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Final conditions in high energy heavy ion collisions
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Motivated by recent experimental observations, we discuss the freeze-out properties of the fireball created in
central heavy ion collisions. We find that the freeze-out parameters, temperatureT, and velocity gradient near
the center of the fireball are similar for different colliding systems and beam energies. This means that the
transverse flow is stronger in collisions of heavy nuclei than that of light ones.@S0556-2813~99!06205-6#

PACS number~s!: 25.75.Ld, 25.75.Dw, 24.10.Lx
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The system that is created in relativistic heavy ion co
sions can have both longitudinal and transverse expan
~see, e.g.,@1#!. In order to study the hadronic experiment
data@2,3#, one needs a description of the final stage of c
lisions. At the region near midrapidity the boundary effe
due to the finite length of the hydrodynamic tube in the lo
gitudinal direction, can be neglected@4#. Then it is possible
to use Bjorken’s model for longitudinal expansion:vL5z/t.
The same quasi-inertial flow is inherent to the Landau mo
at the freeze-out stage@5,6#. In this approach, the paramet
t5At22z2 was introduced to describe the proper time of t
expanding system. For transverse expansion, we will us
rather general picture proposed in Ref.@7# where, due to the
cylindrical symmetry in the transversalr direction, one has
vT(r 50)50 while the derivative of the transverse veloci
near the center of the fireballvT8(r 50)Þ0. The transverse
velocity increases monotonously as a function of radiusr.

The single particle spectra in a pure hydrodynamic pict
without resonance decays are expressed by the integral o
Wigner function over the freeze-out surface:

p0
d3N

d3p
5E dsmpm f ~x,p!. ~1!

The Wigner function f (x,p)5 f th(x,p)r(x), where
f th(x,p) is the local thermal distribution function with a tem
perature parameterT51/b, chemical potentialm, and four-
velocity field u(x)

f th~x,p!5
~2 j 11!

~2p!3

1

exp@bpmum~x!2bm#71
, ~2!

and the function

r~x!}expFa2 @u~r ,yL!2u~0,yL!#2G
5exp$2a@coshyT~r !21#% ~3!

is introduced to describe the finiteness of the relativistica
expanding system in the transverse direction@7#. Note that
the form of the transverse rapidityyT-dependent density is
similar to one used in Ref.@8#. In Eq. ~3!, yL andyT are the
longitudinal and transverse rapidities, respectively, and 1Aa
is the intensity of the transverse flows:
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Aa5
@vT8~0!#21

R̄T

5
hydrodynamical length

transverse radius
. ~4!

For very intensive relativistic transverse flows,a→0. On the
other hand, fora@1 we have nonrelativistic transverse flow
and Eq.~3! simplifies to

r~x!}exp~2r 2/2R̄T
2!, ~5!

provided thatyT(r )!1.
Using the saddle point approximation, we have obtain

from Eq. ~1!, for mTb@1, mT5Am21pT
2 @7#:

d2N

mTdmTdy
}e2(bmT1a)(12 v̄T

2)1/2
, ~6!

where transverse velocity at the saddle pointr̄ (p) is

v̄T[tanhyT„r̄ ~p!…5
bpT

bmT1a
. ~7!

Such an approximation is correct in the region where
hypersurfacet(r ) is smooth:udt/dru!1. Actually, we will
use our approximation in the region where the freeze-
hypersurface is a spacelike one:udt/dru<1. In most models
~see, e.g.,@9#! the final transverse size of this region is larg
than half of the radius of an initial hydrodynamical tube. T
majority of particles are emitted just from this dense ar
The problem of describing the freeze-out stage for other p
ticles is server~see, e.g.,@10#! because the corresponde
part of the hypersurface nearr 5R̄T ~at an early stage of the
evolution! is time like. We do not consider this problem he
and will apply the expression in Eq.~6! for all particles. No
big errors are expected in this approach since the experim
tally observed transverse momentum distributions are all
ponential in shape and the variation in local slope param
as a function ofpT is small @11,12#.

Within the model described in Eqs.~1!–~3!, the transverse
momentum distribution~6! is not very sensitive to the detail
of the velocity profile; see Ref.@7#. In the region where

mT2m!
~bm1a!2

2ba
, ~8!
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one has the relationship

~bmT1a!~12 v̄T
2!1/2'~bm1a!1

ab~mT2m!

~bm1a!
. ~9!

Therefore we can simplify Eq.~6! as

d2N

mTdmTdy
;e2beff(mT2m), ~10!

with1

1/beff5Teff5T1
m

a
. ~11!

This equation connects the slope of the transverse mass
tra with the intensity of transverse flows. The intensity
transverse flows, 1/Aa, is defined by the Eq.~4! and does not
depend onm. However, it depends on the nucleus atom
numberA.

The analysis of the experimentally measured slope par
eters (Teff) as a function of particle mass@11# with two pa-
rametersT anda shows that the freeze-out temperatureT is
approximately constant for different colliding systems
beam energy>10A GeV ~see Fig. 1, top plot!. Hence it is
natural to conclude that the physical condition near the c
ter is also the same for different colliding systems; i.
vT8(0) is constant. From Eq.~4! we obtain

vT8~0!5~aR̄T
2!21/2. ~12!

1The linear dependence of the slope parameter of the transv
momentum distributions on particle mass was obtained early
spherically symmetric nonrelativistic expanding systems in R
@13#.

FIG. 1. The freeze-out temperatureT ~top! and flow velocity
gradient~bottom! calculated atr'0 for T5145 MeV. The set of
data for this calculation is taken from the references listed in Ta
I.
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In our approachR̄T is the Gaussian-like radius of a decayin
system. We assume thatR̄T depends onA only. It means that
in the same collisionsR̄T is unique for different particle spe
cies. The value ofR̄T is connected to the so-called sidewa
interferometry radiusRs @14# which is obtained from the fit
of the experimentally measured two-particle correlati
functions in the sideward direction. Whenv̄T5bpT /(bmT
1a)! 1 ~nonrelativistic approximation! it can be shown
that onlyvT8(0) has an influence on the interferometry ra
and the details of the transverse velocity profilevT(r )
5tanhyT(r) are not important@7,15#.2 Within this approxi-
mation @7,15#, the Gaussian transversal sideward radius
connected toR̄T by

R̄TA a

bmT1a
5RS~pT!. ~13!

Thus, with experimental data ofRS(pT), and b and a

extracted from single particle spectra, theR̄T can be readily
extracted. To minimize the influence of the resonance
cays, the interferometry radius for every analyzed parti
species has to be measured at the point wherepT is large
enough. On the other hand, in order to provide the validity
the nonrelativistic approximation and the correctness of
condition ~8!, the value ofpT should be limited tov̄T!1.

Using the experimental data, listed in Table I, and fixi
the optimal value of temperatureT5145 MeV from the top
plot of Fig. 1, we evaluate the velocity gradient at the cen
of the fireball. The results of the fit are shown in the botto
plot of Fig. 1. There are several interesting points neede
be stressed here. First, the value of the intrinsic tempera
T seems to be a constant~top plot of Fig. 1!. It does not
depend on the size of the colliding system. Furthermore,
collisions at AGS energies (11–15A GeV/c) and SPS ener-
gies (158–200A GeV/c), this parameter is approximatel

rse
r

f.

2Assuming the validity of this approach, we found that, even

the heaviest colliding system Pb1Pb @11#, a56.57 andv̄T50.32.
These values were obtained atmT'0.5 GeV, the measured highe
pair momentum region. For smallerpT and lighter colliding sys-
tems, this assumption works better.

le

TABLE I. Experimental transverse velocity intensity an
sideward radius parameters for different colliding systems. E
bars are statistical only. Note that for the AGS energies, the
parametersRS is taken from two-dimensional fits assuming th
RT5RS . All size parameters are obtained with a cutpT

>0.2 GeV/c.

System 1/Aa RS @fm#

p1p @11# 0.0160.11 0.860.2
S1S @11# 0.2660.10 2.960.2
Pb1Pb @11# 0.3960.12 5.160.4
Si1Al @21# 0.2960.12 2.5660.17
Si1Au @21# 0.3060.12 2.461.1
Au1Au @22# 0.4260.11 3.5760.52
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the same. Second, the valuevT
8 (0) is also close to a constan

being calculated at the constantT ~see the bottom plot of Fig
1!.

It has been noted that the temperature is limited for co
sions at beam energies larger than 11A GeV ~Fig. 2 of Ref.
@11#!. One should note that, although we do not observ
difference invT

8 (0) between the collisions at AGS and SP
energies, it is quite possible that at lower beam energies
gets somewhat different values. The saturation of the free
out temperature might reflect the limiting temperature h
pothesis pointed by Hagedorn some years ago@16,17#. On
the other hand, the constant behavior of the velocity grad
near the center of the fireball is a new result yielded by
present study. It clearly shows that at the final stage,
freeze-out conditions are approximately the same for dif
ent sizes and different beam energies of the collisions.
constant transverse velocity gradient actually means
both the averaged transverse velocity and flow intensity
proportional to the size of the colliding nuclei. Indeed, t
average transverse hydrodynamic velocity that can be ca
lated using the final distribution function~2! is

^vT&5
*~d3p/p0!*dsmpmvT~x! f ~x,p!

*~d3p/p0!*dsmpm f ~x,p!

5
*dsmum~x!r~x!vT~x!

*dsmum~x!r~x!
. ~14!

For t(r )>const at the freeze-out hypersurface we can g
from Eq. ~14!,

^vT&'
* tanhyT~r !coshyT~r !exp@2a coshyT~r !#rdr

*coshyT~r !exp@2a coshyT~r !#rdr
.

~15!

Using the saddle point approximation, in the limit ofa@1,
one can show that the average transverse hydrodynamic
locity is

^vT&'vT8~0!
*exp~2r 2/2R̄T

2!r 2dr

*exp~2r 2/2R̄T
2!rdr

'Ap

2
vT8~0!R̄T5A p

2a
. ~16!

In our notation,v̄TÞ^vT&. The physical meaning is tha
in the saddle point approximation,v̄T is the transverse veloc
ity of the fluid element which gives the main contribution
transverse momentum spectrum at a givenpT . On the other
hand,^vT& is the averaged transverse hydrodynamic veloc
that characterizes whole system. From Eqs.~15! and ~16!,
one can see thata is directly connected tôvT&. Using val-
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ues fora from Table I we find that, in the approximation o
Eq. ~16!, the averaged values of the transverse velocity^vT&
are 0.49c and 0.33c for Pb1Pb and S1S central collisions,
respectively. Formally the averaged velocity^vT& is consis-
tent with zero forp1p collisions although the application o
the thermal model for such collisions remains an open qu
tion. At the freeze-out surface, the effective slopes of spe
for different colliding systems and different mass partic
species can be presented by the nonrelativistic average t
verse hydrodynamic velocity:

Teff'T1
2

p
m^vT&2. ~17!

Note that factor of 2/p appears due to the cylindrical sym
metry of the expanding systems.

The merit of this equation is that by fitting the measur
slope parameter as a function of particle mass, one can s
rate the collective motion from the thermal motion. Ther
fore, the intrinsic freeze-out temperatureT and averaged col-
lective velocity^vT& can be readily extracted from the dat
The measured slope parameters of pions, kaons, and pro
@11# seem to obey the linear mass dependence as give
Eq. ~17!. One new finding from this study is the linear tie o
the averaged transverse velocity^vT& with the radiusR̄T ; see
Eq. ~16!. It is worth mentioning that hydrodynamic argu
ments for the behavior of the slope parameter as a func
of a particle mass are valid as long as the considered par
species remain a part of the fireball and hence are partici
ing in the frequent rescatterings. For those particles wit
high probability of destruction, such a description is n
valid anymore. It is possible that those particles freeze
earlier than the other hadrons which participate in the evo
tion of the system longer. They do not have enough time
acquire a common collective velocity and hence the co
sponding slope parameters could be smaller than those
dicted by Eq.~17!. Indeed, the recent preliminary resul
reported by WA97@18# and NA49@19# show such deviations
for hyperons, particularly for theV particle@20#. In order to
understand the dynamics involved for those particles,
has to take the collision rate for the individual consider
particle into account.

In summary, using a thermal model we analyzed the
cent experimental data from heavy ion collisions. We fou
that the freeze-out temperatureT and velocity gradient at the
center of the fireballvT8(0) can be simultaneously constan
for all colliding systems atEbeam.10A GeV.
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