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Calculation of higher-order effects in electron-positron pair production in relativistic
heavy ion collisions
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We present a calculation of higher order effects for the impact-parameter-dependent probability for single
and multiple electron-positron pairs in~peripheral! relativistic heavy ion collisions. Also total cross sections are
given for SPS and RHIC energies. We make use of the expression derived recently by several groups where the
summation of all higher orders can be done analytically in the high-energy limit. An astonishing result is that
the cross section, that is, integrating over all impact parameters, is found to be identical to the lowest-order
Born result for symmetric collisions. For the probability itself, on the other hand, we find rather large effects
at small impact parameters compared to the lowest order results, which translate to large effects for the cross
section for multiple pair production.@S0556-2813~99!06302-5#

PACS number~s!: 12.20.Ds, 25.75.Dw, 34.50.2s
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Electron-positron pair production in~peripheral! relativis-
tic heavy ion collisions has attracted some interest rece
due to the observation that at the relativistic heavy ion c
liders RHIC and LHC, the probability for this process calc
lated in perturbation theory violates unitarity, that is, g
larger than one, even for impact parameters of the orde
the Compton wave length|C'386 fm. This fact was first
shown in Refs.@1,2#. The unitarity violation was then studie
in a number of articles, taking into account higher order p
cesses in Refs.@2–6#. It was found that the inclusion of thes
higher-order processes leads to the restoration of unita
but also to new effects, mainly the production of multip
pairs. All studies also found that the probability forN-pair
production can be approximately described by a Poisson
tribution. Therefore the probability from perturbation theo
~in the following called ‘‘reduced probability’’! has to be
interpreted as the average number of pairs produced in
collision. Deviations from the Poisson distribution whe
studied for small impact parameters in Ref.@5# and found to
be rather small.

Calculations of the impact-parameter-dependent proba
ity in the external field approximation where calculated e
actly in lowest order for small impact parametersb @7# and
later also for all impact parameters@8,9#. The total cross
section for pair production~that is, integrated over impac
parameters! was also calculated. Using a Monte Carlo a
proach it was studied in Ref.@10#. An analytical form of the
differential cross section was found in Ref.@6#. Cross sec-
tions for multiple pair production were also given there.
measurement of multiple pairs at the SPS is given in R
@11#, where an upper bound is given.

One open question is still the importance of higher or
corrections — or even nonperturbative effects — com
from the large value of the effective coupling constantZa
'0.6. Coupled channel calculations have been done
smaller energies~up to g'2 in the collider frame!. They
always predicted a much larger probability compared to p
turbation theory@12,13#. But recently the accuracy of thes
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calculations has been questioned and by using a larger b
set smaller results were found. In the end results were on
factor of 4 larger than the perturbative results@14#, which is
also in agreement with calculations using a spline appro
@15#.

In a recent article the summation of the effect of the tar
to all orders was studied in the high-energy limit~that is up
to lowest order in 1/g) for the related problem of bound-fre
pair production@16#. Here the electron is created into
bound state of one of the ions. It was found that the summ
tion to all orders could be done analytically and a fair
simple expression was found. The calculated probability
bound-free pair production was found to be slightly smal
than the first order calculations.

A number of authors have in the mean time extended
approach also to the calculation of~free! electron-positron
pairs. In a first article@17# it was shown that here the sum
mation can be done analytically again, leading to a rat
simple modification of the matrix element. The authors
Ref. @18# come to the same conclusion; they show also
integrating over the impact parameter that the cross sec
becomes identical to the lowest order Born result. In R
@19# the same conclusion is given. In Ref.@20# the scattering
of electrons in the field of colliding nuclei is studied, a pro
lem which is closely related to pair production.

Of course there remain a few questions that still need
be addressed. The calculations were done using the Dirac
picture ~that is, starting with an electron with negative e
ergy in the initial state! and are therefore one-particle a
proximations of the full problem. The applicability of thi
approximation for situations where strong fields produ
many particles has still to be investigated. The use of
reduced probability in the Poisson distribution to get m
tiple pair production was only derived in the~usual! Feyn-
man picture. Also only a part of all possible diagrams a
included in the approach. Figure 1~a! shows typical diagrams
which are included, whereas those of Fig. 1~b! are not. In
Ref. @20# it is argued that this second class of diagrams v
841 ©1999 The American Physical Society
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ish in the limit g→` for electron scattering, therefore th
neglect of them seems to be justified. But such a rigor
proof is still needed for pair production. Finally it is we
known from calculations with the approach of Bethe, Ma
mom, and Davis that Coulomb corrections exist and are
small at the energies considered@1,21#. This seems to be in
contrast to the observation that the cross section shoul
identical to the lowest-order one for ion collisions. The mo
likely explanation of their absence is, that they are of s
leading order in 1/g and were therefore dropped.

It is our main aim to present a numerical calculation
the higher order effects in these expressions given in th
articles in order to study their magnitude and their practi
implications. Whereas the cross section for one-pair prod
tion is dominated by the large impact parameters, multip
pair production is more sensitive to small impact paramet
Therefore we try to see whether a measurement of mult
pairs can be used to look for these higher order effects.

We make use of the expression Eq.~54! of Ref. @18#. In
addition we also keep all effects of finiteg in the expression.
Written in our notation the~reduced! differential probability
is

P~p1 ,p2 ,b!5E d2D qP̃~p1 ,p2 ,Dq!exp~ iDqW bW !, ~1!

FIG. 1. Diagrams of type A are included in the matrix eleme
Diagrams of type B are assumed to be subdominant for largeg.

FIG. 2. DqP(Dq), the Fourier-transform of the total probabilit
is shown forg5100. The trivialh45(Za)4 dependence is divided
out. Shown are the results for differenth for the full calculation.
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wherep1 andp2 are the momenta of positron and electr
and the Fourier-transform of the probabilityP̃ is given for
symmetric collisions (Z5ZA5ZB) by

P̃~p1 ,p2 ,Dq!5
4h4

b2 E d2q„@2q2#11 ih@2q82#12 ih

3$2@q2~p11p2!#2%11 ih

3$2@q82~p11p2!#2%12 ih
…

21

3Tr H ~p”21m!Fw” 1~p”22q”1m!w” 2

2~q2p2!21m2

1
w” 2~q”2p”11m!w” 1

2~q2p1!21m2 G ~p”12m!

3Fw” 2~p”22q” 81m!w” 1

2~q82p2!21m2

1
w” 1~q” 82p”11m!w” 2

2~q82p1!21m2 G J , ~2!

with h5Za, q85q1Dq, w15(1,0,0,b), w25(1,0,0,2b),
andm the electron mass. This expression is almost ident
to the one from perturbation theory, as given in Ref.@9#; the
only difference is the additional exponents 16 ih for the
photon propagator. This fact was already observed in R
@18,19#. Integrating overb leads to a delta-functiond(Dq).
Then the photon propagators are just complex conjugat
each other and only the absolute value enters. Therefore
cross section calculations of@10,6# are exact in the high-
energy limit.

Here we want to study the effect of the higher orders
small impact parameters. The total~single pair! cross section
is completely dominated by the large impact parameters,
pecially in the high-energy limit. Stronger deviations are
be expected mainly for smallb, especially ifb gets smaller
than the Compton wavelength|C'386 fm.

The new expression has a complex exponent, wh
makes the expressions oscillatory. Therefore a direct Mo
Carlo integration is not possible. We rewrite it into a for
with only standard Feynman integrals. We start by apply
the usual Feynman trick to group a product of two denom
nators into a single one, integrating over an auxiliary para
eter. This trick is normally used for integer exponents. Bu
is easy to see by looking at a derivation of this in terms oB
functions~see, e.g., Ref.@22#!, that the same expression als
hold for complex exponents. We use it here in the followi
form:

1

C11 ihD12 ih
5

1

B~11 ih,12 ih!
E

0

1w11 ih~12w!12 ihdw

@wC1~12w!D#2
.

~3!

Rewriting both photon propagators, we get two auxilia
integrations:wA andwB . In the new denominator the facto
6 ih just cancel and the remaining expression is of the fo
of ~the square of! a propagator. The remaining two
dimensional integral overq can then be done in the sam

.
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way as discussed in Refs.@7,9,6#. We integrate over all fina
states of the electron and positron usingVEGAS @23#.

Due to the oscillatory behavior of the numerator at t
boundaries, a direct numerical evaluation of the auxilia
integrals is not useful. We therefore expandP̃ for eachDq in
terms of polynomials of the form@wA(12wA)#k@wB(1
2wB)# l . Terms up tok,l 55 have been included in a fit, bu
convergence is already found with smaller exponents.
integrals over these polynomials can be expressed now
terms of theB functions. Our approach has the advanta
that the coefficients of the polynomial expansion are in
pendent ofh, apart from the trivialh4 dependence. There
fore results for arbitraryh can be calculated with no extr
effort. Fourier-transforming this expression now with resp
to Dq gives usP(b). The total cross section, that is, inte
grated overb, is given directly bys5(2p)2P̃(Dq50).

We have calculatedP̃(Dq) and P(b) for both SPS
~Pb-Pb collisions atg510) and RHIC~Au-Au collisions at

FIG. 3. Shown is the differential cross sectionds/db for g
5100 and for different values ofh. The trivial h45(Za)4 depen-
dence is divided out. At small impact parameters the cross secti
reduced quite substantially.

FIG. 4. The impact parameter dependent probability to prod
N pairs is shown for up to three pairs. Shown are results for
lowest order Born result~stars! and also the full calculation~circles!
both for g5100 and Au-Au collisions.
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g5100) conditions. As a check of the correctness of o
calculations, we can compare them forh→0 with the per-
turbative results in Ref.@9#, where a different approach wa
used. We get perfect agreement between those two, givin
confidence in our procedure.

Figure 2 shows the Fourier transform forg5100 and for
different h. The effect of the higher orders is quite larg
making P̃ smaller up to about 30%. The shape of the cur
itself is changed only slightly. ForDq→0 all curves coin-
cide with each other. This has to be the case as the total c
section is identical to the lowest order one.

Figure 3 shows the impact parameter dependent cross
tion ds/db52pbP(b) for different values ofh. A devia-
tion is only seen for small impact parameters, where it
quite large.

Making use now of the Poisson distribution we can c
culate probabilities for multiple pair production. Forg
5100 we get the results shown in Fig. 4. The higher or
processes reduce the multiple pair production probabilit
but the probability for two-pair production is still large. In
tegrating overb we get the total cross sections as given
Table I. For the single-pair cross section we use the appro
of Ref. @6#.1 It is clearly seen that the cross section for mu
tiple pair production is sensitive to the higher order effects
both cases. Therefore measuring them seems to be a pra
way to look for these effects.

In conclusion, we have calculated total probabilities f
one and multiple pair production including higher order e
fects using the expression of@18#. This approach effectively
sums up all higher order diagrams in the high-energy lim
We have calculated cross sections for multiple pair prod
tion and have found both probabilities and cross section
be substantially smaller for the full calculation compared
the perturbative one. Therefore a measurement of this c
section should allow to really see these higher order Q
effects in an experiment.

Higher order effects can only be seen if one uses obs

1This could be improved by taking into account the Poisson d
tribution and also a lower bound for the impact parameters.
these effects are rather small, we have neglected them here.

is

e
e

TABLE I. Total cross section for one and multiple pair produ
tion are given. Shown are the results for SPS/CERN and RH
conditions. For the results forN51 the approach of Ref.@6# was
used.

N Born ~b! full ~b!

g510, Pb-Pb (Z582,h50.59)
1 4.21k 4.21k
2 123 84.4
3 8.61 3.88
4 0.713 0.212
g5100, Au-Au (Z579,h50.57)
1 34k 34k
2 893 624
3 113 53.9
4 18.9 6.04
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ables which are sensitive to small impact parameters. M
tiple pair production is one such possibility. Depending
the experimental situation one could also think of oth
ways, e.g., the production of other particles together with
e1-e2 pair.

In this article we have concentrated on ‘‘global prope
ys

J.
l-

r
n

-

ties’’ of the pair production, that is, total probabilities an
cross sections. Our main aim was to demonstrate that ca
lations are possible. In order to see whether experiments
be able to see these effects, more differential studies
needed. We will present these and also details of the ca
lations in an upcoming publication.
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