
PHYSICAL REVIEW C MAY 1999VOLUME 59, NUMBER 5
Light ion vertex form factors using realistic overlap functions
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To test the model dependence of the extracted asymptotic parameters, we reanalyze published (d,t),
(d,3He) (d,a), and (d,6Li) reactions, comparing recent variational Monte Carlo~VMC! microscopic vertex
form factors with those used previously. In the (d,t) reactions studied the tensor observables are found to be
proportional toh, in (d,3He) and (d,a) transfers there is some sensitivity to the vertex shape, while for
(d,6Li) there is a strong shape dependence. Comparisons with data show that theD states in the three- and
four-body VMC vertex functions are slightly too weak. In the (d,6Li) reaction the polarization data are not
reproduced, clearly indicating that theD-state components of the new6Li models are too strong.
@S0556-2813~99!06605-4#

PACS number~s!: 24.70.1s, 24.10.Eq, 25.10.1s, 25.45.Hi
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INTRODUCTION

Transfer reactions have been extensively used to inve
gate the internal structure of nuclei. In particular the m
surement of polarization observables in reactions induced
light ions has shown to be particularly adequate for the
termination of structure parameters of light projectiles@1#.

In a stripping reaction ofA(a,b)B type, wherea5b1x,
the form factor involved is

^BbuVbxuaA&5^BuA&^buVbxua&, ~1!

where the light ion vertex form factor can be written as

Vc[^buVbxua&52~Bab1T!^bua&. ~2!

This vertex form factorVc is a function ofr, contains all the
dependence on the internal structure of the light nucleus,
has been summarized by its volume integral, the vertex c
stant.

The method most frequently used in finite-range trans
analyses is a separation energy procedure, where the d
ent angular momentum components of the^bua& overlaps are
generated in potential wells, generally of Woods-Sax
shape, chosen to reproduce ‘‘known’’ radii and vertex co
stants. This approximate finite-range procedure has the
vantage of imposing a correct asymptotic behavior on
different components of the wave function, which is a det
mining feature for reactions which occur in the periphe
region. Preferably, however, one should use realistic w
functions for thea andb systems. Recently Forestet al. @2#
obtained, in a variational Monte Carlo~VMC! calculation,
the overlaps functions for a series of light particles using
new realistic two nucleon interaction Argonne v18 and
Urbana model IX three nucleon interaction@3#. We also con-
sider more recent VMC calculations@4# which are apparently
more close to convergence.

To test the model dependence of transfer reactions to
use of these realistic overlaps, we reanalyze in this pa
several published (d,t) @5#, (d,3He) @6#, (d,a) @7#, and
PRC 590556-2813/99/59~5!/2670~6!/$15.00
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(d,6Li) @8,9# reactions. In our present analysis we therefo
keep the optical potentials found previously in the literatu
to best describe the entrance and exit channels, and kee
same target bound state wave functions for the transfers
substitute for the projectile vertex form factors the resu
from the VMC calculations. In each reaction we check t
proportionality of the calculated analyzing powers to t
asymptotic parameters, and the sensitivity to the deta
shape of the vertex functions. Comparisons with data t
allow us to make some conclusions about whether or not
useful to use the VMC wave functions.

REALISTIC VERTEX FORM FACTORS

The VMC results of Forestet al. @2,4# are presented in
terms of the overlap wave function in momentum space. I
ally, the vertex functionsVc would be found directly by
substitution in Eq.~2!, the one-channel Schro¨dinger equa-
tion. However, this requires second derivatives of the ov
lap functions to get the different components of the ver
functions, and the results always exhibit some oscillatio
and nonexponential decays in their tails, whicheverqmax we
choose for the upper limit of the momentum distributions

We found more consistent results with an improv
method, of fitting the momentum distributions of Fore
et al. @2,4# to a Fourier transform of a linear combination
interior and exterior basis wave functions each of which
hibits a good behavior atr 50 or r 5`, respectively. For
large distances, in particular, we force the wave function
have the correct asymptotic decay as given by the exp
mental separation energyBab . ~The VMC energies are them
selves too inaccurate to be used directly at this point.! We
use, therefore, for each angular momentum componel
50 and 2, polynomials of the type(n5 lanr n for r ,R0, and
(n50bn /r n11W2hc ,l 11/2(2kr ) for r .R0, where the Whit-

tacker functionsW2hc ,l 11/2 are calculated for bound stat

wave numbersk, corresponding to the experimental bindin
energies. The parametersan and bn are determined by the
2670 ©1999 The American Physical Society
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PRC 59 2671LIGHT ION VERTEX FORM FACTORS USING . . .
minimum of ax2 fit ~the data of Ref.@2# has statistical errors
for eachq value!, andR0 was set to 2 fm. This value wa
chosen to minimize the number of parameters needed in
fit. We used five parameters to describe thel 50 S-wave
function and five for thel 52 D channel, but there is little
change if more are included. The results of these fits
given in Figs. 1 and 2, where we show as functions of rad
r in fm the l 50 components ofc ~Fig. 1! andVc ~Fig. 2!
for the four caseŝtund&, ^3Heupd&, ^4Heudd&, and^6Li uda&
as the full curves, and thel 52 components as the dashe
curves.

We now perform a series of calculations using o
fitted vertex functions, to enable comparisons with a ran
of recent experiments. For the (d,t) reactions we
examine the recently measured@5# transfer processe
119Sn(d,t)118Sn(1/21) at Ed55.25 MeV,
149Sm(d,t)148Sm(7/22) at Ed56 MeV, and
206Pb(d,t)205Pb(3/22) at Ed510 MeV. For the (d,3He) re-
action we analyze the93Nb(d,3He)92Zr(9/21) transfer pro-
cess atEd512 MeV @6#. For the (d,a) reaction we consid-
ered 58Ni(d,a)56Co(71) at Ed522 MeV @7#, and finally for
the (d,6Li) overlap process we look at the invers
58Ni( 6Li, d)62Zn(01) transfer cross section atELi534 MeV
@8,9#.

Because of the tensor observables measured in the

FIG. 1. Radial wave functions for the fittedl 50 components of
^3Hudn&, ^3Heudp&, ^4Heudd&, and^6Li uda& as the full curves, and
the l 52 components as the dotted curves.
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tions we will consider, our analysis will probe mainly th
description of thel 52 components. We compare in Table
the D-state parameters of the VMC wave functions fro
Refs.@2,4# with the latest values extracted from experimen
We also show the parameters calculated with the fitted w
function obtained as described above, and in the final c
umns to the best experimental values. In the table we pre
two measures of theD-state contributionsD2 and h. The
first is defined by

D25 lim
k→0

f2~k!

k2f0~k!
5

E
0

`

c2~r !r 4dr

15E
0

`

c0~r !r 2dr

, ~3!

wheref l(k)5*0
` j l(kr)c l(r )r 2dr are the momentum-spac

wave functions. Theh5N2 /N0, is the ratio of the
asymptotic normalization coefficients, withNl defined by
c l(r )→ r→`NlW2hc ,l 11/2(2kr )/r for bound state wave

numbersk and Whittaker functionW2hc ,l 11/2.
It is also of interest to examine theS-state vertex func-

tions, and the relativeS- andD-state probabilities, and com

FIG. 2. Radial vertex functions for the fittedl 50 components
of ^3HuVdnudn&, ^3HeuVdpudp&, ^4HeuVddudd&, and ^6Li uVdauda&
as the full curves, and thel 52 components as the dotted curves
TABLE I. Comparison of original and fitted VMC predictions with experimental results from@1# ~unless
otherwise indicated!.

VMC results from Ref.@2# Fitted VMC results Experiment

Overlap D2 h D2 h D2 h
Function (fm2) (fm2) (fm2)

(d,t) 20.15(1) 20.037 20.17 20.037(3) 20.23(5) 20.041(1) @5#

(d,3He) @2# 20.15(1) 20.035 20.18 20.035(3) 20.25(4) 20.039(1) @6#

(d,a) @2# 20.12(1) 20.091 20.10 20.095(10) 20.19(4)
(d,6Li) @2# 20.29(1) 20.07(2) 20.53 20.05(2) 10.0003(9) @9#

(d,6Li) @4# 20.37 20.03(1)
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TABLE II. Normalizations of theS- andD-wave VMC overlaps, and their vertex constantsD0 andD.
The WS columns show the adopted Woods-Saxon normalizations, and then the vertex constants fro
wave functions.

Model VMC wave functions WS approximations
transfer C2S C2S D0 D C2S D0 D
reaction S wave D wave (MeV fm3/2) S wave (MeV fm3/2)

(d,3H) 1.31 0.022 2204 2230 2 2165 2182
(d,3He) 1.31 0.022 2182 2193 2 2151 2155
(d,a) 0.98 0.024 2320 ;2620 2 2282 2458
(d,6Li) @2# 0.82 0.021 267 ;282 1 268 266
(d,6Li) @4# 0.85 0.016 265 ;278 1 268 266
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pare the VMC predictions with those of simpler approxim
tions which have been widely used in the past. In ea
reaction, we therefore compare the transfer cross sect
and analyzing powers with the results using a Woods-Sa
binding potential. The projectile binding potentials all ha
diffusenessa50.50 fm, and radiusR51.5 fm for the case of
(d,t) and (d,3He) andR51.9 fm for the (d,a) and (6Li, d).
We compare in Table II the parameters obtained of our fit
VMC wave functions with these more common WS appro
mations. TheC2S are the normalizations of the VMC frac
tional overlap functions. Since the WS wave functions
normalized to unity, they need to be multiplied by the cor
sponding normalizing amplitude (C2S)1/2. In Table II, the
parameterD0 is the usual@10# zero-range constant

D052BabA4pE c0~r !r 2dr5A4pE ~Vc!0~r !r 2dr

~4!

calculated from either the overlap wave function or the v
tex function. By (Vc)0(r ) we refer to the sum of the contri
butions from theS and D waves: (Vc)0(r )5V00(r )c0(r )
1V02(r )c2(r ). For sub-Coulomb reactions in the local e
ergy approximation, the cross section is proportional to
square not ofD0 but of D[D0(11k2r e

2), wherer e is the
so-called ‘‘effective range.’’ ThisD is the residue of the
vertex functionD(q) at the poleq5 ik. In the zero range
approximation, whereVbx is represented by ad-function in-
teraction and the normalized wave function is given by
asymptotic form, the parametersD and D0 are equal and
given by

D5
A4p\2

2m
N0 ~5!

showing a direct connection with the tail normalizationN0 of
the projectile overlap wave functionc0(r ). In the local en-
ergy approximation,D becomes the zero-range constant a
propriate for sub-barrier transfers, and differs fromD0 be-
cause of the potentials having finite range. We give theD
parameter in Table II as another measure of the long-ra
tail of the projectile overlap.

The magnitudes of the transfer cross sections are expe
~e.g., according to the zero range approximation! to be pro-
portional toD0

2 for the VMC case, but toC2S3D0
2 for the

WS wave functions since these are normalized to unity. T
WS and VMC results in Table II give therefore roughly sim
-
h
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lar magnitudes~some differences in magnitudes will becom
apparent!, but the analyzing powers should depend only
the ratios of the cross sections, and are therefore indepen
of normalizations. All of the calculations below use full fi
nite range form factors inFRESCO@11# in a one-step approxi-
mation. TheD-wave WS wave functions are found in pote
tials of the above shapes, and transfer calculations
performed with theD/S amplitudes chosen to give either th
h value for the best fit to the experiments, or theh value
estimated from the VMC models.

RESULTS AND DISCUSSION

We now reanalyze some published light-ion transfer re
tions to examine the sensitivity to the treatment of the p
jectile vertex. We therefore keep the optical potentials fou
previously in the literature to best describe the entrance
exit channels, the same target bound state wave function
the transfers, and merely substitute for the previous projec
vertex form factors the results of the VMC calculation
From the existing comprehensive surveys of experime
evidence for each projectile, we choose in each reactio
‘‘typical’’ target final state. There are in the literature unce
tainties concerning potentials and target wave functions,
these questions can not be reexamined here if we wis
isolate the effect of the projectile vertex. The published
actions are sub-Coulomb where possible to minimize the
fects of optical potentials, and usually use target states c
sen to minimize configuration mixing.

The first transfer reaction we consider is that of (d,t)
one-neutron transfers at energies that are well below the
rier. Much experimental effort has been devoted to meas
ing accurately the tensor analyzing powers of such reactio
since they afford a clean probe of the tritonD state. If pure
angular momentum transfers for the targets are selected
good choice of final states, then the tensor analyzing pow
are almost entirely just proportional to the projectileD-state
components. The (d,t) reaction, moreover, allows both th
initial and final channels to be entirely in the sub-Coulom
regime, and hence it is possible to minimize the effects of
nuclear potentials in both the entrance and exit channels.
deuteron tensor force, in particular, has only a very we
contribution to the tensor analyzing powers. We consi
three reactions to specific final states119Sn(d,t)118Sn(1/21)
at Ed55.25 MeV, 149Sm(d,t)148Sm(7/22) at Ed56 MeV,
and 206Pb(d,t)205Pb(3/22) at Ed510 MeV. The data for
these reactions are from Ref.@5#, and are shown in Fig. 3
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The dotted curve gives from@5# the best fit to the data with
WS projectile binding potentials, while the solid curves a
the direct consequence of the VMC vertex functions. We
that theh value from the VMC calculations is consistent
10% smaller in absolute value than that needed to fit
experimental data. In these good sub-Coulomb reacti
where only the overlap tails are significant, we find~by the
dashed line! that the VMC results are well approximated b
WS form factors adjusted to have the sameh values. This
indicates that the description of the data is rather stric
proportional to theh value, and that the failure of the VMC
can be directly traced to the smallh value calculated alread
in Ref. @2# and seen again in Table I.

The second transfer reaction considered is a one-pr
(d,3He) transfer reaction. Ideally, this should yield results
similar accuracy to the (d,t) transfer experiments, but in
practice there is found to be considerably more sensitivity
the optical potentials. This is because the experiments ca
be performed at an energy that is sub-Coulomb in both
trance and exit channels, due to the change in the proje
charge. Nevertheless, we can consider a typical (d,3He) re-
action from Ref.@6#: the 93Nb(d,3He)92Zr(9/21) transfer
process atEd512 MeV. The data for this reaction are show
in Fig. 4, from Ref.@6#. Again, the projectileS states only
allow pureL transfers to the chosen final state, so all theAyy
and Azz tensor analyzing powers are seen to arise from
projectileD state. Model calculations show that these ten
observables scale with theh values of the (d,3He) vertex,
but in Fig. 4 we see that VMC and WS calculations that b
use h520.035 ~the solid and long dashed lines, respe
tively! give somewhat different results. This means that
(d,3He) reaction is not purely sensitive toh for the tail of
the overlap function, but depends also on interior propert
The predictions ofs(u) have different overall normaliza
tions as mentioned previously, leading tosWS(u)
.sVMC(u) as expected from the comparison of the ze
range constants in Table I, but the tensor observables will
be directly affected by this. We see that the values ofh differ

FIG. 3. Tensor observablesAzz for the (d,t) transfer reactions
with the targets and energies indicated. The solid line gives
VMC predictions (h520.037), the dotted line the WS best fit t
the data (h520.041), and the dashed line the WS wave functio
adjusted to the VMCh value.
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by 11% ~see Table I!, and that again the VMC models un
derestimate the asymptoticD-state amplitudes. Moreover, i
view of the different predictions obtained form WS an
VMC models for the sameh, this underestimation is likely
to be stronger, up to approximately 25%, since the shap
the VMC D-state overlap differs from that of the WS mode

The a-particle is very tightly bound and spherical, b
still allows, on being separated into two deuterons, for
deuterons to have bothSandD states of relative motion. The
magnitude of thisD-wave component has not been easy
determine using (d,a) reactions, because the transferredn
1p pair has spin 1. Even for well chosen reactions~induced
on 01 targets and therefore having a well definedJ transfer!,
the only transfers with uniqueL are the natural parity tran
sitions, which are the ones whereD-state effects are smalle
@1#. In all the other transitions, the unnatural parity one
there is a mixing ofL transfer, L5J61, even for pure
S-state projectiles. In view of these difficulties, we select
our study the58Ni(d,a)56Co(71) at Ed522 MeV, which
has been analyzed already@7# with earlier VMC wave func-
tions, and is a nonmixed transition therefore the most con
nient case for our purpose. Since58Ni is an f p-shell nucleus
with the f 7/2 subshell full both of neutrons and protons, th
stretched 71 state can only be reached by a uniqueL56,
J57 transition. TheL58 component would require bot
nucleon orbitals to be from the same higher shell,g9/2 or
above, which is energetically very unfavored.

The data for this reaction are shown in Fig. 5 from R
@7#, along with our one-step predictions with an arbitra
normalization of the cross sections(u) by means of a cho-
sen fixed target spectroscopic factor. We note first that va
tion of the spin-orbit strength for the bound state of the d
teron in the target allows us to obtain a better agreement
Ay without significantly changing the tensor observables,
shown by the dash-dotted lines in the figure where this sp
orbit strength is reduced by 50%. Our main observation
that although with noD state there are non-negligible tens
analyzing powers, there are important differences inAyy and
in Axx arising from the projectileD state. In both tensor

FIG. 4. 93Nb(d,3He)92Zr(9/21) at Ed512 MeV. The VMC
curves use the revised results of Ref.@2#, and the WSD-state curves
use theh D-state amplitudes indicated.
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observables, the VMC and WS form factors generate q
similar curves, and the prediction is very close to the data
Ayy , particularly between 20° and 60°. Including theD state
improves undoubtedly the agreement with the data inAxx at
small angles, but the description is poor at larger angles.
interesting to compare our results with those obtained
Crossonet al. @7#, where they obtained for the case ofAxx an
agreement with the data over a wider angular region. T
used two realistic vertex form factors arising from wa
functions with strongerD-state components, associated w
a D2520.16 fm2 and D2520.24 fm2. The data that al-
lowed them to distinguish between those two descripti
clearly favored the less strongD component. In the more
recent VMC vertex function we are now using, theD state is
reduced even further. We can therefore conclude that
spite of some dependence on the interior of the wave fu
tion that should encourage the use of realistic form fact
for this type of analysis, theD-state amplitudes in the VMC
models seem to be again underestimated.

Finally, we consider the more complicated (d,6Li) trans-
fer reaction. Unlike theD-state component in the overlaps
1s-shell nuclei which are generated solely by tensor forc
the D state in thed1a configuration of6Li can also result
from its p-shell structure. The fraction of thisD state has
been the subject of considerable theoretical and experime
investigation. There have been many three-body model
6Li constructed in the literature@12–14#, and in spite of the
excellent agreement with several properties of6Li that these
models achieve, none of them have been able to reprod
the spectroscopic quadrupole moment of the6Li ground state
of 20.08360.008 e fm2 @15#. They all predict apositive
quadrupole moment and, unavoidably, a positiveh value. It
is clear that there must be in reality some cancellation of
intrinsic deuteron moment with theD state of relative mo-
tion, or some hitherto unexpected contributions from degr
of freedom outside thea1n1p model space. We therefor
are pleased to see negative quadrupole moments from
core’’ shell models@16# ~though with rather small matte

FIG. 5. 58Ni(d,a)56Co(71) at Ed522 MeV. The VMC curves
use the revised results of Ref.@2#, and the WSD-state curves use
the sameh as the VMC model. The theoretical curves fors(u) are
all arbitrarily normalized by the same factor.
te
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radius of 6Li), and also from the new VMC results of Refs
@2,4#. Unfortunately, the VMC calculations obtain the qua
rupole moment of the 6Li ground state as 20.8
60.2 e fm2 @2#, rathertoo negative compared with the ob
served value. It is important to emphasize that although
interesting for the study of the tensor force,h in 6Li is a
very interesting observable, which enables us to unders
the low-energy dynamics in6Li, and to testa1d and a
1n1p cluster models as well as six-body variational calc
lations.

From the experimental point of view, several determin
tions based on the analysis of different reactions gave q
different results. The analysis of elastic scattering of6Li on
58Ni points to negative values forh, namely20.014 from
the analysis at 18.1 MeV@18# and at 70.5 MeV@17#, and
about half that value in a later reanalysis@19# of the same
reaction. Data on6Li( d,a)4He @20# also indicated a negative
value of theh parameter. By contrast, in a forward dispe
sion relation analysis ofd-a scattering, the value found forh
was positive@21#, as in the analysis of the breakup of the6Li
at 4.5 GeV@22#. Very recently, in the analysis of a (6Li, d)
transfer reaction on58Ni target 34 MeV@9#, the parameter
seems to be consistent with zero. This last value is the
quoted in Table I as an experimental determination. In vi
of these discrepancies, it is therefore valuable to examin
further consequence of theD states in thed1a motion, by
looking at the analyzing powers in a (d,6Li) transfer reac-
tion.

We will consider for our study the58Ni( 6Li, d)62Zn(01)
reaction that has been measured very recently atELi534
MeV @8,9#, where there are only pureL transfers allowed
from S-state overlaps. This means that we regain the sca
relation between the tensor analyzing powers and
D/S-state ratiosh of the projectile, and it should be possib
to measure even very smallh values. The results for this
reaction are shown in Fig. 6 from Refs.@23# and @8,9#. The
dotted curve shows the VMC prediction from Ref.@2# for
just the S state, while the solid curve shows the effect
adding theD state. We see that in fact the dotted curve

FIG. 6. 58Ni( 6Li, d)62Zn(01) at ELi534 MeV. The VMC
curves use the original results of Ref.@2#, and the WSD-state
curves use the sameh as the VMC model.
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PRC 59 2675LIGHT ION VERTEX FORM FACTORS USING . . .
close to the data, but theD state effectively destroys the fi
even for the vector analyzing powerAy . The experiment is
therefore pointing to a best-fith value much smaller than
that of the VMC model. TheS1D WS curves in Fig. 6
~short dashes! show that theD state effects derived from
conventional WS geometry when normalized to the VMCh
value, give rather different results from the VMC sol
curve, even for the cross sections(u). We see large differ-
ences between VMC and WS wave functions, both for jusS
waves, and forS1D waves. The effects of the WSD state
normalized toh520.05 are more than those the VMCD
state. These differences all indicate that the geometry of
D-state vertex function in the VMC model from Ref.@2# is

FIG. 7. 58Ni( 6Li, d)62Zn(01) at ELi534 MeV. The VMC
curves use the revised results of Ref.@4#, and the WSD-state curves
use theh value of the VMC model.
ga

. C

,

.

e

rather different from that of a conventional WS binding p
tential. The WS model withh50 is closest to the data, an
the analysis of Ref.@9# shows that the best fit value is th
very smallh510.0003(9).

More recently, a new VMC result has become availa
@4# that appears to be closer to convergence. This has
about half theD-state amplitudes of the model of Ref.@2#,
and the tensor analyzing powers obtained with this n
model are shown in Fig. 7. The WS curves in this figure u
the VMC valueh520.03, and we now see that the WS a
VMC results are rather similar. This indicates that the n
VMC model has a more regular geometry in itsD-state com-
ponent; but unfortunately theseD-state amplitudes are stil
too large compared with experiments.

From all the comparisons of transfer predictions with t
experiments shown here that come close to the data, we
clude that for (d,t) and (d,3He) and (d,a) theD-state com-
ponent of the overlaps from the VMC models is somew
underestimated. In the case6Li VMC models produce an
overlap with aD-state component many times larger th
appropriate to fit the experimental analyzing powers. T
enhancement of theD-state component is certainly one of th
reasons for the too strong quadrupole momentQ of 6Li that
these models predict. Since the correlation betweenh andQ
in this case may be not be simple, quadrupole moment
electron form factor measurements are needed together
the nuclear transfer experiments discussed here.
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