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The nuclear monopole Hamiltonian
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The monopole HamiltoniaHl ,, is defined as the part of the interaction that reproduces the average energies
of configurations. After separating the bulk contributions, we propose a minimal forid fozontaining six
parameters adjusted to reproduce the spectra of particle and hole states on doubly magic cores. The mechanism
of shell formation is then explained. The reliability of the parametrization is checked by showing that the
predicted particle-hole gaps are consistent with experimental data, and that the monopole matrix elements
obtained provide the phenomenological cure made necessary by the bad saturation and shell properties of the
realisticNN interaction. Predictions are made for the yet unobserved levels ardtdm, 220, 344%j, 68.78\j,
and 1°%n and for the particle-hole gaps in these nu¢B0556-28189)07905-4

PACS numbeps): 21.10.Pc, 21.30.Fe, 21.60.Cs, 27:#6p.

There used to be two kinds of fermion systems: those witlobey quite nicely thisv-scaling law[6,9]. However, it can-
many particles and those with few. Nuclei occupied an unnot be true for all of them, because then the competition
easy middle ground—too large to be studied with the precibetween potential and kinetic enerfwhich has the same
sion of coordinate space methods and too small to take agcaling,K’' =% /23 ,(p+ 3/2)m,, wherem, is the number
vantage of the simplicity of momentum space—and a nev@f particles in HO shelp] would lead to a trivial equilibrium
representation had to be invented for them: the harmoni@t7w=c or 0. The terms that cannot scale strictly with
oscillator (HO). As helium droplets and metallic clusters Must be those that go as the total number of partitlesnce
have increased the variety of finite self-bound systems, som@ey are alone responsible for saturation. To identify them
typical features of the HO representation may become ofVe SeparateH=Hp+Hy, so thatHg, the monopole
general interest, in particular the origin of shell structure,Hamiltonian, corltams all quadratiewo-body forms in the
which appears under a new light as a natural by-product gfc@lar products, -as. The full separat|ond|s somewhat in-
the method we present to circumvent the problem of the baolved [10], but here we shall need only,, the diagonal
saturation properties of the potentials derived fidiN data. ~ Part of Hy—given in terms of the centroids introduced

Recent exact resulfd,?] for A<8 indicate that an appar- above, and the number operatan of orbit k in fluid x—a
ently perfect potential, supplemented by a three-body ternfnown result,
produces excellent spectroscopy, but has problems with the
absolute binding and symmetry energies and the spin-orbit
splittings. Very much the same happens in shell model work, 1 o , '
where sophisticated derivations of the effective interaction Hi==— > Vmi(m = 60 0u0).- 1)
[3] fail to reproduce the closed shell nature ¥Ca. This 2 hwo i xx
problem has been known for a long time, and the solution is
simply to readjust some centroids of the interactidh de-

fined in terms of the two-body matrix elements dﬁ,x' A detailed analysis of the realistic interactions shows that the

ZEJ(2J+1)ViIXkXI,/2J(2J+1)1 where xx' stand for neu- term that goes a#\ is the collective monopole-monopole
trons or protons in orbit&l. Much work has gone into de- force, W=S(m,/\D,)?, whereD,=(p+1)(p+2) is the
ducing these important parameters directly from the datglegeneracy of HO shefi [11,12. Therefore, it is here that
(see, e.g.[5], and references thergjrbut it was not widely —thef w scaling must be supplemented by a more complicated
realized(or acceptefithat theonly problem of the realistic dependence. Now, the combinatidm (4K —W)/4 cancels
interactions is associated with centroids. If these are replacegactly to orderA'® and (as we shall seeproduces strong
by fitted ones, the results are excellg®8]. Our purpose is shell effects: a concrete example of Strutinsky’s famous
to recast the part of the Hamiltonian given in terms of centheorem. Therefore we separate it from the rest of the bulk
troids in such a form that it can be deduced directly fromterms, and assume that the saturation mechanism is such that
experimental data. Therefore, whatever has to be fitted it leads at equilibrium to smooth contributions Anand A%
fitted once and for all, and not case by case. and a symmetry energy ii(T+1)/A and T(T+1)/A%3,

First we note that matrix elements for a potential of The part ofH?n of order A will be calledH}, hereafter.
short—but nonzero—range scale as the oscillator frequency Now it is safér) to rely onw scaling and, to force equi-
V' () mn=(0/ wo) V(wg)mn Which is analogous to the librium conditions, we borrow from [13], fwe
inverse-volume scaling in box quantizatiofHere, and in  =34.6AY%(r?)=39/p, where we have used a very accurate
what follows, unprimed quantities denote operators strippedit to the data (r?)=0.89AY3 a variant of those if14]),
of their 2w factor) For a realisticG matrix, most elements with
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p=[AY(1-(2T/A)2]e3N. el g &3l q ee,
znie = E , ffce= 2 —
pizy  Dp> p=p’x (DpDpr)

The factor 1p will be tacitly assumed from now on.

The strategy to determind?, follows from the fact that “b
its expectation value for any state is the average energy of m* 0(D,— )
the configuration to which it belonda configuration is a set ffis= >, = R— L O (40
of states with fixedn) for each orbit. In particularHZ re- x» Dp_\" =" (p+2)(Dp—1)
produces the exact energy of closed shetls) (and single
particle (or hole states built on thenfi(cs)+1], since for There is also @nid operator of the same form asie.

this set €s+1) each configuration contains a single mem-The subtraction irfffis ensures that the operator is two body.
ber. As a consequence it is uncontaminated by direct confhe denominators are chosen to have splittings of order unity
figuration mixing and we have chosen as input data the spe&o0 that they becom®(A~3) when the 1 factor is reintro-

tra around doubly magic cores. duced.

Technically, the problem is to recast’, in a form that Using the operators of Eq¢3) and (4), and the conven-
isolates the few pertinent parameters. The f@lL0] con-  tion of positive binding energies, the combinatiéroeffi-
sists in replacing the set of, operators in a major shell by Clents in MeVj
m, and I';;=(m;D;—m;Di)/(D;+D;), with j arbitrarily <
chosenD; is the degeneracy of orbior group of orbitsi. In pHL=[9.53W—4K+2d+2e)—1.772d+2d")
turn, them, could be regrouped to single out the total -
=A. For thpe guadratic forms we hayschematically m(m +3.63ffce+2zna)+7.321is
—1), (m—1)I', andI'T" terms, which behave as constant, +8.35znie—znie')—2.1%nid], (5)
one-body, and two-body terms, respectively, for fixaed

Now we present the operators e rather the dajehave  yields a deviation(rms) of 221 keV, in a fit to the(90)
selected. Two of them behave as one bddg,andl -1, and  experimental ¢s) + 1 energies adopted in Table I. To within
there are four two-body groups that account for the modifi-2 keV, the rms deviation is the same for nuclei with-60
cations brought about by the “intruder” orbit at the El and A<60.

(extruder-intruder, i.e., 6,14,28..) closures. To fix ideas, Figure 1 shows howV—4K produces the HO closures.
note that the ¢s) =1 states associated wit'Ca are quite  The coefficient ofk, 38/p, which also turns out to be the
different from those around®Ca. Their experimental ener- shell gap, comes spontaneously close to7the=39/p esti-
gies are given in the first row of Table I, where the labels ofmate. Everything happens as if the naive HO picture were
the four two-body groups are also showemc, ffc, ffi, and  true. The addition of thé-s andl -1 terms very much erases
zni. They correspond to the cases in which the intruder anthe HO closures butioes not produce the El onewhich

the orbits it acts upon are in the same or different fluiths ( only come about through the action of the two-body terms.
or nz) and the same or different major shellsqr c). Before inspectindd;, in more detail, let us check its reli-

The notation for orbits or groups ip, the full shell;  ability through the shell gap®ot included in the fitgiven at
I=l.+1_, the spin orbit partners, buj=p.+p- (P~  the bottom of Table I. We have added i, a symmetry
is the extruder-intruder orbit, i.e., the largest orbit thatenergy_22[4-|-(-|-+ 1)](1—1.82p)/A taken from[12], but
migrates to shellp—1 to form the EI she)l Then, reducing the volume term by some 6.5 MeV produced by

R=p—p->, r=p—q, and finallyl =p—1. W—-4K. At first sight, the agreement with the dafta6]
The linear operators are defined through seems rather random: the gap C is some 6 MeV too
small, in *Ca it is about perfect, and 1 MeV too large in
| +1/2 S6Ni. But these are precisely the contributions of the corre-
d,= | ml‘,>|<, d=I -s=% dp, (39 lation energies coming from accurate shell model work

[6,7,15, respectively. The omens are good but more calcu-
lations are necessary. At the moment Eg).has been tested

1+ D)T p—3 in the pf shell—where it yields very goo_d spect_roscd;iy%]

e=> —————, e=l.1=> —e,. (3b) and cures the defects of the KB3 interactifnj—and

' Dy P Dy through Monte Carlo calculations in the fudld-pf shells
[17], which cannot provide high precision, but demonstrate

There is also @’ operator, identical tal, but restricted to 1t capacity to cope well with very large spaces.

act onr orbits only. Similarly, forel;, where now =r —1. It f The cenltrglds oftc)ﬁsz = lt spectr? aretby ctiefflnltlon Inmune i
can be checked that thel displacements are referred to rom correlations, but not €asy 1o extract from experimen

. . o [19], and the numbers given in Table | are often those of the
tr:elr centr0|ds.p-(p+3)/2 for &, af‘d (C—2)(p+1)/2 for main peak. In view of uncertainties that may be easily of 300
e, The quadratic operators are given by

keV per level, the fit seems to do quite well, and some of the
comments that follow, on the individual terms of Ef), are

l“,xJ RFy, ; e useful in judging the weight to attach to a given prediction.
Znow = 2 P Znie= 2 p>"p d=I-s. No problem here. The second term is a mild com-
1/4’ D '
pp’ x#y (DpDypr) px#y Dp> ment.

(48 e=|-| changes sign gt=3. This is strange. See next.
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TABLE I. Upper boxes: excitation energies. Orbits labeledj byl/2p; so 12 and 2, say, stand fpr=3/2 andj=1/2 in thep=2 shell
(i.e., 0d3, and 1s49). In the first row of boxes: ground state orbit, elemefly. In the other rows: orbit, calculate@ne decimal and
experimental valuegtwo decimals, parentheses for those not included in the lfibwer boxes:n gaps[2BE(ZN)—BE(ZN+1)
—BE(ZN-1)] andz gaps[2BE(ZN) —BE(Z+ 1N) —BE(Z—1N)].

12 Ca 2019| 33 Ca 2021 2 K 1928| 33 Ca 2027| 13 Ca 2029| 33 Sc 2128
2 1.9 240 13 1.9 2.0d 12 0.2 0.36 12 26 2.58 3 1.9 200 13 4.0 4.00
22 6.2 6.00 3 3.8 4.0 22 57 570 2 3.2 2.40 23 3.9 4)00 3 55 5.50
1 13.7 23 5.9 6.00 1 14.2 22 8.6 8.0p 44 4.9 23 5.0 4.70
44 7.5 znc ffc 24 8.3  ffi 44 8.2 zni
1 o 87 22 O 89 1 N 714 22 O 813 2 O 815 22 F 914
11 6.3 6.20 2 0.8 0.87 11 6.7 1 4.1 12 5.7 2 3.1
0 22.7 12 6.2 6.00 0 275 11 104 33 7.4 12 53
33 8.4 897 13 104 33 91
22 Si 1413 2 Si 14 15| 22 Al 1320| 12 Si 1419| 33 Si 1421 2 P 1520
1 48 4.20 12 2.0 1.4d 1 6.0 2 2.0 13 2.7 12 2.0 239
11 10.5 33 50 4.00 11 118 22 6.7 3 4.8 33 56
13 8.3 1 135 23 5.6 13 81
44 7.7
22 Al 1328| 33 Si 14 27| 13 Si 1429 2 P 1528| 33 Ni 2827 13 Ni 2829
1 7.5 12 2.3 3 2.1 12 0.1 2 1.7 290 23 1.0 0.77
11 13.5 2 3.0 23 3.0 33 4.2 12 3.0 3.6p 3 14 111
22 9.1 44 4.4 13 100 22 8.0 44 33 3.50
24 8.8 24 71
33 Co 2740 3 Ni 2839 44 Ni 2841| 13 Cu 2940 33 Co 2750 3 Ni 28 49
12 3.5 23 0.4 24 3.0 3 1.3 1.1¢ 2 3.1 44 01
2 4.1 13 1.3 4 4.2 23 1.0 1.21 12 4.9 13 14
22 9.1 33 6.7 34 4.7 44 3.7 22 9.7 23 1.8
12 113 14 5.3 24 6.9 33 81
55 6.8
24 Ni 2851| 23 Cu 2950 23 Zr 4039 44 Zr 4041 3 Y 3950| 44 Zr 4049
4 13 13 11 3 0.0 24 2.2 13 12 150 3 0.4 0.59
34 1.8 3 25 13 1.2 4 3.3 23 22 1.7% 23 20 145
14 2.4 44 3.3 33 5.6 14 4.4 33 6.8 13 16 174
55 3.0 24 8.8 12 10.3 34 5.2 12 126 33 75
35 7.3 55 6.6
24 Zr 4051 44 Nb 4150 3 Sn 5049 ( 24 Sn 5051 | 44 In 4982| 14 Sn 5081
4 1.2 120 24 4.2 44 1.0 34 0.5 3 0.1 0.35 4 03 0.33
14 21 2.00 34 4.7 13 1.2 4 0.8 13 1.2 55 09 024
34 3.0 270 4 5.0 23 3.4 14 1.6 23 3.8 24 16 152
55 3.6 14 5.9 33 7.7 55 2.4 33 7.8 34 24 243
35 6.9 55 7.4 35 6.1 44 8.2
35 Sn 5083 34 Sb 5182| 4 TI 81126| 5 Pb 82125 46 Pb 82127 45 Bi 83126
45 1.2 (159 | 24 1.3 0.96 14 0.5 0.35 25 05 0.5¢ 56 09 0.8 35 12 0.90
15 1.3 (0.89| 55 27 279 55 1.2 1.35 15 0.7 0.90 26 1.2 1.%7 66 2.2 1.60
5 23 (200| 14 29 271 24 1.9 1.68 66 16 1.638 77 19 142 25 26 2.83
66 2.3 4 29 34 44  4.60 35 21 234 6 20 2.03 15 29 312
25 24 35 7.8 44 7.9 45 3.0 341 36 23 249 5 3.6 3.60
46 6.1 55 8.2 16 26 2.54 46 7.0
57 5.3
C 66 C 68 (0] 88 (0] 814 O 820 Si 144
ngap 79 13.78n gap 4.7 6.96 gap 65 1152/n gap 40 411|n gap 29 ngap 71 871
zgap 79 1403z gap 7.1 1062z gap 65 1153z gap 65 9.99|z gap 10.5 zgap 7.1 884
Si 1420 Si 14 28 Ca 2020 Ca 2028 Ni 2828 Ni 28 40
ngap 3.8 5.06 gap 6.1 gap 52 7.28|ngap 48 480|ngap 74 6.39|n gap 2.8 285
z gap 6.1 6.55 gap 7.7 gap 52 724z gap 49 6.18|zgap 74 6.47|z gap 64 5091
Ni 28 50 Zr 4040 Zr 4050 Sn 5050 Sn 5082 Pb 82126
n gap 5.7 gap 3.7 gap 4.7 477|n gap 6.0 ngap 43 4.89|n gap 3.0 343
z gap 6.5 gap 3.7 gap 1.8 200(z gap 6.0 zgap 55 6.07|zgap 35 4.20




RAPID COMMUNICATIONS

R2350 J. DUFLO AND A. P. ZUKER PRC 59
0 o observed 13—23;13,§—f5,2) splittings[20]: 0.53 MeV in "*Cu
20 \ WodKallels. o and 0.17 MeV in3Cu, calculated at 0.5 and 0.1 MeV, re-
\Y Hm e spectively. The same comment applies to the evolution of
40 |- 24-34 splittings in Sbh.
\\)\ﬁ ffis by itself turns*®Ca into a closed shellt is this term
-60 i that the realistic interactions conspicuously fail to produce
80 R N It is a good test for the proposed three-body potentials.
%y st ao oo zni... . This is a complicated mixture that the realistic
-100 **.f'% interactions seem to reproduce reasonably, although some
\ R TP NS, repulsion between thp- andR orbits is missing'same ef-
-120 - fect as forffis, but weakey. This term needs revisiting, but
140 " its effects are quite sound; in particular, they reproduce the
radical change of spectra betwe#iCa and°®Ni.
-160 The correspondence betweens(+1 j levels around
1335 andj+1 levels around?®Pb is striking, and the cal-
-180 0 10 20 30 40 50 60 culations strictly respect the experimental orderings, except

for the intruder f-) orbits, which are known to be the most

FIG. 1. Monopole shell effects in the binding energiesTof  affected[21] by particle-vibration coupling. The predicted
=0 nuclei. sequence in**3Sn shows an inversion with respect to the
(somewhat speculatiyexperimental assignmef22].

The W—4K operator that initializes the shell formation
responsible for halos, for the change in signl i, it also mechanism should be common fo seli-bound systems. The
comes t0o low in*’Ca, about right in“’K and too high in way the HO clos_,L_Jres evolve into the observed ones then
5Ni. There is no possible monopole combination that Candepends_ on sp_ecmcs, but the nuclear example could serve as
place the three levels at their observed positions; only corré® modeling guide.
lations can do it[By analogy we expect ih\=99 a smaller A preliminary version of this work was completed during
observed splitting between 3p{,) and 44 @q-) than in the stay of A.Z. at the Institute for Nuclear Theory at the
Table 1] However, the overall action of the term is very University of Washington, whose hospitality and excellent

sound. In particulaznaw does very well for the recently working conditions are thankfully acknowleged.

ffce+2znw. The X,,, orbit is the great troublemaker:
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