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Radiative muon capture on O, Al, Si, Ti, Zr, and Ag
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The photon spectra from radiative muon capture~RMC! on O, Al, Si, Ti, Zr, and Ag have been measured for
photon energies greater than 57 MeV using a cylindrical pair spectrometer at the TRIUMF cyclotron. Values
of Rg , the ratio of the radiative rate for photon energies above 57 MeV, to the nonradiative rate, are 1.67
60.18, 1.4060.11, 2.0960.20, 1.3060.12, 1.3160.15, and 1.1260.13, respectively, in units of 1025. The
Al/Si rate difference confirms an earlier result. The Ti/Ca rate difference and the rate suppression in Zr and Ag
are new results which confirm that the RMC rate is a much smoother function of neutron excess than of atomic
number. This suggests that Pauli blocking is relatively more important for radiative capture than for nonradi-
ative capture. The value of the ratio of the induced weak pseudoscalar to axial coupling constants,gp /ga , for
O was found to be 4.960.6, 6.361.1, or 8.122.1

11.8, depending on the theory used to extract it. These values are
in good or fair agreement with the partially conserved axial-vector current~PCAC! hypothesis. For the other
nuclei studied, large model dependences or a lack of detailed RMC calculations made tests of the PCAC
hypothesis difficult.@S0556-2813~99!06305-0#

PACS number~s!: 23.40.Hc, 11.40.Ha, 27.40.1z, 27.50.1e
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I. INTRODUCTION

The form of the weak interaction at low energies wh
hadrons are involved can be studied via semileptonic p
cesses. Fermi first described such processes in terms
contact interaction between weak currents@1#. For a semilep-
tonic process, the weak current is written asJa and can be
decomposed into leptonic and hadronic parts:

Ja~x!5Ja
l ~x!1Ja

h~x!. ~1!

The experimental data on a wide range of leptonic and se
leptonic processes indicate that the lepton fields enter
weak interaction in a purelyV-A ~vector–axial-vector! form
as expected in the standard model. The weak hadronic
rent is less well known, but can be written in a generalV-A
form in terms of Lorentz covariants, hadronic fields, a
form factors. The form factors account for the compos
structure of hadrons, and include the familiar vector a
axial-vector form factorsFV and FA , as well as the ‘‘in-
duced’’ weak magnetic, scalar, pseudoscalar, and te
form factorsFM , FS , FP , andFT @2#. With the exception of
FP , the form factors are either identically zero or weak fun
tions of q2; so it is useful to define a set of coupling co
stantsgi 5v,a,m,s,p,t , which are given by the form factor
evaluated at fixedq2.

Experimental and theoretical constraints on the we
form factors include time reversal invariance,G parity in-
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variance, the conserved vector current~CVC! hypothesis,
andb decay of the neutron. These constraints leavegp as the
coupling constant with the largest experimental uncertain
Early predictions@3,4# of the value ofgp were made using
the partially conserved axial-vector current~PCAC! hypoth-
esis. The more recent chiral perturbation approach@5# pro-
vides the best theoretical value,gp(q2520.88mm

2 )
56.7ga(0)58.4460.23.

Muon capture processes are well suited to the meas
ment ofgp because they involve large momentum transf
and axial-vector currents. The process of radiative muon c
ture ~RMC! on the proton,

m21p→n1nm1g, ~2!

has an easily detected final state particle~the photon!, and
the RMC photon energy spectrum is directly related togp .
Also, because it is the high energy RMC photons that
experimentally observed, the momentum transfer is clos
the pion pole, resulting in an enhancement of the RMC a
plitude by a factor of;3 over ordinary muon capture
~OMC!. However, RMC is a rare process and the first m
surement of the branching ratio on the proton was perform
only recently @6,7#. The ratio of RMC to OMC branching
ratios at the high energy end of the RMC photon spectrum
;1025 and the partial branching ratio in H is 2.131028.
The value ofgp /ga extracted from this rate is larger than th
predicted by the PCAC hypothesis, a fact which has gen
ated some discussion@8,9#. Nevertheless, RMC rates ar
very small and their measurement requires a careful ass
ment of backgrounds.
2853 ©1999 The American Physical Society
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2854 PRC 59P. C. BERGBUSCHet al.
Nuclear RMC is easier to measure than the elemen
process because the rate for muon capture goes asZeff

4 ,
whereZeff is the effective nuclear charge. However, thegp
term in the RMC amplitude is sensitive to pion exchange;
modifications to the pion propagator in the nuclear mediu
nucleon polarizability, short-range nucleon-nucleon corre
tions, and medium modifications of the pion lifetime cou
modify the value ofgp in a nucleus. Furthermore, as a res
of the experimental difficulty in resolving the final nucle
states of the RMC process, nuclear RMC measurements
typically inclusive, which adds a complication due to t
necessary nuclear structure calculations.

Nuclear medium effects common to RMC and OMC c
be reduced if one observes the ratio of RMC to OM
branching ratios. The partial ratio of RMC to OMC rates f
photons withEg.57 MeV is defined asRg and has been
calculated as a function ofgp , along with the RMC photon
spectrum, for several nuclei using various models. Never
less, large model dependences@10# make it unclear whethe
all the nuclear medium effects are removed in this way.

In the present experiment two nuclear medium effe
were studied: a neutron-excess effect between nuclear ne
bors and a quenching of the RMC rate with increasingZ.
Differential and integrated RMC photon spectra were m
sured for six different nuclear targets with naturally occ
ring isotopic abundances. The neutron excess effect
studied in Al and Si targets in order to confirm an effect se
earlier@11#. Ti was chosen for comparison with previous C
results @10,12–15# to see if a neutron excess effect mig
also be present there. Zr and Ag were chosen in orde
investigate the trend of decreasingRg with increasing atomic

FIG. 1. Global view of the RMC photon spectrometer.
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number. Finally, an O target was chosen in order to comp
with earlier O results from PSI@12,16# and TRIUMF @10#.

II. EXPERIMENTAL SETUP

Negatively charged muons from the M9A beam line
TRIUMF @17# were stopped in various targets and then c
tured by target nuclei. A small percentage of the captu
produced photons which were detected by their convers
into e1e2 pairs in a cylindrical Pb sheet and subsequ
tracking in a cylindrical drift chamber. The entire RMC ph
ton spectrometer is shown in Fig. 1. A full description of t
spectrometer, its operation, and the photon and particle
gers used is given in Ref.@18#.

Six nuclear targets, all with naturally occurring isotop
abundances, were used in various states and forms. T
dimensions are listed in Table I. The O target consisted
liquid D2O in a thin polyethylene bag whose cylindric
shape was defined by a Lucite ring and monofilament fish
line. It was supported in the center of the spectrometer
polystyrene foam. Liquid was chosen for its sufficient mu
stopping power, and D2O was used instead of H2O because
the radiative pion capture~RPC! photon background arising
from the charge exchange reaction,p21p→n1p0→2g, is
three orders of magnitude smaller for the deuteron than
for the proton@19#. In addition, the RMC rate for the deu
teron is insignificant compared to that in O.

The Si target consisted of granular Si in a polypropyle
container held at the center of the spectrometer by poly
rene foam. The Al, Zr, and Ag targets consisted of seve
thin, self-supporting metallic plates, and the Ti target of m
tallic shavings, all kept in place by polystyrene foam holde
The motivation for using grains, plates, and shavings, inst
of solid targets, was to reduce photon conversion in the
get.

The C target used for calibration of the spectrometer w
a single disk of graphite, 15.4 cm in diameter and 1.9
thick.

Each target was located 17 cm downstream of the be
counters and was surrounded by two concentric cylinder
scintillation counters. A 0.635-cm-thick veto scintillator wa
placed immediately downstream of the target so that mu
not stopping in the target could be vetoed. An incident mu
was defined by

BM13BM23BM33BM43RFm3V1A1A83MV
~3!

where BM13BM23BM33BM4 is the fourfold beam
counter coincidence,RFm is the muon time-of-flight signa
.
TABLE I. Dimensions of RMC targets. All targets were mounted perpendicular to the beam axis

Target Shape Dimensions No. of foils Spacing of foils

O disk 14.4 cm diam33.0 cm thick 1 –
Al disk 8.5 cm diam30.15 cm thick 10 0.87 cm
Si disk 8.6 cm diam32.0 cm thick 1 –
Ti disk 15.5 cm diam320.0 cm thick 1 –
Zr square 10.0 cm310.0 cm30.025 cm 15 0.69 cm
Ag square 10.0 cm310.0 cm30.037 cm 7 0.96 cm
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PRC 59 2855RADIATIVE MUON CAPTURE ON O, Al, Si, Ti, . . .
derived from the cyclotron,MV is the absence of the mast
veto ~computer busy, low beam rate or equipment faul!,
andV1A1A8 is the absence of a hit in the scintillator laye
surrounding the target or in the veto scintillator downstre
of the target.

III. DATA ANALYSIS

A. Event selection

Event selection criteria based on track fit quality, eve
topology, and kinematics were applied to the spectrom
data. While these cuts are briefly summarized here, a t
ough discussion of them can be found in Refs.@7,11#. The
‘‘Cstrobe’’ cut rejected photons in which none of the scint
lators immediately outside of the Pb converter cylinder fir
This cut removed photons which did not arise from pair p
duction in the converter. The veto cut rejected photons wh
were accompanied by hits in the three layers of scintillat
immediately inside the Pb converter cylinder and which w
in time with the candidate photon. This cut rejected eve
such as bremsstrahlung, in which charged particles acc
panied the photon. The tracking cut selected photons ba
on e1 ande2 track fitting parameters. These parameters
cluded the number of points used in the fit, thex2 of the fit,
and the distance from the center of the spectrometer to
apex of the track. This cut suppressed non-Gaussian tai
the spectrometer response function, and rejected s
bremsstrahlung and cosmic ray photons. The photon cu
lected events based on the topology of the observed pho
Useful parameters included the quality and opening angl
the e1e2 vertex and its proximity to the Pb converter, th
component along the beam axis (z) of the distance of closes
approach between the extrapolated path of the photon
the center of the spectrometer, and the difference in thz
components of thee1 and e2 momenta. This cut remove
photons which originated from locations outside of t
nuclear target. The false photon cut rejected photons c
structed from fortuitous combinations of Michel electron a
conversion positron tracks in the drift chamber. Prompt p
tons were removed by the prompt cut and photons indu
by cosmic rays were removed by the cosmic cut.

B. Backgrounds

Nearly all the events surviving the above cuts are t
photons, but most of them are due to backgrounds suc
bremsstrahlung, radiative pion capture, and, to a much le
extent, cosmic rays. Branching ratios for RPC (;231022)
are three orders of magnitude larger than for RMC
(;1025) and hence present a potentially serious ba
ground. This was effectively removed by time-of-flight sep
ration of pions in the beam and rejection of photons w
prompt timing. The RPC rejection factor can be estimated
comparing the sample RMC spectrum after all cuts to
RPC on C spectrum which was taken as a spectrometer
bration. The peak of the RPC spectrum is near 110 M
while the end point of the RMC spectrum is around 1
MeV. By attributing to RPC all events in the RMC spectru
above 100 MeV, an upper bound on the prompt event re
tion factor was found. Combining the pion content of t
t
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r-

.
-
h
s
e
ts
m-
ed
-

he
in
e

e-
n.

of

nd

n-

-
d

e
as
er

-
-

y
e
li-

V

c-

separated beam (1023) with a prompt event rejection facto
typical for the RMC targets (231027) yielded a total RPC
suppression of 2310210.

Because of the large muon stopping rate in the spectr
eter, bremsstrahlung of Michel electrons and radiative mu
decay ~RMD! presented a large, unavoidable backgrou
with a kinematic endpoint of 53 MeV. These events we
removed by rejecting all photons with energies less than
MeV ~to allow for finite spectrometer energy resolution!.
The remaining muon decay background above 57 MeV,
to muon binding effects and any high-energy tail in the sp
trometer response, was estimated by Monte Carlo sim
tions to be significant only for the O target (;0.8%; for the
other targets, it was,0.2%). These contaminations we
consistent with the number of~non-RMC! photons observed
above 100 MeV.

As cosmic rays enter the spectrometer they can ca
background photons from electromagnetic showers. Th
photons were removed when an accompanying charged t
was recorded in the cosmic ray scintillator/drift chamb
veto layer or when hits were observed in the scintillati
counters which were near the Pb converter and opposite
photon vertex. The cosmic ray background remaining a
hardware and software cuts was measured to be 0.460.1
photons/day in the energy range of interest~57–100 MeV!
@7# and this was at least in part due to cosmic ray neutr
which undergo hadronic production ofp0’s in the spectrom-
eter magnet. Using the live times of the RMC data collect
periods for the targets considered here, this background
determined to be 0.04% for O and<0.02% for all other
targets.

The O and Si measurements required ‘‘empty’’ targ
runs in order to remove photons originating in the targ
containers. In these two cases the properly normalized em
container spectra were subtracted from the full contai
spectra to get the final spectra. The fraction of the obser
number of photons which originate in the target containe
given by f empty, the ratio of the number of photons per inc
dent muon in an empty container run to the number of p
tons per muon in a full container run. Also included inf empty
is a factor which takes into account the differing fraction a
distribution of muons stopping in the container when it is f
or empty. This factor was determined by a Monte Ca
simulation of the known muon beam and target geometry.
indicated in the Appendix,f empty is a small correction, 2.2%
for O and 4.6% for Si.

The photon spectrum obtained from the Si target, at v
ous stages in the above cuts, is shown in Figs. 2 and 3.
final photon spectrum, shown in Fig. 4, is almost entirely d
to RMC in Si, with a few non-RMC photons at high energ
(.100 MeV).

C. Counting RMC photons

The true number of RMC photons above 57 MeV is r
lated to the observed number of RMC photons above
MeV by

Ng.57
true 5

Ng.57
obs F

eveCse trephe f pecepAav
, ~4!
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where thee i are the efficiencies of the veto, Cstrobe, trac
ing, photon, false photon, cosmic, and prompt cuts for pa
ing valid RMC photon events, andAav is the average photon
acceptance of the spectrometer weighted by the RMC s
trum shape from 57 MeV up to the RMC end point.F is a
normalization constant described below. The prod
Aav•e tr•eph was determined as follows: the muon stoppi
distribution in the target was determined by a Monte Ca
simulation of the muon beam@20,21#; photons from a theo-
retical RMC spectrum were propagated isotropically fro
this stopping distribution into the spectrometer whose sim
lated response function was checked against a known R
spectrum; the simulated photon spectrum generated in
way was analyzed using the above tracking and photon c
The number of photons surviving analysis, compared to
original number of photons generated from the target, g
Aav•e tr•eph for a given theoretical input RMC photon spe
trum and target. This approach differed somewhat from p
vious nuclear RMC measurements at TRIUMF@11# done
with the same spectrometer, in which its response and ac
tance were determined analytically, and target-dependen
fects~e.g., photon absorption! were taken into account sepa
rately. Because the simulated data contained only R
photons, and did not take all detector inefficiencies into

FIG. 2. The upper curve and the total area beneath it repre
the photon spectrum fromm2 on Si after the veto, Cstrobe, an
tracking cuts were applied. This spectrum was reduced to
shaded histogram by the additional application of the photon c
There are no photons below;30 MeV because the spectromet
photon acceptance goes to zero at these low energies.

FIG. 3. The upper curve and the total area beneath it repre
the photon spectrum fromm2 on Si after the veto, Cstrobe, track
ing, photon, and cosmic cuts were applied. This spectrum was
duced to the shaded histogram by the additional application of
prompt cut.
-
s-

c-

t

o

-
C
is

ts.
e
e

-

p-
ef-

C
-

count, the remaining efficiencies in Eq.~4! were determined
by measuring the effects of the software cuts on prom
~RPC! photons in the nonprompt~RMC! data. Their values
are listed for each target in Table V, below, in the Append

The calibration of the spectrometer~i.e., the normalization
of the acceptance to a well-known radiative process! was
achieved by comparing simulated and measured RPC ph
spectra from C, where the simulated spectrum was obta
using the energy distribution of Perroudet al. @22#. At the
beginning and/or end of each experimental running per
for each target, the beam was switched fromm2 to p2, and
RPC on C data were taken. These RPC data were analyz
the same way as the RMC data, except that no prompt tim
cut was used. The differing geometries of the C and RM
targets were also taken into account. The resulting branch
ratio of RPC on C was then compared to the weighted av
age of three previous, mutually consistent branching ra
measurements@22,23#, (1.8360.06)%. The ratio of this av-
erage to the value measured in the present experiment
the factorF. The value ofF, listed in the Appendix, is less
than 1.0, indicating that some spectrometer inefficienc
might have been over-estimated in the simulation used
determine the average acceptanceAav or that the true RPC
branching ratio is slightly larger than 1.83%.

The accuracy of the muon stopping distributions det
mined by Monte Carlo simulations was verified by comp
ing the simulated and measured fraction of beam mu
stopping in each target. The good agreement between
shapes of the simulated and measured RPC on C ph
spectra, shown in Fig. 5, and the nearness ofF to 1.0 gave
confidence in the acceptance and calibration determinati
The uncertainty in the acceptance depended on the form
the RMC photon spectrum and the shape of them stopping
distribution used in the Monte Carlo simulation. When t
spectrum was taken bin by bin from theory, the uncertai
was found by varying the muon stopping distribution in t
target.

Photons were generated from two extreme stopping
tributions: a point source at the center of the target an
distribution uniform throughout the target. This was do

FIG. 4. Photon spectrum fromm2 on Si after all software cuts
The bremsstrahlung and RPC photon contributions have been e
nated, as seen by comparison with Figs. 2 and 3. The sharp ed
57 MeV is due to the energy cut used to remove bremsstrah
photons.
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explicity for the Al, Si, and C targets, and the resulting var
tion in the acceptance was found to be<2%. An uncertainty
of 2% was then applied to the acceptance for the other
gets. Because these two extremes in the muon stopping
tribution are unrealistic, the uncertainty in the acceptanc
over- rather than underestimated.

Use of an analytic form of the RMC photon spectrum
which the maximum photon energykmax is used as a fitting
parameter contributed an additional uncertainty to the ab
lute photon acceptance. This uncertainty was determined
evaluating the detector acceptance using spectra with
points ofkmax1Dk andkmax2Dk, whereDk is the error in
kmax as obtained from the fit.

D. Counting µ2 and p2 stops

The true number of muon stops is given by

Nstops
true 5Nstops

obs CbmCsimCoCuCmCMD , ~5!

whereNstops
obs is the number of times the incident muon de

nition as given in Eq.~3! was satisfied. The factorsCi are
defined below and their measured or calculated values
each target are given in the Appendix.

Missed stops due to inefficiencies in the beam coun
were corrected byCbm. The inefficiency of the veto counte
was not important because both the muon stopping frac
in the targets (;96%) and the efficiency of the veto count
(;97%) were large. The factorCsim was determined by a
Monte Carlo beam simulation and corrects form2 stops
which occurred in the target container or the fourth be
counter, and not in the target material itself.Co corrects for
the overcounting ofm2 stops due toe2 in the beam.Cu
corrects for undercounting ofm2 stops due tom2 with in-
correct timing with respect to the cyclotron rf. The correcti
Cm accounts for multiple particles per beam burst, in wh
one or more muons could be missed due to another m
arriving nearby in time. The value ofCMD , calculated using
a Monte Carlo simulation, accounts for situations in whi
e2’s from Michel decay could have vetoed an otherw
valid m2 stop by hitting the downstream veto counter

FIG. 5. Comparison of the known RPC on C photon spectr
@22# after Monte Carlo convolution and software cuts~solid line!, to
the RPC on C photon spectrum measured in the present experi
~error bars!. The Monte Carlo spectrum has been normalized
have the same total number of counts as the measured spectr
-
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by
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added a spuriousm2 stop by returning to fire all four beam
counters in coincidence with the rf time.

For the RPC data, corrections to the observed numbe
incident pions were analogous to those for the obser
number of incident muons, except thatRFm in Eq. ~3! was
replaced byRFp , andCMD in Eq. ~5! was replaced byCpd.
Some pions passed through the beam counters but dec
before reaching the target, thus falsely indicating a stop
pion. The factorCpd corrected for this and was determine
with a Monte Carlo simulation.

The number of true pion stops is then

Np2
true

5Np2
obsCbmCsimCoCuCmCpd. ~6!

E. Determination of Rg and gp /ga

The detector acceptance depends on the photon energ
the determination of the experimental branching ratioRg
~andgp /ga) requires that model RMC spectra be convolut
with the detector response before comparison with the d
Two methods were used to accomplish this. The first,
‘‘integral,’’ method was used when a detailed calculation
the nuclear RMC response was available for the nucleu
question or for nuclei nearby inZ. This was the case for O
Ti, Zr, and Ag. Usinggp /ga as an input, the theoretica
RMC spectrum was calculated. This spectrum was then c
voluted with the spectrometer response function as store
the Monte Carlo simulation. Summing the convoluted sp
trum above 57 MeV and multiplying by the true number
muon captures yielded the predicted number of photons
function of gp /ga . A simple polynomial was then fitted to
this function and the intersection of the polynomial with t
observed number of photons above 57 MeV gave the m
sured value ofgp /ga . A similar procedure was followed
with the branching ratioRg used as the independent variab

The second, or ‘‘shape,’’ method was used for all targe
It uses the ‘‘closure’’ approximation of nuclear RMC, i
which the final state nucleus is assigned an average ex
tion energyEav and the nuclear RMC matrix element
evaluated at this transition energy. Theoretical spectra
fitted to experimental spectra by treatingEav andgp as free
parameters. Various authors@24–29# have calculated the
RMC branching ratios and spectra in the closure approxim
tion, but the extracted values ofgp are extremely sensitive to
Eav. Therefore this model wasnot used in the present analy
sis to determine values ofgp . However, a closure RMC
spectral shape@30,31#

dL~Eg!

dEg
}~122x12x2!x~12x!2 ~7!

was used as a convenient, representative RMC photon s
trum in order to calculate values ofRg . HeredL(Eg)/dEg
is the physical RMC photon spectrum per muon capture
x5Eg /kmax, wherekmax is the maximum RMC photon en
ergy.kmax and its uncertainty were found by fitting the sim
lated closure spectrum to measured RMC spectra. By de
tion,

Rg5E
57

dEg

dL~Eg!

dEg
. ~8!
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2858 PRC 59P. C. BERGBUSCHet al.
As in the integral method, the physical RMC spectru
was convoluted with the spectrometer response func
A(Eg ,E) and the average acceptanceAav was found:

RgAav5E
57

dEE dEgA~Eg ,E!
dL~Eg!

dEg
. ~9!

A(Eg ,E) is the probability of a photon of energyEg being
detected and reconstructed at an energyE. The measured
photon energy spectrumdNg(E)/dE is related to the physi-
cal photon energy spectrum by

F
dNg~E!

dE
5Nstops

true f captureeveCse fpecepe treph

3E dEgA~Eg ,E!
dL~Eg!

dEg
, ~10!

where f captureis the fraction of muons that undergo OMC
the target. Its value for each nucleus has been measured
viously @32# and is given in Table II. Integrating both side
of Eq. ~10! over E.57 MeV and using Eqs.~5! and ~9!
gives the partial branching ratio in terms of observed phot
and muon stops:

Rg5
Ng.57

obs F

f captureAavNstop
obsk

. ~11!

The product of all efficiencies and correction factors is

k5eveCse trephe fpecepCbmCsimCoCuCmCMD . ~12!

If the Monte Carlo simulation exactly reproduces the sp
trometer acceptanceAav, thenNstop

obsk f captureis the number of
simulated photons which must originate in the target in or
to produce the experimentally observed number of photo
The difference from unity of the calibration factorF indi-
cates how well the acceptance was reproduced.

IV. RESULTS

A. Fits to the closure approximation polynomial

Results of the shape method analyses of nuclei from
present work are listed in Table III. Also included are resu
from Ref.@11# as well as recent results from a study of RM
on isotopes of Ni@33#. Quantities used in the calculation o
Rg @Eq. ~11!# are given in the Appendix.

TABLE II. OMC capture fractions and mean muon capture lif
times in nuclear targets@32#.

Nucleus f capture t ~ns!

O 0.184460.0009 1795.462.0
Al 0.609560.0005 864.061.0
Si 0.658760.0005 756.061.0
Ca 0.850860.0007 332.761.5
Ti 0.853060.0006 329.361.3
Zr 0.952960.0004 110.061.0
Ag 0.963460.0006 87.061.5
n

re-

s

-

r
s.

e
s

A comparison of closure RMC spectra to the observ
RMC on O spectrum is shown in Fig. 6. The observed sp
trum is typical of those obtained for other nuclei. Th
branching ratios obtained for Al, Si, and Ti are shown vers
Z in Fig. 7 and versus neutron excessa5(N2Z)/A in Fig.
8. The Al and Si data reveal a;3s difference between thei
Rg values, confirming an earlier observation@11#. Similarly,
Rg for Ti was found to be;4s smaller than an earlier valu
of Rg for Ca which was measured using the same dev
@11#. Values ofRg for Zr and Ag are also shown in Figs.
and 8. They are consistent with measurements on other
clei of similar mass and fit into the generally decreas
trends ofRg versusZ anda.

B. Fits to specific models

The integral method, described in Sec. III E, was used
conjunction with specific nuclear RMC models in order
extract values ofRg andgp /ga from the experimental data
The nuclear RMC amplitude is usually calculated in the i
pulse approximation~IA !, which involves summing the el

TABLE III. Values of Rg , kmax, and the correspondingx2 of fit
as determined by the shape method.a5(N2Z)/A is the neutron
excess, whereA is the atomic mass of the natural element andN
5A2Z.

Z a Rg (1025) kmax ~MeV! x2/NDF Reference

O 8 0 1.6760.18 88.462.3 2.1 a
Al 13 0.0364 1.4060.11 90.161.8 1.5 a

1.4360.13 9062 1.1 b
Si 14 0.00304 2.0960.20 89.461.8 2.7 a

1.9360.18 9262 1.7 b
Ca 20 0.00195 2.0960.19 9362 1.6 b
Ti 22 0.0810 1.3060.12 89.262.0 1.9 a
58Ni 28 0.0345 1.4860.08 9262 1.8 c
60Ni 28 0.0690 1.3960.09 9062 2.0 c
62Ni 28 0.1034 1.0560.06 8962 1.3 c
Zr 40 0.123 1.3160.15 89.263.4 1.2 a
Mo 42 0.124 1.1160.11 9062 0.8 b
Ag 47 0.129 1.1260.13 89.063.2 1.2 a
Sn 50 0.158 0.9860.09 8762 1.1 b
Pb 82 0.208 0.6060.07 8463 0.8 b

aDenotes the results of this experiment.
bDenotes the results of Ref.@11#.
cDenotes the results of Ref.@33#.

FIG. 6. Comparison of the experimental RMC on O phot
spectrum~error bars! with the closure spectral shape of Eq.~7! after
convolution with the spectrometer response and software cuts.
solid line is the spectral shape for the best fit value ofkmax.
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ementary amplitude incoherently over all the protons in
nucleus. The success of the IA requires that interactions
volving two nucleons~via meson-exchange currents! are
negligible. All but one of the nuclear RMC models employ
here use this approximation in conjunction with an approp
ate nuclear response.

Gmitro et al. @34# use a ‘‘modified impulse approxima
tion’’ ~MIA ! by considering nucleon-nucleon interactions v
meson-exchange currents~MEC’s! at the electromagnetic
vertex. The MEC’s are accounted for using constraints wh
follow from continuity of the electromagnetic current. A m
croscopic model~shell model! is used for the initial and fina
state nuclei. The theoretical predictions are similar to th
of the semiphenomenological ‘‘realistic’’ nuclear excitatio
model @35,36#, which avoids the closure approximation b
using the giant dipole~GDR! and giant quadrupole~GQR!
resonances for the final state nuclei.

Roig and Navarro@37# use SU~4! symmetry, a Hartree-
Foch scheme for the target ground state, and sum rule t
niques~which are particularly adapted to the analysis of
clusive processes! to calculate nuclear RMC. Because of th
absence of RMC photon spectra,gp is obtained from the
intersection of the theoreticalRg vs gp curve with the value
of Rg as determined in the closure approximation.

Christillin et al. @31# avoid the closure approximation b
using nuclear response functions calculated in a Fermi
model. Nucleon-nucleon correlations are taken into acco
by introducing an effective nucleon massM* as a free pa-
rameter. The value ofM* (M* 50.5M ) is fixed by fitting
model-predicted OMC rates to experimental data; the mo
then reproduces OMC rates to better than 10% for a la
number of nuclei withZ>42.

Fearing and Welsh have criticized the results of this
proach and instead take a relativistic mean field theory
proach in order to describe medium-to-heavy nuclei@38#. A
relativistic Fermi gas model and a local density approxim
tion, along with realistic nuclear density distributions, we
used to relate the RMC process in infinite nuclear matte
finite nuclei. They predict RMC rates for light, medium, an
heavy nuclei, but state that the theory is valid only forZ
>20. Also, the aim of this model was to assess the reliab

FIG. 7. Rg vs Z for shape method results from Table III. Th
solid squares show the present results and the open squares
the results of Ref.@11#. The stars indicate the recent RMC on N
results@33#.
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with which gp can be extracted from experimental da
rather than make explicit predictions. In fact, implementi
realistic nuclear density distributions results in RMC a
OMC rates that are significantly higher than the experimen
values.

Three calculations of RMC on O@34,35,37# are available
for direct comparison with experiment. However, no nucle
responses have been calculated for Al, Si, Ti, Zr, or Ag.
the absence of such calculations, the naive assumption
the nuclear response for Ti is similar to that for Ca w
made. In this case, three calculations of the nuclear R
response in Ca@34,36,37# are available for use in the extrac
tion of Rg andgp from the Ti data. Under a similar assump
tion the calculated nuclear RMC responses of Mo and
@31# were substituted for those of Zr and Ag, respective
beforeRg and gp values were determined from the Zr an
Ag data. Because no calculations of RMC exist for nuc
nearby inZ, gp was not extracted from the Al or Si dat
using the integral method. The integral method results forRg
andgp /ga for O, Ti, Zr, and Ag are listed in Table IV along
with previous results from other nuclei.

Values ofRg and gp /ga , obtained for O using the inte
gral method, were read directly from Fig. 9. Values ofRg
and gp /ga for Ti, Zr, and Ag were obtained from simila
figures. A comparison of the measured RMC on O pho
spectrum to the simulated spectra obtained using the th
of Gmitro et al. and various values ofgp /ga , is shown in
Fig. 10. A similar comparison using the theory of Christill
and Gmitro is shown in the bottom graph of Fig. 10.

V. DISCUSSION

A. Trends in Rg

The present set ofRg measurements, combined with pr
vious measurements using the same spectrometer, exh
three features. The branching ratios for the neighboring
clei, Al (1.4060.11) and Si (2.0960.20) ~units of 1025),
differ significantly, suggesting thatRg is not a smooth func-
tion of Z. This result confirms earlier measurements of t
same nuclei@11#. A similar effect was observed for the firs
time in the near-neighbor nuclei Ca (2.0960.19) and Ti

how
FIG. 8. Rg vs a ~neutron excess! for shape method results from

Table III. The solid squares show the present results and the o
squares show the results of Ref.@11#. The stars indicate the recen
RMC on Ni results@33#.
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2860 PRC 59P. C. BERGBUSCHet al.
(1.3060.12) ~units of 1025). These two features appear
be due specifically to the RMC part ofRg because the OMC
branching ratio changes by 8% or less within each pair
nuclei ~see Table II!. The third feature is a suppression ofRg
in the nuclei Zr and Ag, which confirms a trend observ
earlier for heavy nuclei@11#. This trend also appears to be a
RMC effect because the OMC branching ratios are ne
independent ofZ and neutron excess for medium and hea
nuclei.

In all three effects an increase in the neutron exces
accompanied by a decrease inRg , indicating that Pauli
blocking of the final state neutron might be responsib
However,Rg is the ratio of RMC to OMC branching ratio
and Pauli blocking reduces the available phase space for
reactions. Additional suppression of RMC relative to OM
is due to the extra final state particle in the RMC react
which further reduces the available phase space. If neu
phase space and Pauli blocking are the responsible me
nisms, thenRg as a function of the neutron excessa, rather
thanZ, should show the clearer trend. A comparison of Fi

TABLE IV. Values of gp /ga and Rg as determined by the in
tegral method. ‘‘CG’’ refers to Christillin and Gmitro@35#; ‘‘GOT’’
refers to Gmitro, Ovchinnikova, and Tetereva@34#; ‘‘RN’’ refers to
Roig and Navarro@37#; ‘‘C’’ refers to Christillin @36#; and ‘‘CRS’’
refers to Christillinet al. @31#.

Z gp /ga Rg (1025) Theory Experiment

O 8 13.561.5 3.860.4 CG g
8.461.9 2.4460.47 CG d
7.360.9 2.2260.23 CG c

13.621.9
11.6 2.1860.21 GOT c

4.960.6 1.5820.15
10.17 CG a

8.122.1
11.8 1.6620.14

10.15 GOT a
6.361.1 1.6760.18 RN a

Ca 20 4.660.9 1.9660.20 C e
6.561.5 2.3520.30

10.32 C f
6.022.9

12.8 2.1520.26
10.27 GOT f

5.960.8 2.2160.15 C b
5.061.7 2.0760.14 GOT b
7.860.9 2.0960.19 RN b
6.321.5

11.0 2.3060.21 C d
5.760.8 2.1860.16 C c
4.621.8

11.7 2.0460.14 GOT c
Ti 22 ,0 1.2620.09

10.11 C a
,0 1.4620.06

10.07 GOT a
3.121.1

10.9 1.3060.12 RN a
Zr 40 1.521.3

11.1 1.4020.14
10.16 CRS a

Mo 42 0.024.1
11.6 1.2660.10 CRS b

Ag 47 2.261.2 1.2120.13
10.15 CRS a

Sn 50 0.127.5
11.4 1.0360.08 CRS b

Pb 82 ,0.2 0.6060.05 CRS b

aDenotes the results of this experiment.
bDenotes the results of Ref.@11#.
cDenotes the results of Ref.@10#.
dDenotes the results of Ref.@12#.
eDenotes the results of Ref.@14#.
fDenotes the results of Ref.@15#.
gDenotes the results of Ref.@16#.
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7 and 8 supports this assertion, with more nuclei lying clo
to the decreasing trend line ina than in Z. The present re-
sults, indicating thatRg is not a smooth function ofZ and
that it is a much smoother function of the neutron excessa,
confirm and extend the conclusions of an earlier study of
neutron excess effect in nickel isotopes@33#.

Of the a50 nuclei only O appears to fit easily into th
trend of Rg vs a. The rates in Si and Ca are significant
higher. This interruption in the trend may be due to colle
tive effects such as giant resonances, which are known t
important, or to Coulomb effects which have been dem
strated by the Fermi gas model of Fearing and Welsh
cause changes inRg .

The theoretical predictions ofRg vs a are compared to
previous and present branching ratios in Figs. 11 and 12

FIG. 9. Ng , the number of RMC photons from O above 5
MeV as a function of the photon rateRg and gp /ga . The middle
dashed curve represents~a! Ng vs Rg as predicted by Christillin and
Gmitro ~CG! @35#, ~b! Ng vs Rg as predicted by Gmitro, Ovchinni
kova, and Tetereva~GOT! @34#, ~c! Ng vs gp /ga as predicted by
Christillin and Gmitro~CG!, and ~d! Ng vs gp /ga as predicted by
Gmitro, Ovchinnikova, and Tetereva~GOT!. In all cases the dashe
curves on either side of the theoretical curve indicate the error in
prediction due to uncertainties in the detector acceptance and
muon stopping distribution. Solid lines bounding the crosshatc
regions denote the error band on the measured number of R
photons after subtraction of the background.



y
d

x-
g-
n

m-

o-

lts
ro

-

ne

ith

.
t
e in

n

was
ctor.
duce
nd

-

the

the
ger

on
ev

cu

d
re

es

l
ot

on-

PRC 59 2861RADIATIVE MUON CAPTURE ON O, Al, Si, Ti, . . .
Fig. 11, the theory of Christillinet al. @31# agrees well with
the experimentalRg vs a plot for a.0.01 andgp /ga50.
The theories of Christillin@36# and Christillin and Gmitro
@35# are included for comparison with the lowZ results
where there is agreement between experiment and theor
the gp /ga56.8 curve. In Fig. 12, the theory of Fearing an
Welsh@38# reproduces the shape of the experimentalRg vsa
plot for a.0.01, but only after the theoretical values ofRg

are scaled by;0.4. A comparison between theory and e
periment forZ,20 is included in the figure, but the Fearin
Welsh model is not expected to be applicable for these
clei.

FIG. 10. Comparison of the experimental RMC on O phot
spectrum with the theories of Gmitro, Ovchinnikova, and Teter
~GOT! @34# and Christillin and Gmitro~CG! @35#. The theoretical
spectra have undergone Monte Carlo convolution and software
and have been normalized to reflect the results in Fig. 9.

FIG. 11. ExperimentalRg vs neutron excessa compared with
the theories of Christillinet al. @31# (Z>40), Christillin @36# (Z
520,a50.00195), and Christillin and Gmitro@35# (Z58,a50).
Experimental values ofRg are shown by the solid circles~present
shape method results! and solid triangles~previous shape metho
results@11,33#!, and are taken from Table III. Theoretical values a
shown by open squares, circles, and triangles connected by lin
guide the eye.
for

u-

B. Oxygen

The experimental and theoretical situation for O is su
marized by the values ofRg and gp /ga listed in Table IV.
The first two measurements of the RMC rate in O were m
tivated by the hope thatgp /ga could be reliably extracted
and therefore provide a test of PCAC in nuclei. Both resu
were analyzed using the theory of Christillin and Gmit
@35#; one @12# led to a value ofgp /ga consistent with the
PCAC predicted value (0.9s above it!, while the other@16#
led to a value 4.5s above the PCAC prediction. A subse
quent measurement ofRg @10#, which agreed with that of
Ref. @12#, was analyzed using two different theories. O
theory @35# produced a value ofgp /ga that was 0.7s above
that predicted by the PCAC hypothesis and consistent w
the measurement of Ref.@12#. The other@34# produced a
much higher value that was 4s above the PCAC prediction
The consistently high values ofgp /ga led to speculation tha
nuclear medium effects might cause an effective increas
gp . The strong model dependence led to doubt thatgp /ga

could be reliably extracted from nuclear RMC.
The present values ofRg are about 30% smaller tha

those of Refs.@12# and @10#. The difference with the latter
measurement may be due to a rate effect error which
present in that detector but absent in the present dete
The three theories used to analyze the present O data pro
gp /ga values in reasonable agreement with the PCAC a
chiral perturbation theory values. Two theories@34,37#
yielded values ofgp /ga consistent with the PCAC hypoth
esis (10.9s and20.3s, respectively!, and one@35# yielded
a value which was low (23.6s). These results display only
a small model dependence and increase confidence in
extracted value ofgp /ga . The nearness ofgp /ga to its
PCAC value indicates that it is unnecessary to invoke
nuclear medium effects that were used to explain the lar
values of earlier results.

a

ts,

to

FIG. 12. ExperimentalRg vs neutron excessa compared with
the theory of Fearing and Welsh@38#, scaled by 0.4. Theoretica
values ofRg for Z,20 are shown even though this model is n
expected to apply to such nuclei. Experimental values ofRg are
shown by the solid circles~present shape method results! and solid
triangles ~previous shape method results@11,33#!, and are taken
from Table III. Theoretical values are shown by open circles c
nected by a dashed line to guide the eye.
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C. Trends in gp /ga

The gp /ga results of the integral method analyses, list
in Table IV, are plotted versus atomic number in Fig. 1
The present values confirm a downward trend ingp /ga ver-
susZ, with nearly all medium-to-heavy nuclei having valu
well below the PCAC value. A downward trend is expect
becauseRg also decreases withZ, but a detailed explanation
of this behavior is beset with several problems. The first
these is the scarcity of detailed calculations of RMC in
but the lightest nuclei. For example, thegp /ga values for Ti
had to be calculated using the nuclear response of Ca, as
ing that Ca and Ti are similar. This assumption appears to
invalid, at least with respect to RMC, when one considers
large difference in theirRg values. For nuclei withZ>40,
the gp /ga values were determined using only the Fermi g
model of Christillinet al. @31#.

Another problem is that while general trends ingp /ga can
be reproduced, a consistent set of absolute values is diffi
to obtain. In Christillin’s Fermi gas model, the observed d

TABLE V. Quantities used to determineRg and gp /ga for O,
Al, Si, Ti, Zr, and Ag.

O Al Si

Ng.57
obs 2637688 3051691 3302696

Nstops
obs 1.29931011 5.41031010 4.01131010

ev 0.961360.0006 0.970560.0010 0.973060.0010
eCs 0.97660.005 0.97660.005 0.97660.005
e fp 0.94560.005 0.96660.005 0.97060.005
ec 0.95860.002 0.94960.004 0.94260.005
ep 0.94060.013 0.92760.009 0.91060.007
Cbm 1.02260.004 1.01960.003 1.01960.002
Csim 0.9955860.00004 0.9978860.00002 0.977160.0002
Co 0.98760.003 0.99160.002 0.990160.0016
Cu 1.00760.002 1.006460.0019 1.005360.0013
Cm 1.02660.005 1.02260.004 1.02160.003
CMD 1.002460.0003 1.001260.0002 1.001460.0003
f empty 0.02260.007 — 0.04660.013
Aave treph 0.007360.0006 0.007560.0004 0.006760.0005
F 0.9460.05 0.9460.05 0.9460.05

Ti Zr Ag

Ng.57
obs 1785659 952639 811634

Nstops
obs 2.68931010 1.49931010 1.57031010

ev 0.90860.003 0.91260.004 0.91360.005
eCs 0.97660.005 0.97660.005 0.97660.005
e fp 0.98160.005 0.98360.002 0.98560.004
ec 0.95460.006 0.93460.003 0.92760.007
ep 0.86960.011 0.7860.03 0.75860.017
Cbm 1.02260.006 1.020860.0014 1.1560.05
Csim 0.9813160.00018 0.959760.0004 0.968260.0003
Co 0.98860.002 0.988760.0010 0.98360.011
Cu 1.01760.005 1.011760.0011 1.00860.009
Cm 1.03060.010 1.030060.0017 1.01760.013
CMD 1.000360.0002 1.000460.0002 1.000360.0002
f empty — — —
Aave treph 0.007560.0005 0.007460.0007 0.006560.0005
F 0.9460.05 0.9460.05 0.9460.05
.
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crease ofgp /ga and Rg with increasingZ arises from a
quenching ofgp with Z. However, the values ofgp /ga re-
quired to reproduce the experimentalRg’s ~see Table IV! do
not agree with the values ofgp /ga required to reproduce the
well-known OMC rates@32#.

Fearing and Welsh@38# were also able to reproduce th
shape of theRg versusa plot for Z.20, but without the
requirement of aZ-dependent quenching ofgp . However,
their values ofRg are roughly 2.5 times larger than exper
mental values, assuming the PCAC value ofgp . They also
find thatRg is quite sensitive to various inputs in the Ferm
gas model, which suggests that it is difficult to extract valu
of gp in this model.

D. RMC in Ti as a background to µ-e conversion

RMC is a major background form-e conversion experi-
ments, many of which use Ti as a target@39#. This back-
ground arises from the asymmetric conversion of RMC p
tons in which a high energy positron is produced. Befo
now, RMC on Ti had never been measured so the exp
mental branching ratio for Ca was used, corrected by a fa
of 0.91 to account for theZ dependence of the RMC to OMC
ratio. To fit the PSI data@39#, a Primakoff polynomial spec-
tral shape was assumed and applied to each Ti isotope.
end point photon energy for each isotope was determined
subtracting from the kinematical RMC end point the sa
amount subtracted in the Ca case. This was found to be
sufficient to describe the observed background; so an a
tional spectrum with a 93 MeV end point was added.

The present measurement of the RMC rate in Ti (Rg
51.3031025) is significantly lower than the 1.9331025 as-
sumed in Ref.@39#. Also, the best fit of the end point energ
kmax to the spectrum is 89.2 MeV, a bit lower than the a

FIG. 13. gp /ga as a function of atomic number. Plotted valu
are from Table IV~integral method results!. The acronyms in the
symbol legend correspond to the different theoretical models u
to extractgp /ga , which are given in full in the caption to Table IV

FIG. 14. Comparison of the experimental RMC on Ti phot
spectrum~error bars! with the closure spectral shape of Eq.~7! after
convolution with the spectrometer response and software cuts.
solid line is the spectral shape for the best fit value ofkmax.
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sumed value of 89.7 MeV for the dominant Ti isotope.
shown in Fig. 14, there appears to be no evidence of R
photons between 89 and 93 MeV, which implies that
observed background inm-e conversion does not result from
the RMC process.

VI. CONCLUSIONS

Values ofRg , the ratio of the radiative muon capture ra
for photon energies.57 MeV to the rate of ordinary muon
capture, have been measured in six nuclei: O, Al, Si, Ti,
and Ag. The observed rate differences between the ne
nuclei Ti and Ca and between Al and Si confirm the obs
vation thatRg is not a smooth function ofZ @11#. The rates
for Zr and Ag confirm the suppression of RMC relative
OMC in heavy nuclei@11#. The present set of rate measur
ments, combined with measurements on specific isoto
@33#, suggests thatRg is a smooth, decreasing function of th
neutron excessa, which in turn suggests that Pauli blockin
of the final state neutron is relatively more important
RMC than in OMC.

Three different theories, each of which included detai
treatments of the nuclear response, were used to obtain
ues ofgp /ga from the measured RMC rate in O. These we
4.960.6 @35#, 8.122.1

11.8 @34#, and 6.361.1 @37#. Two of the
three resulting values are consistent with the PCAC pre
tion of 6.7. The fair or good agreement of the three valu
among themselves indicates a much smaller model de
dence than observed in earlier studies and leads to gre
confidence that meaningful values ofgp /ga can be extracted
from RMC in light nuclei. The agreement with PCAC mak
it unlikely that nuclear medium effects need to be invok
for light nuclei, as they were to explain earlier, larger valu
of gp /ga .

The present values ofgp /ga for other nuclei confirm a
-

W
T.
.

M
G
t,

.
T.
.

. C
C
ay
C
e

r,
by
r-

-
es

d
al-

c-
s
n-
ter

s

downward trend versusZ, with nearly all medium-to-heavy
nuclei having values well below the PCAC value. Howev
the gp /ga values are suspect in most such nuclei beca
detailed calculations of RMC for them do not exist. In th
Fermi gas model of Christillinet al. @31#, the suppression o
gp /ga is due to a quenching ofgp with Z, but the relativistic
Fermi gas model of Fearing and Welsh@38#, which repro-
duces trends inRg as a function ofZ anda, does not require
such quenching.

The measurement of the RMC rate and spectrum shap
Ti should prove useful in the determination of a major bac
gound inm-e conversion experiments. The present value
Rg5(1.3060.12)31025 is 33% lower than that assumed
a recent experiment@39#. In addition no RMC photons were
observed with energies between 89 and 93 MeV.

ACKNOWLEDGMENTS

The authors wish to thank D. Sample and N.S. Zhang
their assistance during this experiment and H.W. Fearing
his relativistic mean field theory calculations. This work w
supported by the National Research Council and the Nat
Sciences and Engineering Research Council of Canada
the U.S. National Science Foundation.

APPENDIX: CALCULATED QUANTITIES

The quantities in Table V were used to determineRg and
gp /ga for O, Al, Si, Ti, Zr, and Ag.Ng.57

obs is the observed
number of photons (.57 MeV) after all software cuts, bu
before the removal of the empty target background in
cases of O and Si. The error in this value is the quadra
sum of the counting statistics and a 0.3 MeV uncertainty
the photon energy calibration.Nstops

obs is the number of muons
passing through the beam counters. See Sec. III C, III C,
III E for details on all quantities.
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