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Chiral symmetry and three-nucleon forces
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After a brief review of the role three-nucleon forces play in the few-nucleon systems, the chiral-perturbation-
theory approach to these forces is discussed. Construction @gidh@na) leading- and subleading-order Born
terms and pion-rescattering graphs contributing to two-pion-exchange three-nucleon forces is reviewed, and
comparisons are made of the types of such forces that are used today. It is demonstrated that the sleort-range
term of the Tucson-Melbourne force is unnatural in terms of power counting and should be dropped. The class
of two-pion-exchange three-nucleon forces then becomes rather unff8@556-281®9)02401-7

PACS numbegps): 21.30.Fe, 21.45:v, 12.39.Fe, 11.30.Rd

INTRODUCTION Lagrangian(i.e., the same theoyycan lead to different po-
tentials, although they should individually produce identical

Three-nucleon (Bl) forces have come under increasing observables. Coupled to this is the worse problem of unrav-
scrutiny recentlyf 1]. Although these forces are rather weak, eling the underlying strong-interaction physicg., deciding
they play an important role in the theory of few-nucleonon a Lagrangian or equivalent formalism to uda the early
systems, where computational advances permit the calculglays a frequently asked questiphl] was, how does one
tion of new observables that are challenged by experimerdccount for the off-shell nature @¥irtual) pions exchanged
[2,3]. The most-recentsecond-generatigmucleon-nucleon  between nucleons? Faced with such daunting theoretical ob-
(NN) potentials[4,5] fit the entireNN data base rather well stacles, all models were simplified. Nonlocalitgucleon-
(rivaling phenomenological partial-wave analyses in the bestnomentum dependenceas typically ignored, for example.
caseg and lead to predictions for most\3observables that The early history of the field is well reviewed in Refd.2,
are in good agreement with experiment. In a few cases, suctg.
as theA, puzzle[1,2] and the binding energies of few- Since these early beginnings a new formalighd—17]
nucleon ground statg$], there are inadequacies with this has been developed for implementing strong-interaction
methodology that have focused attention on three-nucleophysics in low-momentunifor nucleon$ regimes: chiral
forces. perturbation theoryCPT). This technique implement&p-

All realistic NN forces underbind the tritofv], and small  proximaté chiral symmetry(manifested by the quarks in
differences among them can be traced to nonlocalitiesQCD) in constructing the strong-interaction building blocks,
Three-nucleon forces are incorporated into the Hamiltonianwhich are then assembled @il possible ways in the most
and adjusted to achieve the correct triton binding. With thisgeneral Lagrangian consistent with the symmetry. At the
addition “He is properly bound8], while the two°He p  same time, the entire framework is organized with a power-
levels have a splitting roughly 30% too smidl. Binding of  counting scheme. A successful perturbation theory must
A=6-8 ground and low-lying excited states is too If8y. guarantee that succeeding orders diminish, and chiral sym-

The best studied of these problems is fepuzzle. The metry provides the constraints mandating that more complex
calculated asymmetryA() in neutron-deuteron and proton- calculations(loops, etc. should yield progressively smaller
deuteron scattering at low energies is 25—-30 % too smalkesults, even though strong-interaction coupling constants are
which looks suspiciously similar to theHe problem, since not small. This scheme also provides a testing mechanism
Ay is most sensitive to spin-orbit forces. A recent analysis offor nuclear interactions: naturalness and naive dimensional
the former problem conclud¢4] that reasonable changes in power counting18].
the NN force will not resolve the puzzle and that one should Chiral perturbation theory simplifies the old-fashioned
implement refined Bl force models. Although credible ex- nuclear-physics approach of incorporating into a field theory
amples of these models first began to appear 40 years agdl known meson and baryon resonances with energies less
[10], technical problems associated with nuclear-force conthan some largéarbitrary) cutoff. All such heavy resonances
struction hampered the effort, and general acceptance of su¢tvith the possible exception of the low-lyingisobar, which
forces was delayed until it was demonstrated that gddd  is ignored here for simplicifyare subsumed in short-range
forces could not reproduce the triton binding energy. (pointlike) vertices. In the usual S@) approach this means

Construction of potentials always involves theoreticalthat only pion and nucleon fields contribute explicitly, al-
choices since a potential is a subamplitutgn off-shell part  though the entire zoo of heavy elementary particles contrib-
of an amplitudgthat when iteratedin the Schrdinger equa- utes implicitly to the phenomenological constants of the
tion, for examplé produces observablésn-shell amplitudes theory.
or energies The off-shell question has always been a murky Two scales that set the strength of the Lagrangian build-
one, since it is usually ill defined. Nevertheless, #@ne ing blocks aref,~93 MeV (the pion-decay constgnand
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A~1 GeV(the large-mass QCD scal®verall powers of\ Urbana-Argonng22] model contains a conventional Fujita-
must be negativéi.e., A2, with A=0), since they arise Miyazawa A-mediated force plus an intermediate-range
from the frozen propagation of the heavy states, and interadsospin- and spin-independent component.

tions in the Lagrangian are organized by these powers:
£®). Dimensionful coupling constants in this scheme can be
written as powers of . and A times dimensionless coupling

constants~=*1. The latter requirement is called naturalness. : ° : -
“Unnatural” implies very small or very largécompared to CPT, which allows us to define the theory in a consistent and

1) and of either sign. We will use this test later. transparent way. The relevant parts of the leading-order La-

We wish to examine and compare the two-pion-exchang@rangian(corresponding ta\ =0) £ are given by[20,23
three-nucleon force3NF'’s) that incorporate at least mini-
mal phenomenology fromr-N scattering. There are basi- (o)
cally four types(plus variants of each that we will not

CHIRAL PERTURBATION THEORY

We will make our comparisons using the framework of

=% [#2—(Va)2—m2a?]+ N i9p—

1
F 7 (wX ) N

tread: (1) Tucson-Melbourne forcgll] (the first of this
clasg, based on current-algebra argument®) Brazilian 9A NG V(T "N, 1)
force[19], based on a chiral Lagrangian and a supplemental 2f

current-algebra constraint3) Texas[20] force, based on

chiral perturbation theory; an@4) RuhrPob force [21],  whose three terms correspond to free pions, the free-nucleon
based on nonchiral Lagrangians. Each containsterm (or  energy and Weinberg-Tomozawa two-pion interaction, and
functional equivalentfor swave, isospin-symmetric pions, the usual pion-nucleon interaction. We have simplified the
as well asp-wave pions in both isospin-symmetric and nonlinear realizations of the $@® symmetry [20] and
-antisymmetric configurations, such as might arise from vir-dropped terms that would have added even numbers of pion
tual A-isobar excitation. We note that the august Fuijita-fields to all terms with pion fields; we do not require such
Miyazawa[10] 3NF contained equivalents of all these ele-terms in what follows. In addition, th& =1 Lagrangianz(*

ments (although theswave part was droppedand the

L=

L NTVZN— ! N7 (axVm),- PIN+ 5
m 4f2

is given by[20,23

g NT{T T, p}N}

1 ga 1
+ f_2 NT 2+ C3— am )’ﬂ'z C3(V17)2 ZCJ_m - (C4+ am N)‘Sijksabcngc&iWaajWb N
VAR NNN- 2 dimaNTo; 7eNNT oy 7N+ - 2
f (T ) 2f €ijk€abcliTalN T Tp OkTc (2

where terms with additional pion fields have been dropped, n—a—f € (3a)
and we have not liste20] three separate spin- and isospin-

dependent short-range 3NF terins (NTN)3] with coeffi- e TXT

cientse;. We have also ignored isospin violation. Where N—N-—I 4f ' (3b)

K

appropriate we have adopted the notation of R&7] and
have explicitly incorporated higher-order terms resultingwheree is (a constantinfinitesimal. Under this transforma-
from a nonrelativistic reduction of the pseudovector-tion the three terms in Eql) are separately invariant in the
coupling Born term. The phenomenological coefficients limit of vanishing pion mass, as are the first bracketed term
andd; must be determined from experiment. and each remaining term iV (in the same limit Thus the

We have not written down explicik-isobar contributions ~Lagrangian in Eqs(l) and (2) is term-by-term(as we have
above. They are implicitly included in the phenomenologicalwritten them invariant, except for the pion mass amplterm
coefficients. This hides the fact that those coefficients thatalso conventionally known as theterm): —4m? ‘Ci=0
contain tree-levelA contributions are expected to be larger It is important to note that the Lagrang|aﬁé') are not
than ones that do not by &/(m,—my) factor. The alterna- unique. Redefinition of théunphysical fields leads to other
tive is to include aA field and count it as a nucleon field forms. The form we have chosen satisfies chiral constraints
[20]. This shifts the nominal order of the isobar effects, butin a term-by-term fashion, rather than relying on cancella-
of course not their numerical value, and it unnecessarilftions between sets of terms. It is only important that the
complicates the following discussion. chosen form have sufficient generalifye., enough linearly

For later use we also list infinitesimal generators for theindependent termsDifferent forms will then be physically
(approximate axial symmetry present in this Lagrangian, equivalent on shell, but will in general be different off shell.
where again we ignore terms with more than two pion fieldsOff-shell differences do not affect physical processes. Note
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FIG. 2. Contribution to the three-nucleon force arising from a
pion emitted by nucleon 1 and scattering from nucleon 3 before
being absorbed by nucleon 2.

i © The remaining nine terms af* [labeled byc;, d;, €]
fG. 1 Var " cont © that arise | generate 3NF's of the type in Fig(d [¢4,C3,C4], Fig. 1(d)
s anou; rge-nuc eon- grce componen§ a arlge | dlydz], and Flg Ie) [elieZaeB]- Theﬁz term inE(l) gen-

tseuxt?[leadlng order in chiral perturbation theory, as discussed in th rates contributions af = 3 size(each time derivative is the

' same as a nucleon-energy differenaaed can be neglected.
that the Lagrangian of Reff24], which is based on a nonrel- A wide range of physics is subsumed in each category. The
ativistic reduction of the relativistic pseudovector pion-C3 andc, terms receive important contributions frafniso-
nucleon coupling, used an off-shell extension specified by &ars at the solid circle of Fig.(&), while a heavy scalar-
continuous parametegr. Only the choiceu=1 corresponds isoscalar meson would likewise contribute dp. We note
to Eq. (2) and only that choice satisfies term-by-term chiralthat all of the models we will compare contain this important
symmetry. Amplitudes calculated using various valueg.of physics, either through phenomenological input or via ex-
correspond to a unitary transformation of the Hamiltonianplicit heavy-particle intermediate states.
and therefore do not alter physical amplitudakhough they We summarize by noting that the Born term froff®,
are different off she)l We note[24] that many of the older thec; -rescattering terms, thé one-pion-exchange terms,
papers in the field have implicitly adopted different values ofand the(purely) short-rangee; terms are all nominally the
w [viz,, —1,0,1]. same size, although larg®isobar contributions can be ex-

In order to determine the 3NF t;omina) subleading pected to make some of the terms larger than others. We will
order, we need to calculate the diagrams of Fig. 1. The twiot discuss thel; ande; terms further. This force was first
interaction terms inC©) together with the first two terms in  derived in Ref[20].
£®) are usually called relativistic Born terms and are sepa-

rately calculated usinghg many or@erin_gs ofigs. 1@ and. COMPARISONS
1(c), and then subtracting the iteration of the one-pion- 3 _ N
exchange potentiglOPEB given in Fig. 1b). In the static To facilitate comparisons we adopt the familiar frame-

(leading-order limit (my—), they have long been known Wwork of the Tucson-MelbournéTM) collaboration[11] for

to vanish[25,24. If one works to subleading order, one is the Born-subtracted amplitudg26]:

faced with choices, because different off-shell choices for the ]

subtracted OPEP lead to different forms for the 3NF. Thus S=1-iT, (4a)

the choiceof form for OPEM[to order ¢ /c)?] determines the ) o

form of this (Born-term part of the 3NF. The reader is re- 9a ) o1-Goy- g’
(q

=T=| — _EaB.a_B
ferred to Refs.[20] and [24], where different off-shell ~ Y3NF~ | (21‘” 2+mfr)(q’2+m727)[ Pl

choices are made. The compléjev) off-shell ambiguity is (4b)
discussed in the latter reference, and approximate Lorentz

invariance is demonstrated. The former ambiguity arises t%=—F%=§*la+bg-G' +c(G°+G'?)]

from a nucleon-field transformatiofa “chiral rotation™)

that breaks term-by-term chiral invariance, as we discussed —d(3e*?735-Gxq"), (40

below Eq.(2). Different values ofu have been implicitly

assumed in the past by differing treatments of the Born term¥here o functions, phase-space factors, etc., have been ig-
(see the Appendix of Ref24]). The » dependence arises nored, and the invariant amplitudes [if1,26] have been
through differing treatments of the difference betwéfenur-  €xpanded in Ihy.

vectoh g2 and G2 [see Eq.(4b) below], and is sometimes Equation(4b) is illustrated in Fig. 2, showing nucled®)
called the quasipotential parameter. Different quasipotentig§cattering a pion emitted by nucledf) and absorbed by
equations correspondn pard to different values ofy, and  hucleon(2). The T matrix for 7-N scattering(alone is de-
the valueqd0,1/2,1] have been commonly usgé4]. Differ- notedt?,ﬁ and is usually rewritten in terms &*#, wherea
ent values ofv correspond to different off-shell amplitudes, and 3 are the isospin labels of the initial and final pions. The
but unitarily equivalent on-shell values. Other calculationsfinal expression in Eq(4c) holds for pions that have a low
have ignored part or all of the subleading-order Born-termmomentum €m_). Summing over the symmetric permuta-
contributions. We will ignore the Born terms in what fol- tions of (1), (2), and (3) in Fig. 2 leads to the complete
lows. three-nucleon potential.
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TABLE I. Low-energy CPT coefficients in GeVt from several TABLE II. Low-energy pion-nucleon scattering parameters
recent fits. [with Z-graph(Born) terms removefifor a variety of 2r-exchange
three-nucleon forces. We have also defird=a—2m?2c. The
Fit (o2 Co Ca Cy quanti;iesa anda’ are in units ofm;l, while b, ¢, andd are in units
0(Q?) [28] -0.64 1.78 -3.90 2.25 of m,”.
O(QS) [17] -0.87 3.30 —-5.25 4.12 Three-nucleon force a’ b c d
0(Q%) [29] -0.93 3.34 —-5.29 3.63
0(Q3) [30] ~1.06 3.40 —5.54 3.25 Fujita-Miyazawa[10] 0.0 -115 0.0 -0.29
0(Q3 [31] —1.27 3.23 ~5.0903 3.44 Tucson-Melbourng11,27] -1.03 -2.62 1.03 -0.60
O(Q3) [31] —1.47 3.21 —6.00 3.52 Brazil [19,Zﬂ —-1.05 -2.29 1.05 -0.77
0(Q3 [31] ~153 3.22 —6.19 3.51 Urbana-Argonng22,6]| 0.0 -1.20 0.0 -0.30
Texas[20,3]] -187 -382 00 -1.12
Ruhr(Pof [21] -051 -182 00 -0.48
One easily finds, from Eq2),
Faﬁ_éig Do (Cat Ca)— 26adl. 7 — dcarm Feynman rules derived consistently from a Lagrangian, but
1z [20w"(Co+C3)—2C3G- G —4cimy ] inferred from am-N amplitude derived elsewhere. In a later
paper, a different off-shell amplitudéhe one used in the TM
m3e*PrG5-GX G’ calculation was incorporated. Values of the—d coeffi-
T 5z [cal, ©) cients for popular three-nucleon force models are displayed

m

in Table Il. Note thata=a’+2m?c=1.03mm,, for the TM
wherew and o’ are the initial and final pion energies. We force.

have dropped Born term contributionsdg@ andc, in accor- Given that CPT is a comprehensive approach to calculat-
dance with our earlier discussion. Equati@y together with  ing strong-interaction physics based on chiral symmetry and
the dropped pieces generates the CRIN amplitude to  subsumes current algebia7,33, how can the CPTcorre-
O(Q?). Calculations including loops and new parameters asponding to derivatively coupled pionamplitude[Eq. (5)]
0(Q?%) have also been performed. They have been used witand TM amplitudg Eq. (4c)] differ?

different pieces ofr-N scattering data to determine the co- We answer that question by noticing that the difference
efficientsc; . In Table | we list some of these determinations. resides only in terms that vanish when the pions are on shell
Earlier fits [28,17,29,30 were made to different sets of [aswe shall see in EL1)]. We return to the earlier off-shell
threshold and subthreshold parameters obtained from dispediscussion and follow closely the approach of R88]. Off-

sion analyses of older data. Newer fj&l] were made to shell amplitudes are not unique, and in a field-theoretic cal-
different phase-shift analys¢BSA’s), the last two in Table | ~culation, they depend on the fields chosen to represent pions
including the more modern meson-factory data. TH{&?) and nucleons. Our form was chosen to satisfy chiral symme-
determinations are consistent with each other when their ety term by term, thereby attaining manifest power counting.
ror bars(not shown are considered, except fay, which Current-algebra constraints at certain off-mass-shell points
reflects the higher value for the term in the newer PSA’'s. [26] are not satisfied by our isospin-evertN amplitude
Note that the coefficients,, cz, andc,, which receive F(*) [F*#=§*FF(*)+...]. These points all correspond to
contributions from the\ at tree level, are larger thany, as  vanishing(four-vectoy q-q’, as well asw and o’ (to the

expected 32]. order we work. Consequently, we can ignore the andc,
From the definition(4c) of the (a,b,c,d coefficients, we terms in Eqg.(5) and concentrate on the remaining term,
obtain which can be written in the form
amic o o
a=—7—=—17. (68 Fepr=12. ™
2¢ which holds everywhere.
b= f_zs (6b) Again following Ref.[33], we redefine the pion field as
’ o t
c=0, (60) 7' =7 1=z N'N (8)
d=— Cq ) and work only to ordetA =1 (since c~1/A). Substituting
f2° Eq. (8) into £(9, we generate the extra terms
Note that there is no term and that thea term is opposite in
sign to the ™ result, althoggh, witts<<O andc_4>0, b and ArD=_ —Urz [NTN(,N_/ O +m2a'?)
d are negative and agree with the corresponding TM signs. A m_ o
similar result was found in the first of the Brazil-force papers
[19], where a field-theoretic calculation of isobar contribu- _ 9 NT&-§[7~ ' NTNIN |+ . 9
tions was performed. The term was not calculated using 2f,
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The last term involves four nucleon fields and is not imme-

diately required. The three terms Y andA £ involving
o and two nucleon fields lead to

[oa

-

mEf (10

(q2+q/2_mi),
which agrees with Eq(7) at any on-shell(e.g., Cheng-
Dashen point (g°=q’2=m?2), but vanishes at the Adler
points (@®>=m?, q'?=0, andq’?=m?, g?=0,) and at the
Weinberg point §>=q’2=0) has the valu€s,) = —o/f2.

Equation(10) therefore agrees with the usual current-algebra

constraintd 11,26, as does our entire amplitud€ ") in the
new pion-field basis. Thus there is no conflict here betwee
CPT (with derivatively coupled pionsand an approach
based on current algebra. The only difference is incth@ice

of fields used to specify the chiral Lagrangian, and observPutions from

ables calculated for physical processes must be identical.
In the TM approach it was noted that rewriting Ef0) in
terms ofinversepion propagators,

g

g
Foh =tz + =z (aP-mZ+q?-m)), (1)

allows cancellation of the pion propagators in Fig. 2. The

first (constank term reproduces Eq7) (F&H)). This rear-

rangement amounts to undoing the field transformation
Eq. (8) that led to Eq.(9) and leads to an effective term
(a’) that has a common sign for all modelsa’'=a
—Zmic. Canceling the inverse propagators in the secon

term in Eq.(11) leads to a new short-range-plus-pion-range

3NF:

|

1
+
24+ m2

1
"2+ me

o

f

T T2

(12

>

q

=

)2 q

da
21,

However, a three-nucleon force of the same type is generaterga

by the last term in Eq(9), comprised of four nucleon fields
and one pion field, together with the last term in Eq.
(1): two graphs as in Fig. (@) give

13

This isexactly equal in size and opposite in signthe new
short-range contribution from the off-shell extrapolation of
the 7w-N amplitude, Eq(12). This cancellation is to be ex-
pected, since our origindkchiral) Lagrangian produced no
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can be reproduced in the CPT approach, as well, as we have
demonstrated. It is not enough, however, to worry about just
that scattering amplitude, if one constructs a 3NF. To incor-
porate all of the chiral constraints into the three-nucleon
force, current-algebra constraints on the pion-production am-
plitude from two nucleons would also be necesdéending

to the last term in Eq(9)]: a daunting task in the current-
algebra approach of TM, but one that is unnecessary in our
approach. We emphasize that a detailed analysis of the off-
shell region ofr-N scattering(for examplg is equivalent to

a particular choice of fields an@while interesting is not
necessary for constructing a 3NF.

If one uses the pion-field redefinition in the symmetry
enerators, Eq(3), one finds that the entire Lagrangian
maintains its original symmetry, but that£Y) generates
new noninvariant terms that cancel against additional contri-
£©) (via the new termeaN'N/m2f . in the
pion generatgr One might presume that since all of these
terms violate chiral symmetry this poses no problem. Unfor-
tunately, chiral-symmetry-breaking terms must vanish in the
chiral limit. The additional terms in Eq9) (being just a
redefinition of field$ exactly cancel each other in any on-
shell amplitude. Individually, the two terms do not vanish in
this limit because the presence of theni/ in Eq. (9) re-
moves the implicim? in o, ande/m? does not vanish in the
chiral limit (m,—0). Reiterating, the structure of the addi-
tional terms in Eq.(9) means that they must individually
vanish in that limit, or the entire set of terms must be kept to
allow for exact cancellations between them to restore the

proper limit. Because the TM approa@mplicitly) kept only

the first term in Eq(9), that limit could not be guaranteed for
the three-nucleon force. Another way of saying the same
thing is that dimensional power countifigaturalnessis not
satisfied for thandividual terms in Eq.(9).

One can check this conclusion by dimensional power
counting. An interaction of the form of the last term in Eq.
(9) is chiral-symmetry breaking; if it alone is to be kept, it
has to be implicitly proportional tme and, hence, is nomi-
lly an£® term. Such® coefficients have a generic size
xm2/f3 A3, where the dimensionless coefficienshould be
of order 1. If we equate this ,o/2m?>f3 [the coefficient of
the last term in Eq.(9)], we obtain x~gaoA®/(2m?)
~100, which is vastly unnatural. The unnatural coefficient
[gao/2m2§3] is entirely the result ofr/m2 having a finite
symmetry limit.

We recommend that the short-rangeerm in the TM
force be droppedbut the full value ofa’ in Table Il re-
tained; note that the proper power counting has been main-
tained ina’ by the factor ofme precedingc in the definition
of a’=a—2mc, where now each term in this definition

such terms to start with, and we have just been rearranginganishes in the chiral limit This had been previously advo-

terms since then. In summary, the TM approach used

gated by the Brazil group for reasons having nothing to do

current-algebra representation of the amplitude, performedith symmetry. We note that thd, and d, terms in the

an implicit field redefinition to ou(CPT) choice of fields,

Texas force are also short range in one pair of nucleons and

which resulted in an extra short-range term in their resultof pion range in the other. These parts of that fof@ed the

Why did they have an extra term and we do not?

corresponding terms in the Lagrangiasatisfy chiral con-

The TM calculation was predicated upon current-algebrastraints, as does a fully short-range force of the generic type

constraints on the off-sheit-N scattering amplitude, which

contained in the UA 3NF and shown in Figel
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