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Pion scattering from polarized 3He

Q. Zhao and W. R. Gibbs
Department of Physics, New Mexico State University, Las Cruces, New Mexico 88003

~Received 1 June 1998; revised manuscript received 24 February 1999!

The role of the three-body wave function in the scattering of pions from polarized3He is studied. It is found
that for the case of the asymmetry fromp1 scattering, the inclusion of theD state can be very important,
changing the asymmetry calculated by as much as a factor 2–3. Thep2 scattering asymmetry is altered very
little. @S0556-2813~99!04806-2#

PACS number~s!: 25.80.Dj, 25.55.Ci, 25.10.1s
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I. INTRODUCTION

Recent measurements of the asymmetry of scattered p
tive pions from polarized3He @1# indicate a considerable
disagreement from the calculations using multiple scatte
techniques@2# including only theS state of the three-body
system. With only theSstate present all of the nuclear spin
carried by the odd particle, the neutron in this case. Since
amplitude for elastic pion scattering from the neutron is~ap-
proximately! three times smaller at resonance than that
the proton and, since there are two protons, one might
pect that the asymmetry could well be sensitive to
smaller components of the three-body wave function wh
allow the proton to carry the spin. For the charge form fac
there is no interference term between theS and D compo-
nents but for the magnetic case there is an overlap. T
asymmetry measurements provide an appropriate tool to
serve the interference of the large and small components
these reasons we study here the effect of the inclusion o
interference of the two principal small components, theS8
and theD states.

Seminal work on this problem was done by Landau@3#
some years ago. He used the same formalism as had
used for electron scattering, assuming that the same f
factors would be valid for pion scattering, and found go
agreement with the then-existing data. One of the interes
studying pion scattering from the three-nucleon system i
attempt to distinguish scattering from nucleons from scat
ing from extra-nucleonic components of the nucleus. Th
we treat the three-body system from first principles and
what reasonable form factors are required to fit the data.
not claimed that a final result will be presented here, it
only a first step. Other recent work has been done
Kamalovet al. @4#.

While Faddeev calculations are capable of making pre
tions of the wave functions needed based on two- and th
body nucleon-based potentials, we proceed here with a
nomenological form based on general considerations. Fo
study of pion scattering from the three-nucleon system
employ the distorted wave impulse approximation~DWIA !
which reduces the problem to the scattering from one of
nucleons with the ability to include the distortion of the i
cident and final waves by the other two nucleons.

The operator for the spin-dependent interaction of ap1

with 3He is given by
PRC 590556-2813/99/59~6!/3281~11!/$15.00
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z~g01g1t i

z!eiq•r i

5( s ie
iq•r iFgpS 11t i

z

2 D 1gnS 12t i
z

2 D G , ~1!

whereg01g15gp is the proton strength,g02g15gn is the
neutron strength, andq is the difference between the incide
and final wave vectorsq5k2k8. For the distorted wave ver
sion it is only necessary to replace the plane wave

eiq•r i→c (2)~k8,r i !c
(1)~k,r i !,

where thec are the pion waves distorted by the interacti
with the other nucleons. Since bilinear products of the wa
function are symmetric, we need take only one term of
operator and multiply by a factor of 3. To carry out th
procedure it is necessary to have a characterization of
different states of this system.

We mention here a problem that exists in pion scatter
from the three-nucleon system at higher momentum tra
fers. The large-angle measurements have revealed tha
cross section rises at back angles. The shape looks
much like a form-factor effect but, while it is possible to fin
a density which will fit this shape, it does not seem to
reasonable physically. While this is an interesting probl
and is under study, we consider it to be beyond the scop
the present work.

We will calculate the matrix element of the operator giv
in Eq. ~1! between the initial and final ground states of3He
using distorted waves for the pion. Section II reviews t
group theoretic basis for the wave functions. In Sec. III t
expressions are derived for the overlap of the dominant
small-component wave functions. Section IV presents
approximate forms for the controlling functions. Section
develops the formalism used for the distorted waves
Secs. VI and VII give the principal results and some conc
sions.

II. CHARACTERIZATION OF THE PRINCIPAL STATES

The basic problem in the presentation of states of
three-nucleon system is that of satisfying certain fundam
tal principles in hadronic physics, namely,~1! conservation
of total angular momentum,~2! conservation of isospin, and
~3! the Pauli principle. This general procedure has be
3281 ©1999 The American Physical Society
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known for some time@5–8#. In the present work we follow
to a large extent, the development of Ref.@9#.

In order to treat the first requirement we must discuss
possible functions of angular momentum and spin. Since
spatial coordinates of the three-body system~center of mass
motion removed! can be reduced to two vectors, the on
total orbital angular momentum functions possible from
bilinear combination can be written as@10#

TL
M~r ,r 8!5A5

6
rr 8( C1,1,L

m,m8,MY1
m~r !Y1

m8~r 8!. ~2!

These basis functions of the rotation group of representa
L can then be combined with spin functions to obtain to
angular momentum functions. SinceL can take on the value
of 0, 1, and 2 the states are classified asS, P, andD states. As
has been known for a long time there is more than one p
sibility for each angular momentum. We shall attempt
choose only the most important among these states in o
to be able to extract some information about the system

For the three-nucleon system we must deal with state
the permutation group. While the overall state must
purely antisymmetric to satisfy the Pauli principle, it must
built out of states of mixed symmetry. For three bodies th
exist symmetric states, antisymmetric states, and state
mixed symmetry. For spin and isospin there exist only
symmetric and mixed states. Since there are only two va
of the variables, the antisymmetric state vanishes identica
Under the exchange of the coordinates the states follow
rule given in Table I.

From fundamental basis functions we can often bu
more complex functions with desired characteristics. Giv
two functions ~say $ca ,cb% and $ha ,hb%) which satisfy
Table I we can always generate another set by the relat

js5
1

A2
~cbhb1caha!, j s̄5

1

A2
~cahb2cbha!,

ja5
1

A2
~cbhb2caha!, jb5

1

A2
~cahb1cbha!. ~3!

In this way we will generate the fully antisymmetric stat
needed from mixed symmetry states of spin, space, and
spin.

The possible~orthonormal! states for either spin or iso
spin projection1 1

2 are given by

TABLE I. Permutation table showing the action of the perm
tation operators on the symmetric, antisymmetric, and mixed sta

Note that the subscripts̄ ~and nota) denotes antisymmetric.

P23 P12 P13

cs cs cs cs

c s̄ 2c s̄ 2c s̄ 2c s̄

ca ca
1
2 (A3cb2ca) 2

1
2 (A3cb1ca)

cb 2cb
1
2 (cb1A3ca) 1

2 (cb2A3ca)
e
e

n
l

s-

er

of
e

e
of

e
es
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e

n

s
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U12 sL 5
1

A3
~ u↓↑↑&1u↑↓↑&1u↑↑↓&), ~4!

U12 aL 5
1

A6
~2u↓↑↑&2u↑↓↑&2u↑↑↓&),

U12 bL 5
1

A2
~ u↑↓↑&2u↑↑↓&). ~5!

The symmetric state belongs to total spin3
2 and the mixed

states to total spin12 . Spin ~isospin! projections of2 1
2 are

obtained by reversing the direction of all arrows.
The projection operators for proton and neutron~or

spin-up and spin-down! are given by

Pp[
1

2
~11t 1

z!, Pn[
1

2
~12t 1

z!. ~6!

The effect of the projection operators on these states is

Ppua&5
1

3
~ ua&2A2us&), Pnua&5

1

3
~2ua&1A2us&),

Ppub&5ub&, Pnub&50,

Ppus&5
1

3
~2A2ua&12us&), Pnus&5

1

3
~A2ua&1us&).

~7!

We distinguish between the spin and isospin spinors with
subscriptS or I. From these states we can construct a se
spin-isospin states

us&SI5
1

A2
~ ub&Sub& I1ua&Sua& I),

us̄&SI5
1

A2
~ ua&Sub& I2ub&Sua& I),

ua&SI5
1

A2
~ ub&Sub& I2ua&Sua& I),

ub&SI5
1

A2
~ ua&Sub& I1ub&Sua& I). ~8!

Turning to the spatial functions, we takera and rb to be
the Jacoby variables defined by

ra5
1

A3
~2r12r22r3!, rb5r22r3 , R5r11r21r3 .

~9!

Note that

r a
21r b

25
2

3
~r 12

2 1r 23
2 1r 13

2 ! ~10!

and

s.
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r15
R

3
1

ra

A3
, r25

R

3
2

ra

2A3
1

rb

2
, r35

R

3
2

ra

2A3
2

rb

2
.

~11!

With this definition the variablesra andrb themselves satisfy
Table I.

A. S state wave function

From Eq.~2! with L50 we find, setting, in turn,r5ra ,
r 85ra ; r5rb , r 85rb ; and r5ra , r 85rb , three functions
which are scalars under rotation in space and which tra
form according to the permutation group

xs5r a
21r b

2 , xa5r b
22r a

2 , xb52ra•rb . ~12!

Of course, any function ofr a
21r b

2 will be a symmetric func-
tion as well. The least complex spatial function usually p
vides the largest component of the ground state. We
choose the simplest functions in each category.

The minimalS-state wave function is given by the prod
uct of a symmetric function in space multiplied by an an
symmetric spin-isospin wave function

uS&5
1

4p
S~ tab!us̄&SI , ~13!

where we have used the shorthand notationtab5Ar a
21r b

2.
Since thes wave density is given byS2(tab)/(4p)2 the nor-
malization condition is

15^SuS&5E r a
2r b

2dradrbS2~ tab!. ~14!

If we make the Irving transform@11#

r a5t cosu, r b5t sinu

and use the result

E
0

p/2

cosmu sinnudu5
G@~m11!/2#G@~n11!/2#

2@~m1n!/2#!

for m andn even, the normalization condition becomes

15E t5dt cos2u sin2uduS2~ t !5
p

16E t5dtS2~ t !. ~15!

The density of any one particle will be given by

rs~r !5
rs~r !

4p
5

1

~4p!2E dradrbd~r2ra /A3!S2~ tab!,

~16!

rs~r !53A3E
0

`

r b
2drbS2~Ar b

213r 2!, ~17!

where the normalization*0
`r 2drrs(r )51 holds. The wave

functions and densities for protons and neutrons with spin
and spin down are given by
s-

-
ill

p

p↑
1

3
~ us̄&SI1ub&Sus& I2us&Sub& I)

S~ra ,rb!

4p
,

1

3

S2~ra ,rb!

~4p!2
,

p↓
1

3
~ us̄&SI1ub&SI1us&Sub& I)

S~ra ,rb!

4p
,

1

3

S2~ra ,rb!

~4p!2
,

n↑2
1

3
~ us̄&SI2ub&SI1ub&Sus& I)

S~ra ,rb!

4p
,

1

3

S2~ra ,rb!

~4p!2
,

n↓ 0. ~18!

B. S8 wave function

Since the wave function just described is the domin
one, it is necessary to go to one more level in complexity
include the next order. From the fundamental mixed rep
sentation in space we can construct more general sp
functions of mixed representation to be combined with
mixed spin-isospin representations:

Sa~ra ,rb![
U~ tab!

4p
xa~ra ,rb!,

Sb~ra ,rb![
U~ tab!

4p
xb~ra ,rb!. ~19!

Of course more complicated functions can be construc
using Eqs.~3!

xa
(1)5

1

A2
~xb

22xa
2!, xb

(1)5A2xaxb ,

xa
(2)5

1

A2
~xbxb

(1)2xaxa
(1)!, xb

(2)5
1

A2
~xaxb

(1)1xbxa
(1)!,

xa
(3)5

1

A2
~xbxb

(2)2xaxa
(2)!, xb

(3)5
1

A2
~xaxb

(2)1xbxa
(2)!,

etc. ~20!

Using these mixed representation of the spatial wave fu
tions we can write

uS8&5
1

4p
@Sa~ra ,rb!ub&SI2Sb~ra ,rb!ua&SI] ~21!

with the normalization

15^S8uS8&

5
1

~4p!2E U~ tab!
2@~r b

22r a
2!214~ra•rb!2#dradrb

5E U2~ tab!F ~r b
22r a

2!21
4

3
r a

2r b
2G r a

2r b
2dradrb. ~22!

Using the Irving transform again we find
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15
p

32E t9dtS82~ t !. ~23!

Similar to theS state, the density of one particle is given b

rs8~r !53A3E
0

`

r b
2drbU2~Ar b

213r 2!@~r b
223r 2!214r 2r b

2#.

~24!

The wave functions and densities of the particles are gi
by

p↑
1

9A2
$3Sa@~ ua& I2A2us& I !ub&S1~ ua&S2A2us&S)ub& I ]

2Sb@9ub&Sub& I2~ ua&S2A2us&S)~ ua& I2A2us& I)] %,

1

3
Sa

21
5

9
Sb

2 ,

p↓
1

9A2
@3Sa~2ua&S1A2us&S)ub& I

1Sb~ ua& I2A2us& I)~2ua&S1A2us&S)],
1

3
Sa

21
1

9
Sb

2 ,

n↑
1

9A2
@3Sa~2ua& I1A2us& I)ub&S

1Sb~2ua& I1A2us& I)~ ua&S2A2us&S)],
1

3
Sa

21
1

9
Sb

2 ,

n↓
1

9A2
Sb~2ua& I1A2us& I)~2ua&S1A2us&S)

2

9
Sb

2 .

~25!

C. P-state wave function

For theP state, the coupling to unity in Eq.~2! yields only
one ~antisymmetric! state,

uP&5( C1,1/2,1/2
M ,m,1/2T1

M~ra ,rb!usm&SI , ~26!

wherem represents the spin projection, the isospin project
being held fixed. A quartetP state can be constructed b
using the3

2 spin function, which is always symmetric, an
the symmetric isospin wave function. The probability of th
state is thought to be very small. In any case we will n
consider theP states further since their overlap with theS
state with the operatorsz is zero so that there is no interfe
ence term.

D. D-state wave function

Since theD state must be coupled to spin32 to construct
the spin1

2
3He-T system, and since the spin3

2 wave function
is purely symmetric, we must use a spatial mixed repres
tation to form an antisymmetric wave function. For theD
state Eq.~2! becomes
n

n

t

n-

T2
M~ra ,rb![A5

6
r ar b( C1,1,2

m,m8,MY1
m~ r̂a!Y1

m8~ r̂b!.

~27!

Note that

T2
M~r ,r !5

r 2

A4p
Y2

M~ r̂ !. ~28!

We can now define functions of the correct symmetry for
spatial part of the three-body wave function

fs
M~ra ,rb!5

1

2
@T2

M~rb ,rb!1T2
M~ra ,ra!#, ~29!

fa
M~ra ,rb!5

1

2
@T2

M~rb ,rb!2T2
M~ra ,ra!#;

fb
M~ra ,rb!5T2

M~ra ,rb!. ~30!

Their angular integrals are given by

E dVadVbfs*
M8~ra ,rb!fs

M~ra ,rb!

5E dVadVbfa*
M8~ra ,rb!fa

M~ra ,rb!5dMM8

r a
41r b

4

4

~31!

and

E dVadVbfb*
M8~ra ,rb!fb

M~ra ,rb!5dMM8

5

6
r a

2r b
2 .

~32!

Sincera and rb are variables which satisfy the permutatio
group~Table I! the reader can easily verify that thef ’s do as
well.

Three minimalD-state wave functions can be construct
from the symmetry functions given above as

uDa&5
1

A2
Da~ tab!( @fa

M~ra ,rb!ub& I

2fb
M~ra ,rb!ua& I ]C2,3/2,1/2

M ,m,1/2U32 m L , ~33!

uDb&5
1

A2
Db~ tab!( $@xbfa

M~ra ,rb!

1xafb
M~ra ,rb!#ua& I2@xbfb

M~ra ,rb!

2xafa
M~ra ,rb!#ub& I%C2,3/2,1/2

M ,m,1/2U32 m L , ~34!

and
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uDg&5
1

A2
Dg~ tab!~xbua& I2xaub& I)

3( C2,3/2,1/2
M ,m,1/2fs

M~ra ,rb!U32 m L . ~35!

The normalization of the three symmetric functions is tak
so that

E dradrbDa
2~ tab!ufa

Mu25E dradrbDa
2~ tab!ufb

Mu251,

~36!

E dradrbDb
2~ tab!uxbfa

M1xafb
Mu2

5E dradrbDb
2~ tab!uxbfb

M2xafa
Mu251, ~37!

E dradrbDg
2~ tab!uxbfs

Mu25E dradrbDg
2~ tab!uxafs

Mu251.

~38!

The completeD state can be written as

uD&5
1

A2
( $@2aDafb

M1bDb~ tab!~xbfa
M1xafb

M !

1gDgxbfs
M#ua& I ,1@aDafa

M2bDb~xbfb
M2xafa

M !

2gDgxafs
M#ub& I%C2,3/2,1/2

M ,m,1/2U32 m L . ~39!

Theb D state is orthogonal to the other two but thea andg
states are not orthogonal to each other. We can constru
set of orthogonal states by defining the combinations

A6
M52~Dafb

M6Dgxbfs
M !N6 ,

A0
M5

1

A2
Db~xbfa

M1xafb
M !, ~40!

B6
M5~Dafa

M6Dgxafs
M !N6 ,

B0
M52

1

A2
Db~xbfb

M2xafa
M !, ~41!

with the normalization factors chosen so that

E dradrbuA6u25E dradrbuA0u2

5E dradrbuB6u25E dradrbuB0u251.

~42!

Then, with

C15
a1g

2N1
, C25

a2g

2N2
, C05b, ~43!
n

t a

the wave function can be written as

uD&5
1

A2
( @~C1A1

M1C2A2
M1C0A0

M !ua& I

1~C1B1
M1C2B2

M1C0B0
M !ub& I ]C2,3/2,1/2

M ,m,1/2U32 m L .

~44!

The b and g D states have a more complicated intern
structure than theDa state presented above. TheS8 state is
believed to have a probability of less than 2% and theP state
less than 1% so it is reasonable to believe that theDb andDg
states are also smaller than theDa state. Gibson found tha
their q dependence for small values started with a hig
power @8#.

In the present work we restrict ourselves to thea state
alone. This choice gives a rough approximation to the F
deev results. We now give the formulas for the normalizat
and densities for this state. The density of theDa wave will
be given by

Da
2~ tab!( ~C2,3/2,1/2

M ,m,1/2!2@ ufa
M~ra ,rb!u21ufb

M~ra ,rb!u2#

~45!

and the normalization

15^DauDa&

5E r a
2r b

2dradrbDa
2~ tab!F r a

41r b
4

4
1

5

6
r a

2r b
2G ~46!

5E r a
2r b

2dradrbDa
2~ tab!F r a

4

2
1

5

6
r a

2r b
2G

5
1

2E r a
6r b

2dradrbDa
2~ tab!1

5

6E r a
4r b

4dradrbDa
2~ tab!.

~47!

Using the Irving transform we can rewrite Eq.~47! as

15
1

2E t9cos6u sin2udtduD2~ t !

1
5

6E t9cos4u sin4udtduDa
2~ t ! ~48!

5
1

2

5p

256E0

`

t9Da
2~ t !dt1

3p

256

5

6E0

`

t9Da
2~ t !dt

~49!

5
1

2

5p

256E0

`

t9Da
2~ t !dt1

5p

256

1

2E0

`

t9Da
2~ t !dt

5
5p

256E0

`

t9Da
2~ t !dt. ~50!

The square of thea term of the density integrated on ang
gives
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ra~r a ,r b!5
5

6
Da

2~ tab!r a
2r b

2 ~51!

while theb term gives

rb~r a ,r b!5
1

4
Da

2~ tab!~r a
41r b

4!. ~52!

A more complete treatment of theD states can be found in
Appendix B.

III. OVERLAP BETWEEN THE LARGE AND SMALL
COMPONENTS

We will write the wave function as

u3He&5CSuS&1CS8uS8&1CDuD&. ~53!

In the present work we consider only thea form of the D
state.

A. SS8 overlap

From Eq.~18!, we have

^S8up↑uS&50, ^S8up↓uS&5
1

3
~r b

22r a
2!

S~ra ,rb!U~ra ,rb!

~4p!2
,

^S8un↓uS&50,

^S8un↑uS&52
1

3
~r b

22r a
2!

S~ra ,rb!U~ra ,rb!

~4p!2
. ~54!

While the density looks the same the sign differen
causes the interference with the dominantS state to provide
the major contribution to the radius difference between
even and odd nucleon radii in3He and the triton. The full
integral over all coordinates gives orthogonality of theSand
S8 states but there is a contribution to the rms radius fr
this interference term.

For the expectation value of the spin operator we hav

^S8us1
zuS&52

2

3
~r b

22r a
2!

S~ra ,rb!U~ra ,rb!

~4p!2
,

while

^S8us1
zt 1

zuS&50. ~55!

Hence the plane-wave form factor of the overlap is
e

e

2^S8uOuS&5
24g0CSCs8

~4p!2

3E S~ tab!U~ tab!~r b
22r a

2!eiq•r1dradrb

5212A3g0CSCS8E S~A3r 21r b
2!

3U~A3r 21r b
2!~r b

223r 2! j 0~qr !r 2r b
2drdrb .

~56!

We now define

rss8~r !53A3E r b
2drbS~A3r 21r b

2!U~A3r 21r b
2!~r b

223r 2!,

~57!

so that

2^S8uOuS&524g0CSCS8E r 2drrss8~r ! j 0~qr !

522~gp1gn!CSCS8E r 2drrss8~r ! j 0~qr !.

~58!

B. SD overlap

The overlap of the charge form factor for theS and D
waves is zero since the quartet and doublet spin states
orthogonal. Including the spin operator

^Daup↑uS&52
S~ tab!Da~ tab!

4p
fa~ra ,rb!C2,3/2,1/2

0,1/2,1/2^Daun↑uS&

50,

^Daup↓uS&5
S~ tab!Da~ tab!

4p
fa~ra ,rb!C2,3/2,1/2

0,1/2,1/2^Daun↓uS&

50. ~59!

For theSD overlap we find

^Sus1
zuD&5^Sut 1

zs1
zuD&

52
1

4p
S~ tab!Da~ tab!C2,3/2,1/2

0,1/2,1/22

3
fa

0~ra ,rb!.

~60!

Since the two results are equal, only the protons~the like
particles! will contribute.

Including the factor of 3 for the three terms in the ope
tor, we have for the contribution from the cross term for t
plane-wave result

2^SuOuDa&52
CSCDgp

pA5
E dradrbS~ tab!Da~ tab!

3eiq•r1fa
0~ra ,rb!. ~61!
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Using the relation betweenr1 and ra we see that only one
term of fa

0(ra ,rb) contributes

2^SuOuDa&5CSCDgp

2

4pA5

1

A4p
E dradrbr a

2S~ tab!

3Da~ tab!e
iq•r1Y2

0~ra! ~62!

5CSCDgp

9A3

4pA5

2

A4p
E drdrbr 2

3S~A3r 21r b
2!Da~A3r 21r b

2!

3eiq•rY2
0~r !. ~63!

Defining

rSD~r ![
3A3

4p
r 2E drbS~A3r 21r b

2!Da~A3r 21r b
2!

~64!

53A3r 2E
0

`

r b
2drbS~A3r 21r b

2!Da~A3r 21r b
2!,

~65!

we can write

2^SuOuD&5CSCDgp

6

A20p
E dreiq•rY2

0~ r̂ !rSD~r !

52CSCDgp6A4p

5
Y2

0~q!E r 2dr j 2~qr !rSD~r !.

~66!

Thus

2^SuOuD&53CSCDgpE r 2dr j 2~qr !rSD~r !. ~67!

IV. APPROXIMATE FORMS

To obtain an estimate for the overall scalar functions
fit forms to the neutron and proton Faddeev densities. It
be expected that these functions will tend rapidly to zero
small values of the argument because of the hard core re
sion of the nucleon-nucleon interaction. Since small val
of the argumentt correspond to all three nucleons bein
close together the suppression can be expected to be
strong. This suppression is supplied by the exponential in
denominator of the expressions below.

The forms used were

S~ t !5NS

e2aSt

~ t7/41hS!~11e(cS2t)/bS!
, ~68!

S8~ t !5NS8

e2aS8t

~ t15/41hS8!~11e(cS82t)/bS8!
, ~69!

and
e
n
r
ul-
s

ery
e

D~ t !5ND

e2aDt

~ t15/41hD!~11e(cD2t)/bD!
. ~70!

From S(t), S8(t), and D(t), the densities of3He and 3H
can be reconstructed and from these densities, the proton
neutron distributions of3He and 3H and the charge form
factors of 3He and 3H can be obtained. The parameters
theS(t), S8(t), andD(t) ~shown in Table II! were obtained
from fitting the charge form factors of3He and 3H to Fad-
deev densities with the additional constraint that the rms
dii of 3He and3H nuclei were required to be consistent wi
the experimental results. Figure 1 shows plots of these fu
tions.

V. DISTORTED WAVE CALCULATIONS

The pion-3He amplitude can be written as

A~k,k8!5F~k,k8!1G~k,k8!s• k̂3 k̂8. ~71!

The spin-independent part,F(k,k8), is calculated by means
of a finite range optical model. Although the calculation
done inr space it is finite range and includes the same ph
ics as momentum space models. The techniques used in
case are the same as have been described elsewhere@2,19#.

The spin-dependent part,G(k,k8), is calculated using a
distorted wave impulse approximation. For the case of thS
state the calculation is the same as in Ref.@2#. For theS-S8
interference the expressions for the DWIA are the same
for the pureS state, only the distorted waves are different

For theS-D interference term the expressions are mo
complicated and will be given here. The distorted waves

TABLE II. Parameters for the scalar functions.

a b c h N

S 0.55 0.2855 1.7200 2.0 4.036265
S8 1.00 0.4000 3.3378 1.0 52.54929
D 1.2 0.2000 2.26900 2.0 53.4300

FIG. 1. Overall functions controlling the wave functions. Sol
line: t5/2S(t), dotted line:t9/2D(t), dot-dashed line:t9/2S8(t).
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calculated as due to the scattering from a neutron-proton
since the spin is carried by one of the protons.

The full operator~with its off-shell extension! is taken to
be proportional to

OG~q,q8!5v~q!s•q3q8v~q8!, ~72!

where

v~q![
L21k2

L21q2
. ~73!

Hereq is to be interpreted as2 i¹. The unprimed quantities
act on the incoming pion wave function and the primed o
act on the final pion wave function.

The action ofv(q) can be calculated on a functionf (r )
by

f̃ ~r ![v~2 i¹! f ~r !5E dr 8dqe2 iq•(r2r8) f ~r 8!
L21k2

L21q2
.

~74!

Using a partial-wave expansion forf (r ) and the exponential
the components off (r ) can be transformed each partial wa
at a time. With the wave functions from the scattering fro
the other nucleons denoted byc(k,r ) the transformed wave
functions arec̃(k,r ). For theS-state contribution theG am-
plitude is generated from scattering from the neutron so
distortion of the incoming and outgoing waves is by the p
tons. For theD state the action is on one of the protons so
ir

s

e
-
e

appropriate distortion is from a neutron-proton pair. For t
S8 state there are two cases since the interaction is with a
proton and one neutron.

The G amplitude from theSD interference will be given
by

G~k,k8!53gpCSCDE drc~k,r !OG~q,q8!c~k8,r !.

~75!

Hence it is necessary to evaluate the integral

GSD53gpCSCDE dr @¹c̃~k,r !#

3@¹c̃~k8,r !#Y2
0~r !rSD~r !. ~76!

Using the result

¹ f 3¹g5
f 8L̂g2g8L̂ f

r
1

L̂ f 3L̂g

r 2
, ~77!

where

L̂[r3¹ ~78!

and

L̂mYl
m~ r̂ !5 iAl ~ l 11!Cl ,1,l

m,m,m1mYl
m1m~ r̂ !, ~79!

we can express the result as a sum of radial integrals:
gSD52
3

A5
gpCSCD~2F11F2!, ~80!

F1~u!5(
l ,m

m~21!m sinmu$ f 1
00~ l !Cl ,l ,2

0,0,0Cl ,l ,2
m,2m,0Ql ,m

2 2@ f 1
02~ l !1 f 1

20~ l !#Cl ,l 12,2
0,0,0 Cl ,l 12,2

m,2m,0Ql ,mQl 12,m%, ~81!

F2~u!5(
l ,m

~21!m sinmu$ f 2
00~ l !Cl ,l ,2

0,0,0$@ l ~ l 11!2m~m21!#Cl ,l ,2
m21,2m11,02@ l ~ l 11!2m~m11!#Cl ,l ,2

m11,2m21,0%Ql ,m
2

1 f 2
02~ l !Cl ,l 12,2

0,0,0 $A@ l ~ l 11!2m~m21!#@~ l 12!~ l 13!2m~m21!#Cl ,l ,2
m21,2m11,0

2A@ l ~ l 11!2m~m11!#@~ l 12!~ l 13!2m~m11!#Cl ,l 12,2
m11,2m21,0%Ql ,mQl 12,m%, ~82!
.

and

pt at
where

f 1
l,l8[E

0

`FUl 1l8 ~r !2
Ul 1l~r !

r GUl 1l8~r !rSD~r !dr,

~83!

f 2
l,l8[E

0

`Ul 1l~r !Ul 1l8~r !

r
rSD~r !dr, ~84!

and
Ql ,m[~2l 11!Pl
m~0!A~ l 2umu!!

~ l 1umu!!
. ~85!

Ul(r ) is the pion partial wave function, multiplied byr, com-
ing from the solution of the Schro¨dinger equation modified
to correct for the finite-range effects as discussed above

VI. RESULTS

Figures 2 and 3 show the cross sections obtained
Figs. 4 and 5 the asymmetries forp1andp2 scattering from
3He. There is reasonable agreement with the data exce
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the back angles where a rise is seen in the experime
values which is not reproduced by the theory.

The asymmetries at 100 MeV forp1and 100 and 180
MeV for p2are in good agreement with the data. At 142 a

FIG. 2. Cross sections forp13He scattering. The data are com
pared to DWIA calculations with our fitted densities. Dotted lin
only S-state, dotted-dash line:S state andSD overlap, solid line:S
state plusSS8 overlap andSD overlap.~Full circles: Ref.@12#, open
circles: Ref.@13#, open squares: Ref.@14#, full squares: Ref.@16#,
diamonds: Ref.@15#, and open triangles: Ref.@17#!.

FIG. 3. Cross sections forp23He scattering. The symbols an
lines have the same meaning as in Fig. 2.
tal

d

180 MeV a strong dependence is seen on the inclusion of
S-D interference term. It increases the asymmetry by abo
factor of 2 at 142 MeV and about a factor of 3 at 180 Me
The S-S8 interference leads to a small contribution.

FIG. 4. Asymmetry (Ay) angular distribution forp1-3He elastic
scattering. The curve shows the DWIA calculation with our fitt
densities. dotted line: onlyS-state, dotted-dash line:Sstate andSD
overlap, Solid line:S state plusSS8 overlap andSD overlap.~Full
circles: Ref.@1#, open circles: Ref.@15#.!

FIG. 5. Same as Fig. 4, but forp2-3He elastic scattering.~Full
circles: Ref.@18#, open circles: Ref.@15#.!
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The peak of the asymmetry occurs at the minimum in
cross section, as is very common in many calculations.
interesting to note that the experimental maximum of
asymmetry does not occur at the cross section minimum.
minimum moves to smaller angles at the resonance wh
the nucleus becomes ‘‘blacker’’ and then to larger angles
the absorption decreases in both the theory and the ex
ment.

VII. CONCLUSIONS

We have included the contribution of the interference
tween the dominantSstate and the smallerD andS8 states to
the spin-dependent amplitude for pion3He scattering in a
distorted wave calculation. We have presented scalar fu
tions representing the three-body system in a ‘‘minima
approximation. At the 33 resonance we find these effect
be important~at least for thep1 case!. Any theory attempt-
ing to fit this data should include these smaller compone
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APPENDIX A: EXPLICIT EXPRESSIONS

With N5A15/2(1/8p) we can write

T2
2~ra ,rb!5N@xaxb2yayb1 i ~xayb1yaxb!#, ~A1!

T2
1~ra ,rb!52N@xazb1zaxb1 i ~yazb1zayb!#,

T2
0~ra ,rb!5N8@3zazb2ra•rb#, ~A2!

whereN85NA2/3. Explicit forms are

fa
0~ra ,rb!5

1

2
N8~3zb

223za
22r b

21r a
2!,

fa
1~ra ,rb!5N@xaza1xbzb1 i ~yaza1ybzb!#, ~A3!

fa
2~ra ,rb!5

1

2
N@xb

22yb
22xa

21ya
212i ~xbyb2xaya!#.

~A4!

Under the replacement

Ra5
rb1ra

A2
, Rb5

rb2ra

A2
, ~A5!

fs
M~Ra ,Rb!5fs

M~ra ,rb!,

fa
M~Ra ,Rb!52fb

M~ra ,rb!, fb
M~Ra ,Rb!5fa

M~ra ,rb!.
~A6!

APPENDIX B: COMPLETE D STATES

The square of thea term of the density integrated o
angle gives
e
is
e
he
re
s
ri-

-

c-
’
to

s.

-

ra~r a ,r b!5a2Da
2 Pbb1

1

2
b2Db

2~Pbbaa12Pabab1Paabb!

2A2abDaDb~Pbab1Pabb!2agDaDgPbbs

1A2bgDbDg~Pbbas1Pabbs!1g2Dg
2Pbbss,

~B1!

while theb term gives

rb~r a ,r b!5a2Da
2 Paa1

1

2
b2Db

2~Pbbbb22Pabab1Paaaa!

2A2abDaDb~Pbab2Paaa!,

2agDaDgPaas1A2bgDbDg~Pabbss2Paaas!

1g2Dg
2Paass, ~B2!

where theP functions are defined as

Pi j 5E dVadVbf i
M* ~ra ,rb!f j

M~ra ,rb!, ~B3!

Pi jk5E dVadVbx i~ra ,rb!f j
M* ~ra ,rb!fk

M~ra ,rb!,

~B4!

Pi jkl 5E dVadVbx i~ra ,rb!x j~ra ,rb!

3fk
M* ~ra ,rb!f l

M~ra ,rb!, ~B5!

and are given in Table III. Of interest also~for the calcula-
tion of the normalization and the rms radius! are the integrals

TABLE III. Functions which make up thed-state densities. The
column labeledNn contains a common factor ofp/33210 and that
labeledRn p/33210.

Integral Function Nn Rn

Paa
1
4 (r a

41r b
4) 30 30

Pbb
5
6 r a

2r b
2 30 30

Paaa
1
4 (r b

22r a
2)(r a

41r b
4) 0 215

Pabb
5
6 (r b

22r a
2)r a

2r b
2 0 25

Pbab
1
3 (r b

22r a
2)r a

2r b
2 0 22

Paas
1
4 (r b

22r a
2)(r b

42r a
4) 12 12

Pbbs
1
3 r a

2r b
2(r b

21r a
2) 12 12

Paaaa
1
4 (r b

22r a
2)2(r a

41r b
4) 9 9

Paabb
5
6 (r b

22r a
2)2r a

2r b
2 5 5

Pbbaa
1
3 r a

2r b
2(r a

41r b
42

4
5 r a

2r b
2) 5 5

Pabab
1
3 (r b

22r a
2)2r a

2r b
2 2 2

Pbbbb
6
5 r a

4r b
4 9 9

Paaas
1
4 (r b

22r a
2)2(r b

42r a
4) 0 26

Pbbas
1
3 r a

2r b
2(r b

42r a
4) 0 22

Pabbs
1
3 r a

2r b
2(r b

42r a
4) 0 22

Paass
1
4 (r b

22r a
2)2(r a

41r b
4) 9 9

Pbbss
1
3 r a

2r b
2(r a

41r b
41

4
5 r a

2r b
2) 9 9
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E r a
2drar b

2drbD2~ tab!P~r a ,r b!5NnE tnD2~ t !dt,

~B6!

and

E r a
4drar b

2drbD2~ tab!P~r a ,r b!5RnE tn12D2~ t !dt,

~B7!

wheren is the dimension of theP function plus 5. The con-
L.
. R

-

y

e

stants in front of the integral on the right hand side can
obtained with the Irving transformation and are given
Table III:

Pi j 5Pji , Pi jk5Pik j , Pi jkl 5Pjikl 5Pi jlk .

All P’s with an odd number of indicesb vanish under the
angular integration. AllP’s with an odd number of indicesa
vanish under the Irving integration.
r-
s.

.
C

s,
.

.
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