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Influence of multiple scattering on particle decays in a medium

A. V. Koshelkin
Moscow Institute for Physics and Engineering, Kashirskoye shosse 31, Moscow 115409, Russia

~Received 16 July 1998!

Effect of scattering in the matter on particle decays at high energies is studied. The systematic method for
the calculation of the decay probability of the particles undergoing multiple elastic collisions in the equilibrium
medium is developed. The probability of the decay of such particles is obtained. The Dalitz decay of pion in
the matter is studied.@S0556-2813~99!02702-8#

PACS number~s!: 12.39.Fe, 12.38.Mh, 12.40.Vv
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I. INTRODUCTION

The problem of the influence of scattering in a medium
particle decays arises in the study of the states of the nuc
matter generated in process of collisions of high ene
heavy ions@1–10#. Photons and leptons produced in the m
dium are a very important source of the information ab
the state of the nuclear matter because they are electrow
interacting particles only and therefore carry informati
about the primordial state of the nuclear matter generate
heavy-ion collisions. In this way one of the most importa
channels of the production of such particles is decays in
matter.

The effect of a medium on damping rates is studied
Refs.@2,5,9,11–18#. On the basis of the resummation meth
of the infinite sets of diagrams which has been developed
Braaten and Pisarski@19,20#, in-matter polarization effects
~renormalization of quark and pion masses! in QCD @5,20# is
studied. In Refs.@11–16# the method of the hard therma
loops @19,20# has been used and developed for the calcu
tion of the self-energy of an electron due to the electr
photon interaction in QED. In Refs.@2,21# the impact of the
occupancy of the final states in a photon bath on decoup
constants has been investigated. The influence of the i
vidual pair collisions of particles on the width of the vect
mesons in the matter generated as a result of the collision
heavy ions is considered in Refs.@17,18#. Since the matter is
the high temperature and high density the collective effe
play an important role here. In this way, if the energy flu
tuations of the decaying particles due to their multiple sc
tering in the matter is of the order of the medium tempe
ture, multiple scattering in the matter has a strong effect
the particle decay. This means that in this case the
medium effects of multiple scattering should be taken i
account in the calculations of decay widths of such partic
in the matter.

In this paper we study the decays of the particles und
going multiple elastic collisions in an equilibrium medium
The model-independent method of the calculation of the
cay of such particles is developed. The obtained decay p
ability of the particles strongly depends on both the ma
temperature, and the parameters characterizing the pa
scattering in the medium. On the basis of the develo
method the Dalitz decay of pion in an equilibrium pion gas
considered.
PRC 590556-2813/99/59~2!/936~5!/$15.00
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II. DECAY PROBABILITY OF A PARTICLE
IN A SCATTERING MEDIUM

Let us consider in-matter particles with spins and the
massM. We suppose that the particles undergo multiple el
tic collisions in the thermodynamic equilibrium medium. W
consider the particle decay determined by the processeA
→A11•••1AN.

In the quasiclassical case, when the wave length of
particle is less than the mean distance between them,
decoupling constantg(x,p) is given by the well-known ex-
pression~see, for example@22#!

g~x,p!522 ImˆTr$S ret%‰, ~1!

whereS ret is the retarded self-energy in the Keldysh diagra
technique @23#, x5(t,rW) and 5(p0,pW ) are the four-
coordinate and the four-momentum of the particle.

Let us suppose that the influence of the particle scatte
on the decay vertex and on the interaction of the decay p
ucts in the final state is negligible. Then, we can write

S ret56 iSab
vac~p!Gab

21~x,p!)
j 51

N

~16nj !, ~2!

whereSvac
ab(p) is the self-energy of the decaying particle

vacuum;Gab
21(x,p) is the Green’s function of the particle i

the matter;nj are the occupancy numbers of the decay pr
ucts ~plus and minus signs correspond to the Boson a
Fermi statistics, respectively!; a andb are the spin variables

To obtain the decay widthG, which would be observed
we should average expression~1! over the four-coordinates
and the four-momenta. Using the relation betwe
Gab

21(x,p) and particle densityn(t,rW,pW ) at the thermody-
namic equilibrium@22,24# and integrating formula~1! over
d4x and d4p, we obtain the following expression for th
decay width of the on-shell particle:

G5
1

t0
)
j 51

N

~16nj !

3ImH E
0

t0
dtE d3 pW

«
Tr$Svac

ab~p!%ab%E d3rW

~2p!3•n~ t,rW,pW !J ,

~3!
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where%ab is the polarization density matrix of the decayin
particle; t0 is the time during which the decay is observ

~the observation time!; p0[«5ApW 21M2. We also set the
normalization volumeV51.

Let us suppose that the relaxation times in the mattet
!min$t0 ,G21%. This means that the static approximatio
@25# for the description of the decaying particle movement
the medium can be used. In this case the densityn(t,rW,pW ) is
the solution of the standard transport equation@26#. Note that
the functionn(t,rW,pW ) in Eq. ~3! is integrated over the particl
coordinatesrW. The integrating of the transport equation@26#

over d3rW gives the following equation for the integra
f («,pW ,t) of the densityn(t,rW,pW ) over the particle coordi-
nates:

] f ~p;t !

]t
5E d3pW 1ds~p2p8;p;p1!v f eq~p1!

3$ f ~p8;t !2 f ~p;t !%, ~4!

whereds(p2p8;p;p1) is the cross section of the individua
pair collision of two particles in the medium;f eq(p1) is the
equilibrium distribution function of the particles in th
matter; v5As(s24m2)/2««1 ;p5(«,pW );p15(«1 ,pW 1);p8

5(«8,pW 8);s5(p1p1)2.
In the case of the homogeneous and isotropic matter

expression Tr$Svac
ab(p)%ab% in Eq. ~3! depends only on the

energy but does not depend on the momentum of the de
ing particle, and we can rewrite the formula~3! as follows:

G5
1

t0
E

0

t0
dtE

0

1`

p2dpGvac~«!F~«,t !. ~5!

Here

Gvac~p!5
1

« )
j 51

N

~16nj !ImˆTr$Svac
ab~p!%ab%‰, ~6!

F~«,t !5E dVpW

~2p!3 f ~«,pW !, ~7!

and dVpW is a solid angle in the direction of the vectorpW .
FunctionF(«,t) satisfies Eq.~8! obtained after the integra
tion of the expression~4! over all directions of the vectorpW :

]F~«;t !

]t
5E d3pW 1E

«2Emax

«1Emax
d«8E dVpW

3
ds~«2«8;«;p1!

d«8dVpW
v f eq~p1!$F~«8;t !2F~«;t !%,

~8!

whereEmax is the maximum energy transferred in the proce
of the individual elastic collision of two particles of the ma
ter. The energyEmax depends on the energies« and«1 of the
colliding particles.

When the matter is in equilibrium and only the elas
collisions take place the transferred energy is small as c
e

y-

s

-

pared with the matter temperature. Then, we can expand
collision integral in the right-hand side of the last express
over the small parameteru«2«8u/«!1. As a result we have

]F~«;t !

]t
5a

]2F~«;t !

]«2
, ~9!

wherea is the energy imparted to the particle in a unit tim
In the derivation of the last equation we use the fact that
cross section is the even function of the transferred ene
The parametera is defined by the following expression:

a5E d3pW 1dVpWE
0

Emax
d«8

ds~«8;«;p1!

d«8dVpW
v f eq~p1!«82.

~10!

For Eq.~9! to be solved the initial condition for the func
tion F(«;t) should be specified. We suppose that some eq
librium particle distribution is given at timet50:

F~«;t50!5 f eq~«!h~«2M !, ~11!

where h(«) is the standard unit function@h(«)51, when

«>0, buth(«)50 at «,0#; «5AM21pW 2.
The parametera determined by Eq.~10! depends on the

particle energy«. Besides in the case of the equilibrium
matter the average value of the particle energy is appr
mately constant, but the energy transferred as a result o
individual collision of particles is small as compared with t
matter temperature. Therefore, we can set«5«1 in the for-
mula ~10! and also considera as a constant. Then, solvin
Eq. ~9! with the initial condition~11!, we get

F~«;t !5
h~«2M !

A4pat
E

0

1`

d«8HexpH 2
~«2«82M !2

4at J
1expH 2

~«1«82M !2

4at J Jf eq~«8!. ~12!

Substituting the functionF(«;t) ~12! into Eq.~5!, we find
probability W of the particle decay in the scattering matte

W5G•t05E
0

t0 dt

A4pat
E

0

1`

p2dpGvac„«~p!…E
0

1`

d«8

3HexpH 2
~«2«82M !2

4at J
1expH 2

~«1«82M !2

4at J Jf eq~«8!. ~13!

The last formula determines the decay probability of t
particle undergoing multiple elastic collisions in the equili
rium matter. The obtained expression for the decay proba
ity does not depend at all on the interaction model of
particle in the scattering medium. The influence of the ma
on the probabilityW is expressed only in terms of the ob
servable parameters such as the matter temperature~via the
equilibrium distribution functionf eq), the mean square of th
energy transferred by the particle in the individual collisi
a and the observation timet0 .
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We should note that the density of the states of the p
ticle in the equilibrium matter has a sharp maximum at
energy«;T whereT is the matter temperature. On the oth
hand, it follows from the formula~13! that the width of this
maximum is determined by the relation between the value
the energy fluctuations of the particle due to the multi
scattering and the matter temperature. In this way the en
fluctuation during the observation timet0 is defined by the
magnitude of the parameterat0 . If the at0>T the influence
of the multiple scattering on the particle decay is strong.
the opposite caseat0!T the effect is negligible.

Let us next consider the application of the develop
method for the calculation of the decay probability of pa
ticles in the real scattering medium.

III. DALITZ DECAY OF A PION
IN A SCATTERING MEDIUM

The pion decayp0→e1e2g ~Dalitz decay! presents the
interest in the study of dilepton pair production in the nucle
matter generated in the process of collisions of high ene
heavy ions@7,8,27#. The contribution of this decay into th
rate of dilepton pair production in the absence of multip
scattering of decaying particle in the matter is studied in
paper@28#. Since this electromagnetic decay is also virtua
strong we use the quark model for the calculation of its pr
ability. In this way the calculation result depends on the c
stants of strong and electromagnetic interactions. We n
that presently the same combination of these constants
pears in the formula for the widthGp0→2g of the decayp0

→2g. Therefore we change this combination of the const
by the expression for the widthGp0→2g in the final equation
for the Dalitz decay probability of the pion in matter.

Neglecting the differences between masses ofu and d
quarks in the pion quark model we write the following rel
tivistic invariant expression for the matrix element of t
decayp0→e1e2g:

M5
4pge3/2

q2mq
2

e i jsr~v* ! i~k!kjqsū~2p1!g ru~p2!,

q5p11p2 , ~14!

wherep25(E2 ,pW 2),p15(E1 ,pW 1),k5(v,kW ) are the four-
momenta of electron, positron and photon, respectiv
u(p) and g r are the Dirac spinors and the Dirac matrixe
v j (k) is the photon polarization vector;e i jsr is the antisym-
metric tensor;e is the electron charge;mq is the quark mass
g is the constant of strong interaction which corresponds
the vertex of the pion quark loop.

Calculating the decay rate according to the conventio
rules, we find the following expression forGvac(p) appears
in Eq. ~5! for the decay probability in the matter:

dGvac

dMl
5

4e2

3p«Ml
4M5

~M22Ml
2!3~Ml

212m2!

3~Ml
224m2!1/2Gp0→2g ,
r-
e
r

f

gy

n

d
-
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e

-
-
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;
;

o

al

Gp0→2g5
27pg2e2M3

mq
2

, ~15!

whereGp0→2g58 eV is the width of the decay of the pio
being at rest@29#, M andm are the masses of the pion and t
electron, respectively;« is the pion energy.Ml5up11p2u is
the invariant mass of the dilepton pair. The last expressio
obtained in the assumption that the occupation number
the decay products are equal to zero. Note that in the cas
nonrelativistic pions the last formula coincides with the e
pression for the Dalitz decay rate@28#.

Let us consider the Dalitz pion decay in an equilibriu
pion gas. In the experimental situation the temperatureT of
the pion gas generated in the process of collisions of h
energy heavy ions can be of the order ofT;200
2300 MeV @3,27#. This means that we can approximate
take that pions are ultrarelativistic. In this case the ene
transferred in an individual elastic collision of two particle
is small as compared with the particle energy which is of
order of the matter temperature. Estimating the maxim
transferred energyEmax from the conservation laws we fin
that it is of the order ofEmax;T(M /T)2!T.

Then, substituting the obtained expression fordGvac/dMl
into the general formula~5! for the decay probability in the
matter and assuming that the distribution functionf eq(«) has
the Boltzmann form, we obtain

dW

dMl
5

4e2

3p3/2TMl
4M5

~M22Ml
2!3~Ml

212m2!

3~Ml
224m2!1/2Gp0→2g

3H 2a1/2t0
3/2

3T
1

T2

a FexpS at0

T2 D E
Aat0/T

1`

dx

3exp~2x2!2
Ap

2
1

Aat0

T G J , ~16!

whereT is the matter temperature,t0 is the observation time
which can be estimated as the life time of the equilibriu
state of the matter which is of the order of;10 fm @10#.

Let us study the obtained expression for the Dalitz de
of the pion in the equilibrium pion gas.

When the energy fluctuation due to the elastic scatter
is small as compared with the matter temperature, the par
eter (Aat0/T)!1. Then, calculating the integral in Eq.~16!
at small low limit, we find

dW

dMl
5

2e2t0

3pTMl
4M5

~M22Ml
2!3~Ml

212m2!

3~Ml
224m2!1/2Gp0→2g

3H 11
at0

2T21O„~at0 /T2!3/2
…J . ~17!

It follows from the last formula that the small energ
fluctuations lead to the insignificant increase of the de
probability as compared with the situation of the partic
decay in the absence of scattering in the matter.
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In the opposite limiting case (Aat0/T)>1), when the en-
ergy fluctuations are large, we obtain from Eq.~16!

dW

dMl
5

4e2t0

3p3/2TMl
4M5

~M22Ml
2!3~Ml

212m2!

3~Ml
224m2!1/2Gp0→2g

3H 2Aat0

3T
1O~T/Aat0!J . ~18!

From Eq.~18! it follows that the strong energy fluctuatio
leads to the considerable increase of the decay probabilit
the factor (Aat0/T)@1.

Let us discuss the possibility of the observation of t
obtained increase of the Dalitz pion decay in the equilibri
matter due to multiple elastic scattering. According to E
~10! the parametera being the mean square fluctuation
the particle energy, can be approximately presented as
product of the collision frequencyn and the square of the
maximum energyEmax

2 transferred in the individual colli-
sion of two particles. SinceEmax;T(M /T)2, the parameter
(Aat0/T);Ant0(M /T)25(M /T)2

•AN, whereN@1 is the
number of particle collisions in the matter during the li
time of the equilibrium state of the medium. In other word
if the number of particle collisions is larger than the ra
(T/M )2@1 the considerable increase of the pion decay pr
ability takes place. WhenT;2002300 MeV;n;1.33
24 fm21, and t0;10 fm @3,10,27#. This corresponds to
Ant0(M /T)2;1.3821.79. Thus, the multiple elastic scatte
ing has to influence strongly on the pion Dalitz decay in
matter.

The numerical calculations according to the exact form
las ~13! and ~15! give

W~a!

W~a50!
5H 1.74 when T5150 MeV

1.36 when T5200 MeV

1.32 when T5300 MeV,

whereW(a50) is the decay probability in the absence
the multiple scattering. It follows from the last equations th
,

D

D

A

by

.

he

,

-

e

-

t

in the most realistic caseT5150 MeV the multiple elastic
collisions of particles in the matter leads to the broadening
the pion state more than 70 percent.

In conclusion we should note that the dielectron yield d
to the Dalitz decay of pions are not suppressed by any o
processes of the dielectron production at low invariant m
Ml<100 MeV of the dielectron pairs@27#. This allows us to
discuss the possibility to observe the increasing of the p
decay probability due to the multiple elastic scattering of
pions in the hadronic matter.

IV. CONCLUSION

The decay of particles undergoing multiple elastic co
sions in an equilibrium scattering medium is studied in t
paper. The decay probability of such particles is calculat
The developed method of the calculation of decay proba
ity does not depend on the dynamic model of particle sc
tering in the medium. In this way the effect of the mediu
on the decay probability is determined by the energy fluct
tion of the decaying particle due to their multiple elas
scattering and the matter temperature. It is shown that w
the energy fluctuation is of the order of the medium tempe
ture, the multiple scattering results in the significant chan
of the decay probability as compared with the case of s
tering lack.

We study the Dalitz decay of pions undergoing multip
elastic collisions in an equilibrium pion gas. We have sho
that the multiple scattering always leads to the increase
the decay probability. In this way when the energy fluctu
tions are of the order of the magnitude of the matter tempe
ture, the multiple scattering leads to the strong broadenin
the in-matter pion in the Dalitz decay channel. The proba
ity of the pion Dalitz decay in the situations corresponding
the real temperatures of the matter has been numerically
culated. It is found that the multiple elastic scattering leads
the increase of the decay probability no less than 32 perc
We discuss the possibility to observe the increase of the D
itz decay probability due to the multiple elastic scattering
pions in the matter generated in the process of collisions
heavy ions of high energy.
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