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Comparative study of superdeformed and highly deformed bands in theA;60 mass region
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Superdeformed and highly deformed rotational bands in theA;60 mass region are studied within cranked
relativistic mean field theory and the configuration-dependent cranked Nilsson-Strutinsky approach. Both
approaches describe the experimental data well. Low values of the dynamic moments of inertiaJ(2) compared
with the kinematic moments of inertiaJ(1) seen both in experiment and in calculations at high rotational
frequencies indicate the high energy cost to build the states at high spin and reflect the limited angular
momentum content in these configurations.@S0556-2813~99!05906-3#

PACS number~s!: 27.40.1z, 27.50.1e, 21.10.Re, 21.60.Jz
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I. INTRODUCTION

Extremely fast rotating nuclei are interesting laborator
providing information for test of theoretical models at e
treme conditions~large angular momentum and/or deform
tion, limit of angular momentum in the rotational band
etc.!. At high rotational frequencies pairing correlations a
considerably quenched and can often be neglected. A m
interesting nuclear region is the one withA;60 (N'Z
'30), where a large variety of rotational structures such
~smooth! terminating, highly deformed, and superdeform
~SD! rotational bands are expected to be observed up to
high rotational frequencies in the same nucleus. The62Zn
nucleus@1,2# represents a first example of this variety.

Of special interest are the SD bands in this region si
they extend to the highest rotational frequenc
(;1.8 MeV) observed so far in SD bands. The fact that
predicted SD band in the doubly magic superdeform
nucleus60Zn @3# has been observed@4# and that it is linked to
the low-spin level scheme is another attractive point. Thi
because by means of an effective alignment~or similar! ap-
proach@5,6#, it becomes possible to map not only relati
spin values as in theA;140–150 mass region~see Refs.
@6,7#!, but also absolute spin values in the unlinked SD a
highly deformed bands. Then, in SD bands with little infl
ence of pairing correlations, it will be possible to make
comparison between experiment and theory, not only
those physical observables which can be extracted with
knowing absolute spin values~like dynamic moment of in-
ertia J(2) and the transition quadrupole momentQt), but
also, for the first time, for observables which cannot be
tracted without such knowledge~like the kinematic momen
of inertia J(1) and the evolution of the excitation energ
within a band as a function of spin!.

In the present article, a comparative study of the rece
observed highly deformed band in58Cu @8# and the SD
bands in 60,62Zn @1,4# is presented. In addition, the gener
features of SD and highly deformed bands in this mass
gion of A;60 are outlined.
PRC 590556-2813/99/59~6!/3166~6!/$15.00
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II. THEORETICAL TOOLS AND DETAILS
OF CALCULATIONS

Our theoretical tools are cranked relativistic mean fie
~CRMF! theory @9,10# and the configuration-depende
cranked Nilsson-Strutinsky~CNS! approach@11,12#. In rela-
tivistic mean field~RMF! theory the nucleus is described a
a system of pointlike nucleons represented by Dirac spin
and coupled to mesons and to the photon. The nucleons
teract by the exchange of several mesons, namely, the s
s and three vector particles:v, r, and the photon. CRMF
theory represents the extension of RMF theory to the rota
frame. CRMF theory is a fully self-consistent theory. On t
contrary, in the CNS approach the total energy is descri
as a sum of the rotating liquid drop energy and the sh
correction energy. This leaves some room for inconsisten
between macroscopic and microscopic parts as illustra
for example, in Refs.@13,14#. However, it is commonly ac-
cepted that the CNS approach provides a reasonable des
tion of the nuclear many-body problem. Both models ha
been very successful in describing different aspects of
bands in theA;140–150 mass region~see, e.g.,@7,15# and
@6,13#!. The details of the formalisms of these two a
proaches can be found in Refs.@7,15# and in Refs.@11,12#,
respectively.

CRMF calculations have been performed with three
rametrizations of the RMF Lagrangian~NL1 @16#, NL3 @17#,
and NLSH@18#! in order to define the force best suited f
the description of rotational properties of the nuclei withN
'Z. Since the results with NL3 are rather close to the on
with NLSH, they are not shown in all figures. The spat
components of the vector mesons~nuclear magnetism! play
an extremely important role for the description of mome
of inertia @19#. They are taken into account in a fully sel
consistent way.

The cranked relativistic mean field equations are solved
the basis of a deformed harmonic oscillator. A basis def
mation of b050.2 has been used. All bosonic states bel
the energy cutoffEB

cut-off<16.5\v0
B and all fermionic states

below the energy cut-offEF
cut-off<13.5\v0

F have been used
in the diagonalization. The increase of the fermionic spa
3166 ©1999 The American Physical Society



p
ig
la
o
o-
m
ve

he
-

un
ly

b
u
r

si
n

el

th

le
-
ll

es

sc
n

ir-

ie
ta
a

ti
h

ig

in

-

e

be
ap-
the

the

ies
of
-
the
-

he

el:

F
he

son

icle
neu-
f the
MF

ass
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compared with the truncation scheme used in Ref.@7# was
necessary because in the present study, we compare ex
mental and calculated excitation energies relative to a r
rotor reference which requires high accuracy in the calcu
tion of energies. Note, however, that the energy cut-
EF

cut-off<11.5\v0
F provides a rather good description of m

ments of inertia and the quadrupole and hexadecapole
ments, and thus it can be used for a more systematic in
tigation.

In the CNS calculations, the Nilsson potential with t
standard set of parameters@11# has been used. In both ap
proaches, pairing correlations are not taken into acco
Therefore, the results can be considered as realistic on
the region of high spins, say,I>15\. However, for some
configurations the paired band crossings at low spin will
blocked and thus, in these cases, the results of the calc
tions are not expected to deviate significantly from expe
ment even at lower spin values; for details see the discus
in Ref. @15#. To label the configurations we use the shortha
notation@p1p2 ,n1n2# wherep1(n1) is the number of proton
~neutron! f 7/2 holes andp2(n2) is the number of proton~neu-
tron! g9/2 particles. Superscripts to the configuration lab
~e.g.,@22,22#1) and orbital labels~e.g.,@413#3/21) are used
to indicate the sign of the signaturer for that configuration
(r 561) or that orbital (r 56 i ).

III. RESULTS AND DISCUSSION

According to the CRMF and the CNS approaches,
doubly magic SD band in60Zn has a@22,22#1 structure in
the notation defined above. In this configuration, all sing
particle levels below theZ5N530 SD shell gaps are occu
pied ~see Fig. 1!. At the spins of interest, this band is we
separated from excited SD configurations~see Fig. 3 in
Ref. @4#!. The experimental observables (J(1), J(2) at
Vx>1.1 MeV andQt) are well described in both approach
@see Figs. 2~c!, 2~d!, and 4, below#. At Vx;0.95 MeV, the
observed band undergoes a paired band crossing, the de
tion of which is not addressed in the present calculatio
Note that this is aN5Z nucleus; so the proton-neutron pa
ing correlations could play some role at high spin.

Contrary to 60Zn, the bands in58Cu and 62Zn are not
linked to the low-spin level scheme and thus their parit
and spins are not known experimentally. One way to es
lish these quantities is to use an effective alignment appro
@5#. The effective alignment between bandsA and B is de-
fined ~see Ref.@5#! as i eff

A,B(Vx)5I B(Vx)2I A(Vx). BandA
in the lighter nucleus is taken as a reference: so the effec
alignment measures the effect of additional particles. T
practical application of this approach is illustrated in F
3~a! where the calculatedi eff’s between the@21,21#2 con-
figuration in 58Cu and the@22,24#1 configuration in62Zn are
compared with experimentali eff’s in the 58Cu/62Zn pair. The
‘‘experimental’’ i eff are drawn using the spin values given
the caption to Fig. 3, where the fixed spin value ofI 059 for
the lowest observed state in the58Cu band is consistent with
the results of the analysis below. The values ofI 0 should be
chosen according to the signaturer of the assigned configu
ration, e.g., even values ofI 0 for r 51. It is clear that it is
only for the value ofI 0518 for the lowest state in the62Zn
band that a good agreement is obtained between ‘‘exp
eri-
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Note thati eff@A(I 0

A)/B(I 0
B)#5 i eff@A(I 0

A1n)/B(I 0
B1n)# (n

is an integer!; i.e., the effective alignment approach can
used to determine relative spin values. Therefore, this
proach is particularly relevant in the present case where
absolute spin values are known for the SD band in60Zn. It
should thus be possible to obtain absolute spin values for
unlinked highly deformed band in58Cu and the SD band in

FIG. 1. Bottom panel: neutron single-particle energ
~Routhians! in the self-consistent rotating potential as a function
the rotational frequencyVx calculated in CRMF theory with param
eter set NLSH. They are given along the deformation path of
lowest SD configuration@22,22#1 in 60Zn. Solid, short-dashed, dot
dashed, and dotted lines indicate (p51,r 52 i ), (p51,r 5
1 i ), (p52,r 51 i ), and (p52,r 52 i ) orbitals, respectively. At
Vx50.0 MeV, the single-particle orbitals are labeled by t
asymptotic quantum numbers@NnzL#V ~Nilsson quantum num-
bers! of the dominant component of the wave function. Top pan
the single-particle states around theN530 SD shell gap calculated
with the Nilsson potential and three parametrizations of RM
theory at the corresponding equilibrium deformations of t
@22,22#1 configuration in 60Zn at Vx50.0 MeV. It is only in the
CRMF calculations that the energies are absolute, in the Nils
potential the energies are shifted so that theN530 SD shell gaps
coincide roughly in both approaches. The relative single-part
energies are approximately the same for the protons as for the
trons, but the absolute proton energies are higher because o
Coulomb energy. The fact that the spectrum is less dense in R
theory than in the Nilsson potential is related to low effective m
(m* /m'0.6) in RMF theory.
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FIG. 2. Kinematic J(1) ~un-
linked solid circles! and dynamic
J(2) ~open circles! moments of in-
ertia of observed bands versus th
ones of assigned calculated co
figurations. The notation of lines
is given in the figure. The values
of J(1) calculated with NL3 are
typically in between the ones ob
tained with NL1 and NLSH, so
for simplicity they are not shown.
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62Zn. The comparison of calculated and ‘‘experimental’’ e
fective alignments in the pairs58Cu/60Zn and60Zn/62Zn @see
Fig. 3~b!# indicates that the configurations@21,21#2 and
@22,24#1 are most likely candidates for the bands observ
in 58Cu and 62Zn, respectively. The configuration@21,21#2

in 58Cu is calculated to be energetically favored over a c
siderable spin range in both approaches and also in
cranked Hartree-Fock approach with Skyrme forces@8#. The
@22,24#1 configuration will be discussed below. With the
d

-
he

configuration assignments, the lowest transition in the hig
deformed band of58Cu with the transition energy of 830
keV corresponds to a spin change of 111→91 and the low-
est transition in the SD band of62Zn with the transition
energy of 1993 keV corresponds to a spin change of 21

→181. Thus the bands in58Cu and62Zn are observed up to
231 and 301, respectively. The corresponding experimen
values ofJ(2) andJ(1) ~under these spin assignments! and, in
addition, the experimental effective alignment in th
tal values
ulated

s
t

ith
FIG. 3. Experimental and calculated effective alignments. Large symbols on shaded background are used for the experimen
while different types of lines@with symbols in panel~c!# are used for the values calculated in the different models. The compared calc
configurations differ in the occupation of the orbitals shown in the panels. The experimental effective alignment between bandsA andB is
indicated asA/B. The experimentali eff values are shown at the transition energies of the band indicated by an asterisk~* !. In panel~a!, the
‘‘experimental’’ i eff values are drawn assuming a fixed spin value ofI 059 for the lowest observed state in the58Cu band and different spin
valuesI 0516 ~i!, I 0518 ~j!, andI 0520 ~k! for the lowest state in the62Zn band. In panels~a! and~b!, solid symbols are used for the value
of i eff which result from our preferred spin assignments for the bands in58Cu and62Zn. Open symbols in panel~a! show that the agreemen
becomes much worse for other spin assignments consistent with the signatures of the@21,21#2 58Cu and@22,24#1 62Zn configurations; see
text for details. In panels~b! and ~c!, the configuration@22,22#1 is used for the SD band in60Zn. The comparison in panel~c! shows that
no reasonable agreement is obtained for the@22,22#1 and@22,23#6 62Zn configurations which were considered in Ref.@1#. In this panel the
same type of symbols~open or solid! are used for experimental and theoretical values ofi eff which should be compared to be consistent w
the signature of the different bands.



n

o

e

t
e
it

.
n
o

en
le
ls
e
tn

ed
a-
ion
ll
MF
of

the
r

ke
er-

to
the
ith
of
e

tter
in

er
i-

as

of
F
tood

o-
te

gly
eir

of
nds

ic
y
tia

at

ting

-

are

not
d-
a-
-
its

ie
co
dic
an
ith
re
er
en

.

PRC 59 3169COMPARATIVE STUDY OF SUPERDEFORMED AND . . .
58Cu/62Zn pair are reproduced rather well in the calculatio
@see Figs. 2 and 3~a!#.

The experimentalJ(1) andJ(2) moments of inertia of the
62Zn band are somewhat better described in CRMF the
than in the CNS approach@see Figs. 2~e! and ~f!#. The fact
that the last experimental point inJ(2) is overestimated in the
CRMF calculations is possibly due to an interaction betwe
the occupied@431#3/21 and unoccupied@431#1/21 orbitals
~see bottom panel of Fig. 1!. One should note, however, tha
the configuration@22,24#1 in 62Zn is not calculated as th
lowest SD configuration. In the spin range of interest,
energy above the lowest SD solution is'1 –1.5 MeV in
CRMF theory ~see, for example, Ref. @20#! and
'0.5–1.0 MeV in the CNS approach. In Ref.@1#, the 62Zn
configurations@22,22#1 and @22,23#6, which are calculated
lowest in energy, were considered instead~see also Refs
@20,21#!. However, especially when compared with the ba
in 60Zn, it becomes evident that the experimental values
i eff cannot be reproduced for these configuration assignm
@see Fig. 3~c!#. The configuration with only one neutron ho
in the f 7/2 orbital can be excluded for similar reasons but a
because its signature partner is calculated degenerat
energy contrary to experiment where no signature par
band has been observed so far.

FIG. 4. Bottom panel: calculated~lines! and experimental~sym-
bols! bands shown relative to a rigid rotor reference. The energ
of calculated states indicated by arrows are normalized to the
responding experimental states. The shaded area is used to in
the possible size of pairing correlations at low spin in the SD b
of 60Zn. The results with NL3 are rather close to the ones w
NLSH; so for simplicity they are not shown. Top panels: measu
transition quadrupole momentsQt ~shaded boxes indicate the upp
and lower limits ofQt and the spin range where they have be
measured! versus calculated ones. Since theQt values calculated
with NL1 and NL3 differ from the ones with NLSH only by
'2 –3%, only the results of calculations with NLSH are shown
s
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The calculated high energy of the configuration assign
to the observed band in62Zn suggests that the parametriz
tions used might not be optimal with respect of descript
of single-particle energies in the vicinity of the SD she
gaps. Note, however, that the CNS approach and CR
theory with three different forces indicate the same group
orbitals in the vicinity of theN5Z530 SD shell gap~see top
panel of Fig. 1!. In both approaches, theN5Z530 SD shell
gap is primarily defined by the energy splitting between
@440#1/2 and@431#3/2 orbitals originating from the intrude
g9/2 subshell. Thus the lowering of theg9/2 subshell by
;0.521 MeV will almost not affect the size of theN5Z
530 SD shell gap but will bring the configuration@22,24#1

in 62Zn closer to the yrast line. Note that this will also ma
the N538 shell gap seen in Fig. 1 smaller due to the low
ing of the @422#5/2 orbital. The observation of other SD
structures in62Zn and neighboring nuclei will be essential
establish the ordering of single-particle levels around
N530 SD shell gap and to determine the accuracy w
which existing theories describe the alignment properties
single-particle orbitals. This should help to clarify how th
models should be further improved to give an even be
description of the variety of rotational structures observed
this mass region.

Considering the distribution of particles and holes ov
high- and low-j orbitals at low spin one obtains the ‘‘max
mum’’ spins of the configurations of the observed bands
I 5291(58Cu), I 5361(60Zn), and I 5401(62Zn). Thus the
bands in 58Cu and 60Zn(62Zn) are three~five! transitions
away from the ‘‘maximum’’ spin. However, the states
‘‘maximum’’ spin are calculated triaxial both in the CRM
and in the CNS approaches. This behavior can be unders
as caused by the interaction between the low-j and high-j
orbitals in theN53 shell and is contrary to the shape ev
lution of bands which terminate in a noncollective prola
(g5160°) or oblate (g52120°) terminating state for
I 5I max. Even so, the properties of these bands are stron
influenced by the limited angular momentum content of th
single-particle configurations. Indeed, several features
these bands are similar to those of smooth terminating ba
observed in theA;110 mass region@12# and in 62,64Zn
@2,22#. Such features are the smooth drop of the dynam
moment of inertiaJ(2) with increasing rotational frequenc
to values much lower than the kinematic moment of iner
J(1). Furthermore, a gradual drop of collectivity~i.e., a drop
of transition quadrupole momentQt) is predicted with in-
creasing spin for both kinds of bands, something which
present has been experimentally confirmed@2,23# only for
smooth terminating bands. Indeed, in theA;60 region, one
can see the gradual transition from the smooth termina
bands in 62,64Zn over the highly deformed band in58Cu to
the SD bands in60,62Zn. Calculations for a number of con
figurations in neighboring nuclei and in68Zn ~see Ref.@24#
for this nucleus! show that the above-mentioned features
common for the SD and highly deformed bands in theA
;60–70 mass region. Thus a rigid-rotor assumption (J(1)

'J(2)) sometimes used in the analysis of SD bands is
valid in this mass region. Indeed, in line with previous stu
ies @25#, we can conclude that it is not so much the deform
tion ~at I 50) of a band which determines if it is rigid-rotor
like or not but rather how far away the band is from
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‘‘maximum’’ spin value. Therefore, it is in general muc
more difficult to find rigid-rotor-like rotational bands in ligh
nuclei because the ‘‘maximum’’ spin within the yrast an
near-yrast configurations is generally much lower than
heavier nuclei. For example, large differences betweenJ(1)

and J(2) are not expected in the SD bands in theA;150
mass region because the ‘‘maximum’’ spin of their config
rations, I max;(150–200)\, is far above the experimentall
accessible spin values~see Ref.@25#!. Thus, the experimenta
study of SD bands in theA;60 region up to their ‘‘maxi-
mum’’ spin values would be very important for general u
derstanding of the very-high-spin properties of SD bands

One should note the important role of the first twof 7/2
holes~in @303#7/2 orbitals at prolate shape! in the stabiliza-
tion of high deformation and superdeformation for nuc
aroundZ5N530. Their influence is twofold. First, they sig
nificantly contribute to the quadrupole moment~see Ref.
@26#!. In this respect the highly deformed and SD bands
the A;60 mass region are similar to the ones in t
A;135 mass region, where the protong9/2 holes play an
important role in stabilization of superdeformation~see Ref.
@27#!. Second, the contribution to the ‘‘maximum’’ spin o
thesef 7/2 holes is comparable with the contribution fromg9/2
particles. For example, full alignment of two highestf 7/2
holes gives 6\, while full alignment of two lowestg9/2 par-
ticles gives 8\ in angular momentum.

The SD and highly deformed bands in theA;60 mass
region are characterized by very large transition energ
reaching 3.2 MeV or more at the top of all three bands st
ied here. For these bands, the excitation energies drawn
tive to the rigid-rotor reference appear to provide the b
measure of how well the theory describes the respons
nuclei to the rotation as illustrated in the bottom panel of F
4. Note, however, that since pairing correlations are
glected in the calculations, the comparison between the
and experiment should be made not with respect to
ground state, but with respect to some high-spin state.
deed, in this kind of plot the difference between differe
approaches and different parametrizations of the RMF the
is more clearly seen compared with the plot of dynamic a
kinematic moments of inertia~see Fig. 2!. Comparing differ-
ent results one can conclude that the best description of
J
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citation energies within bands at high spin is obtained wit
the CRMF theory with the NLSH and NL3 forces for60,62Zn
while the band in58Cu is somewhat better described in th
CNS approach. Concerning relative energies of differ
configurations~not shown in Fig. 4!, none of the approache
give the configuration assigned to the SD band in62Zn as
yrast with somewhat larger discrepancies in the CRMF th
in the CNS approach.

IV. CONCLUSIONS

In conclusion, the cranked relativistic mean field theo
and the configuration-dependent cranked Nilsson-Strutin
approach have been used for a study of superdeformed
highly deformed rotational bands in theA;60 mass region.
Experimental observables like the dynamic moment of in
tia J(2) and the transition quadrupole momentsQt are well
described in both approaches. It was found that a much lo
value of the dynamicJ(2) than the kinematicJ(1) moment of
inertia at high spin is rather a general feature of SD a
highly deformed bands in this mass region, reflecting
limited angular momentum content in these configuratio
Using the fact that the yrast SD band in60Zn is linked to the
low-spin level scheme it was shown that by means of
effective alignment approach, it is possible to establish ab
lute spin values for the unlinked highly deformed and sup
deformed bands in neighboring nuclei. Thus for the first tim
it becomes possible to compare theory with experiment i
direct way also for spin-dependent physical observables
the kinematic moment of inertia,J(1), and excitation energies
as a function of spin,E(I ), for superdeformed bands in th
unpaired regime. It appears likely that it should be possi
to link the bands in58Cu and 62Zn to the low-spin level
scheme in the near future and thus to test the present as
ments experimentally.
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