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The analytic continuation of the S matrix into the complex angular momentum plane is per-
formed exactly for the Woods-Saxon-type optical potentials, describing the elastic scattering
of spinless but charged particles. The properties of this S matrix, such as the nature of the
pole trajectories and the behavior of the background integral, are investigated for several
specific cases. Based on these exact calculations, the validity of various approximations
made in the Regge theory is assessed. It is found that approximations which retain only the
pole terms are generally, poor, being quite sensitive to the number and the positions of the
poles and converging very slowly with an increasing number of poles. On the other hand,
models using a simple analytic background term, in addition to one pole term, are found to
reproduce the exact Regge amplitude quite accurately under favorable conditions. Sugges-
tions are made for the possibility of extending this idea into a background-plus-several-pole
model, when the backgrouad-one-pole model fails.

I. INTRODUCTION

Since the complex angular momentum approach
was first introduced by Regge et al. ,

' it has been
applied mostly to the relativistic rather than the
nonrelativistic domain, in spite of the fact that
various mathematical manipulations basic to the
approach can be made rigorously only in the latter
domain. The reason for this could have been that
in nuclear and atomic physics, very little seems
to be gained from this approach beyond what can

be obtained by more conventional methods. How'-

ever, interest has been revived recently, per-
haps in relation to an increased investigation of
heavy-ion-induced nuclear reactions. One finds
that the scattering of such strongly absorbed par-
ticles can be described more easily and more
uniquely in terms of a smooth cutoff $ matrix, in
contrast to optical-model fits which suffer from
many discrete and continuous ambiguities. ' More
recently it was shown that the strong backward
rise seen in heavy-ion scattering cross sections
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can rather well be reproduced by the addition of a
single-pole term to such a smooth cutoff term. '
Such a pole may very well be interpreted as a
Regge pole. Other regions, where Regge theory
is potentially of great interest, are processes in

which a large number of smoothly varying $ ma-
trix elements contribute, as e.g. , in Coulomb ex-
citation. The scattering amplitude there can some-
times be expressed in terms of a few Regge poles.
This approach has already been applied in the de-
scription of atom-atom scattering. '

In the Regge theory' the scattering amplitude is
represented as a sum of pole terms plus a back-
ground integral, usually taken along the imaginary
axis. It is the background integral about which
least is known in practical applications. One ap-
proach followed mainly by Mukherjee and Shas-
try,"has been to modify the pole term in a suit-
able way, so that one is justified in neglecting the
background term completely. These pole approxi-
mations of increasing complexity have been used
to describe various cross sections. " In another
approach, which we already mentioned, the back-
ground term is retained, being parametrized in
a simple analytical form and one or more pole
terms, also parametrized, are added. With such
a form, successful fits have been achieved to e
and "0 scattering. '

In order to establish the validity of such approxi-
mate or phenomenological approaches, however, it
it is desirable to know the exact behavior of pole
and background terms. Unfortunately, detailed
knowledge of the analytic continuation of the $ ma-
trix into the complex angular momentum plane has
been all but restricted to Hamiltonians with a
superposition of Yukawa potentials, "and essen-
tially nothing is known for the case of the Woods-
Saxon potentials, which are conventionally used
in nuclear physics. We therefore felt it worth-
while to investigate exactly (i.e., numerically) the
analytic continuation of the $ matrix for such an
optical potential and to study the exact behavior
of the pole and background terms. To present the
results of such an investigation is the purpose of
this present paper.

In Sec. II we briefly review Regge theory, as we
need it to explain our calculations that follow. In
Sec. III we discuss. some of the problems encoun-
tered in the actual numerical calculations of the
$ matrix for arbitrary values of the complex an-
gular momentum. In Sec. IV we apply the theory
to the elastic scattering of neutrons by nuclei at
low energies and investigate the validity of the pole
approximations of Mukherjee and Shastry. ' We
then go on in Sec. V to study the elastic scattering
between heavy ions, taking as an example the case
of "0on "O. McVoy has already done a rather

detailed analysis of this case with a pararnetriza-
tion of the $ matrix. We complement his consid-
erations in Sec. VI by comparing his results with

exact Regge representations. A brief summary
and conclusion are given in Sec. VII. A prelimin-
ary account of this work has already been report-
ed on two earlier occasions. "

II. BRIEF REVIEW OF REGGE THEORY

The amplitude for the scattering between two

spinless particles is normally given as

A(k, 8) =Ac(8)+ . g (21+1)e"'~(S,—1)P,(cos8),
2ik r

with the Rutherford amplitude

Ac(8) = —2k, , exp(-iq ln sin' -', 8+ 2io,}. (2)2k sr.n —,'8

Let us further define for future convenience a
nuclear amplitude

A„(8) = 2.„g(2l+ 1)(S, —1)P,(cos 8) .1

Z

The $ matrix can be continued analytically into
the right half of the complex a plane (X = i+ -',}, and
the sum in (3) may be converted into an integral
over a contour C in the right half plane enclosing
the real A. axis:

A„(8)= -—P A„P„P~ „,(-cos8)/cos(vy )
n

1
+—„dXX[S(A) —1]P ~ „,(-cos8)/cos(vX),

C

(4)

where X„are the poles of S(X) enclosed by the con-
tour C with residues P„. If further the continuation
has the property

then the contour can be deformed to run along the
imaginary axis, and we get the Sommerfeld-Wat-
son transform of the nuclear amplitude. "

The representation (4) can be generalized. One
may perform a partial-wave projection on Eq. (4)
to obtain 2X„1,2A. '[S(A) —1]

l ~ y2 y 2 Pn 2+~ y2 yt2
n C

and use this expression in evaluating the sum in
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(1). In general one can always use Cauchy's theo-
rem to represent the function [S(A.) —1], which is
meromorphic in the right half plane, in the form'

~ P„F(X,X„} 1,[S(X') —1]F(X, A. ')
X —A.„2gi ~ X —A.

'

where F(A., X') is an arbitrary analytic function,
which is regular and bounded for Re~ ~ 0 and Re%. '

~ 0 and satisfies F(X, X) =1. We can even allow F
to have isolated singularities in the right half
plane and also to violate the requirement that
F(X, X) = 1. Then we have the representation

( ) ( ) ~ p+(X, X„) ~ y„[S(X~)—1]

fl k

(8)
Here the second sum runs over the poles X~ of
F(X, X') enclosed by the contour C for a fixed ~,
and y, are the corresponding residues. If the par-
ticular choice

is made, Eq. (V) is reduced to Eq. (6), the origi-
nal Regge representation. In the following the
terminology "Regge representation" is used in
this restricted sense only. In case we make other
choices of F(X, X'), we call them "modified Regge
representations. "

The property (5), which is essential for the pos-
sibility of performing the Sommerfeld-Watson
transformation, has been proved only for the case
of superpositions of Yukawa potentials. ' In apply-
ing the Regge techniques to nuclear physics one
encounters Woods-Saxon potentials with complex
strengths. It is known that even with the (absorp-
tive) imaginary potential the fourth quadrant is
still free from poles, ' but as we shall see later,
the behavior of the trajectories and of the back-
ground term is otherwise quite different from that
of the Yukawa potential.

The general unitarity relation for the $ matrix
of a complex potential U reads

S(X, 0, U) =S*(A*,0, U*) '. (10)

Thus with each pole there is associated a zero of
the $ matrix. For real potential and positive en-
ergy these lie symmetrically with respect to the
real axis ~ For complex potentials we shall see,
that both the pole and the zero are shifted upwards.

Even though all moments of a Woods-Saxon po-
tential are finite, the property (5) does not follow.

One can only show in general that"

and this is verified in actual numerical calcula-
tions. It can nevertheless be shown that, for any

potential with finite range,

IS(~) —ll-e ~, Rex-~(]&0). (12)

X'+ A. X A. + A.
' (13)

where R and a are the radius and diffuseness of
the potential used, and

( = cosh '(1+ g'/2k'),

p, and 0 being additional parameters. We shall
compare our exact results with this specific ap-
proximation later. The representation (13) will

Thus in general the scattering amplitude can be
represented by pole and background terms, but

the background integral cannot be made to run

along the imaginary axis; it must eventually be
bent so that Re(X) —~. While this prevents the ap-
plication of the Regge theory in high energy phys-
ics, since it changes the asymptotic behavior in
z = cos0, it does not necessarily impair its appli-
cation in low energy physics, where to choose the
background path along the imaginary axis has no

specific significance. In low energy physics the
modified Regge representations may in general be
regarded as a method to separate the dominant
pole contributions from a smooth background term.

As mentioned in the Introduction, application of
Regge theory in nuclear physics has been done es-
sentially in two ways. One approach' ' attempts
to represent the scattering amplitude only in terms
of a few poles of the 5 matrix. This meets a seri-
ous difficulty if the Regge representation (9) is
used. The S matrix (7) for the sum of a finite num-
ber of poles decreases with A. only as A.

' and not
exponentially as required in (12). The exponential
decrease in this representation is only achieved
by considering infinitely many poles, including
those in the left half plane. Therefore, if only a
finite number of poles is to be considered, the
freedom in the choice of the functions F(A., A') has
to be employed to achieve the correct asymptotic
behavior in A. and the threshold behavior in k of
the S matrix element (7), and at the same time the
smallness of the background term. One such func-
tion, which was used to describe the scattering of
uncharged particles, ' is

exp(ie ~') —1 e "+e " '
F&x, x'& =

exp(ie ' '}—1 e s"+ e "
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be called the "P, representation, " as it was done
in Ref. 9.

In the other approach one keeps only the most
important Regge pole and parametrizes it, as well
as the background term. ' In the scattering of
strongly absorbed particles, the average behavior
of the S matrix can be described well by a smooth
cutoff model

S, =(1+exp[-in+(L —l)/6] j '—= B(l) . (14)

Yet individual partial wave can deviate strongly
from this form and this deviation may be described
by introducing a Regge pole. Thus McVoy used
the following parametrization:

l L, ——iz(l) . D(l)
S, = 8 1 .

( )
=B (1) 1+i, .

( ),
(15)

where p=-,'1 and z=-,'I -D. The first form shows
explicitly the appearance of a zero associated with
a pole according to Eq. (10), while the second form
represents the S matrix as a background term plus
a pole term with residue function equal to B times
D. The function D(l} of the pole term was chosen4
to be exponentially decreasing in l in order to sat-
isfy (12):

which are taken into account explicitly, because
then the contribution of that pole would be en-
hanced artificially. This will in practice present
no problem, however, because this representation
has been constructed so as to isolate the contribu-
tions of poles in the vicinity of the real axis.
Since b, is usually taken to be greater than about
1.5, the poles (18) of F are removed sufficiently
far from the real axis.

III. REMARKS ON NUMERICAL

CALCULATIONS

In order to calculate an S matrix element in any
representation one has to be able to calculate the
analytic continuation S(X) for any value of X in the
right half complex X plane. We want to do this for
an optical-model potential of the Woods-Saxon
shape, excluding in this work a spin-orbit term.
The numerical procedure is very similar to the
one used in standard optical-model calculations.
However, there are a few complications which
might be worth discussing briefly.

One has to find the regular solution of the Schro-
dinger equation,

h' d' I' x'--'
+B

2m dr' 2m r2
D(1) = D(1+ e ' ~) ' (16)

(19}

X, =A. +ivy(2k+1), k integer. (18}

Since these are poles of order 2 they do not con-
tribute to the S-matrix representation (8). Never-
theless, care should be exercised so that these
poles are not too close to any of the Regge poles

and I'(l) was chosen to have the same 1 dependence
for no obvious reason.

In this parametrization the pole term decreases
exponentially in l on both sides of the pole Lo,
while in the Regge representation (9) it decreases
only as l ', as we have remarked above. With the
purpose of comparing later in Sec. VI the exact
amplitude with this parametrization, it is desir-
able to introduce a representation which also has
exponential behavior. We thus propose the repre-
sentation

F(X, P. ') = 2/[1+ cosh[(X —X')/4]), (1&)

which shall henceforth be called the h representa-
tion. It localizes the contribution of a Regge pole
to a range in angular momentum determined by
the parameter b„ facilitates the summation of the
partial wave sum in (1}, since the pole terms now
decrease exponentially in l, and also damps out
the background integral quickly in a direction par-
allel to the real axis. This function has poles at
the positions

which at the origin behaves as

~(1 k &) &x+1/2 ra+1/2ei8 & 0 (20)

with X = ot+iP. Although the magnitude of g de-
creases to zero at the origin, the phase oscillates
increasingly rapidly. It is therefore necessary to
start the numerical integration at some distance
away from the origin. To supply the starting val-
ues of the regular solution at a finite radius the
potential and the wave function are expanded in
power series around the origin, in a way similar
to that used by Burke and Tate."

The S matrix is obtained as'

(
F,(X, k} W(g, f,)
F (A. , k) W(g, f )

' (21)

where W(f, g) =f'g-g'f is the Wronskian of f and
g. The I, are generalized Jost functions, and
f, are the irregular solutions of (16) with V =0,
which behave asymptotically as

f,(A., k, r) —exp[+i(kr ——,'Xv)]. (22)

If a Coulomb interaction is present these are Cou-
lomb functions of complex order, which can be
calculated in very much the same way as for com-
plex energy. " Irrespective of the presence or ab-
sence of the Coulomb interaction, it should be
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P„=F,(X„) —„F (1.)
d

(24)

Similarly, one may find the zeros of S(X) by look-
ing for the zeros of F,().). There is always a sim-
ple way to confirm whether one has located all the
poles within a given contour, if one knows the val-
ues of S(X) along this contour. The relation

d&'S &' = P„ (25)

must be satisfied always.
In the present work we almays calculate cross

sections from Eq. (1), where (S, —1) is obtained
from Eq. (7). Often we shall refer to cross sec-
tions obtained from the background term only and/
or from the pole term only. By the former we
mean that we take only the background term of Eq.
(7) and insert it into Eq. (1), while for the latter
we take only the pole term of ('t) in (1) and, more-
over, suppress the Coulomb amplitude Ac(8) there;
we do not want to include Ac(8) twice. We com-
bine the Coulomb amplitude with the background
amplitude, because in all the cases considered
here involving charged particles the two almost
cancel each other, making the sum of the two com-
parable to the pole amplitude. The pole amplitude
is usually much smaller than the other two con-
sider ed separately.

For clarity of presentation in the following sec-
tions we shall introduce a shorthand notation, to
denote the way in which a certain S matrix ele-
ment or a cross section mas calculated. We use
the superscript (r, t, p) where, first, r denotes
the representation, with R meaning Regge repre-
sentation (9), a the a representation (17), and P,
the P, representation (13); also E will stand for
the exact optical-model results. Secondly, t de-
notes the term, with B meaning background term,
I' meaning pole term, and T meaning total, i.e.,
the sum of the tmo. Finally, me shall let p speci-
fy the poles which are included explicitly in the

noted that the behavior of f, for Im1. =p- ~ is giv-
en by

f, (X, k, r)- e" ' p- (23)

while g also increases as e'8". Therefore the two
terms in the Wronskian F are O(e~), while those
in F, are O(1). Since S is known to be O(1), if the
potential is not too strong, the above argument
shows that two large terms cancel very strongly
with each other in F . Thus a very careful and
precise numerical calculation is needed to get ac-
curate S matrix elements along the imaginary axis.

Regge poles can be located by finding the zeros
of F (X) by Newton's method. The corresponding
residues are then given by

pole term. Note that the background term also
depends on P, because the integration path depends
on P. The poles are named by the main quantum
number n, unless other types of poles are consid-
ered. As an example dg~" ~ "='~ is the differential
cross section calculated from the pole term of the
Regge representation (9) with the n = 0 pole only.
When there is no danger of confusion, any of these
symbols may be absent. E.g. , ~

SIai~ means the ab-
solute value of the S matrix calculated from the
background term, where no definite representa-
tion and poles have been specified, or are obvious
from the context.

IV. APPLICATION TO THE SCATTERING
OF NEUTRONS BY NUCLEI

V = 52 MeV, W = 3.12 MeV,

R = 1.15A"'+0.4 fm, g = 0.52 fm .
(26}

The pole trajectories with this potential for E»b
ranging from 0 to 10 MeV when A =40 are shown
in Fig. 1. Here the imaginary potential has been
decreased linearly below 1 MeV, so that it be-
comes zero at E'»b =0 The n =0 and n =1 trajec-
tories are seen to leave the real axis after, re-
spectively, passing through l = 3 and l = 1, and
their corresponding bound states mere located.
The n =0 trajectory leaves the real axis with an
extremely small angle and, for low positive en-
ergies, has very small residues. The n=2 tra-
jectory leaves the real axis before it reaches l =0,
and therefore leaves in the backward direction";
it also does not give rise to a bound state. In Fig.
1 there is also shown a zero-type trajectory, "
which at E»b= 0 emerges from ~ = 0 and for low
positive energies moves very rapidly with energy.
Other trajectories of this type may also exist, but
no extensive search mas made.

The background integral was calculated for Q»
= 2.5 MeV along tmo paths, C, and C„ indicated in
Fig. 1. With the residue theorem (25) it was con-
firmed that there are no more poles enclosed by
contour C„but that further poles exist enclosed
by the contour C~, some of which may be other
zero-type poles. The calculations verified that

We first study the elastic scattering of neutrons
to assess the validity of various pole approxima-
tions. ' This will also give us our first insight into
the analytic properties of the S matrix of the
Woods-Saxon potential. The following potential pa-
rameters were fixed by Campbell et al."to fit the
over-all behavior of the scattering of 1- to 5-MeV
neutrons by a variety of nuclei;

U(r} =-(V+iW)(1+ e~" s~") ',
where
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along the imaginary axis the $ matrix indeed be-
haves as was predicted by Eq. (11).

In Fig. 2 the differential cross section at E„b
= 2.5 MeV is given in various representations.
The accuracy of our calculations was checked by
verifying that the cross section do equals the
exact cross section do~, calculated directly from
the physical A., i.e., obtained with the convention-
al optical-model calculations. Other cross sec-
tions shown in Fig. 2 are do~" "= calculated
with the background term only taken along contour
C„and da "=' ', calculated with the poles n
=0, 1, and 2 enclosed by C, . As is seen the back-
ground contributes most strongly at small angles,
while the pole term dominates at large angles, the
n =0 pole contributing most strongly among the
others. Both background and pole terms diverge
at 0', since they do not have separately the cor-
rect asymptotic behavior in A. in the Regge repre-
sentation.

The pole approximations were studied for this
case in Ref. 8, using expression (13) for F(X, X'),
and the cross section with this P, representation
are also shown in Fig. 2. (In obtaining, or repro-
ducing, these cross sections we corrected slight
numerical inaccuracies which we believe were
committed in Ref. 8.) The parameter 8 in (13) is
taken as -50'. In Ref. 8 the value used for p, was
not specified, but it must have been close to p.

= I/a, which is what we used.
As is seen in Fig. 2, the result with the P, rep-

resentation is much better than that with the Regge
representation, ' if only the contributions from the
n = 1 and n = 2 poles were considered. Note, how-
ever, that Ref. 8 failed to locate the n = 0 pole,
possibly because it is very weak. If this pole is
included, as it should, the cross section gets
about 1 order of magnitude larger than it was oth-
erwise, and therefore than the exact cross sec-
tion. This means that the background terms must
have also been quite large, so as to cancel the
pole term, showing that the P, representation
failed to decrease the contribution of the back-
ground term, contrary to what was expected. Note
that the very weak n=0 pole contributes so strong-
ly, because the first factor of F(A., A. ') of (13) in-
creases exponentially with increased Re(A. '). For
this very same reason the direct calculation of the
background term is rather difficult, because the
integrand diverges with Re(A. ') —~, as well a.s with
Im(X')- ~, as is seen from Eq. (11).

We feel that it is extremely difficult to find a
representation in which one can replace with high
accuracy the background term by a sum of pole
terms. One may succeed to do so only under cer-
tain very fortunate circumstances, if any.

V. APPLICATION TO THE SCATTERING
OF 0 BY 0

TOR IE S

We now turn to the scattering of strongly ab-
sorbed particles, where Regge theory has been ap-
plied most successfully. "One such effect was
observed in the elastic scattering of "O on "O,
where the excitation function at 90' exhibits broad
prominent peaks at energies between 20 and 30
MeV in the c.m. system. " This excitation function
could be fitted qualitatively with a very shallow op-
tical-model potential,

E
I V = 17 MeV, W = 0.1E,

P =6 8 fm, a=049 fm,
(27)

0
(n=Q, -40.7

& t n =0;30.6) (n=O,- I8.9) (0=0,-6.4)
~~n-I -I62I in=I -4 2 I

n=0
I 5 IQ but this fit does not reproduce the peak-to-valley

ratio of the peaks observed in the experiment.
Chatwin et al."later improved the situation by
making the imaginary potential angular-momentum-
dependent

Re 1

FIG. 1. Regge trajectories for Ca(n, n) obtained by
using the potential (26). The n =0 to 2 and one zero-type
trajectories are shown. The numbers attached to the
trajectories give E»b in MeV. Bound states are indi-
cated on the real axis together with their binding ener-
gies. Two contours C& and C2 are indicated, along which
the backgroumt integral was evaluated.

V=16 MeV,
l —l,W = (0.5E, —7) 1+exp ' MeV.zl

(28)

This extension of the optical model may be justi-
fied by considering the decrease of the possible
number of open channels'~ or the density of levels
in the compound system" with increasing angular
momentum. The cutoff angular momentum l, in-
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p,. = I, + fry, f(2j + 1) (j= integer), (29)

and thus lying on a straight line perpendicular to
the real axis at /, . The distance of the nearest
poles from the real axis is 7th, /= 1.2. These poles
introduce singularities into the S matrix. We have
not established the precise nature of these singu-
larities of $ at P~, but they are believed to be es-
sential. We found a large number of poles of S(A)

in the vicinity of each p&. As a function of energy
these seem to emerge from p, , and then move
away from it slowly with increased energy. In
order to calculate the contribution of all these un-
known singularities, we draw a small closed loop
around each p, , and carried out a contour integral
along this loop. As is seen in Table I, given be-
low, their contributions are rather small in gen-

IP~
I I I +of I I I I I I I I I I I I I

40Ca+n

EI b
25MSV

'e, (P&, P, n =0-2)

E Io

bc,'

Ip I I I I I I I I ) j j I I I

0 20 40 60 80 IQQ I20 I4P I6Q I80
(deg)

FIG. 2. Differential cross sections for Ca(n, n) at
E»b ——2.5 NeV. The notation used to label the curves
here and in most of the other figures was described at
the end of Sec. III. Thus (E) is the exact result, while
(R, P, n = 0 —2) and (R,B, n = 0 —2), respectively, are
the cross sections calculated in the Regge representa-
tion with the n =0- 2 pole terms and the background
term only. Also given here are pole approximations in
the P& representation (13) of Ref. 8.

creases slowly with energy, while 6/ is fixed at
0.4.

When continuing into the complex plane the $ ma-
trix associated with the potential (28}, it should

be noted that the cutoff factor has infinitely many

poles in the complex plane located at

eral compared with the poles of single-particle-
resonance character.

Figure 3 shows the Regge trajectories calculated
for the potential (28}. As is seen they can be
classified into two types. The first type of trajec-
tory is that just discussed, i.e., that associated
with the singularities of the angular momentum
cutoff factor in the potential. We show only a few

of them. Note that these poles also appear in the
fourth quadrant, even though it is known that there
should be no poles for a potential without spin-or-
bit interaction as long as the imaginary part is
negative. The angular-momentum-dependent
imaginary potential, however, can be positive ef-
fectively in the vicinity of the singularity, and this
is the reason the poles appear in the fourth quad-
rant ~

The second type of trajectory is of single-parti-
cle-resonance (SPR) character, and is labeled in
Fig. 3 with the corresponding radial quantum num-
ber n, which ranges from 0 through 5. (The classi-
fication of the trajectory n = 5 as a SPR trajectory
is of course quite academic, since it never comes
close to the real axis at all. ) Such SPR trajector-
ies also exist for Yukawa potentials and for them
their behavior is well known. " They emerge from
the real axis at zero energy, moving first to the
right and eventually turn up and move back into
the left half plane.

As is seen in Fig. 3 the behavior of the SPR tra-
jectories for the Woods-Saxon potential is quite
different from this. As is exemplified by the n=4
and 5 trajectories, they can enter the first quad-
rant across the imaginary axis at Im(X) e 0. Ex-
cept for n =0 the SPR trajectories are almost
straight moving into the upper right corner. The
n =0 trajectory begins to be bent at the energy
where the real part of the pole approaches /„ be-
cause then the absorption becomes weaker, and
for weaker absorption the trajectories lie usually
closer to the real axis, as will be discussed later
in relation to Fig. 12. In fact the n= 0 trajectory,
calculated for the I-independent potential (27) and
shown in Fig. 4, is also straight, while the other
SPR trajectories behave similarly as they did in
Fig. 3. In this figure we followed the trajectories
to energies of E,. =60 to 100 MeV (out of curi-
osity since our model looses its physical signifi-
cance there). It is seen, that the trajectories con-
tinue to be almost straight and to move into the
upper right corner. They show no indication of
bending back into the left half plane.

The value of /, the real part of the n= 0 pole
position is a unique function of E and wec.m. ~

found that E, and I( I+ 1) are proportional to
each other to a high accuracy for E, = 15 to -30
MeV, when the trajectory is calculated for the po-
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FIG. 3. Trajectories of poles (solid) and zeros (dashed) for the 0- 0 elastic scattering with the angular-momentum-

dependent potential (28). The singularities of the angular momentum cutoff factor are denoted by p, , and some of the

poles associated with them are shown. The pole trajectories labeled n =0 through 5 correspond to single-particle reso-
nances. With each pole there is associated a zero of the S matrix and some of these are also shown. The numbers at-
tached to the trajectories are E, ~ in MeV and the points on the curves are given in intervals of 2 MeV.

tential (2'I) [more specifically we have the relation
E, = 0.056l( I+ I)+ 6.V5 MeV], a fact which has
recently been noted by Arima, Scharff-Goldhaber,
and McVoy. ' ' This result is not unexpected,
however, since a partial wave with angular mo-
mentum l will resonate when E, is such that the

l6O
6-

pole a
troje

0

E
2-

~,IF) 'o &=2

0 l0

0

20

30
O,

&n=l 50 ~
20 30
Rek
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FIG. 4. Trajectories of poles (solid) and zeros (dashed)
for the 0- 0 elastic scattering for the angular-mo-
mentum-independent potential (27). The notation is the
same as in Fig. 3. Here the trajectories are traced up
to 60 to 100 MeV to observe their asymptotic behavior
in energy.

position r = I/O of the first maximum of this wave
equals the radius of the trapping potential, which
is located just behind the potential barrier and
thus very close to the nuclear radius R.

This proportionality of E, to I(I+ I}may mo-
tivate one to interpret a resonant state at E,
corresponding to an integer value of l, to be a
member of a rotational band. In fact, as we noted
above, the intrinsic state of these resonances is
independent of l: Two ions, retaining their own

identities, are separated from each other by a
distance which is approximately independent of l.
One may likewise call these resonances molecular
states, "but it may simply be a matter of termi-
nology. Probably the most unambiguous under-
standing is to call them simply a series of single-
particle resonances. "

Referring back to the potential (28} we list in
Table I the residues of some of the poles for sev-
eral values of E, . It is apparent there that the
residues are large, if the poles are close to the
imaginary axis. It is also seen, as we remarked
above, that the cutoff-type singularities have com-
paratively small residues, but at least those as-
sociated with Po cannot be ignored.

In order to investigate the behavior of S(X), off
the pole positions in the complex plane, we calcu-
lated S(X) along various paths in the X plane shown
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Pole 20

E cm.
(MeV)
25 30

n=0
n=1
n=2
n=3
n=4
Po
P-f

0.56
1.79
2.02
5.55

48.20
0.17
0.02

0.58
1.44
0.73
0.76
2.44
0.39
0.06

0.80
1.24
0.16
0.14
0.24
0.41
0.09

in the upper left corner in Fig. 5. The value of
IS(X)~ along these paths is shown in the same fig-
ure. As is seen the behavior for

I XI —~ follows
what was predicted by Eqs. (11) and (12). Note,
however, that along the positive imaginary axis,
I S(1)I

first increases very fast to a very large
value before it starts to decrease exponentially.

TABLE I. Residues [P„I of the Regge poles for ttO

elastic scattering for potential (28). Po andP
&

give
the summed residues of all poles associated with the
cutoff singularities nearest to the real axis in the upper
and the lower half plane.

This will be seen to be related to the presence of
pole trajectories with large residues close to the
positive imaginary axis, as we remarked in rela-
tion to Table I.

In Fig. 6, we give the excitation function of the
scattering cross section at 90 c.m. angle, and
there the background term was calculated along
the dashed line of Fig. 5, which encloses only the
n=0 SPR-type pole, as well as the t), and p, cutoff
singularities, as can be inferred from the behav-
ior of the trajectories in Fig. 3.

The cross section for the sum of pole and back-
ground terms, i.e., der "+, of course agrees with
the exact calculation, dg, which fits experiment
rather well. The cross section der

" '~' -~ is
seen to vary slowly with energy, having about the
correct magnitude. On the other hand do ~

is seen to be responsible for giving the correct os-
cillatory nature to the excitation function. The
curve do " "=' ' was obtained by considering the
five SPR-type poles of Fig. 3. As is seen, they
give much too large cross sections at the lower
energies. The reason is clearly the very large
residues associated with the n=4 trajectory (see
Table I). Unless this large contribution is offset
by similarly large background terms, calculated
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I I
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IO (R 8 n 0 pp I) (R,P n=O, pp I)
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FIG. 5. Behavior of S(A) in the right half plane for the
0- 0 elastic scattering for potential (28) at Eo ~ =20

MeV. The value of ~S(A) [ is given along various paths
described in the inset. The dashed line in the inset shows
the path along which the background cross section given
in Fig. 6 was calculated.

FIG. 6. Excitation function at 90' of the 0- 0 scat-
tering cross section for the potential (28). Shown are
the exact optical-model result and the cross sections in
the Regge representation with the n =0 pole term (includ-
ing also the poles of the Po and P & singularities), the
n = 0 -4 pole terms, and with the background term only.
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anew along a path appropriately chosen, exact re-
sults cannot be reproduced. This result thus gives
again a warning to a nai've expectation that increas-
ing the number of poles only can improve the ac-
curacy of the calculations.

The "exact" cross section in Fig. 6 was of
course obtained by symmetrizing the amplitude for
the system of identical Bosons (this time two ' 0
nuclei}, and including the Coulomb amplitude. In
such a calculation, however, it is rather difficult
to see clearly the relative importance of the pole
and background terms, particularly when we are
interested in the angular distribution. Even if the
symmetrization is suppressed, the large Coulomb
amplitude still somewhat obscures the situation.
We thus calculated cross sections suppressing
both Coulomb and symmetrization and the result
obtained for E, =20 MeV is presented in Fig. 7.
As is seen the magnitude and the oscillatory na-
ture at forward angles is mostly due to the back-

ground term alone, although a very deep minimum
at 55' is due to its destructive interference with

the pole term. Qn the other hand, the magnitude
as well as the oscillatory nature of the backward-
angle cross section are almost entirely due to the
pole term alone.

This general feature has already been noticed
in Refs. 3 and 4, in fitting the e and "O scattering
with the pole-plus-background model. If a Regge
pole A. = no+ —', dominates the backward-angle cross
section, the angular distribution there is approxi-
mately proportional to ~P (-cos8)~', if there is
no Coulomb interaction. The Coulomb interaction,
however, does not change this angular distribution
significantly, though it changes the magnitude by a
factor

~
exp(2ia ) ~

. Therefore, under some cir-
cumstances it is possible to determine the approxi-
mate position of the Regge pole by simply knowing
the oscillatory nature of the experimental cross
section at large angles. "

IO

)

IO ~
'I

l

2
IO

I6O I 6O

c.m.

not symmetrized

no Coulomb effects

(R, P, n=0, po ()

VI. COMPARISON WITH THE
PARAMETRIZED S MATRIX

OF McVOY

McVoy4 made a detailed study of the usefulness
of a parametrization of the $ matrix, with a one-
pole-plus-background representation of the form
given in (15), for the scattering of "0 by "0. He
did not attempt to fit the experimental cross sec-
tions, but rather exact theoretical cross sections
obtained with the conventional optical-model calcu-
lations made with the optical potential (2'I), except
that its imaginary part was replaced by

W = (-17.2+ 1.86K, .} MeV,

R, = 4.1V fm, a, = 0.805 fm .
(30)

IO
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FIG. 7. Differential cross sections of the 0- 0 scat-
tering for the potential (28). Here the cross section is
calculated without symmetrization and by suppressing
completely Coulomb effects (even though these were in-
cluded in the S-matrix calculation), to show the relative
contributions of the pole and the background term. Shown
are the pole and the background cross sections in the
Regge representation with the n = 0 pole (including also
the poles of the bvo closest cutoff singularities).

As is seen in Fig. 6 of Ref. 4, McVoy's fit to the
exact cross sections was quite good for E, ~ 24
MeV, but became worse for lower E, . In par-
ticular, at E, = 20 MeV no satisfactory fit was
obtained.

By looking at Fig. 6 of Ref. 4 one may conclude,
as did McVoy, that (15) works well when it is used
to fit an angular distribution which has a smooth
midsection. Comparing Fig. 6 with Fig. 7 both of
Ref. 4, one may further say that the condition of
getting such a smooth midsection is that the back-
ground part of the S matrix dominates in the for-
ward angles, but falls off rather fast with in-
creased angle. Then the magnitude and the oscilla-
tion at large angles can be accounted for entirely
by the pole contribution, the oscillation in the
smaller angles being due to the interference be-
tween the pole and background contributions. If
the pole lies fairly close to the real axis of the
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FIG. 8. Absolute value of the S matrix elements of the 0- 0 scattering for the potential (30) at E~ ~ =28 MeV, cal-
culated in the Regge and b, representations and from the S-matrix parametrization (14). The upper half gives curves
for total S matrix elements (T) and for those calculated from the background only (B), while the lower part gives those
of the pole terms (P).

angular momentum plane, only one or two Legen-
dre polynomials are involved in the pole term.
Since these Legendre polynomials usually have
high orders, their values in the midsection are
small, accounting for the smooth midsection.

Having thus understood that the smooth mid-
section is due to the separate contributions of
the pole and background terms in different angu-
lar regions, it would be instructive to look at
the same thing in terms of the different behav-
ior of the pole and background S matrix $, as a
function of l. The absolute values of $, calculated
at F.', =28 MeV are presented in Fig. 8, in vari-
ous representations. [For notations see the end
of Sec. III. We also note that in calculating

~ S, ~

the 1 on the left side of Eq. (7) was included into
the background term on the right-hand side. ] In
general

~
Sp'~ for the background terms increases

smoothly from zero for lower l to unity for higher
I. The interval in I, in which

~ S, ~
increases from

0.1 to 0.9, may somewhat vaguely be called the
"active region" of S, l. If this region is narrow,
we say that the "cutoff" is "steep. "

As is seen in Fig. 8 the active region of $,"
the McVoy background term, is localized rather
narrowly, and so is $," "=' . Compared with

these the corresponding curves for the Regge rep-
resentation S, + "= and $, "=' are rather poorly
localized. Since they are obtained exactly, there
is nothing wrong in using them, but in assessing
the validity of McVoy's parametrization, it is
more convenient to use another representation,
and for this purpose we introduced the b, represen-
tation, defined in Eq. (17). The ~S~pl( curves are
also presented in Fig. 8 and as is seen they now
behave rather similar as ( S," ~. (We use A = 1.62
as in McVoy's fit, but the results are not sensi-
tive to the value of a used. ) For both, McVoy's
parametrization and the 6 representation, it is
seen that

~
SI ~~ &

~
SP~~, i.e. , the pole term inter-

feres destructively with the background. It is
further seen, that this interference causes the
appearance of a dip in the

~

Sr~~ curve, its posi-
tion being very close to the peak position of the
pole term. Since it is known that at F, =28 MeV
McVoy's approximation works well, we may say
that when

~
SP~

~
has a comparatively narrow active

region and a single dip is superposed upon it, (15)
can be used to approximate it to a high accuracy.
Anyway it would be worthwhile to emphasize here
the very close similarity of behavior between
)SIr s'( and

(
SIr'"~) curves seen in Fig. 8.
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The dip that appears in the (
SIr'~ is naturally

associated with the "zero" of
~

SIr~ ~, and in this

sense it is interesting to compare the behavior of

pole and zero trajectories of the exact and approxi-
mate calculations. The results are given in Fig.
9, where, in calculating the trajectories of (15),
the parameters given in Table I of Ref. 4 were
used. As is seen in this figure the behavior of

both (n =0) pole and zero trajectories are very
close to one another for E,.~ ~ 24 MeV, present-
ing another reason why (15) worked at higher en-

ergies. The trajectory behaves rather differently
at lower energies, where (15) is known to fail.

Since we have obtained an idea of the behavior
of

~ S, ~
for the cases in which (15) works, we may

now proceed to lower energies and see how ( S, ~

behaves differently, and the results obtained for

E, =18 MeV are given in Fig. 10. The exact
curve for this energy

~
SP'i shows two dips within

its active region; those corresponding to the n=0
and the n= 1 zeros. This causes the over-all cut-
off of $, to be steeper. McVoy's one-pole model

fit (
S+'r'"='~~ fails significantly in reproducing this

behavior. The background attempts to reproduce
the sharp, average slope of the cutoff, and this re-
sults in a too weak and misplaced pole. The n =0
pole contribution in the 6 representation

~ SI '

is much stronger and produces the first dip in the

~

Sr'~ curve through destructive interference with

the background.
Since the n =1 zero is seen to be important in

the S, curves, it is interesting to investigate two-

pole representations. McVoy also attempted this

by extending his parametrization (15) to include

two-pole zero factors;

S=a(f}Q,
where M=1. Also the residue parameter D„=p„
—z„was allowed to take complex values for n =0.
The pole and zero positions for this fit are also
shown in Fig. 9. Not only is the agreement with

the exact positions worse for m =0, but also the

imaginary parts for the n = 1 pole and zero are
completely wrong. The )S, ~

values for this fit
and for the two-pole 6 representation are also in-
cluded in Fig. 10. The curve (S,"r "= '~~ shows

even poorer agreement with the exact curve than

that for the one-pole fit and the pole terms are
still too weak. The corresponding background

~
SPs "="

i
is smoother and less steep than that

of the one-pole b, representation. Thus although
McVoy's two-pole parametrization did give a bet-
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FIG. 9. Trajectories of poles (solid) and zeros (dashed) for the 0- Q scattering for the potential (30). Also shown
are the trajectories for the n =0 pole (squares) and zero (triangles) as determined from the S-matrix parametrization
of McVoy. The n =0 and 1 pole and zero positions at 18 MeV for the two-pole parametrization (31) are also indicated.
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FIG. 10. Same as Fig. 8, except that the calculation was made here at E, m =18 MeV, and that results with two poles
are also included.

ter fit to the angular distributions (Fig. 10 of Ref.
4}, this could have been only fortuitous. Since the
cutoff of the background is so steep, it is very
likely that the backward-angle oscillations in his
fit arose from the background term alone, and
that the poles did not contribute to the angular dis-
tribution in any significant way, contrary to what
the exact calculation shows. These difficulties,
however, do not mean that the two-pole model can
never be useful. It may simply be a matter of a
further search for parameters, and we give in
Sec. VII a suggestion for an improved way of doing
this.

After seeing the behavior of $, we shall now dis-
cuss the angular distribution at E, = 18 MeV, and
thus give in Fig. 11 the one- and two-pole angular
distributions for the 6 representation together
with the exact one. It is seen that dg ~+ "=' falls
off rapidly with angle and is fairly smooth also at
backward angles. On the other hand der+ ~ "="con-
tributes mainly at large angles and accounts com-
pletely for the backward rise and oscillation of the
angular distributions. Note that do ~ "= mainly
consists of the 1=14 partial wave, as is seen from
the fact that it has 14 minima and large oscilla-
tions at backward and forward angles but not in the
midsection. ~' Thus we find that the one-pole b,

representation does provide even at this lower en-

ergy a clear separation of the roles of the pole
and background terms in different regions of scat-
tering angle, a situation which was the case only
.at higher energies, if McVoy's parametrization
was made.

In the two-pole 6 representation, the pole term
do ' '"=~' gets much larger and contributes to
the angular distribution also at intermediate an-
gles. The two-pole background do ~' '"='' is now
completely smooth except at extreme backward an-
gles, showing that the residual oscillation in the
one-pole background do ~' "=' was due to the n = 1

pole. At backward angles the one- and two-pole
representations coincide, indicating that this re-
gion is still dominated by the n =0 pole. Because
of the increased pole contribution, the relative
contributions of the pole and background terms
are less clearly separated in the two-pole 6 rep-
resentation, than they were in the one-pole b, rep-
resentation. However, the fact that der ~'~'"~' ' is
straight may be significant in the sense that it be-
haves as do '~'"=' does at higher energies.

Coming back to our statement that the one-pole-
plus-background parametrization works well if the
cutoff is sufficiently steep so that only one pole
lies within its active region, we shall now investi-
gate a little further the physical situation under
which such a favorable condition is realized.
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It was already discussed in some detail in Ref. 4
why the one-pole parametrization improves with
increasing energy. The reason is that generally
the l value at which the cutoff takes place increases
faster with energy than does the real part of the
pole position. (Compare e.g. the position of the
n =0 dip relative to the cutoff in Figs. 8 and 10.)
Therefore, as long as the cutoff is reasonably
sharp, there will eventually be realized a situation
in which only the n=0 pole exists within the active
region and then a one-pole parametrization is pos-
sible. An instructive experimental example of this
effect can be found in the comparison of the e-scat-
tering data at 30 MeV' and 80 MeV,"where the lat-
ter shows the characteristic smooth midsection in
the angular distribution. At still higher energies
even the n =0 pole cannot lie in the active region
and then the cross section will be simply described
by the background term only.

We expect that another factor which determines
the applicability of a one-pole parametrization is
the strength of the absorption, because this con-
trols the steepness of the cutoff. To investigate
this further we give in Fig. 12 the pole and zero
positions as well as 1S, 1

calculated at E, =16
MeV with potential (27) except that W takes the val-
ues 1 and 5 MeV. It is seen that the effect of the
increase of W on the poles and zeros is an almost
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uniform shift of their positions in the direction of
the positive imaginary axis. The 1SI '1 curve for
W= 1 MeV has a rather marked structure whose

dips are caused by the zeros of the S matrix. As
W increases the dips become shallower, because
the zeros move away from the real axis, and more
importantly the magnitude of 1S, 1

on the average
decreases for lower l values making the dips less
important and the cutoff steeper. Thus the one-
pole parametrization becomes better with increas-
ing absorptive strength.

At this point it might be worthwhile to comment
further on a statement made by McVoy with refer-
ence to his Fig. 4. There he displays 1SI I1 curves
similar to those shown in our Fig. 12 (the poten-
tials are very similar in the two cases) and argues
that the overlapping contributions of different poles
give rise to the smooth cutoff S matrix and that the
smoothing with increasing absorption is due to an
increasing overlapping of the resonances. To test
this statement we show in Fig. 12 also 1SI"'P'"=0 'I1,

Io
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FIG. 11. Differential cross section of the 0- 0 scat-
tering with the potential (30) calculated at E, m =18 MeV.
Shown are the exact cross section and those calculated
in the 6 representation for one- and two-pole terms and
the corresponding background terms.
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FIG. 12. The upper part shows pole and zero positions
for the 60- 80 scattering with the potential (27) but with
8"=1 and 5 MeV. Poles and zeros for each value of 8'
are connected by lines to guide the eye. The lower part
shows exact S matrix elements for these two values of
W and those calculated form the Regge representation
with the n =0-2 pole terms only.
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i.e., the S matrix resulting from the first three
pole terms of a Regge representation. " Even
though these curves have some similarity in shape
with the exact one, particularly being smoother
for stronger absorption, the magnitude of

~ S, ~
is

much too large for the lower l values. Therefore
the overlap of a few poles alone cannot produce the
smooth and sharp cutoff. The background term
contributes significantly at the same time.

In order to discuss finally the interplay between
the values of 8' and E, , we shall discuss here
a remark made by McVoy' that he used potential
(30), instead of (27), because the latter had sever-
al active poles, which prevented him from using
the one-pole parametrization. This statement
seems rather surprising at first, if one notices
that at least the n = 0 and = 1 pole positions for the
potential (27) (seen in Fig. 4) are very close to
those of the potential (30) (seen in Fig. 8), and fur-
ther that their residues are about the same. It
should be noted, however, that the behavior of the
zeros are quite different in these two potentials.
In potential (27) all the zeros a.re close to the real
axis at lower energies and consequently there are
several dips in the

~
S,

~
curve making the latter un-

suitable for treatment with the one-pole paramet-
rization. At higher energies, however, most of
these zeros move away from the real axis and only
the n =0 zero remains important. In fact the an-
gular distribution for the potential (27) calculated,
e.g. at E, =32 MeV has a smooth midsection,
showing that McVoy's parametrization could have
been used. The potential (30), on the other hand,
has a much stronger absorption (though only at a
shorter distance in the coordinate space), and
this pushes up the poles and zeros in the lower l
region away from the real axis. This makes the
cutoff steeper and thus allows one to use the one-
pole parametrization even at lower energies. This
way it is clear that the energy and the strength of
absorption combined decide whether the one-pole
parametrization is possible or not.

VII. CONCLUSIONS AND DISCUSSIONS

We investigated in considerable detail the analyt-
ic properties, in the complex angular momentum
plane, of the $ matrix of conventional optical mod-
els of the Woods-Saxon form. It was shown that
they are quite different from those of Yukawa po-
tential, on which many of the previous arguments
of the Regge technique had been based. "' One
important change is that the trajectories are al-
most straight and never seem to turn back into
the left half plane with increased energy. More-
over, there are additional poles, if a potential
with an angular momentum cutoff of the imaginary

part is used. At the same time the behavior of the

S matrix is such that the background integral can
never be taken along the imaginary axis, but has
to be bent eventually to run parallel to the real
axis. This fact seems to indicate that one should
use a representation in which the background inte-
gral is retained explicitly, in one way or another.
In other words an attempt to replace accurately
the whole amplitude in terms of pole terms alone
seems very difficult to achieve in general.

Considerably detailed arguments were also made
in assessing the validity of the one-pole-plus-back-
ground parametrization. As was stated towards
the end of Sec. VI, we believe that this approach
does work, if the energy under consideration is
sufficiently high, and if the system treated is
strongly absorptive. Many present experimental
results for heavy-ion scattering, however, do not
seem to realize such favorite circumstances. Thus
the smooth midsection in the differential cross
section, which is characteristic of a process dom-
inated by only one Regge pole, is more the excep-
tion than the rule. E.g. in a scattering one has to
go as high as 80 MeV for this phenomenon to be
realized. In this respect it should be interesting
to investigate more closely scattering between
nonidentical particles where the behavior of the
angular distribution at backward angles is not ob-
scured.

It is thus seen that in order to be able to fit,
with Regge technique, the large amount of existing
and forthcoming data, it is desirable to have a
knowledge of how to extend the one-pole-plus-back-
ground parametrization. One answer to this ques-
tion may be to use Eg. (31), i.e., the two-pole- (or
more-pole) plus-background parametrization. Mc-
Voy' already used this, but without much success,
perhaps because he did not have a guiding princi-
ple to limit the possible region of the parameters.

From the results given in Figs. 3 and 9, how-
ever, it seems that such a two-pole parametriza-
tion of a heavy-ion reaction should have the follow-
ing features. The cutoff should be less steep than
in the one-pole case to accommodate several poles,
and possibly it should also be modified to allow
for less absorption of the lower partial waves.
The n=0 and n=1 poles are spaced at least two
units of angular momentum apart, and only for n
=0 are the pole and zero positions close together,
while for n&0 the pole but not necessarily the zero
position is usually removed from the real axis by
at least one unit. The phase between the pole and
background terms should be such that they inter-
fere destructively, because ) S', '~ &

~ SP '~ as is
seen in Figs. 8 and 10. These conclusions are
only based on the examples considered so far in
this work and they may prove to be not universal
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enough. Nevertheless, tests of these principles
are underway and results will be reported shortly.

So far we have restricted our arguments entirely
to elastic scattering. The method can be extended
without very much modification to transfer reac-
tions, if it is desired. This is seen by writing the
distorted-wave Born approximation in the source
term formalism. " In that case the outgoing parti-
cle is described by an inhomogeneous equation,
the inhomogeneity giving the source of the ampli-

tude due to the incident channel. Such an equation
is not more difficult to handle numerically then
the corresponding homogeneous equation. Also
the analytic behavior of the source term in the
complex plane should be fairly transparent.

We are indebted to a very useful conversation
with Professor K. W. McVoy. Careful reading of
the manuscript by W. R. Coker is cordially ac-
knowledged.
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