup reactions, the amplitude" is calcu-
lated from the off-shell T matrices already cal-
culated for two-body final states as
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t~(p, ) is calculated analytically by a principal val-
ue method as p,. is now real. It is never needed
for a bound-state energy.

IO-'

IP-3
0

I

50

IMPULSE~
r

I

90 120 I50
8 (deg)

I

60
I 80

FIG. 2. The 2C(p, d) C cross section calculated in a
three-body model for 30-MeV protons.

III. APPLICATIONS

The first reaction studied is the "C(p, d)"C re-
action at 30 MeV. Data over the full angular re-
gion are available from Chant, Fisher, and Scott."
The three-body model assumes "C is an inert
core, "C is a neutron bound to this core in a state
of orbital angular momentum l =1 with 18.1-MeV
binding energy. The l=0 state was assumed to
have a binding energy of 2 MeV, and the l = 2 state
a binding energy of 0 MeV.

The proton-core interaction assumed the l = 1
state had a binding energy of 5 MeV, the l=O
state had zero binding energy and the l = 2 state a
resonance at 5 MeV excitation. These energies
are obtained by averaging over E&, j = l+-,' where
the corresponding experimental levels are identi-
fiable as single particle levels. The parameters
used are shown in Table I. The calculated (p, d)
cross section is shown in Fig. 2. The over-all
agreement with experiment is good. The calculat-
ed peak at forward angles is wider than the experi-
mental peak. The cross section at larger angles
is less than experimentally seen but the maxima
and minima seem to be reproduced. Having sys-
tematically neglected spin, what is calculated is
a totally unpolarized cross section, the same as
what is measured. An excellent fit to the experi-
mental data can be obtained" using the distorted-
wave Born approximation (DWBA). However using
optical-model parameters which fitted elastic scat-
tering for 30-MeV deuterons resulted in an ap-
proximately isotopic DWBA cross section. The
excellent fit results when the deuteron optical-po-

tential parameters are varied, most notably, the
absorptive part of the potential is increased from
the value which fitted elastic scattering data. This
contrasts to the three-body-model cross section
shown in which the calculated three-body cross sec-
tion can be said to have no free parameters. By
this one means that all the parameters were fitted
to some other relevant experimental data. None-
theless some parameters could be changed. The
nucleon-nucleus interaction strengths A, could be
taken as complex' or chosen to reproduce elastic
scattering phase shifts including absorptive effects.
This was not done here. The interaction strengths
were taken as real and fitted to bound-state data
where possible. The energy at which a fit to the
scattering phase shifts should be made is not clear;
possibly the initial energy is the most appropriate.
If the separable potential reproduced the phase
shifts at all energies, the energy utilized for the
fit would not matter. Such is not believed to be
the case, but we have no calculations to report
on this.

This calculation has described "C as one neu-
tron bound to an inert "C nucleus. If one assumes
this calculation has fitted the experimental data
and that "C more correctly has four neutrons in
a p3/z level that can independently be picked up to
form the final-state deuteron, then one can infer
a spectroscopic factor of 4 for the neutron-"C
description of this nucleus. Also in Fig. 2 is a
dashed curve labeled impulse where the amplitude
was calculated keeping only the inhomegenous term
in the Faddeev equations. The result agrees mod-
erately well at forward angles with the full Faddeev
calculations. At larger angles the impulse calcu-
lation is too small, compared to the Faddeev re-
sult, indicating the necessity of obtaining a solu-
tion to the full three-body equations at this energy.

For the "C(p, 2p)"B reaction, the core is taken
as "B. The proton-core interaction in the l = 1
state is assumed to have a binding energy of 16
MeV; for l=O, a binding energy of zero; and for
l=2, a resonance energy of 5 MeV. The experi-
mental data of Richie and Wright" are shown in
Fig. 3. The final two protons are detected at equal
angles with respect to the incident beam and with
equal energies. The momenta of final-state pro-
tons and the initial proton momenta all lie in the
same plane.

The three-body calculation for the (p, 2p) cross
section is shown as a solid line in Fig. 3. The gen-
eral shape and magnitude of the experimental data
are reproduced. In particular, the forward peaking
of the data is reproduced. The secondary peak of
the experimental data at 70' is not reproduced.
The magnitude of the calculated cross section is
not normalized to the data, but as calculated over-



2044 GEORGE L. STROB EL

10 2

LLI

b ~(0~
o

[0-4

[0-5
0

I

60
I / I

/

90 I 20 [50 180
8 (deg)

FIG. 3. The C(p, 2p) B symmetric coplanar cross
section calculated in a three-body model for 46-MeV
protons.

estimates somewhat the cross section at forward
angles. The calculated three-body cross section
had no free parameters in it. The parameters
selected however have the same uncertainties as
discussed for the "C(p, d}"C reaction. Letting the
interaction strength A, for the proton-core interac-
tion become complex and the more proper inclu-
sion of spin are the most obvious next steps in
making this three-body theory more realistic.
However, the calculation as done has resulted in

gratifying agreement with experiment.
A calculation was done, labeled impulse in Fig.

3, where the off-shell T matrices were replaced
by the Born terms; that is T ' was replaced by
Z ' in Eq. (19). Such a substitution resulted in a
cross section similar to the three-body calculated
cross section but lower by a factor of 3 to 4 for
angles less than VO'.

The cross section was also calculated including
only the o. =3 term in Eq. (19). This cross section
corresponds to the case where the incident proton
and the bound proton interact, and then propagate
off shell at forward angles, as a diproton. Subse-
quently they interact in a final interaction decaying
into the two final-state protons. This calculated
cross section is labeled FSI in Fig. 3, symbolic
for including only the two-proton final interactions.
This cross section is quite close to the full three-
body cross section except for angles between 80
and 150 where it is too small and the other ampli-
tudes dominate the cross section. This cross sec-
tion is similar in spirit to a distorted-wave Born-
approximation calculation for the (p, 2P} reaction.
Including only the i =3 term of Eq. (19), one can

write for the amplitude:

A, = r, (q,)t,( p, )(p, l
&'I P.)

P

(q. l .(P. I s (- (Tsi)- )
( )

p3 po (20)

where T,(p, ) is the two-proton t matrix (off shell)
evaluated at the energy p, '/2p„where

P, =
I
- pi - p21

I', (q, } is related to the two-proton I=0 wave func-
tion in momentum space. The other factor is the
off-shell amplitude for the (p, d) reaction where
d is the diproton, moving forward with momentum

p3 For equal angl es and equal energies for p, and

P„p, is parallel to po.
The similarity of the FSI and the full three-body

calculated cross sections suggest a modified
DWBA picture of this reaction at this energy. A

study of the major contributions to the angular
structure in the three-body amplitude A„suggests
the DWBA calculations for (p, 2p) reactions might
be improved by inclusion of an energy-dependent
two-proton t matrix. Such an energy dependence
would reflect the variation in the two-proton t ma-
trix as the final energy in the two-proton subsys-
tem varied. This factor is the source of most of
the angular structure in the amplitude of Eq. (20).

If the off-shell dependence of the three-body am-
plitude T" can be ignored in Eq. (20}, a possible
distorted-wave calculation for the (p, 2p) reaction
amplitude would consist of two factors. The first
factor would be an (assumed) on-shell (p, d) for-
ward-scattering amplitude where d means diproton
bound with zero binding energy. The second factor
would be the off-shell two-proton t matrix divided
by I",. Another possible modification of DWBA
calculations for the (p, 2P) reaction would be as
follows. With a separable potential the two-proton
t matrix energy dependence is completely contained
in a single factor [see Eq. (6)]. The energy depen-
dence of the two-proton t matrix, at least as pre-
dicted by a separable potential, could then be easi-
ly included in existing distorted-wave codes which
currently utilize energy-independent two-proton t
matrices. The close agreement in Fig. 3, of the
FSI cross section to the full cross section, sug-
gests that the breakup cross section is not very
sensitive to the approximation [Eq. (17)] made for
T~. This is so because the cross section at for-
ward angles is dominated by the T" amplitude.
However, we point out, the approximation does in-
fluence the calculation of the T" amplitude, but
perhaps only in a minor fashion. The complete
effect of this approximation can be best judged
from a calculation where it is not made. The in-
tractibility of such a calculation prevents it from
being done currently.
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IV. CONCLUSION

The "C(P,d)"C and the "C(P, 2P)"B reactions
have been calculated in a three-body theory. Nu-
cleon-core interactions were included in l=0, 1,
and 2 states of relative orbital angular momentum.
Intrinsic spin was ignored. The cross section cal-
culated for the (P, d) reaction tends to agree with
experiment at 30 MeV, but is too small at inter-
mediate angles.

The (p, 2p) calculated cross section for 46-MeV
protons reproduces the general trend of the experi-
mental data, particularly the peak at forward scat-
tering angles. A major conclusion is that a three-
body calculation, even with such simplified sepa-

rable forces, can, with a minimum of adjustable
parameters (by some standards no free parame-
ters) reproduce the general features of (p, d} and

(p, 2p} reaction data. In addition some confirma-
tion for a modified distorted-wave picture of the

(P, 2P) reaction is obtained. The use of an energy-
dependent two-proton t matrix in distorted-wave
calculations of (p, 2p) reactions is suggested. An

approximation of the momentum dependence of part
of one of the Faddeev T matrices which simplifies
the solution for the reaction amplitudes is partial-
ly justified. The resulting calculated cross sec-
tions are still realistic in that they tend to repro-
duce the over-all features of the experimental
cross sections.

APPENDIX

The inhomogeneous term appearing in Eq. (14) is, from Alt, Grassberger, and Sandhas4

(P,nlz" ImP, ) = (P,nl, / „ / I mP, ), (Al)

which describes a state with particle 1 having momentum p, with respect to the 2-3 pair center of mass,
which are in a state labeled by the quantum numbers rn. The final state describes particle 3 having mo-
mentum p, with respect to the 1-2 pair center of mass which are interacting in a state with quantum num-
bers labeled by n.

Expanding the states of definite momentum in partial waves, we have

(z,M, z, ), ,(z"(z,m, z, ),m, ) fzp, r,' „,-(z, )zz, z, „(i,)r( „(z) &zz, (z, (z)lzz &zqzz, '',r„,,(z, ),

(A2)

(pq, I G.(z) I p,'q,' ) = 5(p,* —0,')5( q,* —ql)/(z —p,*'/2n, —e,*'/2u, }. (A3)

Coupling to states of definite J", all the angular integrals but one can be done analytically by repeated
use of

Ip, +P. l y;(p, +p,)= g 6(a+5=I) = (p, )'(p.)' b m, y."(p,)y"»(p,),l m 4~ '/' 2&+1»
abm (3tn b a m.,

where a =—2a+1, and the bracket signifies a Clebsch-Gordan coefficient of a+ b coupled to form a state of
angular momenta L With /, =0, we obtain for a definite J and parity:

J 0 L 0 'a0 a
x( I)'& a 0 50 ' d0d E

1. 0 L, 0 1. 0L,
(A4)

where E = (l,d L, 5 L L a a)'i'.
The I }are usual 6j symbols and the

I I
contain a 9j symbol. The one integral done numerically is

Pl, ( pz) pl)
g, {p,+m,p /(m, +m, ))g, ,{-ps —mj,/(mz+m, ))Pi(x)

-1 q,*'~q', &I.E p, /2s, (q—f) /2P—,j
(A5)

where q, —= —p+ —m, p, /(m, +m, }. Here x is the angle between p, and p, .
The expression for (p, l

Z"
I p, ) can be obtained from the above by a cyclic permutation of subscripts

(123)—(312).
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For the (P, I
Z"

I P,) case, one considers the numerical integrals

g, (p, +m, /(m, +m, ) p,*)g,,(-p,* —m,p, /(m, +m, ))P~(x)

q,"q,*"I:&-p'/&n. —~22/&~. l
(A8)

Now q, =-p,* —m, p,/(m, +m, ), so in the limit of m, /m, and m, /m, both going to zero, that is of m, large,
the only x dependence is in the Legendre polynomial P~(x) x.is here the angle between p, and p, . There-
fore only the term with L =0 does not vanish in this limit, and we obtain

(p, lZ"I p.&=J3.(p„p.)(p,)"(p,)' (-.')(7,)'(7,P~'(-I)' ' ' g(-I)'(~ )
2 2 gg

J/

I, 0 I, b(L, =/, ) b(l, = L,).l, J l, (A7)

If m, is not so large that m, and m, can not be neglected in comparison, then
I

((,(Z"l),) gr( =) ))~ ())=' ~ Y )l(), ((=), )(P') „( , '* '' *
( )')

l
L6 o L6 0 L7 o L7 o

x — ' ' -1'"'"' a' 0 a 0 b 0 b' 0 L l LLbb'LL '"
L, 0 L 0 L, 0 L 0

a l, J'
L2bL, (-1)z, LvJ'L)

L a'L,J l, l, J a
7

(A8)

The summation is over a, b, a', b', L, L„L„and J'.
If m, /m, and mmmm, approach zero, then L=O, a' =0, b=0,

a=l„and b'= l, ,

and Eq. (A7) results. The b functions in Eq. (A7) come from the above Clebsch-Gordan coefficients which

basically enforce conservation of parity selection rules.
The presence of these b functions is what requires, in Eq. (14 ) the quantum numbers of k to be identical

to the quantum numbers of element i. The initial state need not have the same quantum numbers as the fi-
nal state, of course, as L, need not equal ly Ly is the angular momentum of particle 1, the free particle,
with respect to the interacting pair (2, 3) which have orbital angular momentum I, . These b function". do
simplify the structure of the integral equations and lead to the approximation Eq. (17).
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