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Production of parapositronium and orthopositronium at relativistic heavy ion colliders
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We consider the orthopositronium and parapositronium production in the processAA→AA1positronium
whereA is a nucleus with the charge numberZ. The inclusive cross section and the energy distribution of the
relativistic positronium are calculated which are of primary interest from the experimental point of view. The
accuracy of the corresponding cross sections is given by omitting terms;(Za)2/L2 for the parapositronium
and ;(Za)2/L for the orthopositronium production whereL5 ln g2'9 and 16 for the RHIC and the LHC.
Within this accuracy the multiphoton~Coulomb! corrections are taken into account. We show that the RHIC
and the LHC will be positronium factories with a production rate of about 105–108 relativistic positronium per
day. The fraction of the orthopositronium is expected to be of the same order as that of the parapositronium for
Au-Au and Pb-Pb collisions.@S0556-2813~99!05805-7#

PACS number~s!: 25.75.2q, 36.10.Dr, 12.20.2m
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I. INTRODUCTION

Parapositronium~n 1S0 in quantum staten! has a positive
charge parityC511 and in the ground state,n51, its life
time at restt0 is ct053.7 cm. On the other hand, ortho
positronium~n 3S1) hasC521 andct0542 m. The rela-
tivistic positronium has a decay lengthct0«/mpositronium

where« and mpositronium'2me denote its energy and mas
The production of positronium in different collisions is o
interest by the following reasons.

Positronium can be used to test fundamental laws like
CPT theorem~see review@1#!.

A more detailed comparison between the experime
value of orthopositronium width and its theoretical pred
tion is necessary since up to now there is an essential di
ence between them@2#.

Relativistic positronium can be used to study the unus
large transparency of positronium in thin layers predicted
Refs.@3,4#.

Up to now the following methods have been proposed
create positronium: the photoproduction@5–8# and electro-
production@5,9,10# of positronium on nuclei and atoms. Th
results of Refs.@5–10# were completed and corrected in Re
@11#. Recently a new method, based on an electron coo
technique, was proposed in the works@1,12#. It was claimed
that this method can give about 104 nonrelativistic positro-
nium per second on a specifically designed accelerator.

*Electronic address: kotkin@math.nsc.ru
†Electronic address: kuraev@thsun1.jinr.dubna.su
‡Electronic address: schiller@tph204.physik.uni-leipzig.de
§Electronic address: serbo@math.nsc.ru
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In the present paper we study in detail a new and pro
ising possibility—the production of relativistic positronium
at colliders with relativistic heavy nuclei like the RHIC an
the LHC, i.e., we consider the processAA→AA
1positronium whereA denotes the nucleus with charg
numberZ. The parameters of these colliders~from Ref.@13#!
are given in Table I. We show that at these colliders

;1 –103 relativistic positronium per second ~1.1!

will be produced. It is interesting to note that the ratio
orthopositronium to parapositronium events turns out to
large: for the RHIC about 0.8, for the LHC 0.3 in the Pb-P
mode and 0.02 in the Ca-Ca mode.

Up to now only the total cross section for parapositroniu
production has been calculated in the leading logarithm
approximation~LLA ! ~see Ref.@5#!. There it has been found

spara
LLA 5

1

3
z~3!s0L3, s05

Z4a7

me
2 ,

z~3!5 (
n51

`
1

n3 51.202 . . . , L5 ln g2. ~1.2!

However, for experiments~especially with relativistic posi-
tronium!, it is much more interesting to know the energy a

TABLE I. Parameters of the discussed colliders.

Collider, mode Lorentz factor Luminosity
g5E/M L, cm2 s21

RHIC, Au-Au 108 231026

LHC, Pb-Pb 3000 231027

LHC, Ca-Ca 3750 431030
2734 ©1999 The American Physical Society
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PRC 59 2735PRODUCTION OF PARAPOSITRONIUM AND . . .
angular distributions of positronium which are given by t
inclusive cross section and energy spectrum of positroni
These distributions for parapositronium as well as for ort
positronium are calculated in the present work. In our cal
lations we also take into account with a certain accuracy
Coulomb correction~CC! related to multiphoton exchange o
the produced positronium with nuclei described by Feynm
diagrams of Fig. 1. They are quite important and decre
the cross sections by 30–50 % for the Au-Au and Pb
collisions. The approach used here is based essentiall
results on the production of relativistic positronium in col
sions of photons and electrons with heavy ions presente
our recent work@11#.

Our main notations are given in Eq.~1.2! and Fig. 1: the
ith nucleus changes its 4-momentum~energy! Pi (E) to
Pi8 (Ei8) and emitsn or n8 virtual photons with the tota
4-momentumqi5Pi2Pi8 and the energyv i5E2Ei8 . These
photons collide and produce positronium with 4-moment
p5q11q2 and energy«5v11v2. Due to charge parity
conservation, the sumn1n8 is even~odd! for parapositro-
nium ~orthopositronium! production. We use the c.m.s. wit
the z axis along the vectorP1 and denote byp' the trans-
verse components of vectorp. The CC depends on the pa
rameter

n5Za'Z/137. ~1.3!

In Sec. II we discuss the production of parapositronium
ultrarelativistic heavy ion collisions. After selecting the lea
ing diagrams including the multiphoton exchange with t
nuclei, the Born cross sections are calculated in the equ
lent photon approximation to identify the dominant kinema
cal regions. The exact Born cross sections for ultrarelativi
ions are found in the next subsection. The CC are calcula
in the accuracy given by the selection of the leading d
grams. Section III is devoted to the production of orth
positronium. Our results are summarized in Sec. IV wh
we discuss the expected production rates for the collid
RHIC and LHC.

II. PRODUCTION OF PARAPOSITRONIUM

A. Selection of the leading diagrams including the multiphoton
exchange

The amplitudeMpara of the parapositronium productio
can be presented in the following form via the sums o
amplitudesMnn8 of Fig. 1 ~with n1n8 being even!:

FIG. 1. The amplitudeMnn8 for the production of positronium
by n (n8) virtual photons emitted by the first~second! nucleus.
.
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Mpara5 (
n,n8>1

Mnn85MB1M11M̃11M2 , MB[M11,

~2.1!

M15 (
n853,5,7, . . .

M1n8 , M̃15 (
n53,5,7, . . .

Mn1 ,

M25 (
n,n8>2

Mnn8 .

HereMB is the Born amplitude in which each nucleus em
one photon, the itemM1 (M̃1) corresponds to the case whe
the first ~second! nucleus emits one photon while the oth
nucleus emits at least three photons, the last termM2 corre-
sponds to the case when both nuclei emit at least two p
tons. Using this decomposition of the amplitude, we pres
the cross section in the form

spara5sB1s11s̃11s2 , dsB}uMBu2,

ds1}2 Re~MBM1* !1uM1u2, ds̃1}2 Re~MBM̃1* !1uM̃1u2,
~2.2!

ds2}2 Re~MBM2* 1M1M̃1* 1M1M2* 1M̃1M2* !1uM2u2.

It is not difficult to estimate that the integration over th
total virtual photon momenta squaredq1

2 and q2
2 gives two

large Weizsa¨cker-Williams ~WW! logarithms;L2 in sB ,
one large WW logarithm;L in s1 ands̃1 and no one large
WW logarithm ins2. Therefore, the relative contributions o
the itemss i is s1 /sB5s̃1 /sB;n2/L and

s2

sB
;

n2

L2,0.4% ~2.3!

for the colliders in Table I. As a result, with an accuracy
the order of 1% we can neglects2 and use the equation

s5sB1s11s̃1 . ~2.4!

Moreover, with the same accuracy we can calculates1 and
s̃1 in LLA only since the terms next to the leading ones a
of the order ofn2/L2.

B. Calculating the Born cross section in the equivalent photon
approximation

Before we proceed to a more exact calculation ofdsB , it
is useful to perform a rough estimate using the equival
photon approximation~EPA!. This allows us to identify the
dominant region in phase space.

It is well known that the main contribution to the pa
productionAA→AAe1e2 is given by the region of smal
photon virtualities2qi

2!(q11q2)2. Therefore, for the pos-
itronium production this region is1

1This can also be seen from the expression for the Born amplit
obtained in Appendix A.
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2qi
2!4me

2 , ~2.5!

i.e., the virtual photons are almost real in the dominant
gion. Since

2qi
25qi'

2 1~v i /g!2, ~2.6!

we immediately conclude that in the dominant region
photon energiesv i are small compared with the nucleus e
ergiesE:

v i&meg!E. ~2.7!

In the EPA the cross section for theAA→AA
1positronium process is related to the cross section for
real photoprocessgg→positronium by

dsB5dn1~v1!dn2~v2!sgg→positronium~v1v2!,

v1,2'
1

2
~«6pz!, ~2.8!

wheredni is the number of the equivalent photons genera
by theith nucleus. Fordni we use two equivalent forms@see,
for example, formulas from Appendix D of review@14# in
which we omit terms of the order ofv i /E @in virtue of
relation ~2.7!#

dni5
Z2a

p2

qi'
2

~qi
2!2

dv i

v i
d2qi' , ~2.9!

dni5
Z2a

p F12
~v i /g!2

~2qi
2! G dv i

v i

d~2qi
2!

~2qi
2!

dw i

2p
, ~2.10!

wherew i is the azimuthal angle of the vectorqi . It is also
well known that the equivalent photons of small energy
completely linearly polarized in the scattering plane and th
polarization vectors are

ei5
qi'

uqi'u
. ~2.11!

The cross section for the real photoprocessgg
→positronium can be easily obtained using the known wi
of the n 1S0 state Gpositronium→gg5a5me (e13e2)2/(4n3)
and summing over all parapositronium statesn

sgg→positronium54p2a5z~3!~e13e2!2d~4v1v224me
2!.
~2.12!

Substituting Eqs.~2.10!–~2.12! into ~2.8! and integrating
over w i , v2 and overqi

2 in the region

~v i /g!2&2qi
2&me

2 ~2.13!

we find with logarithmic accuracy

dsB52z~3!s0 ln
meg

v1
ln

meg

v2

dv1

v1
, v1v2'me

2 .

~2.14!

Taking into account the inequalities~2.7!, we conclude that
the main region forv1 is
-

e

e

d

e
ir

h

me

g
&v1&meg. ~2.15!

Integrating dsB ~2.14! over the photon energyv1 in the
region ~2.15! we obtain the total cross section~1.2!.

The spectrumof the relativistic positronium can be ob
tained from Eq.~2.14! as follows. Let us divide the region
~2.15! into two symmetrical subregions. In the first one,me

!v1&meg, we havev1'«'pz , v2'me
2/« and the contri-

bution to the spectrum is

dsB
(1)52z~3!s0 ln

meg

«
ln

«g

me

d«

«
. ~2.16!

In the second subregionme /g&v1!me we havev2'«'
2pz , v1'me

2/«, and

dsB
(2)52z~3!s0 ln

«g

me
ln

meg

«

d«

«
. ~2.17!

The total contribution of these two subregions is

dsB54z~3!s0 ln
meg

«
ln

«g

me

d«

«
, me!«&meg.

~2.18!

Integrating this spectrum over« leads to the result~1.2!.
To calculate theinclusive cross sectionwe substitute Eqs.

~2.9!, ~2.11!, ~2.12! into ~2.8! and perform a simple integra
tion

E dv1

v1

dv2

v2
d~4v1v224me

2!5
1

4me
2

dpz

«
.

Further, we insert into the right-hand side of Eq.~2.8! the
factor

15E d~q1'1q2'2p'!d2p'

and find the inclusive cross section in the form

«
d3sB

d3p
5

z~3!

p2 s0E ~q1'3q2'!2

~q1
2q2

2!2

3d~q1'1q2'2p'!d2q1'd2q2' . ~2.19!

From this expression and taking into account Eqs.~2.6!,
~2.13!, we conclude that the leading logarithmic contributio
to the cross section is given by the region

S v1

g D 2

1S v2

g D 2

!p'
2 !me

2 . ~2.20!

It arises from the two symmetrical subregions:

S v1

g D 2

!q1'
2 !p'

2 , q2''p' ,

S v2

g D 2

!q2'
2 !p'

2 , q1''p' . ~2.21!
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The contribution from the first region is

z~3!

2p2 s0E
0

2p

dwE
(v1 /g)2

p'
2

dq1'
2 ~q1'3p'!2

~q1'
2 p'

2 !2
5

z~3!

2p

s0

p'
2

ln
p'

2 g2

v1
2

.

Taking into account the second region, we find the wh
inclusive cross section

«
d3sB

d3p
5

z~3!

p

s0

p'
2

ln
p'

2 g2

me
2

. ~2.22!

Integrating this expression overp'
2 in the range~2.20! and

taking into account the two symmetrical subregions~2.16!
and~2.17! mentioned before, we obtain the spectrum~2.18!.

C. The exact calculation of the Born cross section
for ultrarelativistic ions

The Born amplitude of the discussed process is obtai
in Appendix A omitting terms of the relative order of 1/g2,
me /M or smaller. Using this expression for the amplitude
can present theinclusive cross sectionin the form

«
d3sB

d3p
5

z~3!

4p

s0

me
2 JB , ~2.23!

JB5
4me

2

p E A2d~q1'1q2'2p'!d2q1'd2q2' ,

A5
q1'3q2'

q1
2q2

2

4me
2

4me
22q1

22q2
2

which differs from the approximate Eq.~2.19! only by the
factor (4me

2)2/(4me
22q1

22q2
2)2 in the integrand. It is conve

nient to introduce the dimensionless variables

x5
«1pz

4meg
, x̃5

«2pz

4meg
, t5S p'

2me
D 2

. ~2.24!

They are not independent, but connected by the constra

xx̃5
11t

4g2 . ~2.25!

In this notation

2q1
25q1'

2 1~2mex!2, 2q2
25q2'

2 1~2mex̃!2.
~2.26!

It is useful to note that the rapidity of the positronium
equal to (1/2) ln(x/x̃) and that the variablesx and x̃ have a
very simple form for relativistic positronium. Indeed, forpz
@me the variablex is x5«/(2meg), i.e., x is the ratio of
positronium energy to the characteristic energy 2meg ~above
2meg the spectrum drops very quickly!. Analogously, for
(2pz)@me x̃5«/(2meg). The neglected contributions ar
of the order of (4me

21p'
2 )/«2. From the discussion in Sec

II B it follows that the dominant contribution to the cros
section~2.23! is given by the region
e

d

t

1

g2 &x, x̃&1, x21 x̃2&t&1. ~2.27!

In Appendix B we show that the functionJB can be reduced
to the one-dimensional integral

JB5
t

8E0

1

u3~12u!~22u!2K~u,x,t!du, ~2.28!

K~u,x,t!53E
21

1 ~12t2!dt

~at21bt1c!4

5
12a~b225a21ac!

d7/2
ln

c2a1Ad

c2a2Ad

1
4N

@~a1c!22b2#2d3 , ~2.29!

N5230a61b62104a5c156a4b22124a4c2190a3b2c

256a3c3226a2b4136a2b2c226a2c422ab4c

26ab2c3,

where

a52
1

4
u2t, b5

1

2
u~22u! ~x22 x̃2!,

c5
1

4
~22u!2t1

1

2
~22u!2~x21 x̃2!1~12u!~22u!,

d5b224ac. ~2.30!

Let us stress that the inclusive cross section~2.23! with
~2.28! is valid both for relativistic parapositronium with«
@2me as well and for nonrelativistic parapositronium wi
«;2me .

Using the representation~2.23! for JB it is not difficult to
find that the inclusive cross section is large in the main
gion

JB5
1

t
@ ln~4g2t!21# at x21 x̃2!t!1 ~2.31!

but drops very quickly outside this region. Indeed, the fun
tion JB is small at larget

JB5
1

t3 ln~4g2! at x21 x̃2!1!t, ~2.32!

at largex

JB5
t

x8 ln~4g2x2! at t!1!x2, ~2.33!

and at very smallt

JB5
t

~x22 x̃2!2 S x21 x̃2

x22 x̃2
ln

x

x̃
21D at t!x21 x̃2!1.

~2.34!
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In Figs. 2 and 3 we present the inclusive cross sec
~2.23! at the RHIC and the LHC~Pb-Pb mode! as a function
of the scaled positronium energy for different scaled tra
verse momenta squaredt. From these figures it is obviou
that for «/(2meg),At the cross sections only weakly de
pend on the positronium energy. The cross sections qui
drop at larger energies.

To obtain thespectrumof relativistic positronium it is
convenient to use an approach developed in Ref.@11# for the
electroproduction of positronium on nucleuseA→eA
1positronium~Fig. 4!. It is well known that the electropro
duction cross section can be exactly written in terms of t
structure functions or two cross sectionsT(sg ,q2) and
sS(sg ,q2) for the virtual processesgT* A→positronium1A
and gS* A→positronium1A ~where gT* and gS* denote the
transverse and scalar virtual photons with 4-momentumq
and helicity lT561 and lS50, respectively, andsg
52qP2):

ds~eA→positronium1A!5sT~sg ,q2!dnT~sg ,q2!

1sS~sg ,q2!dnS~sg ,q2!. ~2.35!

FIG. 2. The inclusive cross section~2.23! as a function of the
scaled parapositronium energy«/(2meg) for the RHIC at different
values oft5p'

2 /(2me)
2.

FIG. 3. Same as Fig. 2 for the LHC~Pb-Pb mode!.
n

-

ly

o

Here the coefficientsdnT anddnS can be called the numbe
of the transverse and scalar photons generated by the
tron.

To calculatedsB in our case we can use a similar expre
sion where the number of photons are now generated fro
scalar projectile nucleus. The cross sectionssT and sS for
parapositronium have been obtained in Ref.@11# for high
energetic virtual photons~for sg@4meM or g2x@1):

sT5pz~3!
Z2a6

me
2

L~x,y!21

~11y!2 , sS50 ~2.36!

with

L~x,y!5 ln~4g2x!2
1

2
ln~11y!, y5

2q1
2

4me
2 . ~2.37!

Herex is defined in Eq.~2.24!. The accuracy of Eq.~2.36! is
determined by neglecting terms;1/(g2x), A2q1

2/(meg
2x).

The number of photons generated by the first nucleus
~see, for example, Appendix D from Ref.@14#!

dnT5
Z2a

p S 12
x2

y Ddx

x

dy

y
,

dnS5
Z2a

p

dx

x

dy

y
. ~2.38!

Note thatdnT corresponds todn1 as given in Eq.~2.10!.
Using Eqs. ~2.36!–~2.38! and integrating overy we

obtain2

dsB5z~3!s0$ f 1~x!@ ln~4g2x!21#2 f 2~x!%
dx

x
~2.39!

with

f 1~x!5E
x2

`S 12
x2

y D dy

y~11y!2 5~112x2!ln
11x2

x2 22,

2The lower limit is ymin5x2, the upper limit can be extended t
infinity due to the fast convergence of the integral.

FIG. 4. The electroproduction of positronium on a nucleus.
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f 2~x!5
1

2Ex2

`S 12
x2

y D ln~11y!

y

dy

~11y!2

5
112x2

2 Fp2

6
2Li2S x2

11x2D G2
1

2
x2 ln

11x2

x2

2
1

2
2 ln~11x2!. ~2.40!

Here the dilogarithmic function is defined as

Li2~x!52E
0

xln~12t !

t
dt. ~2.41!

For smallx!1 we have

f 1~x!52S ln
1

x
21D , f 2~0!5

p226

12
50.3225

~2.42!

while for largex@1

f 1~x!5
1

6x4 , f 2~x!5
1

6x4 S ln x1
5

12D . ~2.43!

In obtaining Eq. ~2.39!, we have considered the firs
nucleus as projectile and the second nucleus as target.
ing the first nucleus as target and the second nucleus as
jectile we find fordsB the same expression as in Eq.~2.39!
with the replacementx→ x̃:

dsB5z~3!s0$ f 1~ x̃!@ ln~4g2x̃!21#2 f 2~ x̃!%
dx̃

x̃
.

~2.44!

To obtain the spectrumdsB /d« we have to take into
account the following two circumstances for the relativis
positronium:~i! the variablesx and x̃ are related in a simple
way to«; ~ii ! there are two symmetrical regions in the c.m.
pz'«@2me and (2pz)'«@2me . In the first region the
variablex is x5«/(2meg) and we have to use Eq.~2.39!, in
the second regionx̃5«/(2meg) where Eq.~2.44! is used. As
a result, the spectrum for the relativistic positronium has
form @compare with the approximate Eq.~2.18!#

dsB52z~3!s0F f 1S «

2meg
D S ln

2«g

me
21D2 f 2S «

2meg
D Gd«

«
.

~2.45!

The accuracy of this expression is determined by the omi
terms of the order of 1/g2, 2me /(«g), (2me /«)2.

Note that in the main region 2me!«!2meg the spec-
trum is logarithmically enhanced

dsB54z~3!s0F ln
2meg

«
ln

2«g

me
2 ln~4g2!1

302p2

24 Gd«

«
~2.46!

while for large«@2meg the spectrum drops very quickly
ak-
ro-

:

e

d

dsB5
z~3!

3
s0S 2meg

« D 4F ln~4g2!2
17

12Gd«

«
. ~2.47!

The spectrum of the parapositronium is shown in Fig.
The solid and dash-dotted lines present the result for
RHIC and the LHC~Pb-Pb mode! obtained by a numerica
integration of the inclusive cross section~2.23! and ~2.28!.
The dashed and dotted lines present the spectrum for
colliders calculated from Eq.~2.45! which is valid for rela-
tivistic positronium with«@2me . It can be seen that in the
region 10me,«,(0.1–0.2) 2meg the quantity «dsB /d«
has a very weak dependence on« whereas the spectra dro
quickly for «/(2meg)*0.5.

From the experimental point of view, it is interesting
integrate the cross section over the region«>«min ~where
2me!«min!2meg). It can be obtained from Eq.~2.45! omit-
ting pieces of the order of«min

2 /@(2meg)2 l#:

sB52z~3!s0F ln~4g2!S l 222l 1
p2112

12 D
2

2

3
l 31

302p2

12
l 2cG , ~2.48!

where

c5
p213z~3!121

12
52.873, l 5 ln

2meg

«min
.

Using this expression for«min515me and the results of a
numerical integration in the region 2me,«,15me , we ob-
tain the total cross section for the Born contribution:

sB517.8 mb for RHIC, 110 mb for LHC~Pb-Pb!,

0.42 mb for LHC~Ca-Ca!. ~2.49!

D. An approximate calculation of the Coulomb correction

Let us consider the correctionds1 defined in Eq.~2.2!. Its
contribution to the spectrum can be calculated just by

FIG. 5. The spectrum of the parapositronium as function of
scaled positronium energy«/(2meg).
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same method as it was done for the Born contribution. A
cording to Ref.@11# we have to replace in Eq.~2.36!

L~x,y!21→2C~n! ~2.50!

from which it follows

ds152z~3!s0C~n! f 1~x!
dx

x
. ~2.51!

The quantity C(n) is defined with the help of function
F(a,b;c;z)—the Gauss hypergeometric function:

C~n!5E
0

`

F~t,n!dt, z5S 12t

11t D 2

,

F~t,n!5
1

2t~11t!2 H 12FF~ in,2 in;1;z!
pn

sinhpn G2J .

~2.52!

The curveC(n) and properties of the functionF(t,n) are
given in @11#, we mention here only thatC(n)50.6734 for
Au, 0.7080 for Pb and

C~n!52.9798n2 at n2!1. ~2.53!

Analogously,

ds̃152z~3!s0C~n! f 1~ x̃!
dx̃

x̃
. ~2.54!

As we have explained in Sec. II A, the spectrads1 /d«

andds̃1 /d« have to be calculated with logarithmic accura
only. Within this accuracy we havex'v1 /(2meg) and x̃
'v2 /(2meg). Then fords1 we can repeat the calculation
similar to those which we have already performed to get
spectrum~2.18! from expression~2.14!. In our case this
gives

ds1522z~3!s0C~n!ln g2
d«

«
, 2me!«!2meg.

~2.55!

Taking into account the same contribution fromds̃1 we find
~with logarithmic accuracy!

d~s11s̃1!524z~3!s0C~n!ln g2
d«

«
, 2me!«!2meg.

~2.56!

The total contribution of CC to the parapositronium pr
duction is

spara
CC 5s11s̃1522z~3!s0C~n!@ ln g2#2 ~2.57!

from which it follows that the relative contribution of CC i

spara
CC

spara
LLA

'2
6C~n!

ln g2 , ~2.58!

i.e., it is 243% for RHIC, 227% for LHC ~Pb-Pb! and
22.2% for LHC ~Ca-Ca!.
-

e

To obtain the contribution ofds1 to the inclusive cross
section we can explore Eq.~2.52!. Strictly speaking, the vari-
able t in that equation ist5p'

2 /(4me
22q1

2). But in LLA
used here fords1 we can take the functionF(t,n) on the
mass shell of the first virtual photon~at q1

250), i.e., we can
uset5p'

2 /(4me
2). Now with the help of a simple relation

dx

x
dt5

1

4pme
2

d3p

«
~2.59!

we obtain

«
d3s1

d3p
5

z~3!

4p

s0

me
2 J1 , J152 f 1~x!F~t,n!. ~2.60!

Analogously, fords̃1 we find

J̃152 f 1~ x̃!F~t,n!. ~2.61!

The functionf 1(x) is defined in Eq.~2.40!. As a result, the
inclusive cross section reads

«
d3spara

d3p
5

z~3!

4p

s0

me
2 Jpara,

Jpara5JB2@ f 1~x!1 f 1~ x̃!#F~t,n!, ~2.62!

whereJB is defined in Eq.~2.28!, x andx̃ are defined in Eqs.
~2.24!. In the LLA we have

f 1~x!1 f 1~ x̃!52lng2, 2me!«!2meg. ~2.63!

III. THE PRODUCTION OF ORTHOPOSITRONIUM

The amplitude of the orthopositronium production can
presented in the form@compare with Eq.~2.1!#

Mortho5M11M̃11M2 , ~3.1!

M15 (
n852,4,6, . . .

M1n8 , M̃15 (
n52,4,6, . . .

Mn1 ,

M25 (
n,n8>2

Mnn8

with sum n1n8 being odd. The total cross section rea
@compare with Eq.~2.2!#

sortho5s11s̃11s2 , ds1}uM1u2, ds̃1}uM̃1u2,
~3.2!

ds2}2 Re~M1M̃1* 1M1M2* 1M̃1M2* !1uM2u2.

Since Re(M1M̃1* ) disappears after azimuthal averaging, it
not difficult to estimate that

s2

s1
;

n2

ln g2,4% ~3.3!

for the colliders in Table I. Therefore,
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TABLE II. Cross sections and event rates at the RHIC and LHC.

Collider, mode spara parapositronium sortho orthopositronium
mb events/sec mb events/sec

RHIC, Au-Au 8.7 1.7 6.8 1.4
LHC, Pb-Pb 78 155 24 48
LHC, Ca-Ca 0.41 1650 0.0086 35
he

m
e
c-

A

r
n

uc-

-
rve

ci-
for
-

the

the
by
by
ol-
sortho5s11s̃1 ~3.4!

with an accuracy of the order of 4%; moreover, with t
same accuracy we can calculates1 and s̃1 in LLA only.

To obtain theinclusive cross sectionwe use the relation
~2.35! with dnT and dnS from Eqs. ~2.38! and the cross
sectionsdsT anddsS for orthopositronium from Eqs.~3.22!
of Ref. @11#

dsT54pz~3!
Z4a8

me
2 F t

2~t,n!
dt

~11y!3 , dsS5y dsT ,

~3.5!

F t~t,n!5
12t

~11t!3 F~11 in,12 in;2;z!
pn

sinhpn

wherez is defined in Eq.~2.52!.
It gives

«
d3sortho

d3p
5

z~3!

p

n2s0

me
2 F t

2~t,n!@ f 3~x!1 f 3~ x̃!#, ~3.6!

f 3~x!5E
x2

`S 12
x2

y
1yD dy

y~11y!3 5~113x2!ln
11x2

x2 22

2x2
312x2

2~11x2!2 .

The properties of the functionF t
2(t,n), which determines

the angular distribution of the produced orthopositroniu
are described in Ref.@11#. We mention here only that th
typical values oft aret;0.1 which correspond to a chara
teristic emission angle of orthopositronium

u;
me

«
. ~3.7!

The functionf 3(x) is large at small values ofx

f 3~x!52S ln
1

x
21D at x!1 ~3.8!

and small at largex

f 3~x!5
1

2x4 at x@1.

In the LLA we have

f 3~x!1 f 3~ x̃!'2 lng2, 2me!«!2meg. ~3.9!
,

For thespectrumof orthopositronium in the LLA we ob-
tain the expression

dsortho516z~3!n2s0B~n!ln g2
d«

«
,

B~n!5E
0

`

F t
2~t,n!dt. ~3.10!

Note thatB(n)50.3770 for Au, 0.3654 for Pb and

B~n!50.613721.7073n2 at n!1. ~3.11!

After integrating the spectrum~3.10! over « in the region
2me&«&2meg we obtain the total cross section in the LL

sortho58z~3!n2s0B~n!@ ln g2#2. ~3.12!

The orthopositronium production in lowest order inZa
~production via three photons! is described by Eq.~3.12!
with B(0)5222 ln 250.6137. Therefore, the relative orde
of the Coulomb correction~corresponding to the productio
with 5, 7, 9, . . . photons! is given by ratio

B~n!2B~0!

B~0!
. ~3.13!

This ratio is equal to239% for the RHIC, for the LHC it
reaches240% in the Pb-Pb mode and23.6% in the Ca-Ca
mode.

IV. DISCUSSION

~1! We have calculated the cross sections for the prod
tion of parapositronium @omitting terms ;(Za)2/L2

,0.4%, L5 ln g2# and orthopositronium@omitting contribu-
tions ;(Za)2/L,4%# at the RHIC and the LHC. Our re
sults are summarized in Table II. From that table we obse
that the production rate is well above 105 events per day,
therefore measurements will be possible with a high pre
sion at these colliders. We note that the production rate
the long living orthopositronium is also relatively high, irre
spectively of the suppression factor (Za)2.

~2! In these calculations we take into account not only
lowest order in the parameterZa but the whole series in
Za—the so-called Coulomb correction. They decrease
total cross section for the parapositronium production
about 30% and 50% for Au-Au and Pb-Pb collisions and
about 40% for orthopositronium production in the same c
lisions. For Ca-Ca collisions the CC are small;3%.

~3! We have presented the inclusive cross sections@see
Eqs.~2.23!, ~2.28!, ~2.62!, ~3.6!, and Figs. 2 and 3# and the
spectra for the positronium production@see Eqs.~2.45!,
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~2.56!, ~3.10! and Fig. 5#. From these results we conclud
that the number of relativistic positronium with a Loren
factor up to the Lorentz factor of the iong will be large
enough to be detected.

~4! The signature of the events is quite clear: the collid
ions practically do not change their motion and after
collision they remain in their bunches. In the central detec
no hadrons should be observed. The further separation o
relativistic positronium from the background can be p
formed using a method tested in a Serpukhov experim
~see Ref.@15#!. In that experiment a special channel with
vacuum pipe of about 40 m length was used and a w
transverse magnetic field inside this pipe eliminates
charged particles. At the end of the pipe a strong magn
field forces the positronium to break intoe1 ande2 which
are easily detectable.
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APPENDIX A: THE BORN AMPLITUDE
FOR THE PARAPOSITRONIUM PRODUCTION

It is useful to introduce the ‘‘almost lightlike’’ 4-vectors

P̃15P12
M2

s
P2 , P̃25P22

M2

s
P1 , P̃i

25
M6

s2 ,

s52P1P2'2P̃1P̃2@M2

and to decompose the 4-vectorsqi into components in the
plane of the 4-vectorsP̃1 andP̃2 and in the plane orthogona
to them

qi5a i P̃21b i P̃11qi' , a i5
2qi P̃1

s
, b i5

2qi P̃2

s
.

~A1!

The quantitiesa i andb i are the so called Sudakov variable
It is not difficult to estimate that

ua1u
b1

'
uq1

2u
2q1P2

,
uq1

2u
4meM

!1,
ub2u
a2

'
uq2

2u
2q2P1

,
uq2

2u
4meM

!1.

~A2!

In the used c.m.s. the 4-vectorsqi' havex andy components
only

qi'5~0,qix ,qiy,0!5~0,qi',0!, qi'
2 52qi'

2 .

The relativistic nuclei in the positronium production ca
be regarded as pointlike and spinless particles. Therefore
Born amplitude has the form~see Fig. 1 for the notations!
e
r
he
-
nt

k
e
ic

n
.

.

he

MB54pZ2a
~P11P18!m~P21P28!n

q1
2q2

2 Mmn

where Mmn is the amplitude for the virtual processg* g*
→positronium. Due to gauge invariance we have

q1
mMmn5~a1P̃21b1P̃11q1'!mMmn50.

This expression can be transformed to@using the estimates
~A2!#

~P11P18!mMmn52P1
mMmn'2

2q1'
m

b1
Mmn .

Analogously we find

~P21P28!nMmn'2
2q2'

n

a2
Mmn

which leads to the result

MB5
16pZ2a

b1a2

q1'
m q2'

n

q1
2q2

2
Mmn . ~A3!

Using the rules~2.11! from Ref. @11# for the transition
from the pair productionAA→AAe1e2 to the processAA
→AA1 positronium, we obtain the Born amplitude for th
production of the parapositronium in the quantum staten 1S0

MB5
4~4pZa!2

b1a2q1
2q2

2

mea
3/2

A4pn3

3
1

4
TrH F q̂1'

p̂22q̂11me

~p22q1!22me
2q̂2'

1q̂2'

p̂22q̂21me

~p22q2!22me
2q̂1'G ~ p̂1mpositronium!ig

5J
where p15p25p/2. Taking the trace and using the es
mates~A2! we obtain

MB5216Z2Ap3a7

n3

s

me

~q1'3q2'!•n1

q1
2q2

2

4me
2

4me
22q1

22q2
2 ,

~A4!

n15
P1

uP1u
.

From that Born amplitude we find the inclusive cross sect
for the production of parapositronium summed over quant
statesn

«
d3sB

d3p
5

1

8~2p!5s2 (
n51

` E uMBu2d~q1'1q2'2p'!

3d2q1'd2q2' . ~A5!
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Now we derive a useful expression for the virtualitiesqi
2 .

From the obvious relations (P12q1)25M2 or 2q1P15sa1

1M2b15q1
25sa1b11q1'

2 and 2q2P15sb21M2a25q2
2

5sa2b21q2'
2 we obtain

q1
25

q1'
2 2~Mb1!2

12b1
, q2

25
q2'

2 2~Ma2!2

12a2
. ~A6!

Further, from the relation (q11q2)25p254me
2 we get@us-

ing the inequalities~A2!#

sa2b11p'
2 54me

2 . ~A7!

If we introduce variables x5Mb1 /(2me) and x̃
5Ma2 /(2me) we immediately obtain from Eqs.~A6! and
~A7! and inequalities~2.7! the expressions~2.24!–~2.26!.

APPENDIX B: CALCULATION OF JB FROM Eq. „2.23…

Let us introduce the two-dimensional vectorsk i

5qi' /(2me) and the quantitiesV15k1
21x2, V25k2

21 x̃2,
V35V11V211. Then the integralJB from Eq. ~2.23! trans-
forms to

JB5
1

pE ~k13k2!2

~V1V2V3!2
dS k11k22

p'

2me
Dd2k1d2k2 .

~B1!

Now we use the usual Feynman trick

1

~V1V2V3!2 55!E
dS (

j
a j21D)

j
a jda j

S (
j

a jVi D 6
d

.

and perform the integration overk i :

JB53tE
0

1

da1E
0

12a1
da2

a1a2~12a12a2!~22a12a2!2

D4 ,

~B2!

D5~12a1!~12a2!t1~22a12a2!

3@12a12a21~12a2!x21~12a1!x̃2#

wheret is given in Eq.~2.24!. Substituting

2a15~11t !u, 2a25~12t !u

we present Eq.~B2! in the form

JB5
3

8
tE

0

1

du u3~12u!~22u!2E
21

1

dt
~12t2!

D4 , ~B3!

D5tF12u1
1

4
u2~12t2!G1~22u!F12u1x21 x̃2

2
1

2
u~12t !x22

1

2
u~11t !x̃2G

which is equivalent to Eqs.~2.28!–~2.30!.
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