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Radiative proton-antiproton annihilation and isospin mixing in protonium
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A detailed analysis of the radiativepp̄ annihilation is made in the framework of a two-step formalism; the

pp̄ annihilates into meson channels containing a vector meson with a subsequent conversion into a photon via
the vector dominance model~VDM !. Both steps are derived from the underlying quark model. First, branching
ratios for radiative protonium annihilation are calculated and compared with data. Then, details of the isospin
interference are studied for different models of the initial protonium state and also for different kinematical

form factors. The isospin interference is shown to be uniquely connected to thepp̄2nn̄ mixing in the
protonium state. Values of the interference terms directly deduced from data are consistent with theoretical

expectations, indicating a dominantpp̄ component for the1S0 and a sizablenn̄ component for the3S1

protonium state. The analysis is extended to thepp̄→gF transition, where the large observed branching ratio
remains unexplained in the VDM approach.@S0556-2813~99!00402-1#

PACS number~s!: 13.75.Cs, 13.40.Hq, 12.40.Vv
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I. INTRODUCTION AND MOTIVATION

Nucleon-antinucleon (NN̄) annihilation, due to the rich-
ness of possible final meson states, is considered one o
major testing grounds in the study of hadronic interactio
Both quark@1# and baryon exchange models@2–4# have been
applied toNN̄ annihilation data. However, the task of e
tracting information on the dynamics of theNN̄ process is
enormously complicated by the influence of initial- a
final-state interactions. Some of the simplest annihilat
channels, where the theoretical complexity of theNN̄ anni-
hilation process is partially reduced, are radiative two-bo
decay modes, where final-state interaction is negligible.
perimental branching ratios for radiative decay channels
annihilation frompp̄ atoms were made available by rece
measurements of the Crystal Barrel collaboration at CER
performing a systematic study of the reactionspp̄→gX

whereX5g,p0,h,v andh8 @5#. Radiative decays of thepp̄
atom where, in contrast to ordinary production of nonstran
mesonic final states, isospin is not conserved, are well su
for studying interference effects in the isospin transition a
plitudes@5,6#.

The simplest and most natural framework in studying
diative decay modes is the vector dominance model~VDM !
@7#. In setting up the annihilation mechanism one adopt
two-step process where thepp̄ system first annihilates into
two mesons, with at least one of the mesons being a ve
meson (r and v), and where the produced vector mes
converts into a real photon via the VDM@6#. In this case,
production rates of radiative decay modes can be relate
branching ratios of final states containing one or two vec
mesons. A first analysis@5# in the framework of VDM was
performed by Crystal Barrel, showing that the interference
the isospin amplitudes is sizable and almost maximally
structive for all channels considered. The phase structur
the interference term is determined by two contributions:~i!
PRC 590556-2813/99/59~2!/630~12!/$15.00
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the relative signs of the generic strong transition amplitu

for pp̄→Xv or Xr acting in different isospin channels;~ii !

the presence of the initial-state interaction in thepp̄ atom,

which mixes thepp̄ andnn̄ configurations. Similarly, analo
gous sources are responsible for the isospin interference

fects in the strong annihilation reactionspp̄→KK̄ @1,8,9#.
Here, however, definite conclusions concerning the size
sign of the interference terms depend strongly on the mo
used for the annihilation dynamics.

In the present work we show how the determination of
interference terms in the analysis of the radiative decays

be uniquely connected to the isospin mixing effects in thepp̄
atomic wave functions. The extraction of the magnitude a
sign of the interference from the experimental data can
turn be used to investigate the isospin dependence, at lea
an averaged fashion, of theS-waveNN̄ interaction. We study
this point for differentNN̄ interaction models.

This paper is organized as follows. In Sec. II we deve
the formalism for radiative decays of protonium. As in Re
@6# we adopt a two-step formalism, that ispp̄ annihilation
into two-meson channels containing a vector meson and
subsequent conversion into a photon via the VDM. Bo
steps are derived consistently from the underlying qu
model in order to fix the phase structure of the isosp
dependent transition amplitudes. We also indicate the d
vation of the branching ratios for radiative decays ofS-wave
protonium, where the initial-state interaction of the atom
pp̄ system is included. Section III is devoted to the pres
tation of the results. We first perform a simple analysis
show that theoretically predicted branching ratios for rad
tive decays are consistent with the experimental data.
then show that the isospin interference terms present in
expression for the branching ratios can be uniquely c
nected to thepp̄-nn̄ mixing in the atomic wave function
induced by initial-state interaction. We quantify the details
630 ©1999 The American Physical Society
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PRC 59 631RADIATIVE PROTON-ANTIPROTON ANNIHILATION . . .
this effect for different models of theNN̄ interaction and
apply the formalism developed in Sec. II to extract size a
sign of the interference from data, which will be shown to
sensitively dependent on the kinematical form factors as
ciated with the transition. Furthermore, we comment on
application of VDM on the transitionpp̄→gF, where the
corresponding large branching ratio plays a central role
the discussion on the apparent violations of the Oku
Zweig-Iizuka ~OZI! rule. A summary and conclusions a
given in Sec. IV.

II. FORMALISM FOR RADIATIVE DECAYS OF
PROTONIUM

In describing the radiative decays of protonium we ap
the vector dominance model@6,7#. We consider the two-step
process of Fig. 1, where the primarypp̄ annihilation in a
strong transition into a two-meson final state, containing
vector mesonsr andv, is followed by the conversion of the
vector meson into a real photon. Here we restrict ourselve
orbital angular momentumL50 for the initial pp̄ state, cor-
responding to the dominant contribution in the liqui
hydrogen data of Crystal Barrel@5#. Furthermore, we con
sider the transition processespp̄→gX, where X
5g,p0,h,r,v andh8, with X5f presently excluded. The
final statefg plays a special role in the discussion of t
apparent violation of the Okubo-Zweig-Iizuka~OZI! rule,
where a strong enhancement relative tovg was observed
@10#. Within the current approach the description of the fir
step processpp̄→v(r)f and its phase structure cannot
accomodated due to the special nature of thef, a dominant
ss̄ configuration. Later on we will comment on the possib
ity to explain the enhancedfg rate within the VDM, as
suggested in the literature@11#, and on the implications o
the analysis presented here.

In the two-step process we have to introduce a consis
description for either transition in order to identify the sour
of the interference term. In particular, the relative pha
structure of the strong transition-matrix elementspp̄→vM

versuspp̄→r0M (M5p0,h,r,v andh8) is a relevant input
in determining the sign of the interference. Basic SU~3! fla-
vor symmetry arguments@12# do not allow to uniquely fix
the phase structure, hence further considerations concer
spin and orbital angular momentum dynamics in theNN̄ an-
nihilation process have to be introduced. Microscopic
proaches toNN̄ annihilation either resort to quark mode
~for an overview see Ref.@1#! or are based on baryon ex
change models@2–4#. Here we choose the quark model a
proach, which allows us to describe both the strong transi
of pp̄ into two mesons and the vector meson conversion
a photon.

FIG. 1. Two-step processNN̄→MV→Mg with V5r0,v and
M5p0,h,r0,v,h8,g for radiative protonium annihilation.
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For the processpp̄→VM where V5r,v and M
5p0, h, r, v and h8 we apply the so-called A2 mode
@1#, depicted in Fig. 2~a!. In the discussion of annihilation
models based on quark degrees of freedom this mecha
was shown to give the best phenomenological descriptio
various meson branching ratios@1,13,14#. In a recent work
@15# we showed that the A2 model combined with a cor
sponding annihilation mechanism into three mesons can
scribepp̄ cross sections in a quality expected from simp
nonrelativistic quark models. The transition-matrix eleme
of pp̄→VM in the A2 model including initial-state interac
tion is given by

TNN̄~ IJ !→VM5^V~ j 151!M ~ j 2!l f uOA2uNN̄~ IJ !&

5(
j

^ j 1 j 2m1m2u jm&^ j l fmmf uJM&•ukW uYl fmf
~ k̂!

3^VMuuOA2uuNN̄~ IJ !& ~1!

with the reduced matrix element defined as

^VMuuOA2uuNN̄~ IJ !&5F~k!^IJ→VM&SFB~ I ,J!. ~2!

The atomicpp̄ state is specified by isospin componentI and
total angular momentumJ50,1, the latter values corre
sponding to the1S0 and 3SD1 states, respectively. The two
meson stateVM is specified by the intrinsic spinj 1,2, the
total spin couplingj, the relative orbital angular momentum
l f51 and the relative momentumkW . Equation~2! includes a
final-state form factorF(k), the spin-flavor weight^IJ
→VM&SF and an initial-state interaction coefficientB(I ,J),
containing the distortion in the protonium stateJ with isospin
componentI. Detailed expressions for these factors are su
marized in Appendix A.

For the processV→g @Fig. 2~b!#, where the outgoing
photon with energyk0 is on-mass shell, we obtain, with th
details shown in Appendix B:

TV→g5eW•SW ~m1!Tr~QwV!
emr

3/2

~2k0!1/2f r

, ~3!

whereeW andSW (m1), with projectionm1 , are the polarization
vectors ofg and V, respectively. The flavor dependence
the transition is contained in the factor Tr(QwV), whereQ is
the quark charge matrix andwV theQQ̄ flavor wave function
of vector mesonV. In setting up the two-step proces
NN̄(IJ)→VM→gM we use time-ordered perturbatio
theory with the resulting matrix element@16#

FIG. 2. Quark line diagrams corresponding toNN̄ annihilation
into two mesons~a! and vector meson-photon conversion~b!.
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632 PRC 59T. GUTSCHEet al.
TNN̄~ IJ !→VM→gM5(
m1

TV→g

2mV

mV
22s

TNN̄~ IJ !→VM , ~4!

where the relativistic propagator for the intermediate vec
meson in a zero width approximation is included. We res
to a relativistic prescription of the vector meson, since, w
the kinematical constraintAs50, V has to be treated as
virtual particle, which is severely off its mass shell. Accor
ingly, an additional factor 2mV , with the vector meson mas
mV , has to be included to obtain the proper normalizati
From redefining

TV→g

2mV

mV
22s

[eW•SW ~m1!AVg , ~5!

we generate the standard VDM expression of

TNN̄~ IJ !→VM→gM5(
m1

TNN̄~ IJ !→VMeW•SW ~m1!AVg . ~6!

The VDM amplitudeAVg , derived in the quark model, is

AVg5A2Tr~QwV!AmV

k0

e

f r
, ~7!

which in the limitmv'k0 reduces to the well-known result
of @7#

Arg5e/ f r50.055 and Avg5
1

3
Arg . ~8!

The phase structure ofAVg , as determined bywV , is consis-
tent with the corresponding definitions for the stro
transition-matrix element.

In the radiative annihilation amplitude, the coherent s
of amplitudes forV5r andv, arising from different isospin
channels, has to be taken. This gives

TNN̄~J!→gM5 (
V5r,v

d•TNN̄~ IJ !→VM→gM , ~9!

whered51 for VÞM andd5A2 for V5M . The additional
d accounts for the two possible contributions to the am
tude from an intermediate state withV5M , including a
Bose-Einstein factor. For the decay width ofNN̄→gX we
write

GNN̄~J!→gX52pr f (
M ,eT ,m2

1

~2J11!
uTNN̄~J!→gMu2. ~10!

r f is the final-state density and the sum is over the final-s
magnetic quantum numbers of mesonX (m2) and of the
photon~with transverse polarizationeT). The corresponding
branching ratioB is

B~gX!5
~2J11!

4G tot~J!
GNN̄~J!→gX , ~11!

where a statistical weight of the initial protonium stateJ with
decay widthG tot(J) is taken. With the details of the evalua
r
rt

.

-

te

tion indicated in Appendix C, we finally obtain for th
branching ratios ofpp̄→gX (X5p0,h,h8):

B~gp0!5
3

4G tot~J51!
f ~g,p0!Arg

2 UB~0,1!^13SD1

→r0p0&SF1
1

3
B~1,1!^33SD1→vp0&SFU2

. ~12!

Alternatively, B(gp0) can be expressed in terms of th
branching ratiosB(Vp0) for the strong transitionsNN̄
→Vp0 @Eq. ~A12! of Appendix A#:

B~gp0!5
f ~g,p0!

f ~V,p0!
Arg

2 S B~r0p0!1
1

9
B~vp0!

1
2

3
cosbJ51AB~r0p0!B~vp0! D ~13!

with the interference phasebJ51 determined by

cosbJ515
Re$B~0,1!*B~1,1!%

uB~0,1!B~1,1!u
. ~14!

The same equations apply forX5h and h8 with p0 being
replaced by the respective meson. Here, a kinematical p
space factorf is introduced, which can be identified wit
those derived in specific models@Eqs. ~A11! and ~C10!# or
taken from phenomenology. Values for the branching rat
on the right-hand side of Eq.~13! can either be taken directly
from experiment or determined in the quark model cons
ered in Appendix A. Magnitude and sign of the interferen
term, as determined by cosbJ51, solely depends on the
initial-state interaction for the spin-tripletNN̄ state (J51),
as expressed by the coefficientsB(I ,J51).

Similarly, for the branching ratios ofpp̄→gX (X
5r0,v,g), now produced from the spin-singlet stateJ
50) of protonium, we obtain

B~gr0!5
f ~g,r0!

f ~V,V!
Arg

2 S 1

9
B~r0v!12B~r0r0!

1
2A2

3
cosbJ50AB~r0v!B~r0r0! D , ~15!

B~gv!5
f ~g,v!

f ~V,V!
Arg

2 S B~r0v!1
2

9
B~vv!

1
2A2

3
cosbJ50AB~r0v!B~vv! D , ~16!

and
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B~gg!5
f ~g,g!

f ~V,V!
Arg

4 H B~r0r0!1
2

9
B~vr0!1

1

81
B~vv!

1
2

9
AB~r0r0!B~vv!1

2A2

3
cosbJ50AB~r0v!

3FAB~r0r0!1
1

9
AB~vv!G J ~17!

with the interference determined as

cosbJ505
Re$B~0,0!*B~1,0!%

uB~0,0!B~1,0!u
. ~18!

Again, the sign and size of the interference cosbJ50 are fixed
by the initial-state interaction, here for protonium states w
J50.

Equations~13!, ~15!, and ~16! are analogous to those o
Ref. @6#; this is also true for Eq.~17! in the SU~3! flavor limit
with B(r0r0)5B(vv). However, the essential and new fe
ture of the present derivation is that the interference term
completely traced to the distortion in the initial protoniu
state. The possibility to link the interference terms cosbJ to
the initial-state interaction in protonium is based on the se
rability of the transition amplitudeTNN̄(IJ)→VM . The sign
and size of cosbJ (J50,1) will have a direct physical inter
pretation, which will be discussed in the following chapte

We briefly comment on alternative model descriptions
the strong transition amplitudesNN̄→VM and its conse-
quences for the interference terms in radiativepp̄ decays.
Competing quark model approaches in the description ofNN̄
annihilation into two mesons concern rearrangement
grams as opposed to the planar diagram of the A2 presc
tion of Fig. 2~a!. In the rearrangement model a quar
antiquark pair of the initialNN̄ state is annihilated and th
remaining quarks rearrange into two mesons. The quan
numbers of the annihilated quark-antiquark pair are eit
that of the vacuum (3P0 vertex, R2 model@17#! or that of a
gluon (3S1-vertex,S2 model@18,19#!. In theR2 model, two
ground-state mesons cannot be produced from an initialNN̄
state in a relativeS wave; hence R2 is not applicable to th
annihilation process considered here. The S2 model ge
ates transition-matrix elements forpp̄→VM, which are
analogous to the ones of the A2 model of Eqs.~1! and ~2!,
but with different absolute values for the spin-flavor weigh
^IJ→VM&SF @18,19#. However, the relative signs of the ma
trix elementŝ IJ→rM & and^IJ→vM & are identical to the
ones of the A2 model, except in the caseM5h where it is
opposite. Therefore, results for branching ratiosB(gM ) of
radiative decays expressed in terms of the branching ra
B(VM) are identical both in the A2 and the S2 approa
except forB(gh) where cosbJ51 changes sign. But, as wil
be shown later, the sign structure of cosbJ deduced in the
framework of the A2 model is consistent with the one d
duced from experiment.

Possible deviations from the formalism presented here
clude contributions from virtualND̄6DN̄ andDD̄ states to
the annihilation amplitudes as induced by the initial-st
interaction. The role of theD state admixture and its effec
h
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on pp̄ annihilation cross sections in the context of qua
models was studied in Refs.@13,20#. Although contributions
involving annihilation fromND̄ andDD̄ states can be sizabl
@20#, the overall effect on the annihilation cross section
strongly model dependent. In the case of the A2 model@13#,
these contributions are found to be strong forNN̄ D-wave
coupling to channels with a virtualD in the S wave, hence
dominantly for the13SD1 partial wave, where for isospinI
50 the tensor force induces strong mixing. However, for
radiative decay processes at rest considered here, the
sible ND̄6DN̄ configurations only reside in the33SD1 state
~here 33SD1→p0v and 33SD1→hr0). Due to the weak
D-wave coupling in theI 51 channel,ND̄ configurations
play a minor role and are neglected.

Alternatively, the strong transition amplitudesNN̄→VM
can be derived in baryon exchange models@2–4#. Here how-
ever, the analysis is strongly influenced by the presence b
of vector and tensor couplings of the vector mesons to
nucleon, by contributions of bothN andD exchange~where
the latter one contributes to ther0r0 andp0r0 channels! and
by the addition of vertex form factors. The interplay betwe
these additional model dependences complicates an eq
lent analysis. Due to simplicity we restrict the current a
proach to a certain class of quark models, although de
tions from the analysis given below when applying bary
exchange models cannot be excluded.

III. PRESENTATION OF RESULTS

In Sec. III A we discuss the direct application of the qua
model approach to the radiativeNN̄ annihilation process. In
Sec. III B we focus specifically on the isospin interferen
effects occuring in radiative transitions. We show that t
interference term is solely determined by the isosp
dependentNN̄ interaction, and give theoretical prediction
for the phase cosbJ in variousNN̄ interaction models. Sign
and size of cosbJ can be interpreted by the dominance
either thepp̄ or the nn̄ component of the protonium wav
function in the annihilation region. Furthermore we sho
that extraction of the interference term from experimen
data is greatly affected by the choice of the kinematical fo
factor. Finally we comment on the applicability of the vect
dominance approach to thepp̄→gf transition.

A. Branching ratios of radiative protonium annihilation

In a first step we directly evaluate the expression
B(p0g) andB(Xg),X5h, v, h8, r, andg, as given by
Eqs.~13!, ~15!–~17!, and~A12!. To reduce the model depen
dences we choose a simplified phenomenological appro
as advocated in studies for two-meson branching ratios
NN̄ annihilation @21#. The initial-state interaction coeffi
cientsB(I ,J) are related to the probability for a protonium
state with spinJ and isospinI, with the normalization con-
dition uB(0,J)u21uB(1,J)u251. The total decay width of
stateJ is given byG tot(J) with the separation into isospin
contributions asG tot(J)5G0(J)1G1(J). We identify the ra-
tio of isospin probabilitiesuB(0,J)u2/uB(1,J)u2 with that of
partial annihilation widthsG0(J)/G1(J). For our calculations
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634 PRC 59T. GUTSCHEet al.
we adopt the isospin probabilities deduced from protoni
states obtained with the Kohno-WeiseNN̄ potential @22#,
wherepp̄2nn̄ isospin mixing and tensor coupling in the th
3SD1 state are fully included@23#. The resulting values for
B(I ,J) are shown in Table I. The kinematical form fact
f (g,X) is taken of the form@24#

f ~g,X!5k exp$2AAs2mX
2%, ~19!

wherek is the final state c.m. momentum with total ener
As. The constantA51.2 GeV21 is obtained from a phe
nomenological fit to the momentum dependence of vari
multipion final states inpp̄ annihilation@24#. Results for the
branching ratios in this simple model ansatz are given
Table II. For the decay modeshg andh8g we use a pseu
doscalar mixing angle ofQp5217.3° @25#. The model con-
tains a free strength parameter, corresponding to the st
annihilation into two mesons in the two-step process. Si
we compare the relative strengths of the branching ratios
choose to normalize the entry forB(gp0) to the experimen-
tal number. The A2 quark model prediction for the hierarc
of branching ratios is consistent with experiment. In partic
lar, the relative strength of transitions from the spin-sing
(1S0) and triplet (3SD1) NN̄ states is well understood. Th
results of Table II give a first hint, that the VDM approach
a reliable tool in analyzing the radiative decays of pro
nium. Furthermore, all considered branching ratios are c
sistent with minimal kinematical and dynamical assum
tions. We stress that the good quality of the theoretical fi
the experimental data of Table II should not be overemp
sized given the simple phenomenological approach wh
initial-state interaction is introduced in an averaged fashi
Although the A2 model provides a reasonable account ofNN̄
annihilation data, discrepancies remain in certain two-me
channels@1,21#. In particular, observed two-meson annihil
tion branching ratios can show strong deviations from sim

TABLE I. Isospin probabilitiesuB(I ,J)u2. Values are deduced
from calculation of partial annihilation widths of 1s protonium with
Kohno-Weise potential@23#.

State uB(0,J)u2 uB(1,J)u2 G tot(J) (keV)

1S0 (J50) 0.60 0.40 1.26
3SD1 (J51) 0.53 0.47 0.98

TABLE II. Results for branching ratiosB for pp̄→gX with X
5p0, h, r0, v, h8, and g in the simple model estimate. Th
entry forB(p0g) is normalized to the experimental value. Data a
taken from Ref.@5#.

Channel B3106 ~model! B3106 ~Expt.!

3SD1→p0g 44 4464
3SD1→hg 14 9.361.4
1S0→vg 68 68619
3SD1→h8g 8.3 <12
1S0→gg 0.14 <0.63
1S0→rg 50
s
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e
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statistical or flavor symmetry estimates~dynamical selection
rules!, which in their full completeness cannot be describ
by existing models. Furthermore, theoretical predictions
two-meson branching ratios can be strongly influenced

initial-stateNN̄ interaction~see for example Ref.@26#!, as in
the case of radiative decays, but also by the possible p
ence of final-state meson-meson scattering@15,27#. Given
these limitations in the understanding of two-meson ann
lation phenomena we will in turn dominantly focus on th

determination of the interference term present in radiativepp̄

decays. HereNN̄ annihilation model dependences a
avoided by resorting to the experimentally measured tw
meson branching ratios.

B. Isospin interference and initial-state interaction

In a second step we focus on the determination and in
pretation of the isospin interference terms cosbJ (J50,1)
given by Eqs.~14! and~18!, which in turn are related to the
NN̄ initial-state interaction via the coefficientsB(I ,J) in Eq.
~A8!.

A full treatment of protonium states must include bo
Coulomb and the shorter ranged strong interaction, where
coupling ofpp̄ andnn̄ configurations is included. The isos
pin content of the corresponding protonium wave functionC

depends onr; for large distancesC approaches a purepp̄
configuration, i.e.,C(I 50)5C(I 51). As r decreases be
low 2 fm, C starts to rotate towards an isospin eigensta
i.e.,C takes the isospin of the most attractive potential in
short distance region. TheNN̄ annihilation process unde
consideration here is most sensitive to the behavior ofC for
r<1 fm, where the strong spin- and isospin dependence
the NN̄ interaction may cause either theI 50 or the I 51
component to dominate. The consequences of the s
isospin structure for energy shifts and widths of low-lyin
protonium states have been discussed in Refs.@23,28,29#.
The sensitivity ofpp̄2nn̄ mixing in protonium states to
changes in the meson-exchange contributions to theNN̄ in-
teraction was explored in@21#.

Let us first discuss the physical interpretation of the int
ference terms cosbJ . For a protonium state described by
pure pp̄ wave function, the isospin-dependent initial-sta
interaction coefficients are related,B(I 50,J)5B(I 51,J).
Similarly, for a protonium state given by a purenn̄ wave
function in the annihilation region, that isC(I 50)5
2C(I 51),B(I 50,J)52B(I 51,J). Together with Eqs.
~14! and ~18!, we obtain for the interference terms

cosbJ5H 11 for pure pp̄

21 for pure nn̄.
~20!

Therefore, a dominantpp̄ component in the protonium wav
function leads to constructive interference in radiative an
hilation, with cosbJ51. Destructive interference reflects th
dominance of thenn̄ component in the annihilation region o
the protonium state. Given this direct physical interpretat
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of the interference terms, radiative annihilation serves a
indicator for the isospin dependence of theNN̄ protonium
wave functions.

For quantitative predictions of the interference terms a
for comparison, we resort to protonium wave functions c
culated@23# with three different potential models of theNN̄
interaction, that by Kohno and Weise@22# ~KW! and the two
versions of the Dover-Richard@30,29# ~DR1 and DR2! po-
tentials. The calculation of Ref.@23# takes fully into account
the neutron-proton mass difference, tensor coupling,
isospin mixing induced by the Coulomb interaction.

Results for the interference terms cosbJ as deduced from
the three different potential models are given in Table
The value of the range parameterdA2 in the initial-state form
factor entering in Eq.~A8! is adjusted to the range of th
annihilation potential of the respective models. With t
choice of dA250.12 fm2 ~KW and DR2! and dA2
50.03 fm2 ~DR1! the calculated ratios of isospin probabi
ties uB(0,J)u2/uB(1,J)u2 are close to those of partial annih
lation widthsG0(J)/G1(J) calculated in Ref.@23#. All three
potential models consistently predict constructive interf
ence for radiative annihilation from the atomic1S0 state,
indicating a dominantpp̄ component. For radiative annihila
tion from the spin-triplet state3S1 predictions range from
nearly vanishing~DR1! to a sizable destructive interferenc
where latter effect can be traced to a dominant short-ran
nn̄ component in the protonium state. In Table III we al
indicate predictions for the interference term cosb1, where
the D-wave admixture in the3SD1 state has been included
The results are obtained for the specified values ofdA2 with
an additional choice of hadron size parameters~that is
RN

2 /RM
2 50.6 or ^r 2&N

1/2/^r 2&M
1/251.2) entering in the expres

sion of Eq.~A8!. The inclusion ofD-wave admixture in the
initial-state interaction coefficientsB(I ,J51) as outlined in
Appendix A is a particular feature of the A2 quark mod
Hence, predictions for cosb1 with the 3D1 component of the
atomic 3SD1 state included are strongly model-depend
and should not be overestimated. Generally, inclusion of
D-wave component in the form dictated by the quark mo
tends to increase the values of the interference terms.

We also investigated the sensitivity of the interferen
term cosbJ on the range of the initial-state form factor, e
pressed by the coefficientdA2 . Although the absolute value
for the initial-state interaction coefficientsB(I ,J) sensitively
depend on the specific value fordA2 , variation ofdA2 by up
to 50% has little influence on sign and also on size of cosbJ .
Thus, predictions for the interference terms cosbJ in all three
potential models considered, are fairly independent on
specific annihilation range of theNN̄ initial state.

TABLE III. Isospin interference terms cosbJ as calculated with
the 1s protonium wave functions of the KW, DR1, and DR2 pote
tial models. Values in brackets denote the results where the3D1

component of the atomic3SD1 state is included with the admixtur
fixed by the A2 model.

KW DR1 DR2

cosb0 11.00 10.83 10.63
cosb1 20.90(20.76) 10.10 ~10.36! 20.41 ~10.53!
a
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The models used for describing theNN̄ initial-state inter-
action in protonium are characterized by a state independ
complex optical potential due to annihilation. Potentials
this type reproduce the low-energypp̄ cross sections and
protonium observables, such as energy shifts and wid
fairly well. A more advanced fit@31# to NN̄ scattering data,
in particular to the analyzing powers for elastic and char
exchange scattering, requires the introduction of an exp
state and energy dependence in the phenomenological s
range part of theNN̄ interaction. At present, latterNN̄ po-
tential @31# was not applied to the protonium system; hen
the model predictions of Table III should be regarded a
first estimate for thepp̄2nn̄ mixing mechanism in theNN̄
annihilation region.

C. Isospin interference from data

The VDM approach allows us to relate the branching
tios of radiative annihilation modes to branching ratios w
final states containing one or two vector mesons. Using th
measured branching ratios in Eqs.~13! and~15!–~17! we can
extract the interference terms cosbJ directly from experi-
ment. However, conclusions on the sign and size of the
terference terms strongly depend on the choice of the k
matical form factor f (X1 ,X2), X1 and X25g or meson,
entering in the different expressions. A first analysis@5# for
determining the interference terms from data was perform
by the Crystal Barrel Group, assuming a form factor of@32#

f ~X1 ,X2!5kS ~kR!2

11~kR!2D , ~21!

wherek is the final-state c.m. momentum and the interact
range is chosen asR51.0 fm. This form factor is appropri-
ate for small momentak, taking into account the centrifuga
barrier effects near threshold. However, for radiative deca
with high relative momenta in the final state, the choice
Eq. ~19! is more appropriate, it contains an exponent
which restricts the importance of each decay channel to
energy region near threshold. This can be regarded a
manifestation of multichannel unitarity, that is the contrib
tion of a given decay channel cannot grow linearly withk @as
in the form of Eq.~21!#, since other channels open up an
compete for the available flux, subject to the unitarity lim
Also, the latter form factor is given a sound phenomenolo
cal basis inNN̄ annihilation analyses, for a more detaile
discussion see, for example, Ref.@33#. Extracted values for
the interference terms cosbJ with different J and different
prescriptions for the kinematical form factor are given
Table IV. We also include there a third choice for the kin
matical form factor@Eq. ~A11!#, as deduced from the A2
quark model description of theNN̄ annihilation process. Al-
though finite-size effects of the hadrons are included he
through the harmonic oscillator ansatz for the hadron w
functions the form factor is again useful for low relativ
momentak. For the results of Table IV we use the measur
branching ratios ofpp̄→p0r0 @34#, p0v, hv, vv, h8v
@35#, hr @36# or @37#, rv @38#, and h8r @33#. Values for
cosbJ using the phase-space factor of Eq.~21! are directly
taken from the original analysis of Ref.@5#. Error estimates
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TABLE IV. Isospin interference terms cosbJ as deduced from data. The label HQ refers to the kinem
cal form factor of von Hippel and Quigg as defined in Eq.~21!. Similarly, labels VAN and A2 refer to the
form-factor prescription of Vandermeulen and of the A2 quark model, as defined in Eqs.~19! and ~A11!,
respectively. The analysis for cosbJ ~HQ! is taken directly from Ref.@5#. The first line of the analysis forhg
is done forB(hr0)5(0.5360.14)31022 @36#, the second line forB(hr0)5(0.3360.09)31022 @37#.

Channel cosbJ ~HQ! cosbJ ~VAN ! cosbJ ~A2!

3SD1→p0g (J51) 20.7560.11 20.1060.28 11.0060.38
3SD1→hg (J51) 20.7860.25 20.4760.72 20.4360.76

20.5860.48 20.1760.90 20.1260.96
1S0→vg (J50) 20.6060.18 10.1560.38 20.2160.28
3SD1→h8g (J51) <20.26 <1.65 <20.12
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for the other entries in Table IV assume statistical indep
dence of the measured branching ratios. For the radia
decay channelh8g only an upper limit for cosb1 can be
given.

For all three choices of the kinematical form factor, t
extracted values of cosbJ are consistent with the VDM as
sumption as they correspond to physical values. Howeve
evident from Table IV, conclusions on sign and size of t
interference strongly depend on the form of the kinemat
phase-space factor. For the preferred choice, i.e., Eq.~19!,
we deduce destructive interference for radiative annihilat
from the 3SD1 state, while for the1S0 state the correspond
ing isospin amplitudes interfere constructively. This is
contrast to the original analysis of Ref.@5#, where the inter-
ference term is determined to be almost maximally destr
tive for all channels considered. Given the large uncertain
for cosbJ using the preferred form factor, the values deduc
from data are at least qualitatively consistent with the th
retical predictions of Table III, indicating a dominantpp̄

component for the1S0 and a sizablenn̄ component for the
3SD1 protonium wave function. As discussed in Sec. III
precise values for cosbJ are rather sensitive to the isosp
decomposition of the protonium wave function in the an
hilation region. However, the current uncertainties in the
perimental data should be very much improved to allow
more quantitative analysis of the isospin dependence of
NN̄ interaction.

D. Vector dominance model and thepp̄˜gf transition

Measurements on nucleon-antinucleon annihilation re
tions into channels containingf mesons indicate apparen
violations of the Okubo-Zweig-Iizuka~OZI! rule @33#. Ac-
cording to the OZI rule,f can only be produced through it
nonstrange quark-antiquark component, hencef production
should vanish for an ideally mixed vector meson nonet. D
fining the deviation from the ideal mixing angleu0535,3°
by a5u2u0 and asssuming the validity of the OZI rule, on
obtains the theoretically expected ratio of branching ra
@1#:

R~X!5B~NN̄→fX!/B~NN̄→vX!5tan2 a'0.00120.003,
~22!

whereX represents a nonstrange meson or a photon. Re
experiments@33# have provided data on thef/v ratios
which are generally larger than the standard estimate of
-
ve
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~22!. The most notable case is thefg channel forpp̄ anni-
hilation in liquid hydrogen@10#, where data show a dramati
violation of the OZI rule of up to two orders of magnitud
that isR(X5g)'0.3. Substantial OZI rule violations in th
reactionspp̄→Xf can possibly be linked to the presence
strange quark components in the nucleon@39,40#. However,
apparent OZI rule violations can also be generated by c
ventional second-order processes, even if the first-order t
corresponds to a disconnected quark graph@41,42#.

In Refs.@42,11# the apparently large value for the branc
ing ratio B(gf) for pp̄ annihilation in liquid hydrogen is
explained within the framework of the VDM. Using the ex
perimental rates ofB(rf)5(3.461.0)31024 and B(vf)
5(5.362.2)31024 @43# as inputs, the branching rati
B(gf) is given in the VDM by

B~gf!5
f ~g,f!

f ~vV!
~12.01cosb08.5!31027. ~23!

Since thefv and fr channels also violate the OZI rul
estimate,R(X5r)'R(X5v)'1022 @33#, the standardv
2f mixing cannot be the dominant mechanism for the p
duction of thefv and fr channels and the formalism de
veloped in Sec. II cannot be used to determine the ph
structure of the interference term cosb0 for B(gf). Conse-
quently, the interference term cosb0 extracted in thegv re-
action is not necessarily consistent with that of thegf decay
channel. For maximal constructive interference (cosb51)
one obtains an upper limit forB(gf) in the VDM calcula-
tion of

B~gf!52.731025 for f 5k3 @11#,

B~gf!51.531026 for f given by Eq.~19!. ~24!

This is to be compared with the experimental resultB(gf)
5(2.060.4)31025 @10#. The possibility of explaining the
experimental value ofB(gf) in VDM depends again
strongly on the choice of the kinematical form factor. In R
@11# the form f 5k3 is used, appropriate for relative momen
k near threshold, resulting in an upper limit which lie
slightly above the observed rate forB(gf). With the choice
of Eq. ~19! the upper value underestimates the experime
number by an order of magnitude. When we extract the
terference terms cosbJ from the conventional radiative deca
modes with the choicef 5k3, we obtain: cosb1521.32 for
pg, cosb1520.94 for hg, and cosb0520.90 for vg.
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Hence, a near threshold prescription for the kinematical fo
factor in the VDM leads to maximal destructive interferen
for all channels considered, exceeding even the phys
limit in the case ofpg. This would indicate a nearly purenn̄
component in the annihilation range of the protonium wa
functions for both theJ50 and 1 states. These results are
strong conflict with the theoretical expectations for cosbJ
reported in Sec. III B, where at least qualitative consiste
is achieved with the kinematical form factor of Eq.~19!.

Recent experimental results@44# for the reaction cross
section pp̄→ff exceed the simple OZI rule estimate b
about two orders of magnitude. Therefore, in the contex
VDM an additional sizable contribution to the branching r
tio B(gf) might arise, although off-shell, from theff in-
termediate state. With an estimated cross section ofpp̄
→vv of about 5 mb in the energy range of theff produc-
tion experiment, the ratio of cross sections is given
sff /svv'3.5 mb/0.5 mb @44#. Given the measured
branching ratios ofvv @35# and vf @43# we can simply
estimate the ratio of strong transition-matrix elements
annihilation into ff and vf from protonium of
AB(ff)/B(vf)'0.43. For this simple order of magnitud
estimate we assume thatsff /svv is partial wave indepen
dent and phase-space corrections are neglected. With
VDM amplitudeAfg5(A2/3)Arg we obtain an upper limit
of B(gf)'2.331026 with f given by Eq.~19!, where the
contribution of theff intermediate state is now included
Excluding an even further dramatic enhancement of theff

channel forNN̄ S-wave annihilation, inclusion of theff
intermediate state does not alter the conclusions drawn f
the results of Eq.~24!. Hence, the large observed branchi
ratio for gf remains unexplained in the framework of VDM

IV. SUMMARY AND CONCLUSIONS

We have performed a detailed analysis of radiativepp̄
annihilation in the framework of a two-step process, tha
pp̄ annihilates into two-meson channels containing a vec
meson which is subsequently converted into a photon via
VDM. Both processes are consistently formulated in
quark model, which allows us to uniquely identify the sour
of the isospin interference present in radiative transitio
Based on the separability of the transition amplitudeNN̄
→VM, sign and size of the interference terms can be link
to the dominance of either thepp̄ or the nn̄ component of
the 1s protonium wave function in the annihilation regio
hence constitutes a direct test of the isospin dependenc
the NN̄ interaction.

In a first step we directly applied the quark model in
simplified phenomenological approach to the radiativeNN̄
annihilation process. Model predictions are consistent w
data and confirm the usefulness of VDM in the analysis
radiative transitions. In a second step we discussed sign
size of the interference term as expressed by cosbJ (J
50,1). Direct predictions of cosbJ , as calculated for differ-
ent potential models of theNN̄ interaction, are qualitatively
consistent, in that a sizable constructive interference is
duced for radiative annihilation from the atomic1S0 state,
while for the 3S1 state the interference term is vanishing
al
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destructive. These predictions should be tested with m
realistic parametrizations of theNN̄ interaction@31#. Extrac-
tion of the interference effect from data is greatly influenc
by the choice of the kinematical form factor associated w
the transition. Values of cosbJ determined for the preferred
form of Eq. ~19! are qualitatively consistent with our theo
retical study; however, a more quantitative analysis is
stricted by the present uncertainties in the experimental d
Within the consistent approach emerging from the analy
of nonstrange radiative decay modes of protonium, an ex
nation of the measured branching ratio for the OZI su
pressed reactionpp̄→gF cannot be achieved. New mech
nisms, linked to the strangeness content in the nucleon,
possibly be responsible for the dramatic violation of the O
rule in thegF final state.
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APPENDIX A: NUCLEON-ANTINUCLEON
ANNIHILATION INTO TWO MESONS IN THE QUARK

MODEL

In describing the annihilation process ofNN̄→VM where
V5r,v, and M5p0, h, r, v, and h8 we use the A2
model of Fig. 2~a!. Detailed definitions and derivation of thi
particular quark model are found in Refs.@1,13#. The initial
stateNN̄ quantum numbers are defined byi 5ILSJM (I is
the isospin,L is the orbital angular momentum,S is the spin,
andJ is the total angular momentum with projectionM ). For
the final two meson stateVM we specify the angular mo
mentum quantum numbers, withj 1,2 indicating the spin of
mesons 1 and 2,j the total spin coupling andl f the relative
orbital angular momentum. For the transitions of interest
quantum numbers are restricted toL50 and 2, correspond
ing to pp̄ annihilation at rest in liquid hydrogen,j 151, rep-
resenting the vector meson, andl f51, given by parity con-
servation. Taking plane waves for the initial and final-sta
wave functions with relative momentapW andkW , respectively,
the transition-matrix element is given in a partial wave ba
as

TNN̄~ i !→VM5^V~ j 1!M ~ j 2!l f uOA2uNN̄~ i !&

5(
j

^ j 1 j 2m1m2u jm&

3^ j l f mmf uJM&ukW uYl fmf
~ k̂!YLS

JM†~ p̂!

3^VM~ j 1 , j 2 , j ,l f !uuOA2uuNN̄~ i !&. ~A1!

The reduced matrix element of the two-meson transition
given in the A2 model as
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^VMuuOA2uuNN̄~ i !&

5FL,l f
pLexp~2dA2~3/4k211/3p2!^ i→VM&SF. ~A2!

The factorFL,l f
is a positive geometrical constant dependi

on the size parameters of the hadrons for given orbital an
lar momentaL andl f . The exponentials arise from the ove
lap of harmonic oscillator wave functions used for the ha
rons with the coefficientdA2 depending on the size
parametersRN andRM of the nucleon and meson:

dA25
RN

2 RM
2

3RN
2 12RM

2 . ~A3!

The matrix elementŝi→VM&SF are the spin-flavor weights
of the different transitions listed in Table V. Note that wi
the flavor part of the vector mesons defined as

r05
1

A2
~uū2dd̄!, v5

1

A2
~uū1dd̄! ~A4!

the matrix elementŝi→rM & and^ i→vM & have same sign
For the tensor force coupled channel3SD1 the spin-flavor
matrix elements are simply related by a proportionality fa
tor, dependent on the isospin channel, but independent o
VM combination, that is

FL52,l f51^
2I 11,3D1→VM&SF

5C~ I !FL50,l f51^
2I 11,3S1→VM&SF,

C~ I !5S I 50, 2
2A2

5

I 51,
2A2

13

D S 2
1

3

~RN
2 1RM

2 !RN
2

3/2RN
2 1RM

2 D . ~A5!

In coordinate space the protonium wave function, inclu
ing tensor coupling and isospin mixing, is written as

Cpp̄~J,S!5(
L,I

c ILSJ~r !YLS
JM~ r̂ !. ~A6!

Inserting this wave function into the expression for t
transition-matrix element results in

TABLE V. Spin-flavor matrix elementŝi→VM&SF for the de-

cay NN̄(L50)→VM in the A2 quark model. These are relativ
matrix elements obtained from Ref.@1#. Here, hud refers to the

nonstrange flavor combinationhud5(uū1dd̄)/A2.

Decay channel ^ i→VM&SF

11S0→vv 2A243
11S0→r0r0 2A243
31S0→vr0 2A1350
13S1→p0r0 1A450
13S1→hudv 1A450
33S1→p0v 1A338
33S1→hudr

0 1A338
u-

-

-
he

-

TNN̄~ IJ !→VM

5(
j

^ j 1 j 2m1m2u jm&^ j l fmmf uJM&ukW uYl fmf
~ k̂!

3F~k!^ i→VM&SFB~ I ,J!,

F~k![exp~2dA23/4k2!. ~A7!

The distortion due to the initial-state interaction is contain
in the coefficientB(I ,J), which is simply the overlap of the
isospin decomposed protonium wave function with the eff
tive initial form factor arising in the transition. By taking th
Fourier transform of the initial-state form factor contained
Eq. ~A2!, these coefficients for the 1s atomic states of pro-
tonium are defined as

B~ I ,J50!5FL50,l f51~2dA2/3!23/2E
0

`

drr 2

3exp„23r 2/~4dA2!…c I000~r ! for 1S0 ,

B~ I ,J51!5FL50,l f51H ~2dA2/3!23/2

3E
0

`

drr 2 exp„23r 2/~4dA2!…c I011~r !2C~ I !

3~2dA2/3!27/2E
0

`

drr 4 exp„23r 2/~4dA2!…

3c I211~r !J for 3SD1 . ~A8!

The partial decay width for the annihilation of a prot
nium state with total angular momentumJ into two mesons
VM is given by

Gpp̄→VM~ I ,J!52p
EVEM

E
kE dk̂ (

m1m2mf

uTNN̄~ IJ !→VMu2,

~A9!

where E is the total energy andEV,M5AmV,M
2 1kW2 is the

energy of the respective outgoing meson withukW u fixed by
energy conservation. With the explicit form of the transitio
amplitude of Eq.~A7!, the partial decay width is written as

Gpp̄→VM~ I ,J!5 f ~V,M !^ i→VM&SF
2 uB~ I ,J!u2 ~A10!

with the kinematical phase-space factor defined by

f ~V,M !52p
EVEM

E
k3exp~23/2dA2k2!. ~A11!

Taking an admixture of initial states given by their statistic
weight, the branching ratio ofS-wave pp̄ annihilation into
the two meson final stateVM is given by

B~VM!5B~pp̄→VM!5 (
J50,1

~2J11!Gpp̄→VM~ I ,J!

4G tot~J!
.

~A12!
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APPENDIX B: VECTOR MESON-PHOTON CONVERSION
IN THE QUARK MODEL

The transitionV→g @Fig. 2~b!#, whereV5r or v, can be
formulated in the quark model, and related to the phys
process ofV→e1e2. An explicit derivation of the latter
process can be found in Ref.@45#. We just quote the main
results necessary for the discussion of the radiative decay
protonium.

The QQ̄g interaction is defined by the Hamiltonian

HI5eE d3x jem
m ~xW !Am~xW ! ~B1!

with the quark current

j em
m ~xW !5q̄~xW !Qgmq~xW !, ~B2!

whereq(xW ) is the quark field andAm(xW ) the electromagnetic
field given in a free field expansion. For emission of a ph
ton with momentumkW , energyk0, and polarizationem from
a vector meson with momentumpW V we obtain

^g~kW ,em!uHI uV~pW V!&5d~kW2pW V!TV→g ~B3!

with

TV→g5
e~2p!3/2

~2k0!1/2
em* ^0u j em

m ~xW50W !uV&. ~B4!

For the conversion of a vector mesonV into a real photon
only the spatial part of the current matrix element contr
utes. Using standard techniques for the evaluation of the
rent matrix element we obtain

TV→g5
eA6

~2k0!1/2eW•SWTr~QwV!c~rW50! ~B5!

with the quark charge matrixQ and the polarizationSW of the
vector meson. TheQQ̄ flavor wave functionwV is consis-
tently defined as in Eq.~A4! of Appendix A and contributes
to the transition amplitude

Tr~QwV!55
1

A2
for r0

1

3A2
for v.

~B6!

The spatial part of theQQ̄ wave function at the originc(rW
50) is given within the harmonic-oscillator description
l

of

-

-
r-

uc(0)u25(pRM
2 )23/2, where the oscillator parameterRM is

related to the rms radius as^r 2&1/25A3/8RM .
Extending the outlined formalism to the physical dec

processV→e1e2 the decay width is given as@45#

GV→e1e25
16pa2

mV
2 $Tr~QwV!%2uc~0!u2 ~B7!

with a5e2/(4p) and massmV of the vector meson. The
latter result can be compared to the one obtained in the
tor dominance approach resulting for example in@7#

Gr0→e1e25
4p

3

a2mr

f r
2

~B8!

with the decay constantf r . Hence, we can identify

uc~0!u25
mr

3

6 f r
2

, ~B9!

which with the experimental result ofGr0→e1e256.77 yields
f r55.04 or equivalentlyRM53.9 GeV21, very close to the
preferred value obtained in the analysis of strong decay
mesons. Hence, the matrix element for the conversion o
vector meson into a real photon is alternatively written a

TV→g5eW•SW Tr~QwV!
emr

3/2

~2k0!1/2f r

. ~B10!

APPENDIX C: MATRIX ELEMENTS AND DECAY WIDTH
IN RADIATIVE ANNIHILATION

In the following we present details for the evaluation
the matrix element of Eq.~6!, which is explicitly written as

TNN̄~ IJ !→VM→gM5(
m1

^ j 1 j 2m1m2u jm&

3^ j l fmmf uJM&ukW uYl fmf
~ k̂!

3^VMuuOA2uuNN̄~ IJ !&eW•SW ~m1!AVg ,

~C1!

wherel f51 andj 51, for the processes considered. The re
tive final-state momentumkW and the photon polarizationeW
are written in a spherical basis as

ukW uY1mf
~ k̂!5A 3

4p
kmf

and eW•SW ~m1!5em1
, ~C2!

which together with Eq.~C1! leads to the result
TNN̄~ IJ !→VM→gM5A 3

4p
AVg^VMuuOA2uuNN̄~ IJ !&

i

A2 H ~e3kW !M for j 250,J51 ~M5p0,h!,

~2 !m2

A3
~e3kW !2m2

for j 251, J50 ~M5r0,v!.
~C3!
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Consequently, for the processNN̄→V1V2→g1g2 the
transition-matrix element is determined as

T~NN̄~ IJ !→V1V2→g1g2!

5(
m2

em2
~2!AV2gT~NN̄→V1V2→g1V2!

5
1

A4p
AV1gAV1g^V1V2uuOA2uuNN̄~ IJ !&

3
i

A2
~eW~1!3kW !•eW~2!, ~C4!

whereeW ( i ) refer to the polarization of the photoni.
The derivation of the decay widths for the radiative tra

sitions is examplified here for the processNN̄→gp0. The
corresponding matrix element is obtained by a coherent
of intermediate vector meson statesr andv as

TNN̄~J!→gp05T13SD1→r0p0→gp01T33SD1→vp0→gp0

5A 3

4p

i

A2
~eW3kW !M$Ar0g^r0p0uuO A2uu13SD1&

1Avg^vp0uuO A2uu33SD1&%. ~C5!

The decay width forNN̄→gp0 is then

GNN̄→gp052pr f (
eT ,M

1

2J11
uT~NN̄~J!→gp0!u2

~C6!
og

s

ns

,

-

m

with the final-state density

r f5
Ep0k2

ENN̄
E dk̂, ~C7!

ukW u5k, and the sum is over the two transverse photon po
izationseT and the total projectionM of the NN̄ protonium
with total angular momentumJ. Using

(
eT ,M

E dk̂u~eW3kW !u258pk2 ~C8!

together with the expression for the reduced matrix elem
in Eq. ~2!, we finally obtain

GNN̄→gp05 f ~g,p0!Arg
2 U^13SD1→r0p0&SFB~0,1!

1
1

3
^33SD1→vp0&SFB~1,1!U2

~C9!

with the kinematical phase-space factor defined in analog
Eq. ~A11! as

f ~g,M !52p
EMk4

E
exp~23/2dA2k2!. ~C10!
er,

ey,
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