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Nonlinear enhancement of the multiphonon Coulomb excitation in relativistic heavy ion collisions

M. S. Hussein, A. F. R. de Toledo Piza, and O. K. Vorov
Instituto de Fisica, Universidade de Sao Paulo, Caixa Postal 66318, 05315-970, Sao Paulo, SP, Brazil

~Received 30 November 1998!

We propose a soluble model of the nonlinear effects in the Coulomb excitation of the multiphonon giant
dipole resonances. Analytical expressions for the multiphonon transition probabilities are derived, based on the
SU~1,1! algebra. For reasonably small magnitude of nonlinearityx.0.120.2 enhancement factor for the
double giant resonance excitation probabilities and the cross sections reaches values 1.322 compatible with
experimental data. The enhancement factor is found to decrease with increasing bombarding energy in the
range 70–700 MeV per nucleon.@S0556-2813~99!50303-8#

PACS number~s!: 24.30.Cz, 13.75.Cs, 21.30.Fe, 25.75.2q
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Coulomb excitation in collisions of relativistic ions is on
of the most promising methods in modern nuclear phys
@1–6#. One of the most interesting applications of th
method to studies of nuclear structure is the possibility
observe and study the multiphonon giant resonances@1#. The
double dipole giant resonances~DGDR! have been observe
in a number of nuclei@7–9#. The ‘‘bulk properties’’ of the
one- and two-phonon GDR are now partly understood@1#
and they are in a reasonable agreement with the theore
picture based on the concept of GDR-phonons as almost
monic quantized vibrations.

Despite that, there is a persisting discrepancy between
theory and the data, observed in various experiments@7–11#
that still remains to be understood: the double GDR exc
tion cross sections are found enhanced by factor 1.3–2
respect to the predictions of the harmonic phonon pict
@1,3,12,13#. This discrepancy, which almost disappears
high enough bombarding energy, has attracted much a
tion in current literature@4,14–21#; among the approaches t
resolve the problem are the higher-order perturbation the
treatment@18#, and studies of anharmonic/nonlinear aspe
of GDR dynamics@4,19–21#. Recently, the concept of ho
phonons @16,17# within Brink-Axel mechanism was pro
posed that provides microscopic explanation of the effe
These seemingly orthogonal explanations deserve clari
tion which we try to supply here.

The purpose of this work is to examine, within a a soluble
model, the role of the nonlinear effects on the transition a
plitudes that connect the multiphonon states in a heavy
Coulomb excitation process. Most studies of anharmo
corrections@19–21# concentrated on their effect in the spe
trum @22,23#. Within our model, the nonlinear effects a
described by a single parameter, and the model contains
harmonic model as its limiting case when the nonlinea
goes to zero. We obtain analytical expressions for the pr
abilities of excitation of multiphonon states which substitu
the Poisson formula of the harmonic phonon theory. For r
sonably small values of the nonlinearity, the present mode
able to reproduce the observed enhancement of the do
GDR cross sections and its energy dependence.

We work in a semiclassical approach@12# to the coupled-
channels problem, i.e., the projectile motion is approxima
by a classical trajectory~straight line! and the excitation of
the giant resonances is treated quantum mechanic
PRC 590556-2813/99/59~3!/1242~5!/$15.00
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@12–14#. The use of this method is justified due to the sm
wavelenghts associated with the relative motion in relativ
tic heavy ion collisions. The intrinsic stateuC(t)& of excited
nucleus is the solution of the time dependent Schro¨dinger
equation

i
]uC~ t !&

]t
5@H01V~ t !u#uC~ t !&,

uC~ t !&5 (
N50

aN~ t !uN &exp~2 iENt !, ~1!

whereH0 is the intrinsic Hamiltonian andV is the channel-
coupling interaction~we set\5c51). The problem is to
find the expansion amplitudesaN(t) in the wave packetuc&
as functions of impact parameterb whereEN is the energy of
the stateuN& with the numbers of excited GDR phononsN.
The excitation probabilityWN of an intrinsic stateuN& in a
collision with impact parameterb and the total cross sectio
sN for excitation of the stateuN& are

WN~b!5uaN~`!u2, sN52pE
bgr

`

bWN~b!db, ~2!

wherebgr51.2(Aexc
1/31Asp

1/3) is the grazing impact paramete
the labels exc~sp! refer to excited~spectator! nucleus in a
colliding pair. It is convenient to treat the coupled chann
Eqs. ~1! in terms of the unitary evolution operatorUI such
that uc(t)&5UI(t)u0& solves Eq.~1! in the interaction repre-
sentation:

i
d

dt
UI~ t !5VI~ t !UI~ t !, VI~ t !5eiH 0tV~ t !e2 iH 0t,

UI~ t52`!5I , ~3!

where the time-dependent HamiltonianH(t)5H01V(t) that
acts in the intrinsic multi-GDR states with the GDR fr
quencyv is given byH05vNd , Nd[(mdm

1dm and

V~ t !5v1~ t !@~E121!†2~E111!†#1v0~ t !~E10!†1H.c.,
~4!

whereE1m
† andE1m are the dimensionless operators acti

in the space of the multi-GDR states created by the bo
R1242 ©1999 The American Physical Society
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operatorsdm
1 , m is the angular momentum projection. Th

functionsvm are given in@2#, e.g.,

v1~ t !5
F

$11@~gv/b!t#2%3/2
,

~5!

F5
Zspe

2g

2b2 A NexcZexc

Aexc
2/3mN•80 MeV

.

Here,mN ande are the proton mass and charge,Z, N, andA
denote the nuclear charge, the neutron number, and the
number of the colliding partners,g5(12v2)21/2 is relativ-
istic factor andv is the velocity@1#.

In the harmonic approximation, the operatorsE1m
† ,E1m

are linear in the GDR phonons,E1m
† 5dm

† . This model of
‘‘ideal bosons’’ coupled linearly to the Coulomb field admi
well known exact nonperturbative solution~see, e.g.@13#! for
the excitation probabilities

WN5e2uaharmu2 uaharmu2N

N!
,

~6!

uaharmu25 (
m50,61

uam
harmu252ua1

harmu21ua0
harmu2,

i.e., the Poisson formula with the amplitudesam
harmexpressed

through the modified Bessel functions. At the colliding en
gies sufficiently high, the longitudinal contributionua0

harmu2

is suppressed by a factor proportional tog22 @3#. We will
work in the ‘‘transverse approximation’’ dropping the ter
ua0

harmu2 ~the results are still qualitatively valid at lower en
ergies!.

Now, we consider the nonlinear effects. Our idea is
keep the spectrum of GDR system harmonic with the Ham
tonianH05vN. That is supported by the systematics of t
observed DGDR energies,E2 , which yields E2.(1.75
22)v @1#, so anharmonicity in the spectrum is weak. Th
conclusion follows also from theoretical consideratio
@22,23#. The transition operatorsE1†,E1 that couple intrin-
sic motion to the Coulomb field can however include nonl
ear effects: the expansion in terms of GDR bosons read

E1m
† 5dm

† 1x(
m1

dm
† dm1

† dm1
1(

m1

xm1
dm

† dm1

† dm1

†

1x2 (
m1m2

dm
† dm1

† dm1
dm2

† dm2
1••• . ~7!

‘‘Boson expansion’’ of such type plays a role in microscop
treatment of the nonlinearities and coupling to noncollect
degrees of freedom in the nuclear collective excitations@24#.
To keep the theory treatable, the number of the nonlin
parametersxi in Eq. ~7! must be reduced. A reasonable w
to do so is to save in Eq.~7! a convergent series with th
leading term proportional tox, vis
ass

-

l-

-

e

ar

E1m
† 5dm

† 1x(
m1

dm
† dm1

† dm1

2
x2

2 (
m1m2

dm
† dm1

† dm1
dm2

† dm2
1•••

5dm
† ~112xNd!1/2, ~8!

where the single parameterx.0 controls nonlinearity, and
the problem reduces to the harmonic one with linear c
pling whenx→0. The ansatz~8! that we adopt here accoun
for many higher-order contributions to Eq.~7! while leading
to soluble, but nontrivial model.

To solve the nonlinear problem~3! with Eqs.~4! and~8!,
we introduce the following triad of operators:

D25A 1

4x
1

1

2
Nd~d212d11!,

~9!

D05
1

4
$~d21

1 2d11
1 !~d212d11!12@1/~2x!1Nd#%,

andD1 the conjugateD15(D2)†. It is easy to check tha
they obey the commutation relations for thenoncompact
SU~1,1! algebra

@D2,D0#5D2, @D1,D0#52D1, @D2,D1#52D0.
~10!

The dynamics of the system can be expressed in terms o
operatorsD6 andD0 ~9! only. Evolution equation~3! and its
formal exact solution, the time-ordered exponential now re

i
d

dt
UI~ t !52x1/2@v1~ t !eivtD†1v1~ t !e2 ivtD2#UI~ t !,

~11!

UI~ t !5T expS 2 i E
2`

t

dt8VI~ t8! D ,

where Eq.~10! and@Nd ,D6#56D6 has been used in Eqs
~3!, ~4! and ~8!. From a purely mathematical viewpoint, th
problem described by the last equation drops into the univ
sality class of the systems with SU~1,1! dynamics that can be
analyzed by means of generalized coherent states@25,26#.
For other algebraic approaches to scattering problems,
Ref. @27#.

Due to closure of the commutation relations between
operatorsD1, D2, and D0, the time-ordered exponentia
~11! can be represented in another equivalent form that
volve ordinary operator exponentials~see, e.g.,@28#!

UI~ t !5exp@2Axa~ t !D1#

3exp„$ ln@124xua~ t !u2#2 if~ t !%D0
…

3exp@22Axa* ~ t !D2# ~12!

and some time-dependent complex numbera(t) ~star de-
notes complex conjugation! and real numberf(t) ~phase!
@25#. The unknown functionsa(t) and f(t) can be found
from simple differential equations which relate them to t
functionv1(t) in the HamiltonianH(t). These equations ca



ur
m

-

i-

R

e

l

g
u

th
ia

d

ce-
he
d
tic

it
in.

nce-

the
d in

e
tion

-

fac-
pa-

ions

ent
h
s

unity
e

fac-

RAPID COMMUNICATIONS

R1244 PRC 59M. S. HUSSEIN, A. F. R. DE TOLEDO PIZA, AND O. K. VOROV
be restored after substituting the right-hand side of Eq.~12!
into the Schro¨dinger equation for the operatorUI(t) ~11! and
collecting the terms which have the same operator struct
Proceeding this way, we obtain, after some algebraic
nipulations, the following Riccati-type equation for the com
plex amplitudea:

i ~d/dt!a5v1~ t !eivt14xv1~ t !e2 ivta2. ~13!

The phase f(t) is given by a simple integralf(t)
58x*2`

t dt1Re@v1(t1)a(t1)e2 ivt1#. The simple nonlinear
equation~13! accounts forall orders of quantum perturba-
tion theory for the problem Eqs.~3!, ~4!, and~11!. From Eq.
~12!, we have

uc~ t !&5UI~ t !u0&5e2 if~ t !/~4x!~124xua~ t !u2!1/~4x!

3exp@2Axa~ t !D1#u0&.

It is seen from Eq.~12!, that unitarity is preserved automat
cally within present formalism asUI

†5UI
21 , thus

^c(t)uc(t)&51. The expression for the amplitudesaN(t)
follows from Eq. ~12! immediately after projection of the
state uc(`)& onto the states with definite number of GD
phonons,N.

WN5uaN~`!u2,

uaN~`!u5@124xuā~x!u2#1/4xS G~1/2x1N!

N!G~1/2x! D 1/2

3@4xuā~x!u2#N/2. ~14!

Here, the quantityā(x) is the asymptotic solution to th
Riccati equation~13! at t→` subject to the initial condition
a(2`)50. Equation~14! is our final analytical result. The
constantx1/2uā(x)u in Eq. ~14! can be viewed as a ‘‘specia
function’’ of the two parameters,x1/2F/v and the adiabatic-
ity parametervb/vg. It can be easily tabulated by solvin
Eq. ~13!. The cross sections are then obtained from the us
formula ~2! using Eq.~14!.

The harmonic limit of these results corresponds to
casex→0, when the coupling to electromagnetic field v
Eq. ~8! becomes linear. The last term drops from Eq.~13!,
and uā(x)u→ua61

harmu5u2 i *2`
` v1(t)eivtdtu52(F/v)(vb/

vg)2K1(vb/vg) whereK1 is the modified Bessel function
@13,1#. The expression forW ~14! reduces atx→0 to the
Poisson formula~6!, thus the harmonic results@13,1# are re-
stored.

At nonzero nonlinearityx.0, the excitation probabilities
WN ~14! for multiple GDR (N.1) turn out to be enhance
as compared to their values in the harmonic limitWN

harm, as
illustrated in Fig. 1. The deviation of theN-phonon excita-
tion probabilities from their harmonic valuesWN

harm ~6! ~the
enhancement factor! is given by the ratio

WN

WN
harm

5
G~1/2x1N!

G~1/2x!~1/2x!N

@124xuā~x!u2#1/2x

e22ua1
harmu2

uā~x!u2N

ua1
harmu2N

.

~15!
e.
a-

al

e

The first factor in this expression reflects kinematic enhan
ment of the transition probabilities due to nonlinearity. T
last factor in Eq.~15! results from dynamical effects cause
by nonlinearity, which are incorporated in the asympto
solution of the nonlinear equation~13!. This second ‘‘dy-
namical factor’’ depends on the bombarding energy and
gives rise to additional enhancement in low-energy doma

The interesting feature of these results is that the enha
ment factor in the cross sectionr 25s2 /s2

harm is more sensi-
tive to the bombarding energy than to the parameters of
spectator partner. This is just what has been observe
experiments: the values ofr 2

exp found for DGDR in 208Pb
projectile using different targets 120Sn, 165Ho,
208Pb, 238U @10# are close to

r 2~208 Pb!.1.33, g.1.7, ~16!

bombarding energy«.640 MeV/per nucleon. The sam
picture was found in experiments on Coulomb desintegra
of 197Au target using various projectiles20Ne, 86Kr
, 197Au, 209Bi @9#. Nearly constant value ofr 2 has been
found in 208Pb target@11# while scattering different projec
tiles at low bombarding energy«.602100 MeV/per
nucleon. In this case,

r 2~208Pb!.2, g.1.0621.10. ~17!

Within present nonlinear model, these enhancement
tors would correspond to reasonably small nonlinearity
rameterx

x~208Pb!.0.1620.20.

Below, we present the exact results for the cross sect
calculated according to Eqs.~2! and ~14! and with solving
Eq. ~13! numerically. The dependence of the enhancem
factorr 25s2 /s2

harm for the DGDR excitation on the strengt
of the nonlinearityx is shown in Fig. 2 for the proces
208Pb1208Pb, bombarding energy «50.64 GeV/per
nucleon. One sees that the enhancement factor drops to
at small values ofx ~harmonic limit! and approaches th
observable values at still reasonably weak nonlinearity.

We discuss now the dependence of the enhancement
tor on bombarding energy. Deviations ofr 2 from the straight

FIG. 1. N-phonon excitation probabilitiesWN as compared to
WN

harm in the harmonic limit as functions of the phonon numberN
~schematic plot!. One sees that while bothWN and WN

harm are de-
creasing rapidly asN increases, their ratioWN /WN

harm is bigger than
unity at N>2. It is seen thatW0,W0

harm, as unitarity implies that
(N50

` WN5(N50
` WN

harm51.
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line G(1/2x12)/G(1/2x)(1/2x)25112x @cf. Eq. ~15!# oc-
cur at both low and high energies. Atg→1, one can solve
~13! within an adiabatic perturbation theory to see thatuau
.ua1

harmu. Thus,r 2.112x. At higher energies, by contras
the dynamical nonlinear effects tend to reduce the magnit
of uau. One can see from Eq.~13! that at g
@1, uau/ua1

harmu.tanh(2Axua1
harmu)/(2Axua1

harmu),1, and
thus r 2,112x. To sum up, the enhancement factor for t
DGDR excitation cross section,r 25s2 /s2

harm drops from 2
22.5 ~for low bombarding energies«;100 MeV per
nucleon! to 1.221.3 ~for «;6402700 MeV per nucleon!
while fixed value of nonlinearityx is used. In Fig. 3, we
plotted the value of the enhancement factor calculated
merically for the case of208Pb1208Pb process as a functio
of the relativistic factorg. The magnitude of nonlinearity is
kept fixedx50.19. One sees that reasonably small non
earity reproduces correctly the observable value of the
hancement factor and its energy dependence.

To go beyond the ‘‘transverse approximation’’ adopt
above one needs to include the longitudinal contribution~the
component withm50) in Eq. ~4!. This can be done at th
expense of complementing the 3 generators of SU~1,1! alge-
bra of Eqs.~9! and~10! with 5 extra operators@31# to obtain
closed SU~2,1! algebra with 8 generators@the noncompact
analogue of SU~3!#. This full problem though seemingly
much complicated can be solved in a similar grou
theoretical way. The analysis will be reported elsewh
@31#. According to our preliminary results, the enhancem
factors r 252.09 for g.1.09 andr 251.28 for g.1.69 ~cf.
Fig. 3! can be altered by 10 and 5 percent, respectiv
Accounting for the longitudinal components does not aff

FIG. 2. The cross-section enhancement factorr 25s2 /s2
harm for

the Double GDR excitation in208Pb1208Pb process at bombardin
energy«5640 MeV/per nucleon as a function of the nonlinear
parameterx ~circles, solid curve is to guide the eye!. The value 1
12x is shown by the dashed curve.
e

u-

-
n-

-
e
t

.
t

substantially the enhancement factors in the energy ra
considered here.

To conclude, we presented here a simple model that
counts for the nonlinear effects in the transition probabilit
for the excitation of multiphonon giant dipole resonances
Coulomb excitation via relativistic heavy ion collisions. Th
model is based on the group theoretical properties of
boson operators. It allows one to construct the solution
the dynamics of the multiphonon excitation within couple
channel approach in terms of the generalized coherent s
of the corresponding algebras. The harmonic phonon mo
appears to be a limiting case of the present model when
nonlinearity parameterx goes to zero. The model enjoys th
main advantages of the harmonic case~unrestricted mul-
tiphonon basis, preservation of unitarity, and analytical
sults in nonperturbative domain!. Therefore, this soluble
model can be viewed as a natural nonlinear extension of
harmonic phonon model.

The double GDR excitation probabilities and cross s
tions are found enhanced by the factors which agree w
experiment for reasonably weak nonlinearityx. This can be
viewed as a hint that the discrepancy between the meas
cross sections of double GDR and the harmonic phonon
culations can be resolved within present nonlinear mode
means of using an appropriate value of the nonlinear par
eterx for a given nucleus. The enhancement factor drops
the bombarding energy grows. This is consistent with
data and gives results similar to those recently obtained
possibly different context, with a theory based on the co
cept of fluctuations~damping! and the Brink-Axel mecha-
nism @16,17,29,30#. It would be certainly worthwhile to es
tablish possible connections between the two approache

The work has been supported by FAPESP~Fundacao de
Amparo a Pesquisa do Estado de Sao Paulo!.

FIG. 3. The cross-section enhancement factorr 25s2 /s2
harm for

the Double GDR excitation in the process208Pb1208Pb, as a func-
tion of relativistic factorg ~circles, solid curve is to guide the eye!.
The value of the nonlinear parameterx is kept to be equal tox
50.19. The constant 112x is shown by dashed line. Average ex
perimental data@Eqs.~16!, ~17!# are also shown.
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