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Homogeneous nucleation of quark-gluon plasma, finite size effects,
and long-lived metastable objects

E. E. Zabrodin,1,2 L. V. Bravina,1,2 H. Stöcker,1 and W. Greiner1
1Institute for Theoretical Physics, University of Frankfurt, Robert-Mayer-Str. 8-10, D-60054 Frankfurt, Germany

2Institute for Nuclear Physics, Moscow State University, 119899 Moscow, Russia
~Received 6 May 1998!

The general formalism of homogeneous nucleation theory is applied to study the hadronization pattern of the
ultrarelativistic quark-gluon plasma~QGP! undergoing a first order phase transition. A coalescence model is
proposed to describe the evolution dynamics of hadronic clusters produced in the nucleation process. The size
distribution of the nucleated clusters is important for the description of the plasma conversion. The model is
most sensitive to the initial conditions of the QGP thermalization, time evolution of the energy density, and the
interfacial energy of the plasma-hadronic matter interface. The rapidly expanding QGP is first supercooled by
aboutDT5T2Tc54 –6 %. Then it reheats again up to the critical temperatureTc . Finally it breaks up into
hadronic clusters and small droplets of plasma. This fast dynamics occurs within the first 5–10 fm/c. The finite
size effects and fluctuations near the critical temperature are studied. It is shown that a drop of longitudinally
expanding QGP of the transverse radius below 4.5 fm can display a long-lived metastability. However, both in
the rapid and in the delayed hadronization scenarios, the bulk pion yield is emitted by sources as large as 3–4.5
fm. This may be detected experimentally both by a Hanbury–Brown-Twiss interferometry signal and by the
analysis of the rapidity distributions of particles in narrowpT intervals at smallupTu on an event-by-event basis.
@S0556-2813~99!07502-0#

PACS number~s!: 12.38.Mh, 24.10.Pa, 25.75.2q, 64.60.Qb
vy
e
d

th

fir
rib
,
o

-
a

tin
f
ys
iu
u

la
th
ra
in
iti

ro
s
th

he

ed
the
p-
and
y of
the
of

the
nic

les
the

the

de-

ss-
e
res-

ned
n

pidly
n
lli-
due
m,
I. INTRODUCTION

The hadronization of quark-gluon plasma~QGP! possibly
produced in the early Universe or in ultrarelativistic hea
ion collisions has received much activity during the last d
cades@1–21#. Despite significant progress in the understan
ing of the variety of possible signals and features of
QGP, the nature of the phase transition~PT! between decon-
fined and confined phases is not clear yet. Assuming a
order PT, usually an adiabatic scenario is invoked to desc
the conversion of plasma into hadrons. A few years ago
@15# it was pointed out that the coarse-grained field theory
homogeneous nucleation@22,23# can be relevant for the rela
tivistic PT also. This scenario assumes the nucleation of h
ronic bubbles, e.g., bubbles of pion gas, within the~initially
homogeneous! supercooled metastable QGP as the star
point of the PT. These bubbles are nucleated because o
thermodynamic fluctuations of the energy density in the s
tem. Then bubbles with radii smaller than the critical rad
Rc shrink and bubbles of critical size are in metastable eq
librium, while bubbles with radii larger thanRc gain in size
and develop into the new phase. The treatment of the re
ation of the metastable state within the framework of
nucleation theory provides the fundamental nucleation
@23–25#, which expresses the number of viable nucleat
clusters of the new phase via the equilibrium number of cr
cally large clusters.

Langer’s theory has been applied@16,17# to calculate the
hadronization of rapidly expanding baryon-free QGP, p
duced in heavy ion collisions at RHIC and LHC energie
Although this approach seems to be more realistic than
idealized adiabatic PT, several questions remain open: T
PRC 590556-2813/99/59~2!/894~11!/$15.00
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calculations@17# have shown that the latent heat releas
during the plasma conversion is not sufficient to prevent
strong~20–35 %! supercooling of the system. Thus, the ra
idly quenched system leaves the region of metastability
enters the highly unstable spinodal region. Here the theor
spinodal decomposition might be in order to describe
further evolution of the fluctuations leading to the breakup
that system.

Second, since the critical radius drops quickly when
temperature is lowered, the bulk creation of the hadro
phase should begin@16# when the bubble radii arer
<0.8 fm. Finally, in the nonscaling scenario the bubb
grow independently of the total expanding volume. Then
completion of the PT will be significantly delayed@17#. Even
within the scaling scenario the time necessary for
completion of the PT varies from 50 to 90 fm/c ~depending
strongly on the numerical value of the surface tension!.

Hence, from the above one may conclude that either~i!
the homogeneous nucleation scheme is inappropriate to
scribe the hadronization of relativistic systems or~ii ! that
some important features of the first order PT are still mi
ing. The situation would change if it turned out that th
amount of plasma converted into hadrons had been unde
timated in earlier works.

Recently, the calculation of the dynamical factork gov-
erning the growth rate of subcritical bubbles was reexami
@26#, and the size distribution of bubbles in configuratio
space has been used to estimate the supercooling of ra
expanding QGP@27#. The latter plays an important role i
the hadronization of plasma produced in relativistic co
sions. When the critical radius of hadronic bubbles drops
to the rapid fall of the temperature in the expanding syste
894 ©1999 The American Physical Society
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PRC 59 895HOMOGENEOUS NUCLEATION OF QUARK-GLUON . . .
the subcritical bubbles transfer to the region of supercrit
sizes for these new conditions in the system. These bub
then stop to shrink and start to gain size, thus increasing
total volume of the hadronic phase.

In the present paper we study the effect of the bubble
distribution on the dynamics of the plasma-hadrons ph
transition. The paper is organized as follows: the model u
to study the QGP hadronization is described in Sec. II. S
tion III reviews the formalism of nucleation theory. Th
evaluation of both dynamical and statistical prefactors
pearing in Langer’s theory is discussed. A coalescence-
model for the further evolution of the nucleated hadro
bubbles is proposed. The role of initial conditions~as well as
effects of variations of the model parameters, i.e., the va
of the surface tension, the minimum size of the pion
bubbles, the nonscaling regime and dilution factor, the p
factors, etc.! on the relaxation of the metastable QGP is stu
ied in Sec. IV. Section V presents the investigation of
finite size effects, the creation of long-lived states with me
stable QGP and hadronic bubbles, and temperature fluc
tions in the system. Finally, the results are summarized in
Conclusions.

II. MODEL

We consider a QGP produced in collisions of two hea
ions at RHIC or LHC energies. It is assumed that the plas
is thermalized soon. A wide range of initial conditions
studied; see Sec. IV. The expansion and cooling is ruled
relativistic hydrodynamics.

When the plasma cools below the critical temperatureTc ,
a first order phase transition is initiated by the appearanc
hadronic bubbles. The bag model equation of state~EOS! for
the QGP consisting of gluons and massless quarks read

pq5
p2

90S 161
21

2
nf DT42B5aqT42B, ~1!

with the number of flavors,nf , and bag constantB. The EOS
of the relativistic pion gas is

ph5
p2

10
T45ahT4. ~2!

By imposing the conditionpq5ph at T5Tc one may find the
critical temperature

Tc5S B

aq2ah
D 1/4

. ~3!

For a two-flavored QGP withB1/45235 MeV@15# this gives
Tc5169 MeV.

The total energy density of the mixed quark-hadr
phase,e, can be treated in the capillary~thin wall! approxi-
mation as a linear combination of the energy density of
hadronic phase,eh , in the fraction of the volume occupie
by hadronic bubbles,h5Vh /Vtot , the energy density of the
QGP,eq , in the rest of the volumeVq5(12h)Vtot , and the
energy density of the quark-hadronic interface,eS
5sSh /Vtot :
l
les
he

e
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e5heh1~12h!eq1s
Sh

Vtot
. ~4!

Here s is the surface tension of the interface between
two phases. The last term in Eq.~4! is usually disregarded
@15–17# though its contribution to the total energy dens
may be comparable with the other two: the ratio of the int
face between the phases to the hadronic volume is not
small. For instance, assume that all bubbles are of the s
radius, uRu5a. Then, ats50.1Tc

3 @28# the surface energy
density scales aseS'a21eh . Therefore, the surface term i
Eq. ~4! may be omitted only for sufficiently large (r
>4 fm) hadronic clusters.

Similarly to the energy density, the total pressure a
consists of three terms

p5hph1~12h!pq1( cipL
~ i ! , ~5!

where the pressure of the spherical surface of radiusRi is
given by the Laplace formula,pL

( i )52s/Ri , and ci is the
local concentration of bubbles of radiusRi in the total vol-
ume.

The Bjorken model@3# of scaling longitudinal expansion
is applied to find the time evolution of the energy density
yields the derivative of the energy density with respect to
proper timet,

de

dt
52

e1p

t
. ~6!

Next one needs to compute the fraction of the total v
ume converted to hadronic phase. The pionic bubbles,
pearing because of the fluctuations in the energy density,
either shrink or grow. This problem cannot been solved
the basis of the thermodynamic theory of fluctuations only
requires a kinetic description of the process of bubble e
lution. The volume fractionh(R,t) of bubbles of sizeR at
time t obeys the equation of motion in size space

]h~R,t !

]t
52

]

]R
@v~R!h~R,t !#1hnucl~R,t !, ~7!

wherev(R) is the radial velocity andhnucl denotes the had
ronic fraction created at timet. Without the nucleation term
Eq. ~7! transforms into the continuity equation of th
Lifshitz-Slyozov theory@30#. The volume fractionhnucl(R)
of bubbles of sizeR nucleated per unit time is given@31# by
the distribution

hnucl~R!5
I

A2p~9t12lZ
2!

expF9t12lZ
2

2
~r 21!2G

3E
r

`

a@3t~a21a11!12lZ
2a2#

3expF2
9t12lZ

2

2
~a21!2Gda, ~8!

containing the nucleation rateI, the critical exponentt, and
the two dimensionless variableslZ andr ~see below!, so that
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E
0

`

hnucl~R!dR5I . ~9!

Instead of using a continuous spectrum, hadronic matte
our model is represented by a discrete spectrum of p
bubbles starting fromr 051 fm.

III. THEORY OF HOMOGENEOUS NUCLEATION

Homogeneous nucleation has been the subject of in
sive investigation both theoretically and experimentally fo
long period~for reviews see@32–34# and references therein!.
In our analysis we follow the coarse-grained theory
Langer @22,23#, who extended the classical Becker-Do¨ring-
Zeldovich ~BDZ! theory of nucleation@35,36# to field theo-
ries. The nucleation rate in both classical and modern coa
grained field theories reads

I 5I 0 expS 2
DFc

T D . ~10!

Here I 0 is the preexponential factor andDFc is the excess
free energy of the critical cluster in the system. In Lange
theory the prefactorI 0 is a product of a dynamical and
statistical prefactor,k andV0 , respectively

I 05
k

2p
V0 . ~11!

It is interesting that under certain assumptions the prefa
derived in the classical theory may be obtained@37# identical
to that of the modern theory.

To clarify the meaning of both the dynamical and t
statistical prefactors, let us consider a classical system wiN
degrees of freedom described by a set ofN collective coor-
dinates h, i 51, . . . ,N. The coarse-grained free energ
functionalF$h% of the system has local minimaF$h i% in the
$h% space, corresponding to metastable and stable st
separated by the energy barrier. The point of minimal ene
along the barrier is the so-called saddle point$hS%. Note that
this saddle-point configuration corresponds to the criti
cluster of a condensing phase in the classical theory. In c
trast, in field theory the critical cluster of a condensing ph
may not necessarily be a physical object but rather co
sponds to a certain saddle-point configuration in phase sp
The phase transition occurs when the configuration$h i%
moves from the vicinity of a metastable minimum to t
vicinity of a stable one. When the potential barrier is ov
come, it is most likely for the trajectory of the system to pa
across a small area around the intermediate saddle p
$hS%. The rate of the decay of the metastable state is de
mined by the steady-state current across the saddle p
from the metastable to the stable minimum ofF$h%.

Performing a Taylor series expansion ofF$h% around the
$hS% and keeping only quadratic terms yields

F$h%2F$hS%5
1

2 (
k51

N

lk~hk2hk
S!2, ~12!

where lk are the eigenvalues of the matrixMi j
5]2F/]h i]h j , evaluated at the saddle point. By definitio
in
n

n-

e-

s

or

es,
y

l
n-
e
e-
ce.

-
s
int
r-
int

at $hS% the free energy density functional reaches its lo
maximum. Therefore, at least one of the eigenvalueslk must
be negative. Following Langer, we denote it asl1 . Then one
may approximate the potential barrier between the me
stable and stable states well by the excess of the Helmh
free energy,DF, corresponding to the formation of a sphe
cal bubble of sizeR. In the thin wall approximation,DF is
the sum of the bulk and the surface energies,

DF~R!52
4p

3
R3Dp14pR2s, ~13!

with Dp being the difference in pressures inside and outs
of the bubble. In the droplet model of Fisher@38#, the acti-
vation free energy includes also the so-called curvature te
It arises due to small fluctuations in the shape of the bub
which leave unchanged both the volume and the surface
of the bubble,

DFF~R!52
4

3
pR3Dp14psR213tT ln

R

r 0
. ~14!

Here t'2.2 is the Fisher critical exponent andr 0 is the
radius of the smallest bubble in the system. Minimization
DF with respect to the radiusR yields the free energy of the
critical bubble:

DFc
F5

4

3
pRc

2s1tTS 3 ln
Rc

r 0
21D . ~15!

Here the critical radiusRc should be evaluated by solving th
equation]DFF/]R50.

It is convenient to introduce new variables@39#: the simi-
larity number lZ5RcA4ps/T and the reduced radiusr
5R/Rc . In terms of these variables we have

DFc
F

T
52t1

lZ
2

3
13t ln

Rc
F

r 0
, ~16!

DFF

T
52S t1

2

3
lZ

2D r 31lZ
2r 213t ln

Rc
F

r 0
. ~17!

In the harmonic approximation for the activation ener
of a bubble near the critical radius, Eq.~17! reads

DFF

T
5S DFF

T D
R5Rc

1
1

2TS ]2DFF

]R2 D
R5Rc

~R2Rc!
2

5
DFc

F

T
2

9t12lZ
2

2
~r 21!2, ~18!

and we get finally, for the only negative eigenvaluel1 ,

l152T~9t12lZ
2!. ~19!

This expression will be used to determine the nucleation
of the process, in particular the statistical prefactor.
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A. Dynamical prefactor

The dynamical prefactork5d/dt@ ln(R2Rc)#, which is re-
lated to the single negative eigenvaluel1 , determines the
growth rate of the critical bubble of sizeRc at the saddle
point. To computek one has to solve the hydrodynam
equations@15,40# which describe the growth of a bubble o
the hadronic phase due to the diffusion flux through the
terface.

For a baryon-free plasma, where the thermal conducti
is absent because of the absence of a rest frame define
the baryon net charge, the dynamical prefactor has been
culated by Csernai and Kapusta@15# to be

k15

4sS z1
4

3
h D

~Dv!2Rc
3

, ~20!

containing the bulk and the shear viscositiesz andh, and the
differenceDv between the enthalpy densities of the plas
and hadronic phase,v5e1p.

Here it is implied that the energy flowvvW , wherevW is the
velocity of the net particles, is provided by viscous effec
Recently Ruggeri and Friedman@26# argued that the energ
flow does not vanish even in the absence of heat conduc
Since the change of the energy densitye in time is given in
the low velocity limit by the conservation equation

]e

]t
52¹•~vvW !, ~21!

this means that the energy flow}vvW is always present. Then
the calculation of the dynamical prefactor for a system w
zero thermal conductivity leads to the expression

k25S 2svq

Rc
3~Dv!2D 1/2

, ~22!

which agrees with the result of@42# obtained for nonviscous
systems; i.e., the viscous effects cause only small pertu
tions to Eq.~22!. Note that the dynamical prefactork2 might
violate the dynamical scaling laws of Kawasaki@43# in the
vicinity of the critical point~for details see@40,42,43#! and,
therefore, should be handled with great care.

Figure 1 shows the evolution of the dynamical prefact
k1 andk2 below the critical temperature for different value
of the surface tension. To calculatek1 we use the fact tha
the shear viscosity of a two-flavored QGP,h
51.29T3/@aS

2 ln(1/aS)# @41#, is much larger as compare
with the bulk viscosityz. One can see that Eq.~22! predicts
higher ratesk for moderate or weak supercooling. It mean
in particular, that the minimal temperature, reached by
system during the cooling stage, should be higher ifk2 is
used in the calculations rather thank1 . We will discuss the
effect of the replacement of the dynamical prefactor on
course of the plasma hadronization in the model in Sec.

Homogeneous nucleation theory permits us also to de
mine the macroscopic radial velocity of bubbles@37# via the
dynamical prefactork and the critical radiusRc . Assuming
that bubbles of hadronic phase grow due to the diffusion fl
through their interface, we have
-

y
by

al-

a

.

n.

a-

s

,
e

e
.
r-

x

v~R![
dR

dt
5ukuS Rc

R D 2

~R2Rc!. ~23!

If R5Rc , the radial velocity drops to zero and the bubble
in ~metastable! equilibrium. If R,Rc , v(R) is negative
and, hence, the bubble collapses. IfR.Rc , the radial veloc-
ity is positive and the bubble grows.

B. Statistical prefactor

The statistical prefactorV0 is a measure of the volume o
the saddle-point region in phase space available for nu
ation. SometimesV0 is called also a generalization of th
Zeldovich factorZ @32#, although this is a crude simplifica
tion, since the relation between these two factors is actu
more complex@37#. The product ofV0 and the exponentia
exp(2DFc /T) gives the probability of finding the system a
the saddle point—rather than at the metastable configura

According to @22–25#, the statistical prefactor can b
written as

V05VS 2pT

ul1u D
1/2Fdet~M0 /2pT!

det~M 8/2pT!
G 1/2

, ~24!

whereV is the available phase space volume at the sad
point, the index ‘‘0’’ denotes the metastable state, and
prime indicates that the negative eigenvaluel1 , as well as
the zero eigenvalues of the matrixMi j , is omitted.

The calculation of the fluctuation determinant in Eq.~24!
is usually extremely difficult and, moreover, a very impo
tant uncertainty exists in the determination ofV0 . Indeed, in
the harmonic approximation~12! for the free energy density
functionalF$h%,

V05VS 2pT

ul1u D
1/2

)
l 5 l 012

N S 2pT

l l
~S! D 1/2

)
l 51

N S l l
~0!

2pTD 1/2

. ~25!

Herel l
(S) andl l

(0) are eigenvalues of the mobility matrixM,
evaluated at the saddle point and at the metastable p
respectively, andl 0 is the total number of symmetries of$F%

FIG. 1. Dynamical prefactorsk1 ~solid line! and k2 ~dashed
line! calculated withs55 MeV/fm2 ~a! ands525 MeV/fm2 ~b!
vs the temperature of the system.
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which are broken by the presence of the saddle-point c
figuration. Since it is the translational symmetry of the s
tem that is broken due to bubble creation, the three tran
tion invariance zero modes omitted in the fluctuati
determinant give rise to the prefactor proportional tol1

23/2 in
the expression for the available phase space volumeV:

V5VS 8ps

3ul1u D
3/2

. ~26!

HereV is the total volume of the system. In@23# the fluctua-
tion corrections in the products overl l

(S) andl l
(0) from Eq.

~25! are absorbed into the free energy of the metastable
gion and the saddle-point region, namely,

exp~2F0 /T![exp~2F$h0%/T!)
l 51

N S 2pT

l l
~0! D 1/2

, ~27!

exp~2FS /T![exp~2F$hS%/T! )
l 5 l 012

N S 2pT

l l
~S! D 1/2

.

~28!

Therefore, the activation energy of a critical cluster is sim
DFc5FS2F0 and

V05V
32p2T1/2

ul1u2 S s

3 D 3/2

. ~29!

In Ref. @42# it was mentioned that there are four more ter
in the product overl l

(0) than in that overl l
(S) . Therefore, the

free energy difference can not be precisely a logarithm
these products. The final expression for the statistical pre
tor, which accounts for the four unpairedl l

(0) modes, reads

V05
2

3A3

V

j3S sj2

T D 3/2S Rc

j D 4

, ~30!

wherej is the correlation length.
The statistical prefactors corresponding to the express

~29! and~30! are shown in Fig. 2. In contrast to the curves

FIG. 2. ~a! Statistical prefactorV0 given by Eq.~30! vs tem-
perature withs55 ~solid line!, 10 ~dashed line!, and 15~dotted
line! MeV/fm2. ~b! The same as~a! but for Eq.~29!.
n-
-
a-

e-

y

s

f
c-

ns

the lower panel, the curves in the upper panel diverge aT
5Tc . This is an unphysical result, which is due to the fa
that the nucleation process is turned off asT→Tc . It is
worth noting, however, that the rise ofV0 is counterbalanced
by the factor exp(2DFc /T), which drops to zero at the criti
cal temperature. Therefore, the total nucleation rate will
crease with dropping temperature for both prefactors. A
the correlation lengthj is not a constant, but rather scale
with the temperature in the proximity of the critical poin
where the PT turns to second order, asj(T)5j(0)(1
2Tcrit /T)2n, with the critical exponentn50.63 @42#. Since
such a critical point does not exist in the plasma to had
gas phase transition scheme presented here, Eq.~29! is used
to calculate the statistical prefactorV0 .

IV. RELAXATION OF THE METASTABLE QGP

As in any phenomenological model, the scenario of a
mogeneously nucleating QGP is based on a set of mo
parameters. Here, the role of each parameter for the dyn
ics of the PT is studied in order to reveal those most relev
parameters to which the model results are most sensitive

The theory of homogeneous nucleation is valid for s
tems which are not too far from equilibrium. In particula
the supercooling in the system should not be too stron
otherwise the nucleation theory fails. The minimum tempe
ture reached by the expanding and cooling plasma is sh
in Fig. 3 as a function of the surface tensions and the
critical time tc . The most reliable value of the surface te
sion lies within the range 0.015<s/Tc<0.1 @28,44#, i.e., 2
<s<12.5 MeV/fm2 for the givenTc . Note that even in the
case of an extremely fast expansion and very low value
s, the supercooling of the system does not exceed 8%. T
result does practically not change when bubbles grow in
pendently in the nonscaling regime on the growing total v
ume@Fig. 3~b!#. Even when the surface tension and press
of the bubble surface are included in the expressions for t
energy density and pressure, Eqs.~4! and~5! @Fig. 3~c!#, the
results stay put.

If the dynamical prefactor given by Eq.~20! is replaced

FIG. 3. Supercooling of the system as function of critical tim
tc and surface tensions. ~a! Bubbles grow together with the tota
volume~scaling regime!; entropy of the bubble surface is neglecte
~b! Bubbles grow independently on the total volume~nonscaling
regime!; entropy of the bubble surface is neglected.~c! Nonscaling
regime, surface entropy is taken into account.~d! The same as~c!,
but prefactork1 is substituted byk2 .
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by that of Eq.~22!, the amount of QGP volume converted
hadrons at the earlier stages of the supercooling is increa
Thus, the supercooling of the system in the latter cas
about 2% weaker@Fig. 3~d!# than that shown in Figs. 3~a!–
3~c!.

The analysis of the QGP equilibration times within t
parton cascade model~PCM! by Geiger@45#, which has been
done for the RHIC and the LHC energies, yields the earl
equilibration time for the plasma ast init53/8 fm/c with
Tinit'2Tc . Then the critical temperature will be reached
tc53 fm/c, which corresponds to a supercooling of abo
5–6 % in our figures. Therefore, one may conclude that
application of the homogeneous nucleation theory to the h
ronization process of even a relativistic expanding Q
seems quite reasonable.

The temperature is plotted as a function of the proper t
t in Fig. 4 for tc51.5, 3, and 6 fm/c. The upper panels in
this figure corresponds to conditions~a! of Fig. 3, the middle
row corresponds to conditions~b!, and the lower row corre-
sponds to conditions~c! of the same figure. Hadronizatio
causes the release of the latent heat, and the system rehe
temperatures close toTc . Then the nucleation and growth o
hadronic bubbles come to a halt.

The continuing increase of the total volume leads again
a decrease of the temperature, and the phase transition
tinues immediately. These oscillations of the temperature
the vicinity of Tc are well observable in Fig. 4. The mixe
system is quite unstable at this stage, since any neglig
small rise of the temperature forces the system to reach
critical point, where, in turn, it may break up into fragmen
Then the theory of spinodal decomposition might be relev
to describe the hadronization of the rest of the QGP. T

FIG. 4. The temperature evolution with time for the expans
scenarios with tc51.5 fm/c @~a!–~c!#, 3 fm/c @~d!–~f!#, and
6 fm/c @~g!–~i!#. The sequence of conditions within each subgro
of panels corresponds to that of Figs. 3~a!–3~c!. The dotted curves
are the idealized adiabatic scenario of the PT; the others show
result of solving of rate equations withs55 ~solid lines! and 10
~dashed lines! MeV/fm2.
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time Dt needed for the system~for s55 –10 MeV/fm2) to
reach the zone of the oscillations scales withtc as

Dt52.9tc
1/2, ~31!

within the interval 1.5<tc<9 fm/c.
Changing the dynamical prefactor fromk1 to k2 ~Fig. 5!

leads to negligibly small shifts in the time needed to rea
the vicinity of the critical temperature. This is due to the fa
that the late time evolution of the system is governed by
Lifshitz-Slyozov dynamics, which is generally much mo
important @30# for the course of a first order PT than th
initial size distribution of clusters given by the nucleatio
theory.

Therefore, the model does not appear to be very sens
to a nonscaling growth of the nucleated bubbles, to the
corporation of the surface entropy in the rate equations,
to the numerical values of the dynamical prefactors obtai
within the range of model parameters applied. The most
portant parameters are the value of the surface tensions and
the time to reach of the transition temperature,tc , which is
determined by the initial conditions and by the expans
dynamics of the system. The effects of varying just these
factors for the relaxation process of the metastable QGP
studied below.

From Fig. 6 one may conclude that, at the very beginn
of the phase transition, the process of bubble nucleatio
the main mechanism of plasma conversion. The creation
the new phase reaches its saturation value soon a
0.5–1.5 fm/c, and the growth of the total hadronic fractio
of the total volume proceeds due to the diffusion growth
already nucleated bubbles. Both the nucleation and the
fusion process contribute~almost equally! to the hadroniza-
tion of the QGP.

The critical radius in the system initially drops to about
fm ~Fig. 7!; then, as a result of reheating, it rises up toRc
'224 fm. Then the oscillations begin. AtT5Tc , the criti-

he

FIG. 5. ~a!–~c! The same as Figs. 4~a!, 4~d!, 4~g! with s
55 MeV/fm2 but for the solutions of the rate equations withk1

~solid lines! and withk2 ~dashed lines!.
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cal radius is, of course, infinite. The weak changes of
temperature near the critical point cause significant osc
tions in the value of the critical radius which, in turn, a
responsible for the irregularities in the size distribution
bubbles at the final stage of the PT~see Fig. 8, right lower
panel!. The radial oscillations of the intermediate-sized ha
ronic bubbles can result in the pulsed emission of matter
radiation owing to the strong acceleration and deceleratio

FIG. 6. The part of the QGP volume converted into hadrons
the idealized adiabatic PT~dotted lines! and for homogeneous
nucleation scenario withs55 MeV/fm2. Solid lines correspond to
the total volume fractions of hadronic matter, dashed lines de
the increase of hadronic volume due to the nucleation of n
bubbles, and dash-dotted lines indicate the enlargement of the
ronic bubbles due to diffusion.

FIG. 7. Change of the critical radius as a function of timet
2tc for the expanding system withtc51.5 ~a!, 3 ~b!, and 6 ~c!
fm/c, with s55 ~solid lines! and 10~dashed lines! MeV/fm2.
e
-

f

-
d

of

matter in the vicinity of the bubble surface. These oscil
tions are analogous to the pulsations of a hot quark b
discussed in@29#. Note, also, that bubble pulsations, occu
ring in the medium, generate sonic waves in the expand
plasma, but a discussion of this topic lies outside of scope
this paper.

When the nucleation just begins, the size distribution
hadronic bubbles shown in Fig. 8 has a characteristic p
teaulike profile. At Dt51 fm/c, just after entering the
metastable region, the critical radius drops to its minim
value of about 1 fm. Then practically all bubbles are gro
ing. Reheating of the system leads to a rise of the value
the critical radius. As a result, a noticeable fraction of shrin
ing bubbles appears. The central plateau becomes narro
also because of the increase of bubble density per uni
radial interval. At the end of the homogeneous nucleat
stage, as mentioned above, dips and peaks in the bubble
distribution arise due to the temperature oscillations. N
that the bubble size distribution established in the first or
PT deviates clearly from the power-law distributionf (A)
}A2t (A being the size of a cluster!, which is typical for
the second order PT.

The scaling of the change of the average radius of
hadronic bubbles with time~Fig. 9! demonstrates that th
average radius depends mainly on the duration of the ph
transition, but not on the expansion scenario. Since
nucleation of new bubbles is turned off aftert0
'1.2 fm/c, we fit the distribution to the power law

^R~t!&2^R~t0!&5const3~t2t0!1/3, ~32!

with R(t0)53 fm, which is the Lifshitz-Slyozov~LS! t1/3

law @30# of the coalescence process. We see that at the
lescence stage of the plasma conversion the agreement
the LS law is good. The deviations from this law at the la
stage of the hadronization of QGP are also caused by
temperature fluctuations.

Finally, the dependence of the results on the minim
radius of the nucleated bubbles is studied. The upper pan
Fig. 10 depicts the temperature curves calculated withr 0

r

te
w
ad-

FIG. 8. Size distribution of hadronic bubbles atDt51, 2, and
3 fm/c after the beginning of the nucleation, and at the freeze-
for t51.5, Dt54 fm/c ~solid curves!, t53, Dt56 fm/c
~dashed curves!, andt56, 2Dt511.5 fm/c ~dotted curves!.
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51 and 2 fm, and the lower panel compares the size dis
butions of the bubbles at the end of the PT. Again one
see that the effect of the cutoff of small bubbles is negligi
because of the rather broad initial distribution of bubbles
size space.

The results of this section may be summarized by c
cluding that the most important parameters of the model
the initial conditions, timet init and temperatureTinit, of the
QGP thermalization, as well as the scenario of further plas
expansion and the value of the surface tensions. All other
factors cause only small deviations from the solutions
tained with the fixed set of the aforementioned paramet
Note that effects like the final transients near the criti
point are sensitively dependent on the fluctuations in the
tem, and these might~or might not! wash out these tran
sients. Real systems produced in experiments with he
ions are not infinite. Therefore, to complete our analysis,
have to clarify the role of the finite size effects.

FIG. 9. Average radius of hadronic bubbles as a function ot
2tc for the longitudinal expansion withs55 MeV/fm2 and with
tc51.5 ~triangles!, 3 ~circles!, and 6 ~squares! fm/c. The solid
curve is the fit to Lifshitz-Slyozov power laŵR&}t1/3.

FIG. 10. ~a! Temperature as a function of time for the expans
with s55 MeV/fm2 and tc53 fm/c. Curves show the result o
solving of rate equations with minimum radius of hadronic bubbl
Rmin51 ~solid line! and 2~dashed line! fm.
i-
n

e
n

-
re

a

-
s.
l
s-

vy
e

V. ROLE OF FINITE SIZE EFFECTS

The biggest problem which has to be overcome befor
careful investigation of the finite size effects can be tack
is the problem of the first order phase transition itself. Th
a consistent treatment of the finiteness of the system a
especially, of the surface induced phenomena is still an o
question. Attempts to estimate the role of the finite size
fects on the phase transitions in nuclear matter have b
made in @46–48# on a basis of a purely thermodynamic
picture of fluctuations. Can this approach be modified a
applied for our kinetic analysis of the plasma hadronizatio
To answer the question note that the situation we face h
may be subdivided into two cases.

First, let us imagine that a droplet of plasma is immers
into a hot gas of hadrons which acts as a heat bath; i.e.,
temperature fluctuations in the droplet are suppressed.
compound system expands longitudinally, and the final s
effects come into play via the finiteness of the transve
direction. The results obtained in Sec. IV are valid for cent
collisions of gold or lead ions (R>7 fm) at relativistic en-
ergies. If then, by chance, the transverse radius of the
panding cylinder is smaller than 7 fm, the cutoff of larg
bubbles should reduce the volume fraction occupied by h
rons and affect the course of the phase transition. Figure
presents the evolution of both the temperature and the bu
size distribution as calculated with maximum radii of 5 f
and 4 fm, respectively. The behavior of the system diff
drastically between these rather close values ofR: as the
central plateau in the size distribution lies within the range
3<r<4.5 fm at t'10 fm/c, the cutoff of bubbles withR
.5 fm does not cause noticeable deviations from the s
nario discussed in Sec. IV. However, forR<4 fm the maxi-
mum temperature reached by the system during the rehea
is reduced and the conversion of the QGP into hadron
significantly delayed. As a result, the bubble size distribut
has a pronounced peak atR54 fm ~Fig. 11, lower panel!.

The values of the cutoff radius, at which the slowly var
,

FIG. 11. Upper: the same as Fig. 10 but for maximum radius
hadronic bubblesRmax55 ~solid line! and 4 ~dashed line! fm.
Lower: size distributions of hadronic bubbles at the freeze-out
the same scenario as in upper panel withRmax55 ~solid line! and 4
~dashed line! fm.
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902 PRC 59ZABRODIN, BRAVINA, STÖCKER, AND GREINER
ing temperature of the long-lived object does not exceed
0.98Tc upper limit, are listed in Table I for various critica
temperatures, surface tensions, and expansion rates. It is
to see that all values are within the range of the central
teau in the bubble size distribution. Thus the most proba
size of the emitting sources is not affected by the finiten
of the system.

For radii smaller than 2–3 fm, surface-induced effe
must be taken into account. Undoubtedly, the theoret
treatment of the interface between plasma and hadronic
ter is oversimplified as compared with realistic syste
Therefore we are not able to make any quantitative pre
tions, based on the homogeneous nucleation theory, for
hadronization of such plasma filament.

Second and perhaps more realistic is the case of the
mation of a plasma pattern as an isolated system, i.e., w
out any contact with a heat reservoir. Although the energy
the expanding system is conserved, fluctuations of the t
perature@49# of the order of

^~DT!2&5
T2

CV
~33!

should occur. HereCV5(]E/]T)V is the heat capacity a
constant volume. For the two-component system consis
of QGP and hadronic matter, the temperatureT is smeared
around its mean value with width

~^~DT!2&!1/25
1

2~TV!1/2
A 1

hah1~12h!aq
. ~34!

The smaller the volumeV of the system, the larger the tem
perature fluctuations and vice versa. Moreover, from Fig.
one may conclude that these fluctuations~at any givenT) are
larger in the hadronic system rather than that in the p
QGP phase. This is due to the smaller specific heat of
hadronic phase. We have seen in Sec. IV that—at temp
tures of about 0.98Tc ~or lower!—the critical radius and

TABLE I. Maximum transverse radius of longitudinally expan
ing QGP at which the long-lived metastable state appears.
maximum temperature reached by the system during the pla
conversion is less than 0.98Tc .

Surface tension tc51.5 fm/c tc53 fm/c tc56 fm/c
s (MeV/fm2) Rmax ~fm! Rmax ~fm! Rmax ~fm!

Tc5150 MeV
2 3.64 3.96 4.35
5 3.70 4.25 4.63
10 3.85 4.35 4.76
Tc5170 MeV
2 3.40 3.71 4.05
5 3.60 4.00 4.35
10 3.76 4.20 4.50
Tc5200 MeV
2 3.13 3.37 3.69
5 3.23 3.60 3.98
10 3.39 3.79 4.20
e
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nucleation rate depend only very weakly on temperat
variations within the rangeDT/Tc'2%.

The situation changes completely when the tempera
approaches the critical one. Since the hadronic matter h
occupies already about 70% of the total volume, fluctuatio
of the temperature should be as large as 1% ofTc , i.e., 1.7
MeV for V5103 fm3. For smaller volumes, say, 10 fm3,
the fluctuations rise to 10%, while for a volume as large
163103 fm3 the width of the temperature smearing drops
0.25% of Tc , still almost fully covering the range of the
temperature fluctuations. Thus the expanding mixed sys
should breakup into fragments even earlier than in the s
nario with the presence of heat bath. The conclusions dra
in Sec. IV remain true except for the appearance of irre
larities in the size distribution of small and intermediate s
hadronic bubbles.

VI. DISCUSSION AND CONCLUSIONS

It has been shown that the theory of homogeneous nu
ation is applicable to describe the hadronization of a rela
istically expanding quark-gluon plasma produced in hea
ion collisions. We have proposed a coalescence-type m
to follow further the evolution of hadronic bubbles produc
in a metastable QGP. The change of the average radius o
bubbles with time is shown to be consistent with the
power law^R&}t1/3.

Various sets of model-dependent parameters are use
study the role of each of them on the course of the plas
hadron PT. With rather good accuracy the number of th
parameters may be reduced to the few main ones, nam
initial conditions of plasma thermalization, expansion sc
nario, and the value of the surface tension of the interf
between plasma and hadronic matter. The supercooling
expanding QGP is found to be relatively moderate, 5–6
only. Then the system reheats up to the critical temperat
where the temperature oscillations may occur. AtDt
55 –10 fm/c after the beginning of the nucleation proce
~this time depends strongly on the initial conditions a
model of expansion! the system hits the critical point. Sinc
at that time already about 70–80 % of the total volume
occupied by hadronic matter and the system is dilute co
pare to initial state, the rest of the QGP may not be suffici
enough to ‘‘glue’’ the hadronic bubbles in a compound sta

FIG. 12. Temperature fluctuations„^(DT)2&…1/2/T as function of
reduced temperatureT/Tc and hadronic fractionh of the total vol-
ume of the system.
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The expanding system simply breaks up into fragments: h
ronic clusters and small droplets of plasma. Because of fi
size effects, the hadronization of QGP may be delayed
long-lived objects containing plasma and hadronic bubb
are produced. But the temperature fluctuations cause a br
ening of the critical temperature region and earlier disin
gration of the system. One has to appreciate, however,
using the given EOS it is impossible to get the conversion
total amount of QGP faster than that of the idealized ad
batic transition. It means that small sources like the Q
droplets will burst, emitting hadrons, from time to time up
about 40–50 fm/c, while the bulk amount of plasma is con
verted into hadrons within first 10 fm/c.

The entropy increase during the PT stage in the propo
scheme is small, 2–7 %, and there should be no signific
changes in the integrated particle yields or pion to bary
ratios which can be detected experimentally. On the ot
hand, the formation of large clusters and their further dis
sembly will lead to significant multiplicity fluctuations in th
rapidity spectra of secondary particles which should a
have low transverse momenta. To search for these clus
experimentally one can examine the rapidity and azimu
distribution in smallpT intervals, looking for islands in the
sea of empty bins@50#.

The nucleation process enforces the softening of the E
and diminishes the transverse flow. Then, the cluster
s-

,
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te
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distribution in the model discussed departs from a sim
power-law falloff, which is expected for the second ord
PT. The most probable radius of emitting sources, which
fully determined by the evolution of the value of critica
radius with temperature and by kinetics of the PT, var
from 3 fm to 4.5 fm. This signal may be checked by t
analysis of data on Hanbury–Brown-Twiss~HBT! correla-
tions. However, the rest of the plasma dispersed between
hadronic bubbles is hadronizing also, giving rise to a s
stantial yield of small bubbles. Therefore, the presence o
plateau in the rangeR53 –4.5 fm in the size distribution o
hadronic clusters can be considered as a signal of the
order phase transition.
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@5# H. Stöcker and W. Greiner, Phys. Rep.137, 277 ~1986!.
@6# R.B. Clare and D. Strottman, Phys. Rep.141, 177 ~1986!.
@7# P. Koch, B. Müller, and J. Rafelski, Phys. Rep.142, 167

~1986!.
@8# H. von Gersdorff, L. McLerran, M. Kataja, and P.V. Ruu

kanen, Phys. Rev. D34, 794 ~1986!.
@9# M. Gyulassy, K. Kajantie, H. Kurki-Suonio, and L. McLerran

Nucl. Phys.B237, 477 ~1984!.
@10# C. Greiner, P. Koch, and H. Sto¨cker, Phys. Rev. Lett.58, 1825

~1987!.
@11# D.H. Rischke, B.L. Friman, B.M. Waldhauser, H. Sto¨cker, and

W. Greiner, Phys. Rev. D41, 111 ~1990!.
@12# J.C. Miller and O. Pantano, Phys. Rev. D42, 3334~1990!.
@13# E.V. Shuryak, Phys. Rev. Lett.68, 3270~1992!.
@14# J.D. Bjorken, Int. J. Mod. Phys. A7, 4189~1992!.
@15# L.P. Csernai and J.I. Kapusta, Phys. Rev. D46, 1379~1992!.
@16# L.P. Csernai and J.I. Kapusta, Phys. Rev. Lett.69, 737~1992!.
@17# L.P. Csernai, J.I. Kapusta, Gy. Kluge, and E.E. Zabrodin,

Phys. C58, 453 ~1993!; E.E. Zabrodin, L.P. Csernai, J.I. Ka
pusta, and Gy. Kluge, Nucl. Phys.A566, 407 ~1994!.

@18# K. Geiger, Phys. Rev. D51, 3669~1995!.
@19# C.M. Hung and E.V. Shuryak, Phys. Rev. Lett.75, 4003

~1995!.
@20# L. Rezzolla, J.C. Miller, and O. Pantano, Phys. Rev. D52,

3202 ~1995!.
.

@21# K. Werner and J. Aichelin, Phys. Rev. C52, 1584~1995!.
@22# J.S. Langer, Ann. Phys.~N.Y.! 41, 108 ~1967!.
@23# J.S. Langer, Ann. Phys.~N.Y.! 54, 258 ~1969!.
@24# C. Callan and S. Coleman, Phys. Rev. D16, 1762~1977!.
@25# I. Affleck, Phys. Rev. Lett.46, 388 ~1981!.
@26# F. Ruggeri and W.A. Friedman, Phys. Rev. D53, 6543~1996!.
@27# E.E. Zabrodin, L.V. Bravina, L.P. Csernai, H. Sto¨cker, and W.

Greiner, Phys. Lett. B423, 373 ~1998!.
@28# Y. Iwasaki, K. Kanaya, L. Ka¨rkkäinen, K. Rummukainen, and
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