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The quality of the description of nuclear masses and charge radii, calculated in various microscopic ap-
proaches, is studied. The Hartree-Fock-Bogoliulje¥B), extended Thomas-Fermi model with Strutinski
integral (ETFS)), relativistic mean fieldRMF), and macroscopic-microscopiM) approaches are consid-
ered. In the HFB approximation, both finite-ran@&gny and zero-rangéSkyrme effective forces are used.
Spherical even-even nuclé€l16 nuclide from light (A=16) to heavy A=220) ones, with known experi-
mental mass are chosen for the study. A general result is that the best description of masses of considered
nuclei is obtained in the MM and ETFSI approaches, while the best charge radii are obtained within the RMF
and ETFSI approximations. The behavior of nuclear masses and radii, when one moves fapestabdity
line, is also studied.S0556-28189)00102-9

PACS numbg(s): 21.10.Dr, 21.10.Ft, 21.10.Gv, 21.60.Jz

I. INTRODUCTION macroscopic-microscopiéMM) approximation, as well as

Recently one witnesses an impressive increase in th%hose obtained within the MM models, themselves.

number of nuclei far from stability, for which the masses In the present study, we consider only the spherical nu-

have been measurdd,2]. This tendency is expected to be c>lei; 116 even-even nuclides with the mass numbérs
continued, due to a fast progress in the development of techz 16; known experimental masses, and which are close
niques of radioactive beante.g., Refs[3-5]). Also the ac- €nough to magic numbers of protons and neutrons to be con-

curacy of measurements of nuclear masses is being signifiidered spherical, are taken. The paper is an extension of our

cantly improved. For example, the use of the Penning trafrevious work{10].

leads to accuracies of about 10 kg8]. Progress in measur- ~ Our paper is organized in the following way. Theoretical

ing nuclear radii is also largée.g., Refs[7—9)), and the approaches used in the paper are summarized in Sec. II. The

increase in quality and quantity of available data constitutegesults of calculations and their discussion are presented in

a formidable Cha”enge for the nuclear structure theory_ Sec. I, while Sec. IV giveS the conclusions drawn from our
The objective of the present paper is to study these tw&tudy.

basic properties of nuclei, masses, and radii, and address the

guestion of how well they can be described by the present- Il. THEORETICAL APPROACHES

day microscopic approaches. Such an analysis may also

serve as a starting point to improve these approaches. Wﬁ

also aim at predicting the behavior of masses and radii i

In the present section, we very briefly present essential
ements of the theoretical approaches used. Without going

nuclei far from theg-stability line. Difference in predictive Into any details, we aim at strgssing_generic_ similaritie_s and
powers of various theoretical methods can give us one of thifferences between the theories which are important in try-
best indications on which of them is more reliable. This may"9 0 understand similarities and differences between the

serve as a guideline not only for future experiments but als@Ptained results.
for the astrophysical applications which often require knowl- _
edge of data which will not be easily accessible in the nearest A. HFB with the Skyrme force

future. The Skyrme-typg11] force used in the present study has

We limit our study to microscopic approaches, i.e., thosghe following standard fornte.g., Refs[12—14):
which derive nuclear properties from the fact that nuclei are

built of interacting neutrons and protons. Among these, we v (ryp)=tg(1+XoP,)8(r12)+ 3t1(1+x,P,)
employ theories which use the effective two-body interac-

2 2
tions or Lagrangians, as the self-consistent Hartree-Fock- X[k216(r12) + 8(rikiyl
Bogoliubov (HFB) approach with zero-rang&kyrme and (L XoP Kot S Kot 2ta( 1+ XaP
finite-range(Gogny) effective interactions, or the relativistic 214 %Py ko1 Sr1o)Kiot 5la(1+ X3P
mean field(RMF) theory. We also present results obtained Xp*(R)(r10) +1Woo-[Ko X 8(r19)ksp], (1)

within the extended Thomas-Fermi model with Strutinski in-
tegral (ETFS), which combines the features of the self- wherer,=r;—r, is the vector of relative position of inter-
consistent Hartree-Fock approach with those of theacting nucleonskq,=(V1—V,)/2i, k,1=(V,—V)/2i are
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TABLE I. Values of the parameters of the Skyrme interactions Slll, SkigkP, and SkSC4.

Param. Units Slll SkM SkP SkSC4
to MeV fm? —1128.75 —2645.00 —2931.70 —1789.420
ty MeV fm® 395.00 410.00 320.62 283.467
t, MeV fm® —95.00 —135.00 —337.41 —283.467
t3 MeV fm® 14000.00 15595.00 18708.97 12782.300
Xo 0.45 0.09 0.29215 0.790
X1 0.00 0.00 0.65318 —0.500
X5 0.00 0.00 —0.53732 —0.500
X3 1.00 0.00 0.18103 1.13871
W, MeV fm® 120.00 130.00 100.00 124.877
a 1.00 1/6 1/6 1/3
Ref. [15,14 [12] [17] [29]

the respective vectors of relative momentum and are acting A motivation for introducing the interactions, Eq8) and
to the right and to the left, respectivelR=(r,+r,)/2, &  (3), in thep-p channel is that only the SkP force is chosen in
=o,t 0,, P, is the spin-exchange operator, andx;, (i such a way as to give reasonable pairing correlations. The
=0,1,2,3),W, anda are adjustable parametef®ne should SlIl and SkM* forces, however, are repulsive in tipep
note here that the parametgrof Ref.[12] is defined as 1/6 channel and lead to a vanishing pairing. The parameters of
of that in Eq.(1), the latter equation being, however, a morethe interaction$2) and(3) are taken the same as in Regf0],
widely accepted definitioi. where they were adjusted to reproduce the experimental neu-
Out of all versions of the interaction exploited up to now, tron pairing gap for the nucleus°sn.
we choose the following three. One is the widely and for a We use the approach in which the Hamiltonian is treated
long time studied interaction Sllisee, e.g., Refd15,14)).  in the spatial-coordinate representation. The corresponding
The second one is the interaction SkMI12] which is a HFB equations take the form of two coupled differential
modification of the earlier interaction SkM6] and has been equations, which are solved numerically in the way de-
introduced to better reproduce the experimental binding enscribed in Ref[17]. An advantage of this approach is that it
ergies and fission barriers of nuclei. The third variant of theproperly takes into account the particle continuum states, and
interaction is the SkP one, developed in Hé&f] to obtain a  therefore, makes the approach also applicable to nuclei far
good description of pairing correlations within the HFB ap- from the B-stability line. A disadvantage is a necessity to use
proach and, simultaneously, preserving the same accuracy autoff parameters in the summation of nuclear densities,
reproducing other properties of nuclei reached with earliewhich is a consequence of the unphysically large strength of
variants of the force. the Skyrme force for high particle momer{see the discus-
Table | specifies the parameters of the interaction for alkion in Ref.[21]).
three variants. Recently, new sets of parameters of the
Skyrme force, especially devised for neutron-rich nuclei,
have also been proposgtig,19.
The three Skyrme forces, taken by us, are used for th?si

calculat!ons ]lcnththe pamcf:!el-crj\ollzep(h) CL]e;nneI, 'He" for thg‘] ing properties simultaneously with the mean field, within the
generation ot the mean Tield. For €ach Torce, NOWEVer, INMeirp f4rmajism. with this force, one avoids divergencies in
different interactions are used for the calculations in thethe pairing calculations, in contrast with the zero-range
partlcle—partlcle b-p) c.hannel[20],_ €., for th? generation forces, for which the energy cutoff is necessary and plays the
of the pairing correlatlons. The first interaction is Just therole of an additional parameter, as already mentioned above.
same asfthat used in theh channel. The second is the However, the resulting nonlocality of the mean fields pre-
contacts force cludes a solution in spatial coordinates and does not allow
for analyzing the coupling to continuum states.
The Gogny force has been proposed in R22] and has

N . the form[22,23
and the third is thes force with the strength dependent on

nuclear density

B. HFB with the Gogny force

The finite-range Gogny force has been specially devised
milarly as the zero-range SkP foja® describe the pair-

V(1) =Vod(rio) i)

U(rlZ):igz (Wi+BP,—HP,— MiPUPT)e’riz’Mi2

V(1) = o(ro). 3

1
V0+ EVapy

+t3(1+x3P,)p“(R) 8(r12)

+iW| g0 [ V21X 8(r19) Vo], 4
Thus, for each standard force, three effective interactions are L0 [ V2 812 Vo] @
finally used. They are denotd@0], e.g., in the case of the whereP, andP, are the spin and isospin exchange opera-
Slll force, by SllI, SII°, and SIIP?, respectively. tors, respectivelyV,,=V,—V,, and the other notation is
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TABLE Il. Values of the parameters of the Gogny interaction )25].

Wi B H; M; i ts X3 Wis a
MeV MeV MeV MeV fm MeV MeV
i=1 —1720.30 1300.00 —1813.53 1397.60 0.7 1390.60 1.00 130 1/3
i=2 103.64 —163.48 162.81 —223.93 1.2
the same as in Eq(l). The quantitiesu;, W;,B;, H;, The Thomas-Fermi energy is adopted Ejip] in Eq. (6),

M; (i=1,2) andt3,X3,W, g are adjustable parameters; 13 pa-\yith 7 taken in the simple Fermi form
rameters all together. Thus, the central force has two parts.
One is composed of two Gaussian functigmsth a short S (=7 /[1+exur—C.)/a 7
and intermediate rangeand is independent of the density. Pall)=Paoll " o)/aql, @
The other is of zero range, depends on the density and is @fhere parameter€, anda, are determined by minimizing
the same form as that in the Skyrme force. It is needed to get ~

the property of saturation. The spin-orbit term is also of the

same form as that in the Skyrme force. MM approach. There is, however, an important difference. In

In all calcullations performed up to now with the Gogny the MM approach, the macroscofamooth part is not con-
force, two variants of the parameters D1 and D1S have been, io 4 with the microscopitshell correctioh part. In dis-

used. The D1S variant is a modification of the earlier force, . ~ .
D1 to better reproduce the fission barrig2d], the heights of tinction to that, the~smooth enerdf p] in Eq. (6) is calcu-
which were overestimated with the D1 force. Since the studyated with the same which appears in the shell correction.
[24], in which the D1S force has been introduced, only thisAlSO the smooth part of the sum of the single-particle ener-
force is used in all calculations. We also employ it in thisgies trhp) (Strutinski integral is calculated here without

Fc;rmula(6) for the energy has the form of that used in the

paper. The parameters of[R5] are given in Table II. using the Strutinski smearing prescription. This makes the
The success of the Gogny force is that it is able to reproETFSI approach applicable also to nuclei close to the drip

duce a wide range of nuclear properties with one(B4tS lines.

of its parameters, as discussed in R¢#6,27. The HFB The pairing interaction is treated by the BCS method with

equations are solved by diagonalization in the harmonic osthe pairing force taken in the form of E®). The same/, is
cillator basis; 13 oscillator shells are taken for the lightestassumed for protons and neutrons and fitted, together with
nuclei, such as Ca, and 17 shells for the heaviest ones, suthe Skyrme-force parameters, to best reproduce experimental

as Pb. masses. The result ;= —220.0 MeV fnr.
The charge radius of a nucleus is calculated as
C. Extended Thomas-Fermi model with Strutinski integral <r2>g(12={<r2>p+sg}1,2, ®)
This approach is something between the self-consistent
Hartree-Fock (HF) approximation and the macroscopic- where
microscopic(MM) approach. It uses the expansion of the HF
energy(which is a functional of the HF densi in pow- ~
one O%Y( bhe) Inp <r2>p:J po(r)rdr 9)
S5p=pur—p, (5) ands,= 0.8 fm is the rms radius of the charge distibution of
proton.
wherep is a smooth approximation to,-. The expansion A detailed description of the ETFSI approach is given in

retains only the linear term idp, leading to the Strutinski R€fS-[28,29 and in references quoted therein.

energy theorem
D. Relativistic mean field approach

E ~E[p]+ > &—tr(hp), 6 This approach is based on a Lagrangian which describes
Lowel=ELp] .Zi &~ trhp) ®) the interaction of nucleons by exchange of mesons and pho-
tons in the Lorentz-invariant way. The Lagrangian density

whereh is the smooth single-particle Hamiltonian generated"@s the forn{30-34
from p by the effective nucleon-nucleon interactiasf, are

the eigenvalues oh, q stands forp (protonsg or n (neu-
trons, and the summation overextends over all occupied +imiw, 0= iR, RE+3mip, pt— i F , FAY
single-particle states. For the interaction, the Skyrme force, _ _ _ _

Eq. (1), is taken. Its parameters were treated as independent ~ — 9o/ 0¥ — 0¥y, Yo’ =9y, Thp" — ey, PA¥,
ones in their fit to experimental masses. Their final values (10)
[28,29, labeled by SkSC4, are shown in Table I. The effec-

tive massmg of a nucleon is taken to be equal to its real wherey is the nucleon(Dirac spinoj field, o is the scalar,

massmy . o* is the isoscalar-vector argt is the isovector-vector me-

L=y(iy,*—M)y+3d,00"0—U(a)—1Q,, Q"
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TABLE lll. Values of the parameters of the RMF approach. TABLE IV. Mass rms deviations in MeV.
Param. Units NL1 NL2 NL3 Sl 4.74 SkP 2.37 SkM* 6.32
y Ry 938.0 938.0 939.0 Sk 3.07 SkP 2.53 SkM*¥ 536
€ : : ' SliI% 2.26 Skp? 2.32 SkM*¥* 474
m, MeV 492.25 504.89 508.194
MeV 795.359 780.0 782.501 Gogny 2.07
Mo € : ’ : RMF(NL1) 3.94 RMANL2) 1124 RMRNL3) 2.48
m, MeV 763.0 763.0 763.0 ETESI 0.80
g 10.138 9.111 10.217 '
o MM (FRDM) 0.65 MM(FRLDM 0.76  MM(TF) 0.57
d. 13.285 11.493 12.868 ( ) ( ) (TF)
9 4.976 5.507 4.474
Js fm~1 -12.172 -2.304 —10.431 . .
the same as in FRDM38] for nuclei with Z,N=30. For
d4 —36.265 13.783 —28.885 N3g]

lighter nuclides, this part is taken in a semiempirical form
Ref. [35] [36] [37] with additional parameters fitted to masses of these light nu-
clei. As a result, the model describes masses of all nuclides,
starting from that witiZ, N= 1. Details of it are given in Ref.
son fields, with the masses,,, m,,, andm,, and the cou- [39].
pling constantg,, g,,, andg,, respectivelyA* is the elec- For the study of the charge radius within the MM model,
tromagnetic field. The quantitieQ*”, R**, and F*” are  we use the results of Rg#1]. The ground state of a nucleus
tensors of the respective fields. The potentiglr) for the  is described in that paper by a collective wave function. The
scalar mesomr is assumed in the form collective Hamiltonian is obtained by the generator-
coordinate method with the Gaussian overlap approximation.
1 1 1 The BCS wave funtion is taken as a generator function and
U(o)= §m§02+§9303+29404, (1) the quadrupole and hexadecapole deformations of a nucleus
are used as the generator collective coordinates. The single-
particle states, appearing in the BCS wave function, are ob-
tained with the Nilsson potential. Details of the calculations
are given in Refs[42,41].

i.e., with two self-coupling termgnonlinearity.

The coupled Dirac and Klein-Gordon equations, corre
sponding to the Lagrangiafil0), are solved in the self-
consistent Hartree way. The basis consisting of 20 oscillator
shells has been used when solving the equations. IIl. RESULTS AND DISCUSSION

Nine constantsV, m,, m,, m,, d,, 9,, 9,, 93, and A. Masses
0,4 are treated as parameters of the theory. Three sets of these ) i
parameters NL135], NL2 [36], and NL3[37] are taken for Table IV gives the rms values of the dn‘feren_ce between
the calculations. Two of them, NL1 and NL2, have alreadythe calculated and experimental masses. The_dlfferences are
been discussed. The third one, NL3, is a very recent set. THg@lculated for 116 even-even spherical nuclei, frof® to
parameters of these three sets are given in Table IlI, for °Th, for which the experimental masses are known. The

convenience of the reader. The pairing interaction charactef@bl€ is very similar to that given by us earlie0]. Only in
ized by the energy gap=12A"2 has been used. the RMF case, the NLSH variafd3] of the parameters has

been presently replaced by the more recent variant [3Z8
All HFB and RMF masses are calculated by us, the ETFSI
results are taken from Ref29] and the MM masses are

In this study of masses, we use two recent versions of theaken from Ref[38] in their FRDM and FRLDM variants,
macroscopic-microsopic model. One is the finite-range dropand from Ref[39] in their TF variant of the smooth part of
let model (FRDM) [38] and the other is the Thomas-Fermi the mass. As the experimental values, the masses evaluated
(TF) model[39]. by Audi and Wapstrg44] are used.

The macroscopic part of FRDM is an extension of the One can see in Table IV that the smallest deviations from
original droplet model[40] to improve description of the experimental masses are obtained in the MM approach.
average nuclear properties. The microscopic part is th&Vithin the HFB approximation, the best results are obtained
Strutinski shell correction, based on the folded-Yukawawith the Gogny force. Among the Skyrme forces, the best
single-particle potential. Nine parameters of the model areesults are obtained in the SkP case. The results obtained
fitted to the ground-state masses of 1654 nuthgth the  with the interaction modified in the-p channel SkP’ are
proton numbeZ=8 and the neutron numb&=8) and to  only very little better than those with the original force SkP
28 fission-barrier heights. The model is described in detail irand the SkP results are even slightly worse. This differs
Ref.[38]. from the case of the Sli{and also SkM¥ force, for which

The macroscopic part of mass of the TF model is basethe variant SIIf* is much better than SHI Results labeled
on a (generalized Seyler-Blanchardeffective nucleon- as Slll and SkM* correspond to vanishing pairing correla-
nucleon interaction, which is of the Yukawa type with thetions, as discussed in Sec. IIA, and are therefore much
strength dependent on the average density of interactingorse. The results obtained within the RMF theory strongly
nucleons and on their relative momentum. Six of the sevewepend on the variant of the parameters used. They are very
parameters of the interaction are fitted to 1654 ground-statpoor with the NL2 set, while they are quite good with the
masses of nuclei witl,N=8. The microscopic part is taken very recent variant NL3.

E. Macroscopic-microscopic model
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FIG. 1. Dependence of the deviation of theoretical mass from the experimental one on the neutronNydorlibe elements Ca, Sr, Sn,
Sm, Pb, and Th. Six variants of the theoretical mass are considered.
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FIG. 2. Deviations of various theoretical masses from the SkP  FIG. 4. Same as in Fig. 2, but for t#=82 (Pb) isotopes.
mass, calculated for a long chain 550 (Sn) isotopes.

Figure 1 shows the dependence of the deviations fron'%0 that of the Gogny ones. Although rather good for some
experimental masses on the neutron nunf¥efsotopes of clementse.g., S.')’ the results may give as Igrge deviations
six elements withz=20 (Ca), 38(S), 50 (Sn), 62 (Sm) as 4 MeV (Sm isotopek or even largenTh isotopeg for
82 (Pb), and 90(Th) are taken, Thesé are the, nuclides, theOther elements. The deviations obtained with the’Jbirce
proton numbeZ or neutron numbeN of which are magic or ?Zglfl%thegllgge' They ahrg haslhzlgh ashab_out 5_M§%$r(
close to magic numbers, as these nuclei are spherical. Six mf ) ol;e\_/end 9! Er ﬁ r]l)' T e.'SOt?]p'C epen-h
variants of the calculations are chosen for the illustration. 4€Nc€ of mass obtained with this force is rather poor. The

One can see that the smallest deviations are obtained fgSults obtained in the RMF approatthe NL3 variant of
the case of the macroscopic-microscopic approach(T| parametersare rather good for the elements Ca, Sn, and Sm,
in accordance with the smallest rms value given in Table IV.bUt rgther bad'for Sr anéj TL" behavi f btained i
In this case, the best agreement with experiment is obtained ',t IS mterestlnghto stu zt € behavior of mass, o ftame Ihn
for the heaviest nuclei. Actually, the discrepancy obtained/@Mous approacnes, wnen oné moves away irom the
for the Pb and Th isotopes does not exceed 1 MieMhe B-stability line. To this aim, we choose nuclei with the pro-
absolute valug while it may be as large as about 2 MeV for ton or neutron numbers equal to one of the four Iarg_est magic
lighter nuclei (45%Ca). The results of the ETFSI approach Numbers:Z=50,82 andN=82,126. As the experimental
are of about the same quality as those of V). Here, mass is not known for many of these nuclei, one of the
again, the description of mass is better for heavy nuclei thag@/culated masses is taken as a reference. We choose the SkP
for the lighter ones. mass for that. The reason is that this mass is calculated in the

Among the HFB variants of the calculations, the best dePresent analysis and is therefore available for all studied nu-
scription of mass is obtained with the Gogny force. Still, for clel, but a_lso that the SkP masses reproduce relatively well
some nuclei, the deviations may be quite large, about 3 Me\€ experémegltaldvaluez. . H q
(“2Ca) or even more*Pb). The isotopic dependence of 10 Study this dependence of mass on the neubian
mass, in the Gogny case, is relatively good for some eleProton Z numbers, far from theg-stability region, we take
ments(e.g., Si, while it is much poorer for others. For ex- the same six variants of the calculation as in Fig. 1 and still
ample, the deviation changes from —2.1 MeV f8fPb to add one variant more, MWRDM), of the macroscopic-

3.5 MeV for 22Pb, i.e., by about 5.6 MeV, with the change ™M'CroScopIC approach. As MMF) and MM(FRDM) differ
of N by only 6 units. The quality of the SkP results is similar only by the smoott(macroscopicpart of the mass, the dif-

oF i
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5r \gogny 7 2 Gogrﬁ\ N_1 2 6
- \ _ N
3 N 3 ~
= ol >( RN S U = =S S S b e
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% TN \ ™~ 7‘.\7:\7 ot ~ i Ty %
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> AN Va AN = MMITF)
N Ny 0} —/
ol RMF(NL3) ~ P
T e 20F v e
40 45 B0 55 60 65 70 75 B0 85 45 50 55 60 65 70 75 80 85 90 95 100
Z Z

FIG. 3. Same as in Fig. 2, but for thé=82 isotones. FIG. 5. Same as in Fig. 2, but for thé=126 isotones.



710

Z. PATYK et al.

TABLE V. Charge-radius rms deviations in fm.
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very large. The RMF mass differs also much from the SkP
mass.

5”|5 0.059 SkP 0.040 Sk'\’g* 0.022 The behavior of masses for the Pb isotopes is shown in
S”'ﬁ 0.057 SkP 0.033 SkM*S 0.021  Fig. 4. This is an extension of the results, shown already in
Sl 0.065 Ske» 0.043  SkM*”  0.023  Fig. 1, toN<120 and also tdN>132. Similarly as in Fig. 3,
Gogny 0.031 a large difference in the behavior of the Gogny and SkP
ETESI  0.021 Finally, Fig. 5 shows the results for ti=126 isotones.
MM 0.036

The difference of about 30 MeV between the Gogny and SkP
masses for’%Sn illustrates the problems which appear when
one approaches the neutron drip lii@he nucleus'’®Sn is

ference in their behavior is just the difference between theirsti” stable with respect to the separation of one and also of

MAcroscopic parts. two neutrons, according, e.g., to the ETFSI magdel
Figure 2 shows the mass calculated for nuclides with the ' g €9- gael.

proton closed shell aZ=50. This is an extension of the
results, shown already in Fig. 1 for the Sn isotopes, to neu-
tron numberdN<56 and also tdN>82. One can see that in Table V, similar to Table IV, gives the rms values for the
both these regions of very light and very heavy isotopes, thelifference between the calculated and experimental charge
calculated masses differ much from each other. The Gognyadii. Here, however, the rms is calculated for only 33
mass is about 7 MeV smaller fd’Sn and about 10 MeV spherical nucle{of 116 nuclei used in Table IV for which
larger for 14°Sn, than the SkP mass. Both MM masses andhe charge radius has been measured. The experimental val-
the ETFSI mass are relatively close to each other and theyes, used to calculate the rms results, are taken from the
are also not very far from the SkP result. recent evaluation of experimental d4&.

Figure 3 shows the results for isotones witk- 82. Here, One can see that the best description of the charge radii is
again, the calculated masses differ much from each othenbtained within the ETFSI model and for the HFB calcula-
Again, the difference between the Gogny and SkP masses i®ns with the SkM ° force. The results with the Skiforce

B. Radii
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FIG. 6. Dependence of the deviation of theoretical charge radius from the experimental one on the neutroNnfontlee elements
Ca, Sn, and Pb. Six variants of the theoretical radius are considered.



PRC 59 MASSES AND RADII OF SPHERICAL NUCLE. .. 711

5.4
59
L - S |
5.2 RMF(NL3) L sl
- Gogny /
- SkP / |
5.0 F _ S // i 5.7
* - exp (protons) P ///
= - exp (neutrons) /-/ P ;/ ,\5'6 3
E£48 ) 1 E 5.5
- “64r
4B 1 - RMF(NL3)
535 - Gogny
bt . 5.2 - SkP
* - exp (protons)
ir = - exp (neutrons)
42 J
L 1 L L L L 1 L L 1 ! 50¢L L 1 L ! | N
40 45 HK0 K5 60 65 70 75 80 85 90 95 80 90 100 1’1\(‘) 120 130 140
N

FIG. 7. Charge and neutron-matter radii calculated for a long FIG. 9. Same as in Fig. 7, but for the=82 (Pb) isotopes.
chain ofZ=52 (Sn) isotopes. Three variants of the calculations are
considered. Experimental values are also shown, for comparison.with the Gogny force, and compare them with the SkP re-
sults[45].

are very good almost independently of the interaction used to Figures 7—10 show results obtained for the same chains of
generate the pairing correlations. Relatively good results arBUClei as used in Figs. 2—5. Results of the three variants of
also obtained in the RMF calculations with the NL1 and NL3(he calculations HFB with the Gogny and SkP forces and the

parameters. With the NL2 parametrization, the results argMg (NL3) varlant,Fare;ft]r?V\t/r;. liaht isot fsuch
slightly worse, similar to those obtained in the HFB ap- o4 ne can see n Fg. atforignt ISofopes oruch as

: Sn), the neutron radius is up to about 0.27 fm smaller, and
proach with the Gogny and SRRorces and also to the MM . 14 L
results. The largest rms values are obtained with the Sli or heavy isotopessuch as*Sn) it is up to about 0.48 fm

: ; oo > "larger, than the proton radius. For stable isotop&sn and
Lc;rgs, independently of the variant of the pairing interaction 1245 " for which both these radii are measured, the experi-

. . . mental value of , is larger than that of , by 0.064 fm and
Figure 6 illustrates the dependence of the discrepancy b%- 176 fm, respectively. The isotope, for which these two ra-
tween the calculated values of the charge radius and the ex: ' ' '

eXs=. 11 i
perimental ones on the neutron numbkifor three elements di are expected to be equal, 1§°Sn or **%Sn, depending on

Ca, Sn, and Pb. These are the elements for which the mogfe variant of the calculation.

experimental values are available. The same variants of thgzzlztrlsrserﬁg mbg%rSetP ?r:;(;r EUCS atgzlﬂ,tcr,%?};'%g ?runCI?rLr]]Sé *
calculations are taken for the illustration as in Fig. 1. On » 'n May 9 p DY UP : :

e, . ; ; '
can see that the dependence of the discrepancy is rather wi igerencle 03-152§me IS obtaltnzdt |nbthe|RMﬂ:_3t)hcalcuI?tlon(.j .
for Sn and Pb, i.e., that the calculations correctly reproduc € nucleu 1S expected to be close 1o the neutron drip

: . : ine (according, e.g., to the ETFSI mogel
g;gr:]séor;tgplc dependence of the radius for these (eavy Figure 9 shows that the experimental values pandr

20 i i
When ane moves avay fom tstaily Ine. he - 12 S 0 88 1, The i o heh fese
ferences between protgar charggr, and neutror{neutron- the isotope:1#%b in the Gogny %%Pb in the SkP, and®Ph

mattey r, radii increase. Within the HFB approximation . : . .
with the Skyrme forces, this effect has recently been studieq, the RMRNL3) calculat|ons,'respecpvely. Especially "f’“ge
in Ref. [45]. Here, we present results obtained within the. iffierence between, andry, is obtained for neutron-rich
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FIG. 8. Same as in Fig. 7, but for thé=82 isotones. FIG. 10. Same as in Fig. 7, but for ti=126 isotones.
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RMF(NL3) calculations, for the nucleu$’®Sn. These two (i.e., masses of more nuclevould be used in the adjustment
radii are expected to be about equal only at about the heasf free parameters. It should also be stressed that in neither

end of this chain, around the neutron-deficient nucleu®f these theories the existing parameters have been deter-
218, 229y or 228Fm, depending on the variant of the calcu- mined with a focus on masses, as has been done in the MM

lation. or ETFSI methods.

A comparison between the considered approaches shows (2 The discrepancy between various approaches, in pre-
that apart from the immediate vicinity of the neutron drip ictions of nuclear masses, becomes especially large when

line, results obtained within the HFB theory with the SkP one moves off theg-stability line. For example, the Gogny

o . mass is by about 7 MeV smaller fdf°Sn and by about 10
and Gogny forces are very similar; isotopic trends are almo%lev Iarge); for 14951 than the SKP mass althouygh these two
identical and the only difference between these two ap- '

proaches is a systematic offset of about 0.05 fm which make'gmuocrlgI r?éﬁtrnoor;[-xgr:y ;3&:821 g]uecr? ng&rgeﬁi rdei?ffrr;'nggr a
the radii obtained for the Gogny force slightly smaller. ASincreases to about 15 MeV’ and it furthe,r increases to about
discussed in Ref45] and illustrated also here, very close to '

7 - - . - .
the neutron drip line the SkP force gives sudden increase o?fo MeV for the nucleug’®Sn. This illustrates the difficulties

the radius. This effect occurs because the neutron distrib 'Uoﬂrﬁﬂg:tl'i?]% nuclear masses when one approaches the neu-

tions extend in these nuclei to large distances. It is not clea - .

at the moment whether the other forces can give similar re- O(SélNauncéegr (;Egra?:éagg;faggﬁts ﬁ?ﬁ r![EZdS%\/ItP?oIrEcLZSI
sults, because such a question can only be answered by solyv- ' by . :
. . : : : The description by the RMF method with the NL1 and NL3
ing corresponding self-consistent equations in space coordi- . o

nates. parameters is not much worse. Similarly as for mass, the

The isotopic dependencies of the charge radii are sim"aﬁescnptlon is generally better for heavy nuclei than for

in all three presented theories. However, for neutron radi ghter ones.

one obtains in the RMF approach with the NL3 interaction a (7) For nuclei__far from_,B stability, the calcula_ted proton
much faster increase with the neutron number than in thgnd neutron radii much differ. For example, for light isotopes

other two theories. Since the neutron radii have been me pf Sn (such as™Sn), the neutron radius is up to about 0.27

sured for two tin isotopes:*®Sn and?“Sn, we can conclude im smaller, and for heavy isotopésuch as'*Sn) it is up to

that here the RMF results are in a better agreement with daf%bOut 0'4.8 fr_n Iarger,_ thalr; the proton rad_|us. For still more
neutron-rich isotopeéiike 17®Sny), r,, is obtained larger than

than the HFB results. On the other hand, in t&b nucleus £, Up to about 0.86 fm
he diff ius i P . : : . L
the difference between neutron and proton radius is overe (8) While for lighter elements, the nuclei, for whicly is

i he RMF h f f 2, while i ) . - )
timated by the approach by about a factor of 2, while Itabout equal ta,,, are situated in th@-stability region, they

is correctly accounted for by the HFB theory. Clearly, a sig- ted to be rather far f thi ion for h |
nificant increase in the number of available experimentat"lre EXpected to be rather far from this region for heavy €le-
ents. For example, for Sn isotopes, such nuclei are ob-

data for neutron radii is needed before a more conclusivé™ 11 11 . .
evaluation of theoretical results can be made. tained to be'*%Sn or 1S, depending on the variant of the

calculation, i.e., on the border ¢& stability (*'2Sn is the
lightest isotope which i@ stablg. For theN= 126 isotones,
IV. CONCLUSIONS the relationr ,~r, is obtained for?*%J (in the SkP variant

220py (the Gogny case or 2°Fm [the RMRNL3) calcula-

TlheTfrcl)Ilob\Mntgdconc_lu?lonsfmay be ?;ﬁwn fror%ourdstud)q.tion]' Thus, the approximate equality of these two radii is
. 1) e best description o mass ot the considered nuc eéxpected to appear for the very neutron-deficient nuclei, re-
is obtained in the macroscopic-microscopic approach. Th

fhoved from thes-stability region by about 16 it
description by the ETFSI model is, however, of a similar oved from thes-stability region by abou mass units or
quality. In both descriptions, the agreement with experimen-

tal values is better for heavy than for light nuclei. . faster in the RMF approach than in the HFB theories. More
(2)_A_mong the se_lf-cons!sten_t Hartree'FOCk'BOgm'UbQVexperimental data are definitely needed before one can con-

Qescr|pt|ons,_ the variant using finite-range Gogny effecf"veclude whether this fact characterizes the particular forces

bised or illustrates more profound features of the theoretical

'chiescription.

(9) Neutron radii increase with neutron number much

making use of the Skyrme SkP force is, however, similar
The results obtained with the Slll force, which has been use
for a long time in the calculations of various nuclear proper-
ties, are worse. The isotopic dependence of mass, obtained
with the SllII force, is also rather poor. The authors would like to thank H. Flocard and P. Quen-
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