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We have calculated the cross section for n+p d+2y. This process depends critically on

the same matrix element that gives the amplitude for singly radiative np capture from the

continuum S state. It has been suggested that "anomalous" transitions from this continuum

S state may explain a long-standing discrepancy in np capture (o'«p —-334.2+ 0.5 mb and o th

=309.5+ 5 rnb) by contributing roughly 8% to the total np capture cross section. If this specu-
lation is correct then the branching ratio of doubly to singly radiative np capture is 1.4x 10 4.

On the other hand a conventional estimate of this amplitude yields a branching ratio of about

3.4x 10 . An experimental measurement of the doubly radiative cross section in the 10-pb

region should therefore settle the question of the importance of the 3S initial state in the total
radiative np capture cross section. Such a measurement seems at present to be much easier
than similarly motivated polarization measurements.

1. INTRODUCTION

In previous work' ' it has been shown that a
discrepancy of about 8% still seems to exist be-
tween theory and experiment for the process of
thermal radiative neutron capture on protons.
This is termed, after Austern and Host, ' the in-
teraction effect. In our opinion the best values
to date are 334.2 +0.5 mb for experiment' and
309.5 +5 mb for theory. ' The present work was
motivated by the slim possibility that the doubly
radiative cross section, that is n+ P- d + 2y, might
be anomalously large and thereby explain the inter-
action effect, since the number of capture y rays
is not in general measured in experiments. In
this work we find that the doubly radiative cross
section is many orders of magnitude too small
to explain the interaction effect. There is how-
ever a very interesting relation between the dou-
bly radiative cross section and the singly radia-
tive cross section for capture from the 'S np state.

To be specific we find in this work that the dou-
bly radiative cross section depends critically on
the overlap integral between the 'S continuum
wave function and the deuteron wave function.
These states are normally considered to be orthog-
onal, and an estimate based on this assumption
yields a doubly radiative cross section of only
10 '

p,b. On the other hand, if the overlap integral
is anomalously large' ' and roughly equal to that
between the 'S continuum wave function and the
deuteron wave function, two things occur: (1) the
singly radiative capture cross section from the
'S state increases greatly, becoming about 8% of
that from the 'S state and raising the total theo-
retical cross section to agree with the experi-

mental value; (2) the doubly radiative cross sec-
tion increases enormously, from 10 '

p.b to about
42 p,b. The doubly radiative process thus becomes
measurable.

Our understanding of nucleon dynamics is not
complete so we cannot definitely rule out the possi-
bility of an anomalously large overlap integral
between the 'S continuum wave function and deu-
teron wave function. An experimental measure-
ment of the doubly radiative cross section should
provide a direct test of this orthogonality and thus,
indirectly, a clarification of the role of the 'S
initial state in single radiative capture.

Our calculation is based on the diagrams in Fig.
1, although we will only use Fig. 1(a). Our use
of these diagrams is justified, in Sec. 2, by the
position of their singularities. ' " The amplitude
described by Fig. 1(a) involves a generalized
Compton amplitude, wherein a nucleon emits two

photons and becomes virtual, as shown in Fig. 2.
This amplitude will be obtained in Sec. 3, in anal-
ogy with the Compton- scattering low-energy theo-
rem of Goldberger and Gell-Mann, "and Low, "
the GGL theorem. The relation between the two
diagrams in Fig. 1 will be discussed in Sec. 4,
and we will justify our neglect of Fig. 1(b). In
Secs. 5 and 6 we will calculate the total cross
section for capture from the two E =0 states, 'S
and 'S, that are expected to dominate. Within
conventional theory, assuming orthogonality of
the 'S and the deuteron wave functions the doubly
radiative cross section is found to be of order
10 4

jLt.b. If the orthogonality is sacrificed, how-
ever, w'e find, as noted previously, that the doubly
radiative cross section could be as large as 42 LLLb.

In Sec. 8 we summarize briefly the theory of sing-
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ly radiative nP capture, ' ' and show the relation
between singly radiative capture from the 'S state
and doubly radiative capture.

Two Appendixes are included, one in which some
details of the singularity structure of several
skeletonized Feynman diagrams are discussed,
and another in which our calculation method in
terms of wave functions is heuristically derived.

2. CHOICE OF DIAGRAMS

There are numerous diagrams one may draw
to represent the interaction of two photons with

a neutron-proton system and some criterion for
the selection of the most important diagrams is
necessary. We wish to justify the choice of the
two already discussed, as drawn in Fig. 1. For
this purpose we will investigate the analytic struc-
ture of the amplitudes corresponding to various
diagrams. There are well known and very con-
venient techniques for studying the analytic struc-
ture of Feynman amplitudes without actually per-
forming the various integrals; in particular the
singularities of the amplitudes may be obtained
by the methods of Landau, ' Cutkosky, ' and Bjor-
ken. ' " We will follow the standard practice in
dispersion calculations of assuming that the dia-
grams with singularities closest to the physical
region are dominant. "'"

We wish to emphasize that our classification
of diagrams according to their singularity struc-

ture is quite independent of the actual means of
calculation. "'" We will in fact use a nonrelativ-
istic reduction of the Feynman amplitudes as dis-
cussed in several previous works' " "and sum-
marized in Appendix B.

Let us choose convenient variables in terms of
which the amplitude may be assumed to be an
analytic function with isolated singularities. We
will work in a frame where the neutron and proton
are both initially at rest and have zero relative
momentum. The two photons then are emitted
with four-momenta q, and q„while the deuteron
recoils with three-momentum equal to -(q, +q,).
We will consider the amplitude as a function of the
invariant four-vector square,

(2.1)

and the angle 8 between the photons, as shown in
Fig. 3. The choice of q' is in close analogy to
common practice in electron scattering the-
pry ro. i7, ~8 The sum pf the phptpn energies is
equal to e, the deuteron binding energy, if the
deuteron recoil energy is neglected. Thus we

may write the invariant q' approximately as

q'=(qi+q. )'=2qi'q. =4lq, l(~- Iqil)sin'2&

(2.2)
when the emitted photons are on the mass shell,
i.e., in the physical region. The physical region
in q' is thus the region from q' =0 to q' = e' traced
out as (q, ~

runs from 0 to e and 8 runs from 0 to
In terms of the nearest singularity in the ampli-

tude, which we shall find is q' =4&M, this is very
close to the origin q' = 0. For simplicity in this
section we will consider the special case of q, q,

r2 y2

:-d
T2

(b)
r2

FIG. 1. The diagrams which represent the processes
discussed in this paper. The first, (a), is the "Compton-
like" process wherein one nucleon emits two real photons
and enters the deuteron state with respect to the other
nucleon, very much as in singly radiative np capture.
The second, (b), is the "interference" process in which
both nucleons emit a single photon.

FIG. 2. The diagrammatic content of the generalized
Compton amplitude used in this work. The photon y& has
three-momentum q&, energy ~&, and polarization vector

and similarly for photon y2. The nucleon has an ini-
tial spin g;, final spin y&, charge e, and magnetic mo-
ment p. We consider the nucleon to be initially at rest.
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=0 which corresponds to 8=0 in the physical re-
gion, and to q' = q, '+ q,

' throughout the q' plane.
Having chosen the convenient variable q' we

may refer to the literature" "to obtain the posi-
tion of singularities in the q' plane. Only one un-
orthodox feature is involved in our analysis; as
is customary, we consider the nucleons, deuteron,
and photons as real external particles, but we

also consider the continuum np system as a ficti-
tious particle whose mass is equal to the sum of
the neutron and proton masses. It is thus analo-
gous to a bound nP system in the limit of zero
binding energy. This procedure is easily justified
for a given diagram, and in general one may say
that the position of the singularity is a continuous
function of the mass of the external "particle, "
i.e., the continuum nP system. " This is discussed
further in Appendix A.

In Fig. 4 we have listed a number of skeleton
diagrams contributing to doubly radiative nP cap-
ture. The nearest singularity to the physical re-
gion q'= 0, is at q' =4M', which occurs for the
Compton-like amplitude in Fig. 4(a} which is the
same as Fig. 1(a}. Figure 4(b) is merely one way
in which the generalized Compton amplitude in
Fig. 4(a) can be dissected and must have the same
singularity position, which is easy to verify ex-
plicitly. Figure 4(c} is another way to draw Fig.
4(b} and is included as a consistency check. Fig-
ure 4(d} is the interference term that occurs also
in Fig. 1(b), and also has a singularity at q' =4M'.
Therefore the diagrams 4(a) to 4(d} all have the
same singularity position; they are clearly con-
tained implicitly in the diagrams of Fig. 1. The
remaining diagrams have singularities which are
at least 5 times as far from q' = 0 and will be neg-
lected. We thereby have a plausible justification
for retaining only the diagrams in Fig. 1, as al-
ready discussed in the Introduction.

In Appendix A the behavior of the singularity as
a function of the mass of the nP system for Fig.
4(a) is discussed further (see Fig. 5}, as well as
the singularity positions of the other diagrams
in Fig. 4.

3. GENERALIZED LOW-ENERGY COMPTON

AMPLITUDE

7 7

np

(a)

d np np

(c)

7 7

Compton scattering on spin —,
' targets is a well-

studied process. The expansion of the amplitude
in powers of the photon energy was investigated
by Gell-Mann and Goldberger, " and Low, " in
1954. They discovered that to first order in ~,

the incident photon energy, the amplitude is ex-
pressible in terms of only the charge and magnetic
moment of the target. Their result is derivable
on such general grounds that it is generally re-
ferred to as a low-energy theorem. More recently
systems of higher spin have been studied, and
higher powers in e considered; the resultant ampli-
tudes of course contain structure-dependent func-
ti ons 20 ~ 2 1

Our present concern is with photons of frequency
around 1 MeV, so a low-energy theorem is pre-

np np

7 7 7

np np

FIG. 3. Kinematics of the doubly radiative capture
process. The deuteron recoils with three-momentum
(-q), where q=q&+q2. Compared to its rest mass the
kinetic energy associated with this recoil is negligible.

FIG. 4. Some diagrams whose singularity position is
considered in Sec. 2 and Appendix A. Diagrams (a), (b),
ard {c)are implicitly contained in the diagram in Fig.
1(a), while (d) is the same as Fig. 1(b). These are sin-
gular at q2=4Me. Other singularities are at: (e) 20M~;
(f) 4@2, where p is the pion mass; (g) 16@M; (h) 2M@.
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IAl q
Jl

=Req2I I
I I

4 Me 16M'

FIG. 5. Position of the singularity of Fig. 4(a). As the
np mass varies from 2M —e to 2M the singularity moves
along the real axis from 16M' to 3Me. As the kinetic
energy, K, of the np system increases (a further mass
increase) the singularity moves off axis along a parabola,
as seen from Eq. (A1). The motion is continuous.

cisely what we need. We must, however, consider
a situation where two photons of arbitrary frequen-
cy are emitted forward in time. The GGL theorem
is obtained by either classical means, renormal-
ized quantum field theory, or by evaluation of
Feynman diagrams. We therefore expect a general-
ized Compton amplitude as calculated from the
Feynman diagrams in Fig. 2 to be a good approxi-
mation; indeed the GGL low-energy theorem is a
special case, and provides an "anchor" when one
photon line is time reversed.

It is straightforward to obtain the low-energy
amplitude for Fig. 2. We merely write the Dirac
spinors and matrices in terms of Pauli spinors g
and spin matrices o, and retain appropriate powers
of the momenta and energy. For the np capture
problem the initial neutron and proton are very
nearly at rest in the lab frame so we will obtain
our generalized Compton amplitude for a nucleon
originally at rest.

Evaluation of the diagrams in Fig. 2 yields the invariant amplitude

2 2

(i %1/2 Xf I. //V~1 ~2 ] Xj i g gf/2 Xf X;4(d &(d2 j (
(3.1)

where the bracket corresponds to a generalized GGL Compton amplitude and is explicitly given by

T I 2 (+1 +2) . (+1++2)P/i i x '1 . i
4 2 g~ ' 62+

4 2 (n2 X62j '(n~ XE'~)

&a~'(~, -~,) - - - - - ~(~o-1)(~]-~2)-
4M2

f j//, n~(nq x f )) + (n~ xZ~)n) n2(n2 XE2) + (n2 xE2)n2 1 (3.2a)

for the proton; only the protons charge e~ and magnetic moment p.~ enter to first order in frequency. For
the neutron only the terms quadratic in the magnetic moment occur since there is no charge scattering"

(3.2b)

For brevity we shall write either amplitude as

T =To+B o, (3.3)
where T, refers to the first three terms in (3.2a) or the first term in (3.2b) which contain no spin opera-
tors, and B.o refers to the remaining terms. In analogy with low-energy Compton scattering, which we
will discuss below, To will be called the Thompson term and B ~ o the spin-flip term.

As an anchor to the GGL theorem we note that for the case ~, = -~2 = -e, corresponding to Compton scat-
tering, the amplitude (3.2a) reduces to

fi/, /, 4& n (n, xf, )+(n xE,)n, n, (n, xf, )+(n, xf, )n,
2M

which agrees with the familiar result of GGL."'"
"

( ) (3 4)
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It is clear that the process of N- N+2y is kine-
matically forbidden for a free nucleon, N. In the
problem under consideration the final nucleon is
bound in the deuteron and is no longer on the mass
shell, so the process becomes allowed. It should
be stressed that the exact amplitude which should
be used for the two-photon emission would there-
fore involve an off-mass-shell final nucleon. Our
assumption is that the amplitude is a smooth, func-
tion of the mass of the final nucleon.

4. ISOTOPICS AND THE INTERFERENCE
DIAGRAM

+C[( ue, )' —(eu„)'], (4.1)

where e~= e is the proton charge and we have for-
mally retained the neutron charge, e„=0, to make
the isovector nature manifest: only differences
between proton and neutron parameters occur.
The coefficientsA, B, and C will of course de-
pend on the np wave functions and spin matrix
elements; these will be discussed in the following
sections but here we wish to leave them unspeci-
fied. In similar fashion we see that Fig. 1(b) will

The two diagrams in Fig. 1 are not entirely in-
dependent but may be related by isotopics if we

assume that there exists an analog of the general-
ized low-energy Compton amplitude of Sec. 3 in a
form which we will discuss. We will assume, for
the same reasons as for singly radiative nP cap-
ture, that the neutron is captured predominantly
from the two l=0 states, the 'S and 'S.

Consider capture from the 'S state first. This
involves an isovector transition of the np system,
so the general form of amplitude that results from
evaluating the diagram in Fig. 1(a}can be inferred
from Eqs. (3.2a) and (3.2b) to be

A, =A (e~' —e„')+B[e~(ep, ~) —e„(ep„)]

K=C, D=0, G=0,

B=J+I) I =I-J. (4.4)

Only E remains from Fig. 1(b). We will see in

Secs. 5 and 6 that only a reasonable approxima-
tion for the S initial-state amplitude is of physical
interest; for simplicity we will therefore make
the optimistic assumption that F does not over-
power A, B, and C, so that Fig. 1(b) may be ig-
nored. In summary, for the 'S initial state, we
have only the amplitude from Fig. 1(a) which for
e„=0has the general form

A, =Ae~'+Be~(e y ~) +C[(ep ~)' —(ep„}']. (4 &)

Consider next capture from the 'S state. We
proceed as before and write for the amplitude cor-
responding to Fig. 1(a)

lead to an amplitude with the general form

A, =D(e~e„)+F[e~(ep„)—e„(ep~)] + G(ey ~)(eg„).

(4.2}
Only products of neutron and proton parameters
occur in the interference term.

We can tie together the amplitudes in (4.1) and

(4.2) if we assume that, in analogy with the re-
sults of Sec. 3, the total amplitude can be ob-
tained from the diagrams of Fig. 6. That is, the

np system in the 'S and I= 1 state emits a photon

and proceeds as either an I=O or I=1 virtual nP

state, then emits another photon to emerge as an
I=0 deuteron. Since one vertex must be isovector
and the other isoscalar the general form of this
amplitude is easily seen to be

A, =H(e~ —e„)(e~+e„)+I(e~—e„}(ep~+ep„)

+Z(ep~ —e p.„)(e~+e„)+K(e p ~+ e p, „)(ep~ —ep„).

(4 3)

Each term is the product of an isovector and an
isoscalar two-nucleon vertex function. If we now

set A, =A, +A, we find that the coefficients of the
nucleon charge and moment parameters must obey

3$ ~

I=O W
I=O I =0 I=O I=O

A, =a(e~' + e„')+ b [e~(e ij~) +e„(ep„)]+ c[(eg~)2(e p,„)']
(4.6)

and Fig. 1(b)

A, = &(e~e„)+f[e~(eIj„)+ e„(ep~ }]+g(e p~)(e ij,„).,
(4.7)

The amplitude corresponding to Fig. 6 is

A, =h(ep+e„)'+m(e~ —e„)'
FIG. 6. Isotopics of the capture process as discussed

in Sec. 4. The S initial state has I=1, the S initial has
I =0. The BI=0 vertices involve isoscalar nucleon pa-
rameters and the BI=1 involve isovector parameters. + q{ep~+ ep„)'+r(ep~ —ep„)'. (4.8)

+n(e~+e„)(ep~+eg„)+P(e~ —e„)(ep~ —ep„)



DOUBL Y RADIATIVE np CAPTURE 1969

Now equating A, =A, +A, we obtain

a =b + m, d =2(h -m), c =q+r, b =n+1,

f=n-p, g=2(q-«). (4.9)

A4 —-ae~ .2 (4.10)

We conclude that with our assumptions and within
the approximations discussed we can neglect the
amplitude corresponding to Fig. 1(b}for both the
'S and 'S initial states.

5. S INITIAL STATE

We wish to show in this section that the cross
section for doubly radiative np capture from the
'S initial state alone is extremely small. The dis-
cussion of the preceding sections and Eqs. (3.2a)
and (3.2b) provides us with the means of calculat-
ing the amplitude corresponding to Fig. 1(a). In-
deed as has been extensively discussed in the lit-
erature the S matrix may be written as a three-
dimensional matrix element of an appropriate
amplitude, that is the generalized Compton ampli-
tude, between the initial state (t); and the final
state pf of the np system, with momentum con-
servation, phase, and normalization factors. ' ""
A very simple and heuristic derivation of this re-
sult, based on Feynman diagrams, is also given
in Appendix B." " In terms of generalized Comp-
ton amplitudes T of Sec. 4 we therefore write

S ie'(2 }'5=v'(Q' —Q + q)(4~, (u, )
"'

&' ef'(y)T'"'0 (y)e ""d'y, (5 1)

where Q is the initial np total four-momentum, Q'
is the final deuteron four-momentum, q is the
total four-momentum of both photons, and T "i
will be further discussed below.

We noted in the preceding section that thermal
np capture should be dominantly from the l =0
states, 'S and 'S. The 'S state is an I= I state
whereas the deuteron is I=O. Thus, as discussed
in Sec. 4 and written in (4.1), capture from the
'S state involves only the difference between pro-
ton and neutron amplitudes. The T "i amplitude
in (5.1) should therefore be the difference be-
tween the proton and neutron generalized Compton
amplitudes as obtained in (3.2a) and (3.2b). In the

As we will show in Sec. 6, b and c are small com-
pared to a. Thus (4.9} leads us to expect that,
since there are no selection rules forbidding either
I=0 or I=1 intermediate states, a and 4 are large
while b, c,f, and g are small. This implies, a.s
we will see in more detail in Sec. 6, that ampli-
tude for capture from the 'S state takes the form,
with e„=O,

next section when we discuss the 'S state with
I=1 we will use a similar expression, but with
T" equal to the sum of proton and neutron general-
ized Compton amplitudes.

For the deuteron and continuum np wave func-
tions we use the following standard forms:

4, (y) = (4w) "'[z(y)/y]X,

yy(y) = (4v) +
~6 Sia(y) X„.a(y) a(y)

y 8y y =y/I y l.
(5.2)

The first spinor represents the proton spin state
and the second, the neutron spin state. The spin
function g, for the initial np continuum state will be

X, =(o.p —pa)/v2 (5.4)

for the 'S or singlet state, and the same as in
(5.3) for the 'S or triplet sta, te. We will use a sub-
script "s"or "t" on the function z to distinguish
between singlet and triplet states.

Evaluation of (5.1}is elementary. We first note
that iq i is of order e -2 Mev, or -0.01 fm ' in
natural units, while y ~ 4 fm. Thus q ~ y is of or-
der 4x10 '. We may therefore replace the ex-
ponential in (5.1) by unity. It is then quite easy
to evaluate (5.1) by substituting the isovector
amplitude 1" from (3.2a) and (3.2b). Since the
generalized Compton amplitude T is independent
of y, one easily verifies that the D state of the
deuteron wave function drops out of (5.1) by orthog-
onality of the angular wave functions. Moreover,
the first term of T, the Thompson term T, as
written in (3.3), does not contribute due to the
orthogonality of the triplet and singlet spin func-
tions. What remains is the product of the spin-
flip term of the generalized Compton amplitude
and an overlap of the functions z, and u, with ap-
propriate phase, normalization, and momentum-
conservation factors. Specifically, after substi-
tution (5.1) reduces to

S = ie'(2z)~5'(Q' —Q+ q) (»~ (Xt o~ ~ BX,)H, ,4(u &(d2

(5.5}
where 8, is the same overlap integral that appears
in single radiative np capture

uyz, y (5.6)

The functions z, u, and M) represent the zero-
energy continuum np wave function, the S-wave
component of the deuteron wave function, and the
D-wave component of the deuteron wave function;
Sy2 is the well-known tensor operator of nuc lear
physics and &„is the deuteron two-nucleon Pauli
spin function given by

X„=», X, = (~P+P~)/~&, X, = PP. (5.3)



1970 RONALD J. ADLER

and B is the coefficient of o in the amplitude T "' for the isovector transition, as written in (3.3):

B —
2[ (PI, P~ )((d2 4)~)(f 2XII2) X(ZI XI11) (iII, 1)((g2 (dq)(f2 X &)}

-(d& p)nI(I11 Xt&) + (111X 6&)I1&] ~ tm —(d2iI~[I1&(n X f2) + (n Xt&}I12]~ f &). (. )

It is now only necessary to do phase-space integration and spin sums on the S matrix (5.5) to obtain a
cross section for the 'S initial state. This is quite simple and the result is a doubly differential cross sec-
tion

do, 411e'[e' —(~, —(u, )'] H, '
dQ d(~, —(u, ) 32(211)'v„4 (5.8}

where v„is the incident neutron velocity. This is easily integrated and a total cross section obtained

(5 9)

Here o(ly) is an approximation to the singly radiative theoretical cross section, given by

(5.10)

Note that due to the configuration space independence of the spin-flip term of the generalized Compton

amplitudes (3.2) the total cross section (5.9) depends on the nP wave functions only through the simple ma-
trix elementH„which is the same as that which occurs in singly radiative nP capture. '' Indeed the ex-
pression c(ly} in (5.10) accounts rather well, to about 10%, for the entire nP radiative cross section, as
we will discuss in Sec. 7. This implies in turn that the branching ratio o, (2y)/&r(ly) is roughly independent
of the deuteron wave functions and is given approximately by the coefficient of o(ly) in (5.9). Numerically
this is about 3.4~10 ", which implies a total doubly radiative cross section of only about 10 '

p.b for the
S initial state. In the context of present day experimental techniques this is probably unmeasurably small,

and certainly is a negligible part of the total radiative nP capture cross section. ' '

6. S INITIAL STATE

In the preceding section we saw that the 'S initial state gives rise to a very small doubly radiative cap-
ture cross section, -10 '

p,b. In this section we will show that the same is expected to be true of the 'S
initial state. However, this conclusion is critically dependent on the orthogonality of the S continuum and
the deuteron 'S state. ' If this orthogonality is not assumed we obtain a significantly larger effect, which
will be discussed at the end of this section and further in Sec. V.

Evaluation of the S matrix for Fig. 1(a) with the 'S initial state proceeds exactly as with the 'S initial
state, with TI"' now equal to the sum of the amplitudes (3.2a} and (3.2b). Repeating the steps discussed
in Sec. 5 one finds that the contributions of the spin-flip terms of the generalized Compton amplitudes are
all smaller by a factor e/M than the contributions of the Thompson terms. We therefore retain only the
largest of the Thompson terms and discard the spin-flip terms entirely, to obtain an approximate S matrix
given by

S = ie (211) 6 (Q'- Q+ q) (4(d, (d~)
1~2

I IXI(, ,/ ) u(y)zI(y)i, —dy(X„'X„,)-~ ~(y)z, (y) j, —dy(q'. S»(q))t ); q=q/)q~

(6.1)

which represents both photons being emitted by the proton via a Thompson-like amplitude. The jo and j,
which occur in (6.1) are spherical Bessel functions.

The integrals over the deuteron wave functions that occur in (6.1) also occur in the theory of inelastic
electron-deuteron scattering" and in the theory of singly radiative np capture. " They are referred to
as H, and J,. In terms of H, and 4, the S matrix is

S= fe'(»}'6'(0'- 0+ q)(4~, Ida) '"(~, ~2/M)[&tXm Xm JtXm S»(@-X (6 2)
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The sum over spins and phase-space integration
is elementary, as before, and yields a doubly dif-
ferential cross section given by

da, 4we'[e' —((u, —(a,)']
dQ d (&u, —(u, ) (2w)'v„32

y region, where it is not. The result is

2Am v2ag 3J =—
60&8 3

71

15W8M') ' (6.10)

x ~4, ' (1+cos'8).3(H, '+ 8d, '}

(6.3)

The total cross section is obtained by simple in-
tegration

g, (2y)=a(ly)(e'/4w)3 '
'H

4(H, +8d, )
3w p, p

—p,
„

(6.4)

u(y) = v'2a e '; a = v'eM;
(6.5}

z, (y) = Aw (y - a,);
so that

a, = singlet scattering length

&, =Am ~n (6.6)

The matrix element J, involves the spherical
Bessel function j,(qy/2). Since the argument is
very small we expand and retain only the lowest-
order term in q = e, which implies that j2=0(e y w)

and

Ig&

~(y)z b'b dy ~

0
(6.7)

To evaluate this we shall use the zero-range con-
tinuum state

z, (y) = Am (y —a,); a, =triplet scattering length.

(6.8)

For the deuteron D wave a rather crude tail ap-
proximation will be used

where a(ly) =300 mb is the singly radiative cross
section in (5.10), and H, is the same matrix ele-
ment as in (5.6).

Let us consider the matrix elements that occur
in the result (6.4) and make an approximate evalua-
tion. For this purpose we may use the well-known
zero-range approximations to the various np wave
functions. Consider first 0,. The zero-range
wave functions for u and z, are,

where we have used the approximate relation a,
= I/n in the last step." It is evident that d, is
very much less than 0,. As we shall discuss
shortly it may be totally neglected.

Finally we must consider H, . We expand j,(qy/2)
about q= e=0, as with j,(qy/2) above, but retain
the first two terms, of order 1 and of order e'y".

00 2

u y 8, y dy- — N y z, y y 4y ~

0 0

(6.11)

The first term is normally assumed to be zero
since u(y) and z, (y) are both triplet states but have
different energies. In a Schrodinger theory they
would therefore be orthogonal. This would also
be true in any theory where the two-nucleon dynam-
ics are determined by a unitary time-displace-
ment operator, i.e., where the two-nucleon Hamil-
tonian is Hermitian. It has been speculated, how-
ever, that a lack of orthogonality is possible since
our understanding of two-nucleon dynamics is in-
complete. Moreover, such a nonorthogonality
might solve the problem of the interaction effect. ' '
We will return to this question later in Sec. 7.
For now we will merely set the first term in (6.11)
equal to H, times a dimensionless parameter A.
Orthogonality then corresponds to A =0.

The second term of (6.11) is easily obtained
using the wave functions (6.5) and (6.8), so H,
may be written as

(6.12)

where we have again used a, = I/n. It should be
noted that in the zero-range limit the wave func-
tions u and z, are indeed orthogonal if the above
approximate triplet scattering length, I/a. , is
used.

We may now substitute (6.6), (6.10), and (6.12)
into (6.4) to obtain a useful form for a, :

4 2

o, (2y) =a(ly)
3w( 2 2)

A
6M(1 —aa )

ur (y) = q~n e (6.9) (6.13)

Here g is the asymptotic D to S ratio of the deu-
teron, numerically ' about 3 &10 '. This approxi-
mation for w(y) is justified by the factor y' in (6.V)
that weights the large y region where (6.9) is a
decent approximation at the expense of the small

In (6.13) the contribution of j,' has been neglected
since it is -10' times smaller than H, . That is
(6.13) is a pure S-wave zero-range approximation.

Equation (6.13) is the main result of this work.
If the deuteron wave function u and the np continu-
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um wave function z, are orthogonal then A =0 and
we have, with &=2.22 MeV, a=0.232 fm ', and a,
=-23.7 fm,

(e/m)'
4v 27'(p p p-„)'(I—ua, )'

=1.6x10 '
p,b (6.14)

which is quite negligible compared even to o, (2y)
=10 p,b discussed in Sec. 5. On the other hand,
A could be nonzero as discussed by Breit and
Rustgi. ' Indeed if A=1 the discrepancy in the
total np capture cross section disappears, as has
been shown in Ref. 2, and which will be discussed
in Sec. 7. For A =—1 we have from (6.13)

e' 4A'
o, (2y) =o(ly) — 2, =42 pb. (6.15)

4v 3v pp —jl„
It is therefore clear that o, is quite sensitive to
the orthogonality of u and z, .

From the preceding paragraph it is clear that
a measurement of the doubly radiative np capture
cross section, cr, +v„would provide a very sensi-
tive test of the orthogonality of the deuteron wave
function u and the np continuum wave function z, .
In particular the value A =-1, which would solve
the long-standing problem of the interaction ef-
fect, ' provides a measurable cross section of
about 42 p.b, whereas A =0 leads to the very small
cross section of Sec. 5, about 10~ pb.

capture from the 'S state of

o(ly}= —," =309.5+5 mb
e' e'(G„}'
4m 2M'v„ (7.2)

which is about 8% below the experimental value
in (7.1). [The numerical value of o in (7.2) is the

conclusion of the present author and Ref 1.].
By far the largest part of the above theoretical

result is due to an impulse-approximation dia-
gram —basically Fig. 1(a) but with a single photon

emitted. The contribution of this diagram is that
which is used in Secs. 5 and 6, as given in (5.10).
This corresponds to an invariant amplitude G»
given by

G,2
—p(Pp —P„)H,, (7.3)

where H is the overlap integral between deuteron
and the 'S state already discussed in Sec. 5 and

given in (5.6).
The discrepancy between experiment and theory,

(7.1) versus (7.2), has stimulated interest in nu-

merous possible mechanisms for increasing the
theoretical result (7.2). In addition to the mesonic
effects and relativistic corrections mentioned
above it has been suggested by Breit and Rustgi'
that transitions from the 'S state could be anom-
alously large and contribute the missing 8%. Again
in the notation of Ref. 2 the cross section for singly
radiative capture from the 'S state may be written

7. RELATION TO SINGLY RADIATIVE
CAPTURE

eP P(G P+G 2)

47T 2M v„ (7.4)

Singly radiative np capture is a well studied pro-
cess and much material appears in the literature. ' '
Here we will first summarize very briefly the re-
sults of previous work; specifically we will quote
mainly from Refs. 1 and 2.

The most recent experimental result for the
total thermal np capture cross section is

0,„„=334.2 +0.5 mb (7.1)

as obtained by Cox, Wynchank, and Collie. ' This
result is in agreement with previous experimen-
tal' work, although more accurate, and no definite
sources of systematic error have been suggested.

The theoretical treatment of the problem has
been under development for many years. Calcula-
tions of the transition from the 'S state have been
made using both a nonrelativistic wave-function
approach" ' and a dispersion theoretic approach. ""
We believe that these are now in substantial agree-
ment as discussed in Ref. 1. Such small effects
as meson exchange currents, ' incoherent nucleon
excitations, and relativistic corrections" ' have
been included. The result of this work, in the no-
tation of Refs. 1 and 2 is a total cross section for

G, =O,

G, = I/W(p, p+ p„)H,,
(7 5)

where H, was discussed in Sec. 6 and is explicitly
given by

H, =~ u(y)z, (y) jp
1 qy

0

= AH —v'4w ~o, 1
8 6M

(7.6)

In any theory based on a Hermitian Hamiltonian
one of course expects the overlap integral to be
zero, or A = 0. However, it is possible to ques-
tion the basic interpretation of u and z, as simple
eigenvectors of a nonrelativistic theory. In a
relativistic theory of strong interactions one has
virtual states possible that certainly do not cor-
respond to any nonrelativistic limit; for example,

Theoretical estimates of G, and G, indicate that
this process is smaller than the 'S process by
about 3 orders of magnitude. This conclusion,
however, is based on the orthogonality of the deu-
teron and 'S states. Indeed if we ignore the D
state of the deuteron we can write explicitly'
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there should be virtual mesons and virtual ex-
cited nucleon states present. It is not entirely
clear how these virtual states should be treated
in the nonrelativistic limit, and therefore whether
the Hamiltonian describing the time evolution of
the dressed two-nucleon state should indeed be
strictly Hermitian.

Motivated by this uncertainty we may entertain
the possibility that H, is indeed large enough to
explain the 8% discrepancy quoted above. That
is we assume

normally assumed, the deuteron ground state and

the zero-energy triplet np state are orthogonal.
Conversely if these states are not orthogonal, and

the overlap is large enough to explain the radiative

capture discrepancy, the cross section could be

very much larger, about 42 pb. A measurement
of this cross section should therefore be a simple

way to ascertain the role of the 'S initial state in

the total np capture cross section.

e
4w 2M@

(7.7)

APPENDIX A. SINGULARITY POSITIONS

FOR SOME DIAGRAMS

G 2

334.2 mb=309. 5 mb 1+
12

Q 2', -=R,'=0.08.
G,2

Then H, is easily obtained in terms of H, :

(7.8)

G, =R,G„,, — ~ " Hs.~4 Pp+ P~

Thus

(7.9)

(7.10)

8. CONCLUSIONS

We have estimated the doubly radiative np cap-
ture cross section to be about 10 ' pb, if, as is

In this estimate we have ignored the small ex-
change-current contribution mentioned above.
The value A= 1 in (7.10) implies that the breaking
of orthogonality between u and z, is very large
indeed, in that the overlap integral between u

and z, is roughly equal to that between u and z,
where no orthogonality at all is present. It ap-
pears from (7.10) and the results of Sec. 6 that a
measurement of the doubly radiative np capture
cross section to an accuracy about 0.01 mb should
clarify the role of the 'S state in singly radiative
np capture by providing a test of u and z, orthog-
onality.

Breit and Rustgi' have suggested that the overlap
integral between u and z, could also be measured
in an experiment with polarized neutrons captured
on polarized protons. The present author has
analyzed this problem in more detail with qualita-
tively the same conclusion as Breit and Rustgi. 2

Such an experiment, where one measures the an-
gular distribution of the y rays emitted in the cap-
ture process, however, appears a great deal more
difficult than a measurement of the total doubly
radiative cross section to about 10 p,b as discussed
above.

q2 = 4M(e —K)+ 8M~eKi . (A 1)

Thus for K«e we can ignore K to an excellent
approximation and are fully justified in consider-
ing the np state as the limit of a zero-energy
bound system, or "particle. " Capture of thermal
neutrons with 1/40 eV certainly satisfies the above
energy criteria.

Having satisfied ourselves of this we can obtain
the singularities of Figs. 4(c) and 4(e) in terms
of the individual q,

' and q,
' singularities, since

q'=q, '+q, ' in our special case. Thus using Refs.
19 and 10 and reasoning as above we may show
that for Fig. 4(c) the singularity is at 4M', and
for Fig. 4(e) at 4M e+ 16M e = 20M e.

Diagrams 4(b) and 4(d) are conveniently handled
by the geometrical method, "and have the same
singularity as 4(a), that is, q =4M&. The re-
maining diagrams with pions are relatively insen-
sitive to the external mass of the np system, and
the position of their singularities is approximately
the same as for elastic ed scattering, a well-
known case. These may be obtained geometrical-
ly" with ease, and are given in Fig. 4.

We have noted in the text the singularity struc-
ture of the diagrams in Fig. 4. Several further com-
ments are in order concerning the position of sin-
gularities. The singularity for Fig. 1(a) in the re-
lated process of elastic ed scattering is at 16~M,
which one may consider the prototype of anomalous
thresholds. For our present problem we vary the

mass of the external np system from 2M —e, the

deuteron mass, to 2M, the zero-energy np mass.
As we do this the singularity moves continuously
from 16aM to 4'. One can verify this with the con-
venient geometrical method discussed by Bjorken
and Drell' or the standard algebraic method dis-
cussed, for example, by Squires. " For a mass
for the np system that is slightly above 2M we

must use the algebraic method. Then if 2M+K
is the mass the singularity moves off the real
axis to a point (see Fig. 5)
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APPENDIX B. FEYNMAN DIAGRAM AND WAVE FUNCTIONS

We wish to consider the first diagram in Fig. 1 where one of the nucleons spontaneously emits two pho-
tons and drops into the deuteron ground state with respect to the other nucleon. The amplitude for the
emission of two photons by the nucleon was discussed in Sec. 3. Here we wish to justify in a simple and
heuristic way the writing of the total amplitude as a simple nonrelativistic matrix element, (5.1), which
arises naturally and intuitively from an approximate evaluation of the first Feynman diagram in Fig. 1.
The end result is very similar to that obtained for related processes such as singly radiative capture.
Our development is heuristic and follows similar work by Gross, "and by Kaschluhn and Lewin. " We in-
clude it here for completeness and because the present method is easily generalized to various other dia-
grams.

Let us consider the Feynman diagra. m in Fig. 1(a), which we have redrawn in Fig. 7 with momenta
labeled. The two photons are represented by a single line of momentum q which is the sum of the photon
four-momenta. The final deuteron has Q" =MD', while the initial line represents an np system of invariant
mass near 2M. By conventional diagrammatic techniques" the amplitude will be given by an integral of
the form

(al)

All of the vertex functions and photon and nucleon spins are contained in the numerator function N.
Integration over the variables k, and k, is immediate. Instead of k, we introduce a new variable of inte-

gration A. which is the relative np four-momentum and obeys:

k, =Q/2+X, k, = Q'/2+ X',

k, = Q/2 —A, ks = Q'/2 —X'.

Here X'= X+ q/2 and q = Q —Q'. Then the propagator functions become

k, —M —it= X'+A. ~ Q —p —ie,
k, '-M —i~=a —Z Q- P —s~2 2 2

2k -M —i&= A,
' —A.

' Q- a —ge

where the vectors are all four-vectors, and

Ma' =M' — =M~
4 t

(a2)

(as)

(a4)2

P =M ——-=0
4

for the "zero" energy np state "decaying" to a deuteron. The integrand in (al) has six singularities in A

located at position R, given approximately by

A. +P +A. QR,+=
2M +i&, R, =-2M —ie'1-

R2~ =2M+if, R2 = — —se; (a5)

R„=2M+q,/2+ i~,
x"+P'-a' Q'

~q

These are shown in Fig. 7. The amplitude can thus be written as

d A. d A.
'

S=(2v) 5'(Q' —Q+q}, 5 (A' —X —q/2}fi

x[(~,—z„)(~,—z, )(~.—ft„)(g—z, )(~, —ft„)(~,—it, }] ' .
This can be easily evaluated by residues using the contour C in Fig. 8.

Consider first the R,+ singularities alone. This contributes
dA, d A.

'
S = i(2w)'5 (Q' Q+ q)-, , (2v)'5'(z'- Z —q/2)2v)' 2v)' 8M V+P' 7."+o.'

(ae)

(a7)



DOUBLY RADIATIVE nP CAPTURE 19'j5

/aq
Im Xp

~0
R2 Ri

R)+ RP+ R
~0 =Re Xp

C

FIG. 7. The Feynman diagram discussed in Appendix B.
The line labeled q here refers to the 2y system, but the
diagram and discussion are actually much more general.

1 1 ~ ed'r e"' '
A."+a 4m r (B8)

We will not bother to write the contributions from
the residues at R„andR3 p

we merely note that
they involve a factor of 1/M' and are therefore
down by factors of P'/M' from (B7), where P' is
some characteristic energy or momentum of the
problem. This is expected to be the binding ener-
gy p- e-2 MeV or the wave-function momentum
spread p-100 MeV/c. In either case P'/M'&10 ',
so R„is by far the most important singularity.

It is easy to understand the physical significance
of these results: The singularity at R„is for A,

very small and corresponds to the virtual nucleons
being very near the mass shell, that is k, ~k, = k,'
= M. On the other hand, the singularities at R,+

and R„correspond to roughly k', =3M and k2=k,'
=-M, so the nucleons are quite far off the mass
shell. Clearly then the singularity at R„is the
only one we need include if we intend a nonrelativis-
tic analysis. The relative size and the meaning of
the R„andR„singularities simply place them
outside the scope of nonrelativistic theory. We
will therefore refer to R„asthe wave-function
singularity.

To complete our reduction to a nonrelativistic
matrix element we proceed with (Bv). Note first
that the factor

FIG. 8. The singularities in the complex A, o plane as-
sociated with the Feynman diagram in Fig. 7. The pole
at R&+ is referred to as the "wave-function" pole, as dis-
cussed in Appendix B.

For the factor (a'+P') ' we will have similarly
P =0 for a zero-energy np state, or P equal to a
small imaginary number for a small relative np
energy K: P=ilMR. As above we write

1 1 -Sr
3 iX r

p2=4 d f e

d xQ,. r e' '=Q,. A, .

It is now clear that S can be written as a non-
relativistic matrix element

S = z(2v)'t)'(Q' —Q+ q) pP(a+ q/2) g, (X)
N d'X

(B10)
Thus our goal has been achieved. Equation

(B10) represents a nonrelativistic reduction of
the Feynman amplitude, and is expressed in terms
of the deuteron asymptotic wave functions in mo-
mentum space and a vertex and current function.
Moreover, it is very easy to see how (B10) can be
generalized to more sophisticated wave functions;
we merely alter pf and (It),. to whatever we choose,
corresponding to the use of a more general or
sophisticated npd vertex function. For further
convenience we insert the Fourier transform of
the momentum-space wave functions into (B10)
and work in configuration space. The various fac-
tors in N appropriate to the nonrelativistic matrix
element are quite easily guessed. We thereby
arrive at a working expression for the amplitude S:

is the Fourier transform of the asymptotic deu-
teron wave function (e "/r). We may therefore
replace the symbol (A."+n') ' by Qp(X'), repre-
senting the momentum-space nonrelativistic deu-
teron wave function.

(Bl1)
where A is the amplitude for emission of two pho-
tons by a nucleon, as discussed in Sec. 3.
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Regge Description of Optical-Model Scattering
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The analytic continuation of the S matrix into the complex angular momentum plane is per-
formed exactly for the Woods-Saxon-type optical potentials, describing the elastic scattering
of spinless but charged particles. The properties of this S matrix, such as the nature of the
pole trajectories and the behavior of the background integral, are investigated for several
specific cases. Based on these exact calculations, the validity of various approximations
made in the Regge theory is assessed. It is found that approximations which retain only the
pole terms are generally, poor, being quite sensitive to the number and the positions of the
poles and converging very slowly with an increasing number of poles. On the other hand,
models using a simple analytic background term, in addition to one pole term, are found to
reproduce the exact Regge amplitude quite accurately under favorable conditions. Sugges-
tions are made for the possibility of extending this idea into a background-plus-several-pole
model, when the backgrouad-one-pole model fails.

I. INTRODUCTION

Since the complex angular momentum approach
was first introduced by Regge et al. ,

' it has been
applied mostly to the relativistic rather than the
nonrelativistic domain, in spite of the fact that
various mathematical manipulations basic to the
approach can be made rigorously only in the latter
domain. The reason for this could have been that
in nuclear and atomic physics, very little seems
to be gained from this approach beyond what can

be obtained by more conventional methods. How'-

ever, interest has been revived recently, per-
haps in relation to an increased investigation of
heavy-ion-induced nuclear reactions. One finds
that the scattering of such strongly absorbed par-
ticles can be described more easily and more
uniquely in terms of a smooth cutoff $ matrix, in
contrast to optical-model fits which suffer from
many discrete and continuous ambiguities. ' More
recently it was shown that the strong backward
rise seen in heavy-ion scattering cross sections








