RAPID COMMUNICATIONS

PHYSICAL REVIEW C VOLUME 59, NUMBER 2 FEBRUARY 1999

Bremsstrahlung in a decay
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A guantum mechanical analysis of the bremsstrahlung decay of**%Po is performed in close reference to
a semiclassical theory. We clarify the contribution from the tunneling, mixed, outside barrier regions, and from
the wall of the inner potential well to the final spectral distribution, and discuss their interplay. We also
comment on the validity of semiclassical calculations, and the possibility to eliminate the ambiguity in the
nuclear potential between the alpha particle and daughter nucleus using the bremsstrahlung spectrum.
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Bremsstrahlung during decay and fission is one of the to have quantitative accuracy, while a semiclassical theory
intriguing current topics of nuclear physics. Also, it will shed provides a clear physical understanding of the phenomena by
light on macroscopic quantum tunneling, which has been &ridging the quantum mechanical and classical calculations
very popular subject in the past decades in many fields off the bremsstrahlung. It also provides a more definitive un-
physics and chemistry. Kasagfi al.[1] measured the brems- derstanding of the role of quantum tunneling by naturally
strahlung in thea decay from?!%o, and showed that the dividing the whole region into the classical, mixed, and tun-
emission of low energy photons is systematically hinderedeling regions through classical turning points.
from what one expects from the pure Coulomb acceleration Fermi's golden rule gives the following expression for the
of the a particle in the outside region of the potential barrier. photon emission per photon energy duriagdecay in the
They speculated that this reduction is caused by a destructiv@pole approximation:
interference between the radiations in the tunneling and clas-
sically allowed regions, and thus might offer a possibility to dP 4Z§ﬁe2
learn about the tunneling time. They also calculated the spec- E " 3m2c?
tral distribution based on a semiclassical theory of Dyakonov
and Gornyi[2]. Their calculations reproduce the experimen-whereV/(r) is the interaction between theparticle and the
tal cross section well for low energy photons. In addition, andaughter nucleus as a function of their separation distance
interesting thing is that their calculations give a hump inm is their reduced mass, arigl, is the photon energy. The
agreement with the measurement, which however has largsffective chargeZ.s is given by Zeg=(ApZ,—AZp)/Ap,
error bars in that region. On the other hand, the intensity ofvhere Ay, Zp, A,, Z,, andAp are the mass and atomic
the radiation observed by D’Arriget al. [3] for the alpha  numbers of the daughter nucleus andaoparticle, and the
decay from**Ra and***Po is larger than the prediction of mass number of the parent nucleus, respectivilyr) and
the pure Coulomb acceleration model. Also, their data show(r) are the appropriately normalized radial wave func-
no structure in the spectral distribution as expected from &jons of the initial and final states of the particle, respec-
classical formula. In nuclear fission, a measurement by Lukevely [5].

et al.[4] gave an upper bound to the bremsstrahlung rate for As in Ref.[5], we take the following simple model for the

1
(el o VI 2, ®)
Y

the spontaneous fission &FCf. interaction between the particle and the daughter nucleus:
Recently, Papenbrock and Bertsch performed a quantum
mechanical calculation for the bremsstrahlungridecay in V(1) =(Z,Zpe?r)O(r —19)—Vo®(ro—r). (2

perturbation theory5]. Their spectral distribution is mono-

tonic, though it is within the error bars of the data in Réi. The initial and final state wave functions are given by

The authors claim that the contribution from the tunneling \12p.

wave function under the barrier is small. However, the defi- :[(m./ﬁk,) RinIr (r>ro), (3)
nition of either classical or tunneling is not unique. More " [Nijo(Kir) (r<ro),

studies from various points of view are clearly needed in o 1

order to clarify the situation. The aim of this paper is to | @Ml k) TR(r)/r - (r=>r1y), 4
resolve these puzzling problems relating to the spectral dis- - Nijq(K¢r) (r<ry), (4)

tribution, especially on the role of the tunneling region. To

this end, we perform a quantum mechanical analysis in avhere Ri(r)=Gq(%;,kir)+iFq(7n;,kr) and Rg(r)
way which has a close relation to semiclassical theory. As=F (s ,k¢r)cosa+G(7; Kir)sina, « being the phase shift.
we show later, quantum mechanical calculations are requirefihe wave numbers in these equations are given by
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Ki=f W2m(E;+V,), k=% 1J2mE, (5)  meaning of the lower indices will be obvious, e.g is the
wave number with angular momentum 1 in the final state.

Ke=h"12m(E;+ Vo), ki=A 1V2mE;, (6) We now derive the semiclassical formulas for the contri-
bution to the integral in Eq(7) from the tunneling, mixed,
whereE;=E,, E, is the energy of thex decay,E;=E,  and outside regions separately.

—E,=E,—fo and  the Sommerfeld parameter. (1) Tunneling regionThe main contribution from the tun-
The transition matrix in Eq(1) now reads neling region comes from th, - G, term, whose semiclas-
sical representation is given by
2m? o
<q)f|(9rV|(I)|>: 3 |W+j drA(r)Rf(r)Ri(r) ’ Y
V ikl Jrg - | A D Goton i
7 "o

contributionly is given by

ei

— 2.2 1 e
where A(r) stands ford,V Z,Zper <, and the wall ~3 KK, eXF{—f fxlf(r)dr}

lw=(Z,Zp€l1 o+ Vo) Re(ro)Ri(ro). (8) XeriA )( 1 )1/2
"o (r Koi(r) k(1)

If we denote the external turning points in the initial and
final states by .; andr.¢, respectively, the integration in Eq. o
(7) can be naturally divided into three parts, i.e., the integra- Xexp{ —f [Kqs(r")— KOi(r’)]dr’}dr (12
tions betweeny andr,;, betweerr; andr.;, and between r
res ande. We call them the tunneling, mixed, and outside
regions, respectively. Straightforward calculations of each ﬁ\/m Fef
integral using the exact Coulomb wave functions will clarify ~ “2m M~ fr ryp(r)dr
the role of each term, especially the role of the tunneling
region. Before we present the results of such quantum me-
chanical calculations, we wish to present semiclassical for- Xj
mulas for radiation.

ei

KOi[r(Ti)]>llz

k1 (7i)]

Ti
A[f(Ti)](

0

They can be derived by replacing the quantum mechanical 1 (T A21(1+1)
Coulomb wave functions by their semiclassical representa- xXexp — %J —,2+ﬁw dr |dr, (13
tions, which read6] i\ 2m[r ()]

k \¥2 r T In obtaining the last expression, we expanded ihe(r)

(m) sin fr k(rdr+ 21 (r=>re), — koi(r) up to the leading order of21(1+1)/2m[r(7')]?
Fi~ " © (9) +hw and introduced the time parameter along (hmeagi-
1 L) y _jre ndr| (r<ry) nary) time axisr, by
2\ € .l e
rodr 2(2,Zp€°

k \1? r T (=1 ——, vi(n= \/_( _Ei>- (14)

(m) cos{ frek,(r)dr+ 7 (r>ry), roVi(r) m r
(10 Ti=r1i(rej) is the tunneling time in the initial channel. The

G|~ Kk 12 fo

(K(r)) exﬁ{f K (r)dr (r<re), lower indexi of 7; shows that the time is related to the

: ' distancer through the velocity in the initial state. Notice that

wherer , is the external classical turning point, akdand «, the radiation amplitude in this region is given by the Laplace
are the wave numbers for the orbital angular momernitim  transform of the acceleration if one could ignore the centrifu-
the classically allowed and forbidden regions, respectivelygal term. TheG; - G, term is the largest as long as the inte-
Notice thatG, and F, increase and decrease exponentially,gral itself is concerned. However, the contribution of this
respectively, as moves deeper inside the tunneling region.term is reduced by the small value of tann front of G;.
We remark that the phase shiftin Eq. (4) is proportional to  We have a similar expression for tii& - F, term, which is
the tunneling probability and is very small. This can bealso expected to be small. Tg-F, term is expected to be
proved by matching the semiclassical wave function undethe smallest.
the potential barrier to the wave function in the region of the  (2) Mixed region.The mixed region, which is classically
potential well. We thus express taras allowed in the initial state but forbidden after radiation, is
beyond the scope of classical calculations in Rgf$.and
[4]. Although quantum mechanical calculations are required
to quantitatively estimate the contribution from this region as
we show later, it is still interesting to see its semiclassical
wherePy; is the tunneling probability in the final state in the representation. The contribution of thg term that domi-
WKB approximation. In Eq(11) and in what follows, the nates in this region reads,

r

“e(ndrl, (1D

0

tana=C,Py, Py= ex;{ - ZJ
r
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FIG. 1. Total photon emission probability and its decomposi-
tion. The potential parameters ar¥,=21.37 MeV and r,
=8.055fm. The crosses are the mixed region contribution calcu-

E, (keV)

FIG. 2. Grouping of each component into classical and tunnel-

lated semiclassically. All the other lines have been obtained quarind contributions. The potential parameters are the same as those

tum mechanically. The data are taken from Héi. for Fig. 1.

Refs.[1] and[5]. The contribution of the~, term can be

Fef safely ignored unless the energy of theparticle is very
frei A(N)Fa(ne k) Ry(rdr close to the top of the potential barrier. Using Efjl), the
remaining terms can be expressed as
1 frefA( )( kikf )1/2 R (r )G ( k )
~= Nf———— i Kir
2 e, " ka1 kag(r) froTzot o W
[T Nqer o T ~E(L) cosa(1+2C,)
X expi fr Koi(r")dr’+ - 2\ k11(r o) K0i(T o) :
el re
lef Xexl{_f lef(r)dr
Xex;{—J Kk¢(r")dr’|dr. (15 Tei
' 1 (T A21(1+1)
We show later that this region strongly influences the behav- Xexp - EJO 2m[r(7)]? theldn|. (17)
ior of the spectral distribution at high energies. .
(3) Outside the barrierThe main contribution in the clas- " We now analyze the bremsstrahlung in #helecay from
sical region, i.e., outside the barrier, comes fromFheerm. %o, wherekE ,=5.3MeV. We determine the potential pa-
Its semiclassical expression reads rameters in the same way as in R&f, i.e., by matching the

quantum mechanical wave functionsrgt and by calculat-
o ing the decay width by normalizing the currentratto the
fr A(F (75 ker)Ri(r)dr probability inside. An alternative is to use the semiclassical
ef quantization rule and thB-matrix theory for the decay rate

fiJkiKs ot [see Egs(3) and(4) in Ref.[7]]. We found, however, that
~ T exp{if kOi(r)dr} the semiclassical quantization rule is not valid with signifi-
m Tei cant influences on the bremsstrahlung spectsae later

* kyf[r(ts)]\ Y2 and Ref[8]).
8 fO A[r(tf)]( kOi[r(tf)]>

iftf 721(1+1) .
XeXR T o\ 2mirenye T

This is nothing but the classical formula for the bremsstra

Figure 1 shows the spectral distribution calculated quan-
tum mechanically with one of the potential parameter sets,
V(=21.37 MeV andr,=28.055fm, which gives 5 nodes to
dt]i}dtf. (16 the wave function for the radial motion. The general behav-
ior of the theoretical results do not depend so much on the
hparticular choice of the potential parametdeee below,
howevej. This potential parameter set corresponds to that in

lung except for the existence of the centrifugal potentialpetg (5 9] The thick solid line represents the total photon
term. The lower indesx of t; means that the timeis related  gmission probability. It is a monotonically decreasing func-
to the distance through the velocity in the final state. We tion and is consistent with the data except for the last data
have ignored the term where the action integrals in the 'n't'aboint. The figure also shows that various components have
and final states enter with the same Sign, because the Sign ﬁéaﬂy the same order of magnitude, and that the final spec-
the integrand in that case rapidly changes as a functian of trum is the result of a complicated interference among them.
and the value of integration becomes negligibly small. In order to see the role of tunneling and classical regions and
We next consider the contribution from the wall. This the interplay of each contribution more clearly, we show in
term has been overlooked in the calculations reported in Refig. 2 spectral distributions by dividing into the classical and
[1]. As we clearly demonstrate later, this is one of the keytunneling contributions. We present two different combina-
issues to resolve the discrepancy between the calculations fibns depending on whether we consider the mixed region
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ally decreases from 0.041 te 0.055, and from—0.25 to

107° . 3
1078 o —0.28 for the potentials in Figs. 1 and 3, respectivelyEgs
7 outside — | changes from 0 to 600 keV. Note that the emission probabil-
— 10 tunnel -~ 3 ity of zero energy photons is not influenced by the potential
= 108 mix. === parameters as discussed in H&f.. We have confirmed that
{ 109 F e, b our numerical calculations reproduce the emission probabil-
u oo e, ity of zero energy photons given by E(L9) of Ref. [5] for
o PO S . S e both potential sets for Figs. 1 and 3. We found also that the
T e finite spin of photons plays a negligible role in this respect.
10712 We finally comment on the validity of semiclassical cal-
10713 L ! \ L ! 1 culations. We already mentioned a problem with the semi-
0 100 200 300 400 500 600 classical quantization rule in determining the potential pa-
E, (keV) rameters. SinceC, is sensitive to the slope of the wave

function at the matching point, it causes a serious error in
FIG. 3. The same as Fig. 1, but fafy=107.3MeV andr,  properly describing the bremsstrahlung spectrum. We found
=7.947 fm. that the wall contribution itself gets very small because of
the cancellation between tlg, andG, terms in Eq.(17) if
we adopt any potential set determined by using the semiclas-
) ) . . sical quantization rule. Consequently, the contribution from
clas§|cal or tunneling. We ca_II the part containing the outsidgpe tunneling region dominates the spectrum at soft photons
barrier component the classical. In either case, the soft phayiying larger cross section than the classical prediction. An-
ton emission is dominated by classical contributions. Thigyiher problem is that two turning points; andr; lie too
follows from the strong cancellation between the wall con-¢|se to each other to use naive semiclassical wave functions.
tribution and the contribution from the integral in the tunnel- the crosses in Fig. 1 represent the contribution from the
ing region. If the potential has a finite slope at the inneryiyaq region calculated semiclassically. The deviation from
turning point and if one could ignore the centrifugal term, they,e qot-dashed line clearly shows the failure of the semiclas-
net contribution from the tunneling region should be zero ingjca| calculations. Since the contribution from the mixed re-
the soft photon limit. Our result matches with this generalyiop, strongly influences the high energy spectrum, this is a
aspect. For high energy photons, the classical and the tunn&lajoys problem. The semiclassical calculations reproduce
ing contributions have nearly the same magnitude and intefye qyalitative behavior of the quantum mechanical results
fere destructively leading to a much smaller photon em'Ss'oauite well for the contributions from the regions under and
than the prediction of the classical theory. The dot-dashedside the barrier, but have some quantitative inaccuracy
line in Fig. 2 shows the photon emission probability Obta'”edespecially at high energies.
by summing the contributions from the outside barrier and |y summary, our analysis shows that the final bremsstrah-
tunneling regions. Interestingly, this has a hump at high pho[ung spectrum results from a subtle interference of the con-

ton energies, just like that discussed in R@f, which over- 4 ions"of the tunneling, mixed, and classical regions as
looked the wall contribution and ignored the contribution ; .
well as the wall of the potential well, each of which has a

from the mixed region. However, this interesting interferenceCom arable maanitude. Semiclassical as well as classical
pattern is hidden by these contributions. P 9 )

As is well known, the resonance position and the O|ecm}heories seem not to be reliable f_or describing these subtle
width do not uniquely determine the potential. Each potentia|terference effects, though they give some clear understand-
gives a different value for the coefficie, in our formal- N9 of the phenomena. It would be very interesting if one
ism. An interesting question is then whether the bremsstrarould perform more exclusive experiments to pick up each
lung can be used to give additional constraints to the potercontribution separately. The extension of data to more soft
tial. If one restricts to the simple square well potential in Eq.photon side is awaited to provide a stringent test of the po-
(2), various sets correspond to different number of nades  tential between the alpha particle and the daughter nucleus.
the radial wave function inside the potential well. We foundOur study is based on the assumption of the validity of the
that the spectral distribution is almost indistinguishable agotential model. Though this assumption seems to work in
long asn<7. For larger values ofi, one starts to notice a our analysis, it is a very interesting question to examine in
difference in that the soft photon emission probability is pre-more detail whether the bremsstrahlung spectrum contains
dicted to be recognizably larger than the prediction of thesome information beyond the scope of the potential model
classical theory. As an example, we show in Fig. 3 the specsuch as the validity of the R-matrix theory and the preforma-
tral distribution calculated by the potential s&tg=107.3 tion factor.

MeV andry=7.947 fm, which corresponds to=11 implied

by the number of redundant states due to Pauli principle in a We thank G. F. Bertsch, T. Papenbrock, A. Bulgac, M.
simple cluster model. Notice that the total photon spectrunAbe, and J. Kasagi for discussions. This research was sup-
(thick solid ling noticeably deviates from the classical spec-ported by the Monbusho International Scientific Research
trum (thin solid ling for photon energies smaller than 150 Program, Joint Research Contract No. 09044051, and by
keV in contrast to Fig. 1. In this respect, it would be ex- Grant-in-Aid for General Scientific Research, Contract No.
tremely interesting to extend the data towards lower photol®8640380 from the Japanese Ministry of Education, Science,
energies to examine whether the shallow or the deep poterand Culture. The work of K.H. was supported by the Japan
tial agrees better with the data of bremsstrahl®ggradu-  Society for the Promotion of Science for Young Scientists.
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